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On the set of (b, ¢)-invertible elements

Guiqi Shi?, Jianlong Chen®*

?School of Mathematics, Southeast University, Nanjing 210096, China

Abstract. Let b and ¢ be two elements in a semigroup S. This paper is devoted to studying the structures
of SI®9) and Hg, in a semigroup S, where SI®9) stands for the set of all (b, c)-invertible elements and
Hpo = {y € S| bS' = yS!, Sy = Slc}. Denote the (b, c)-inverse of a € S0 by 4lt9. If SIt9 % @, then
Hgp, = {al® | a € 109}, We first find some new equivalent conditions for Hy, to be a group and analyze
its structure from the viewpoint of generalized inverses. Then a necessary and sufficient condition under
which §%9 is a subsemigroup of S with the reverse order law holding for (b, c)-inverses is presented. At
last, given a,b,¢,d,x,y,z € S and y € SI®9), we prove that any two of the conditions x € §@9, z € SIt4) and
zyl®9x € §l@d) imply the rest one.

1. Introduction
In a monoid, if two elements a and b are invertible, then their product ab is also invertible with
(ab)y ' =vta7t.

The above equality is called the reverse order law for classical inverses. However, the reverse order law
is not true for generalized inverses in general. This leads to a question: under what condition the reverse
order law holds for generalized inverses. It has become a hot topic in the research of generalized inverses
and has been studied from two different aspects: elements and subsets. For instance, Greville [13] proved
that (AB)" = BYA" if and only if ATA commutes with BB* and A*A commutes with BB, for complex matrices
A and B. Cao et al. [4] provided some necessary and sufficient conditions such that (AB)* = B*A* holds for
group invertible complex matrices A and B. We refer to [5-10, 14, 21, 25] for more results on this topic from
elements aspect.

In contrast, for a semigroup S, Mary [16] gave an equivalent condition for the subset of all group
invertible elements in S to be a semigroup. Furthermore, Mary [17] proved that a completely regular
semigroup S (i.e., every element in it is group invertible) is a Clifford semigroup if and only if (ab)* = b*a*
forall a,b € S. This is the main motivation of our paper. The aim of this paper is to study the structure of
the set of generalized invertible elements and the set of corresponding generalized inverses in a semigroup
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S. The inverse along an element and (b, c¢)-inverse provide the possibility for reaching our aim because they
unify various different generalized inverses.
In 2011, Mary [15] defined that a € S is invertible along d € S if there exists y € S satisfying the following
relations:
yedsSnSd, yad =d, day =d.

If y exists, then it is unique and called the inverse of a along d (denoted by al¥). He proved that the
Moore-Penrose inverse of an element a is equal to 41" and the group inverse of a is equal to al". The set of
all elements which are invertible along d is denoted by S/.

In 2012, Drazin [11] introduced the (b, ¢)-inverse of an element in a semigroup. Let b,c € S. An element
a € Sis (b, c)-invertible if there exists y € S such that

yebSNSc, yab=", cay =c.

If y exists, then it is unique and called the (b, c)-inverse of a (denoted by al®*)). When b = ¢, we know that
al®? = glb - Ag is well-known, the core inverse of an element a is equal to al®™). The set of all (b, ¢)-invertible
elements is denoted by SI®.

Drazin proved the following fact which connects the (b, ¢)-inverse with Green'’s relations.

Lemma 1.1. ([11, Proposition 6.1]) Let a,b,c € S. Then a € SI® if and only if there exists y € S satisfying
yay =y, bS' = yS', S'y = Slc.
In 1951, Green [12] defined the following equivalent relations on S:
o bLc o S =Sl
e bRc & bS! = ¢SY;
e bHc & bLc and bRc;
o bDc & there exists a € S such that bS! = aS! and S'a = Sl¢,

where S! stands for the monoid generated by S. All above relations are called Green's relations. For Green’s
relation K, the K-class of b is denoted by K;. For convenience, we denote the H-class R, N L, by H).
Clearly, Hi0) = H,.

Lemma 1.1 shows that SI9 is nonempty if and only if H, contains a regular element. In this case,
Hge) = {all®9 | g € Slt9}, The structure of an H-class has been studied by Green [12]. He proved that H, is
a group if and only if aHa*. We want to find some new equivalent conditions for H, to be a group from
the perspective of generalized inverses. We prove that H, is a group if and only if Hy, N S0 # @ if and
only if Hy, S0 N SI® + ¢ if and only if S!®9H, ) N S04 £ @. In this case,

H(b C)SH(IJ,C) — ES”(b’C) , S\I(b,c)H(b o= S”(b’c)e

and
Hpe) = eS109e = e5l69 1 5lb0 = {5 € §¥ 1 gI00) | g = g0l

where e is the identity element of H,. Furthermore, we show that Slio) ig a subsemigroup of S with
the reverse order law holding for (b, c)-inverses if and only if H, o contains an idempotent e such that
eade = eaede for all a,d € !9, Meanwhile, some semigroups between H, ) and S!9) are presented.

Ifa € SM, Zhu et al. [26, Theorem 3.19] proved that b € S if and only if bda € SI if and only if adb € SIM.
If y € SI®9, we prove that any two of the conditions x € @9, z € St and zyl®)x € §I@D imply the rest
one. Moreover, we get that y € SI®<) if and only if HyoyHp,a S Hyq if and only if Hy o yHpay = Ha),
which generalizes [19, Corollary 2.5].
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2. Groups and semigroups in S!l®

Throughout this paper, S is a semigroup unless otherwise specified.

Recall that a € S is said to be regular if there exists b € S such that aba = g, in which case b is called
an inner inverse (or a {1}-inverse) of a. The sets of all inner inverses of a4 and all regular elements of S are
denoted by a{1} and SV, respectively.

A basic lemma that we will frequently use but without further comment should be noted.

Lemma 2.1. Leta € S. If a is reqular and bS' = aS' and S'a = S'c for some b, c € S, then b, c are reqular and
arb=b, bb a=a, ca a=c, acc=a
foranya~ €a{l}, b~ € b{l} and ¢~ € c{1}.
Lemma 1.1 shows some close relation between S and H,) as follows.

Lemma2.2. Letb,c€S.

(1) SI®9 £ @ if and only if ST N H,y # 0. In this case, Hy,e = {al®9 | a € SIG9},

(2) If SI®9) = @, then h is the (b, c)-inverse of all elements in h{1}, for any h € H, .
Proof. The proof is straightforward. [
Lemma 2.3. Let b,c € S. Ifa € SI®9, then d € SI® with dI®e) = gl if and only if d € al®A{1}.

Proof. If d € SI®9 with dI) = glt9) then we have al®)dalt9) = gltagglte) = gl Conversely, if
d € al®9{1}, then al®)dgll®e) = glt9, Since alt9) € Hy, ), it follows thatd € S0 with dIt9) = 4ll®) by Lemma
1.1. O

The previous lemmas inspire us to define an equivalent relation on S,

Proposition 2.4. Let b,c € S such that S'®9 # 0. For any a,d € S'®9), define a binary relation t as:
T ={@a,d) e §le) s glitbe) | alle) — dll(b,C)}_
Then 1 is an equivalent relation on S'0°) and {h{1} | h € Hy,)} is a partition of SI®.
In this case,
gllto) — U AltA 1y = U h{1).
aeSlite) hEH(b/C)

Proof. The reflexivity, symmetry and transitivity of 7 are easy to verify. So 7 is an equivalent relation on
St For any a € SI®9, 4lt{1} is its equivalent class by Lemma 2.3. Then we get that

5o = | | geop,
aeyr”)
Meanwhile, by Lemma 2.2, we know that H,¢) = {al®9) | a € SI®9}. Tt follows that
L @@= mu.
a8t heH g,

Clearly, h{1} # 0 for any h € H,). If {1} N g{1} # 0 for some h, g € H,), suppose that a € h{1} N g{1}.
Then we have h = 4llt:0) = gby Lemma 2.2. Thus {h{1} | h € H,} is a partition of sl 4o

From Lemma 2.2 and Proposition 2.4, we can see that the structure of H, ) is easier to handle than Sl
The following well-known result, which is called Green’s theorem, gives an equivalent condition for an
H-class to be a group.
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Lemma 2.5. ([12, Theorem 7]) Let a € S. Then H, is a group if and only if aHa>.

A direct corollary of Lemma 2.5 is: if H, is a subsemigroup of S, then it must be a group. So we only
discuss the group structure of an H-class.
Recall that a € S is group invertible if there exists x € S such that

xa* =a, ax* = x, ax = xa.

If such x exists, then it is unique and called the group inverse of a (denoted by a*). An element e satisfying
¢? = e is called an idempotent, obviously e is group invertible with e = e. The sets of all idempotents and
group invertible elements in S are denoted by E(S) and S*, respectively.

We note that a € S is group invertible if and only if aHa?.

Lemma 2.6. ([1, Lemma 1]) Let a € S. Then a € S* if and only if a € Sa? N a*S. In this case, a* = uav for any
u,v € S such that ua® = a’v = a.

Combining the previous results, it is easy to see that
E(S)NHe, # 0 & Hy, isa group < S* N Hy, # 0.

We want to give some equivalent conditions for H, to be a group from the perspective of generalized
inverses.

We know that H; is an H-class in S, which can be restated as follows: if w € H,), then Hp,) = Hy.
The following lemma comes directly from this fact and can also be found in [3, Remark 2.2 (1)] and [18,
Proposition 1.4].

Lemma 2.7. Letb,c,d,w € S. If w € Hy,), then d € SI®9 if and only if d € SI°. In this case,
4160 — gk,
Lemma 2.7 provides a way to express the (b, c)-inverse as the inverse along some element, so we can use

it to get equivalent conditions for the (b, c)-inverse of some element to be group invertible.
Proposition 2.8. Let b,c € S. Ifa € SI09), then the following conditions are equivalent:

(1) allt) g glieo).

() a0 ¢ s*,

(3) E(S)NHgp, # 0.
In this case, Hy, ¢ contains only one idempotent e and

(@000 = (GIOONE = o and ¢ = a0 (GOAYE

Proof. (1) & (2). By Lemma 2.7, we know that al®9) € Sll®9 if and only if all®9 is invertible along al®<),
which is also equivalent to a9 € S* by [15, Theorem 11]. In this case,

(b,c)

(a”(hrc))# — (a||(b/f))||ﬂ” — (a“(hrf))”(h,f)‘
(2) = (3). If a®9) € S*, then we have
A6 I0ONSL Z l6AGL Z pgl and Sle = SgI00 = 51 (gIGOY#le0)

It means that al®9)(al®9)* € E(S) N Hy, . If e and f are two idempotents in H,), then e = f because e f.
(3) = (2). Since al® € H, ) = H,, suppose that ¢ = xal®*) = gty Tt follows that

@2y = N6 = gl60) _ ggllb0) — (2.
Thus, by Lemma 2.6, all9 € §# with

@O = xgh®9y = 160y — oge.
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Remark 2.9. According to [20, Theorem 3], we know that E(S) N H, ¢y # 0 if and only if cb € H.py. If S is a monoid,
then cb € Hy. ) is equivalent to 1 € SI®9 by [11, Theorem 2.2]. As 11091100 = 110 which means that 1169 is the
identity element of H, in this case.

If Hy,) contains an idempotent e, we know that e is the identity element in group H;). An interesting
fact is that e is also (b, c)-invertible and it will play an important role in sequel discussion.

Lemma 2.10. Let b,c € S. If H, ) contains an idempotent e, then
(1) e € SO with el®9) = e and all®Iae = e = eaa® for any a € SI®9;
() ea,ae € S0 with (ea)lt9) = (ae)ltA) = gl for any a € SIE<);
(3) aed € SO with (aed)09) = dICAIGNC) for any a,d € SIE),

Proof. (1) Since eee = e and e € Hy,, it is clear that e € SI®9 with ¢ll®) = e, For any a € SI®9, we have
al®9ge = ¢ = eaa® by Lemma 2.1.
(2) Since e is the identity element of H, ), it follows that

al0040gl00) = fbe) = fl00) g lbe)

which shows that ae, ea € al®9){1}. By Lemma 2.3, ae, ea € SI®9 with (ae)l®9 = (ea)t<) = gl®0),
(3) It suffices to show that dl®9)al) is the (b, c)-inverse of aed. In fact, noting that d!®9al®9) € Hy, ,, we
get that
A6 100 4o g 10 00 = B g 0 B0 — Bl 00 — 0O b0

So aed € SI®9 with (aed)®9) = dI0Ag109) by Lemma 2.3. O
Based on the previous results, we obtain some new equivalent conditions for Hy, ) to be a group.

Theorem 2.11. Let b,c € S. Then the following conditions are equivalent:

(1) Hg,) is a group;

(2) HpNS* #0;

(3) Hp,o N S04 #0;

(4) (Hg,o) N SICD 2 0;

(5) {a € S* N SICI | g# = gllbe)} 2 g

6) lac Slib,e) | aalb:e) = all(b,r:)a} +0;

(7) Hepo Slibe) A gl .

(8) SICAIH, N SICA = @,

In this case, Hy,y € S* 0 SI69, X6 = 8100 gngd SICAX = SIOe for any nonempty X C Hy, ), where e is the
identity element of H ).

Proof. (1) & (2). Itis clear by Lemma 2.5.

(2) © (3). Suppose that 1 € Hy,). By a similar discussion as the proof of (1) & (2) in Proposition 2.8, we
can prove that i € SIl®9 if and only if i € S*.

Thus, if Hg, is a group, then it is obvious that H, € S*, which also implies that Hy,) € S by the
proof above.

(3) = (4). Obviously.
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(4) = (2). Suppose that y € H,). Then Hy,) C yS! by definition. Noting that yS! is a subsemigroup of
S, we have (H,)) € yS'. If x € (Hp) N SI®9, then x = ys for some s € S'. Meanwhile, since x € SI®9, it
follows that x € SI¥ by Lemma 2.7. So

y = yxxdl¥ = 252V € 128

Dually, we can prove that y € Sy. This proves that y € S* by Lemma 2.6.
(1) = (5). If Hy,) is a group, then its identity element e € SI®9 with el®9 = ¢ by Lemma 2.10. And ¢? =r¢,
so e € §* with e = e. It follows that e € {a € S* N SI0O) | g# = gllbO)y,
(5) = (6). If a € §* N SI6A such that a* = al®9), then aal®9) = aa* = a*a = 4llb)g,
(6) = (2). Ifa € SI®9 such that aa® = 4l®)g, combining with al®)aglt9 = gl®9) then we have al®) € S*
by Lemma 2.6.
(1) = (7). If Hy, is a group with e as its identity element, then xa = xea for any x € H,) and a € S12).
Since x € SI®9) by Proposition 2.8, it follows that xa = xea € SI® by Lemma 2.10.
Without loss of generality, we may prove xSI09) = ¢SlIt9) for x € X. It is clear that xSI®9) ¢ ¢Sl®<)
because xa = exa and xa € SI®9 for any a € SO, Noting that x € S by Proposition 2.8, we have
y & y r'rop
ea = exxll®g = xxIt9g € x5I09), for any a € SI®9). Since the choice of x € X is arbitrary, it follows that
XSlte) — pglibie),
7y = (2). If xa € SI®9 for some x € Hy, o and a € SI®9, then xa € SIF = 1" by Lemma 2.7. On one
(b,0) y
hand, x = xxa(xa)!® C x2S. On the other hand, we have al®9) = (xa)lt)xqal® = (xa)l®x. It follows that

x = xaa'®) = xa(xa)l®Vx = xa(xa)!®Ix"x? € Sx?,

where x~ € x{1}. So x € S* by Lemma 2.6.
(1) = (8) = (2). The proof is dual to thatof (1) = (7) = (2). O

From the previous discussion, we know that Hg,) € S* N SI9) when Hy,) is a group. However, the
converse inclusion is not right in general.

Example 2.12. In the semigroup S = {[ 2 2 1|x1,x, € C). Leta= |3 |andb = |30 |. Thena e S* witha* =1
P group 00 00 00 00

and a € SI@D with gll@d) = [(1) 8] Obviously, al®) e S*, it follows that H,y is a group. But S'a # S'b, which means
that a ¢ H(g/b).

It is natural to ask: when does a group invertible (or (b, c)-invertible) element belong to Hy,)? The
following proposition answers this question and shows the structure of H, .

Proposition 2.13. Let b,c € S. If H,) contains an idempotent e, then

(1) €SI is g subsemigroup of S and
¢S = g € 5109 | g = eq);

(2) Sl is a subsemigroup of S and
SO = {a € 10O | g = ge};

®)
Hp = 510 = 5100 16,

= {u € S”(brc) | a=ae= ea}
={ae S* n gl | at = all(b,c)}.

Proof. (1) It is not hard to check that

eSlb.o — {ae glite) | a = ea).
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For any a,d € %9, we know that ezed € eSI*9) by Lemma 2.10.
(2) It can be proved similarly.
(3) Since Hy,) is a group, we have that Hy,) € Sl which leads to

Hpo Clace S0 | g = ge = ea).

It is obvious that {a € SI?9) | g = ge = eq} C SN,

And for any a € SI9), since Hy,y contains an idempotent e, we have al®9) € §* with (al®9)* = eae by
Proposition 2.8. Then eae € S* with (eae)* = al®?). Meanwhile, eae € 09 with (eae)!®9) = 419 by Lemma
2.10. This proves that

el C {a € §* 1 I | g = g6},

Ifa € §S* N SO and a* = al®9) we know that
aS' = aa*S' = a*aS! = al®94S! = pS!
and
Sla = S'a*a = S'aa* = S'aa®9 = Slc.
So {a € S* N SI0) | g* = 4lb9} C Hy, .
Combining the above inclusions, we have that
Hpe =1lae SICA | g = ge = ea} = eS¢ = g € §* N S | g# = 4Oy,
It is clear that eSllt<)e = ¢Sllb) N Slib<)e [

If Hg,) contains an idempotent, we know that Hg,) € S0, 1t is easy to see that H,y is a maximal
subgroup of S, so we have the following result.

Proposition 2.14. Let b,c € S such that E(S) N Hgpe) # 0. Then S'09) is a proper subgroup of S if and only if
SI60 = Hy .

If S has the identity element, then we get an interesting result as follows.

Corollary 2.15. Let S be a monoid and b,c € S. Then S'°9) is a proper subgroup of S such that 1 € S1©9 if and only
if b is right invertible and c is left invertible.

Next we consider under what condition SI*©) becomes a subsemigroup of S.

Wang et al. [23, Theorem 4.4] gave a criterion for two given (b, c)-invertible elements satisfying the
reverse order law of (b, c)-inverses. We want to find a criterion for all elements in S1°) to satisfy the reverse
order law of (b, ¢)-inverses.

Let R be a unitary ring and d,x,y € R. If d € R* and x,y € R Benitez and Boasso [2, Theorem 6.3]
proved that xy € R with (xy)¥ = y!xI¥ if and only if dd*x(1 — dd*)ydd* = 0 by using Pierce decomposition.
We have the following result for a semigroup S.

Theorem 2.16. Let b,c € S. Then S is a subsemigroup of S with reverse order law holding for (b, c)-inverses if
and only if H, ¢ contains an idempotent e such that

eade = eaede
forall a,d e SIb<),

Proof. If SI®9 is a subsemigroup of S with the reverse order law holding for (b, c)-inverses. Suppose that
a € Sl Since the reverse order law holds for (b, c)-inverse, it follows that (a2)!®) = (al9)2, Meanwhile,
according to Lemma 2.7, a* € S’ Then we have

al09) = g0 2BV ¢ G(lboY2.
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Similarly, al®9 € (al®))2S. This proves thatal®<) € S*. So there exists an idempotent e in H, ) by Proposition
2.8.
If d € SlI®9, then by reverse order law we know that (ad)/l® = dlt<)gl0) Because ad € S, we have

e = eadd|®OgIbe)
Multiplying by aede on the right of above equality yields that
eaede = eadd""?)a®gede = eadd®)de = eade.

Conversely, if there exists an idempotent e in Hy,) such that eade = egede for all a,d € SO then
Albo)glbe) e H,) because Hy, ) is a group. Meanwhile,

100 6043 100 JI00) — 160 00 703 10 JI0) — 60 0
Thus, ad € SI®9 with (ad)I®9 = gltaglea by Lemma 2.3. O

We have given equivalent conditions for H, to be a group and S0 to be a semigroup with the reverse
order law holding. Next we give some semigroups between H, and S/*).

Proposition 2.17. Let b,c € S. If Hy, ) contains an idempotent e, then
M :=1lae SI) | ge = ea) = {a € SI) | gal®e) = 4llt)g)

be g =lae SI) | ge = eae) = {a € S109) | gl = ¢}
and
Méb o =lae S | eq = eae} = {a € SIPA) | gl0A)g = e}

are semigroups containing Hy,¢). Moreover, M,y = M, 5 N Méb o

Proof. 1t is obvious that H,) € M. We first prove that {a € SI®9 | ge = ea} = {a € I | gallt0) = glCg),
Suppose that a € SIt9 such that aall®9 = 4llt9g. Since alt9)aal®) = gl it follows that all®9 € S* with
al®oy# = ggll®9g by Lemma 2.6. Then e = all®9(glltoy# = gty = g4lb9) by Proposition 2.8. So we have
ae = aa'®9q = ea. Conversely, if ae = ea for some a € SI®9, then

2 = 2000 — paal®0) — o — 460 4o = g0, — G0,

Then we check that {a € SI®9 | ge = eae} = {a € SI® | ggl®9) = ¢}. In fact, multiplying by al®*) on the
right of ae = eae yields that aa!®® = e. Conversely, if aal®® = ¢, then we have ae = aal*“ge = eae.

Similarly, {a € S0 | ea = eae} = {a € SI9) | glt)g = ¢}.

Next, we prove that M, is a subsemigroup of S. If a,d € M, ), then eade = eeade = eaede, which follows
that ad € SII®9) according to the proof of Theorem 2.16. Meanwhile, we have ade = aed = ead. So ad € M,y

It can be proved similarly that M{, 9 and M , are subsemigroups of S.

Finally, we show that M) = M(bc ﬁM(b 0" It is clear that M) € M(b 9 ﬁM bC) because ae = ea = eea = eae
and ea = ae = aee = eae for any a € Mg,. If a € My N M(bc then ae = eae = ea. This proves that
M:b,c) N M(bc - M(b,c)- O

X1 X2 X3

Remark 2.18. (1) H,) may be a proper subgroup of M, ). For example, in the semigroup S = {[964 % Jae] Ix; €
Cfor1<i<6} leta= [é § g] and b = [8 0 0] Then a € SI®Y) with gl = [8 0 0] Evidently, a'®? e S*, it

follows that H,p is a group with the identity element e = [é § §] We can verify that ae = ea, but S'a # S'b. This
illustrates that a is in M,y but not in H,p).

(2) M,y may be a proper subsemigroup of M/,
az[oo]andb—[

-10
identity element e = [ 8] It is easy to check that aal? = e # a\“Ya, which means that a € My,

(o For example, considering in the semigroup S = Z>2, let

] Then a € SI@Y) with gl@h) = [ ] Clearly, a@? € S*, so H,y, is a group with the
but a ¢ M(a,b)-
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3. The (b, o)-invertibility of a special triple product

Leta,b,c,d,e € S. Ifa € S, Zhu et al. [26, Theorem 3.19] proved that b € S if and only if bda € S if
and only if adb € Sld. Mosi¢ et al. [22, Theorem 2.9] proved that a € Sl if and only if abd € St when
d € SltY as well as a € SI®9 if and only if eca € SI®9) when e € SI©9. The following theorem generalizes
above results.

Theorem 3.1. Leta,b,c,d,x,y,z€S.
(1) Ifx € S1@9 and y € S1A), then z € SICA if and only if zyl®9x € SI@D,
() Ifz € SI0D gnd y € SI®A, then x € S1@9) if and only if zyl®Ix € SI@D,

In these cases,
(zy|EOx)@D = @0 6D,

2bd) = 00 (100 i)

and
20 = (16 a5 lbe)

Proof. (1) If z € Sl we only need to show that zy!®9x € Sl@D with (zyIGAx)l@d) = @) yAbA) - Actually,
we have
d(zy‘Kb’c)x)(x”(“’c)yz”(b’d)) — dzyl\(b,C)yZII(b,d) = dz7ItD = 4

and
(@00 DY (00 3y = 3 @000 3 = 0 g = g,

Obviously, xI®9yzl04) e g5 N Sd.
Conversely, if zyl#9)x € §I@ it can be verified that

2]y x(zyl0Ox)l@d] = 4

and
[0 (2109 ) NeD ]
L L (O PO
YOO (100 6D 100 1)
- yn(b C)xx”(” 9y
Y
b.

Meanwhile, it is easy to see that ylt9)x(zy®)x)I@) € pbS N Sd. So z € SICD with 0D = Ylbx (7l y)l@d),
(2) The proof is dual to that of (1). O

By Lemma 2.2, we can restate Theorem 3.1 as follows.
Corollary 3.2. Leta,b,c,d, x,z €S.
(1) IfbDc and SV@) = @, then z € S'OD if and only if zH SN C Sl@d,
(2) IfbDc and SVOD £ @, then x € S1@9) if and only if SIODH, o x € SIEA).,
As a special case of Theorem 3.1, we have the following result.
Corollary 3.3. Letb,c,d,x,z € S.

) If x € S0, then z € SO if and only if zcx € SIO),
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(2) Ifz € Sl then x € SV if and only if zcx € SO,

In these cases,
(zex)lOD = fI0)=IEd) 6D = cyex)lOD | 6O = (ox)lodye

for any c™ € c{1}.

Leta,d € S. Mary and Patricio [19, Corollary 2.5] proved thata € S if and only if HjaH,; = Hy. We have
an analogous result for (b, ¢)-inverses.

Proposition 3.4. Leta,b,c,d,y € S. If aDc and bDd, then the following conditions are equivalent:
(1) ye Sli.c).
(2) HeoyHpa € Haay,
() HaoyHed = Haa-

Proof. (1) & (2). If u € Hy and w € H,g), then wS' = bS! and S'u = S'c by definition. It follows that
y € SI9 if and only if y € SI@" with yI9) = yI@® By [11, Theorem 2.2], we know that y € SI®@# if and
only if uyw € Hyw). And Hywy = Ha) because uS' = aS! and S'w = S'd. Thus, y € S if and only if
HaoyHea < Hea:-

(2)= (3). If u € Hy) and w € Hy g such that uyw € H, 4, then we know that y € Sl@) from the proof
above. It follows that uyw is regular by [23, Proposition 3.3]. So we have h = h(uyw) uyw for any h € H, g
by Lemma 2.1. Noting that (uyw)~ € Sl from Lemma 2.2, it can be proved that h(uyw) u € H, by a
similar discussion as (1) & (2). Thus, Hu gy € HeoyHp,g)-

(3) = (2). Obviously. O

Remark 3.5. Ifu € H, ) and w € Hy gy such that uyw € Hy, gy, then y € SI@ = SI6O gyith yI@i) = 4I0) py the
proof above. According to [24, Theorem 2.71, we have y!®9) = yI®@") = w(uyw)~u for any (uyw)~ € (uyw){1}.

In a ring R, if x, y € RI®9, then xllCxylb) = ylIb) and x1G)yIG) = It by Lemma 2.1. Tt follows that
OO (x 1 )6 = L6 4 I60),
Combining this fact with Proposition 3.4, we obtain the following additive property.
Corollary 3.6. Let b,c € R. Ifx,y € RI®9, then x + y € RI®9 if and only if x1®9 + 100 € H, . In this case,
(x + )69 = YOO | b))
for any (xllb0) 4 yll(b,c))— € (xlbo) 4 yll(bm)){l}.
Taking a = b and ¢ = d in Theorem 3.1 and Proposition 3.4, we have the following result.
Corollary 3.7. Let b,c € S.
(1) Ifx,y,z € SI®9, then zyl0Ax e Slbe),
(2) Ifu,w € Hy,eyand y € S109, then uyw € Hy, .
As an application of Corollary 3.7, we can construct many completely regular subsemigroups of S.

Proposition 3.8. Let b,c € S. If0 # Y € SI®9 and @ # X C Hy,p), then XS04, SICOX, YH, o and H,)Y are
completely regqular subsemigroups of S.
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Proof. According to Corollary 3.7, it is easy to see that XSI®9XSl®0 ¢ x§lt) and SlEAXSIbIX c glbax,
Thus, XSI®9 and SI®9X are subsemigroups of S.

Similarly, YH,)YHgp,) € YHp,) and Hp, o YHpoY © HoY imply that YH, ) and He, Y are subsemi-
groups of S by Corollary 3.7.

Suppose that x € Hy,) and a € Sl According to Lemma 2.7, we have a € S which follows that
ax, xa € S* by [15, Theorem 7]. This proves that all above semigroups are completely regular. [J

Note that XS0 = ¢§lbe) and SItAX = Slt9e when H, is a group with the identity element e by
Theorem 2.11.

We know that a completely regular semigroup can be expressed as the union of all its (maximal)
subgroups. And it is clear that

YH(b,c) = UaH(b,C)'
agY

An interesting fact is that aH; ) is indeed a subgroup of YH; ) by the following proposition.
Proposition 3.9. Let b,c € S. Ifa € S0, then

aHy,) = Hygioo and Hpoga = Hyjoo,.
Proof. We only prove that aH, ) = H,,i00 here, and the proof of Hy,a = H,ie, is similar.

By [12, Lemma], we know that A, : x > ax is a L-class preserving bijection from R0 to Ryjeo. It
follows that

aHp,) = a(Ryeo N Lygieo) = Aa(Raeo N Lygieo) = Rygive N Lygieo = Hygieo .

0

Meanwhile, according to [20, Theorem 3], we have

A ®OH e = Hee) = Hyio0,a" 0.
By Proposition 3.9, we have the following corollary.
Corollary 3.10. Let b,c,e, f € S. Ifa € S1®9 and d € SN, then

(1) aa® = @A d if and only if aH ) = Hee, p)d;
() aa® = dd\)) if and only if aH, ) = dHp).

PTOOf. (1) If ﬂﬂ”(b’c) = d”(e’f)d, then ﬂH(b,C) = HaaH(h,r) = Hdu(g,f)d = H(e,f)d by Proposition 3.9.

Conversely, if aH,) = H, pd, then Hyieo = aHgp,e) = He,pd = Hgieng. So we have aalCOH AN d which
implies that aall®9 = dlNg.

(2) can be proved similarly. O
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