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Abstract. In this article, maximal commutators and commutators of maximal function through bounded
mean oscillation functions in Lp (Γ) space examined. New point estimates for these operators have been
proven.

1. Introduction

It should be mentioned that, in recent years, there has been an increasing interest in various spaces on
Carleson curves, such as Lebesgue spaces, Morrey spaces. We only mention [5],[6],[10],[13](see also the
references therein).

With v (m) = arc length measurement, let Γ = {t ∈ C : t = t (m) , 0 ≤ m ≤ l ≤ ∞} be a rectifiable Jordan
curve in the complex plane.

The length Γ is defined as l = vΓ.
We denote

Γ (t, r) = Γ ∩ B (t, r) , t ∈ Γ, r > 0,

where B (t, r) = {z ∈ C : |z − t| < r} .
A rectifiable Jordan curve Γ is called a Carleson curve if the condition

v (Γ (t, r)) ≤ c0r

holds for all t ∈ Γ and r > 0,where the constant c0 > 0 does not depend on t and r.
Let Γ be a composed locally rectifiable curve and let Γ1,. . . , ΓN be a finite number of arcs such that

Γ = Γ1∪. . .∪ΓN. Using the embedding

Γ j (t, ε) ⊂ Γ (t, ε) ⊂ Γ1 (t, ε) ∪ . . . ∪ ΓN (t, ε) ,
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the following inequality is obtained;∣∣∣Γ j (t, ε)
∣∣∣ ≤ |Γ (t, ε)| ⊂ |Γ1 (t, ε)| + . . . + |ΓN (t, ε)| . (1)

Using the condition (1), Γ is a Carleson curve if and only if every arc Γ j is a Carleson curve.
Now, we need to give below the necessary definitions for the case of spaces on Carleson curves.

Definition 1.1. [13]Let 1 ≤ p < ∞, Lp (Γ) space of measurable functions on Γ with the finite norm

∥∥∥ f
∥∥∥

Lp(Γ)
=


∫
Γ

∣∣∣ f (t)
∣∣∣p dv (t)


1/p

.

Definition 1.2. [13]The space of functions with bounded mean oscillation BMO (Γ) is defined as the set of locally
integrable functions f with the finite norm∥∥∥ f

∥∥∥
BMO(Γ)

= sup
r>0,t∈Γ

(vΓ (t, r))−1
∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ) < ∞,

where

fΓ(t,r) = (vΓ (t, r))−1
∫
Γ(t,r)

f (τ) dv (τ) .

Lemma 1.3. [13]Let Γ be a Carleson curve and 1 ≤ p < ∞. Then

L∞ (Γ) = sup
t∈Γ,r>0

r−
1
p
∥∥∥ f

∥∥∥
Lp(Γ(t,r))

and ∥∥∥ f
∥∥∥

L∞(Γ)
≤ sup

t∈Γ,r>0
r−

1
p
∥∥∥ f

∥∥∥
Lp(Γ)
≤ c1/p

0

∥∥∥ f
∥∥∥

L∞(Γ)
.

Definition 1.4. Let f ∈ Lloc
1 (Γ). For every λ > 0 number that does not increase in Γ∩ (0,∞) and the f function that

provides the following;∣∣∣{ξ ∈ Γ ∩ (0,∞) : f ∗ (ξ) > λ
}∣∣∣ = ∣∣∣∣{x ∈ Γ :

∣∣∣ f (x)
∣∣∣ > λ}∣∣∣∣ ,

it is called a non-increasing rearrangement of f .
If this function is continuous from the right, then the following statement is valid;

f ∗ (ξ) = inf
{
λ > 0 :

∣∣∣∣{x ∈ Γ :
∣∣∣ f (x)

∣∣∣ > λ}∣∣∣∣ ≤ ξ} .
Definition 1.5. Let f ∈ Lloc

1 (Γ). In this case, the maximal function of f is

f ∗∗ (ξ) =
1

|Γ (t, r)|

∫
Γ(t,r)

f ∗ (τ) dv (τ) , (t > 0)

defined as.

Definition 1.6. Let f ∈ Lloc
1 (Γ). In this case, the sharp maximal function of f is

M, (ξ) = sup
r>0

1
|Γ (t, r)|

∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ)

defined as, where fΓ(t,r) =
1

|Γ(t,r)|

∫
Γ(t,r) f (τ) dv (τ) .
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The maximal operators play a significant role in reel analysis. Maximal operators are not linear. These
operators are of great importance in various problems of harmonic analysis. They also contribute to the
development of the general class of singular and potential operators (see these references for detailed
information, [6],[9],[11],[16]).

Definition 1.7. Let Γ be a simple Carleson curve and f ∈ Lloc
1 (Γ) . The maximal operator M on Γ is defined by

M f (t) = sup
t>0

(vΓ (t, r))−1
∫
Γ(t,r)

∣∣∣ f (τ)
∣∣∣ dv (τ) .

The boundedness of the maximal function in Lp (Γ) is given by Guliyev in ([10], Lemma 4.4).

Theorem 1.8. [10]Let Γ be a Carleson curve, 1 ≤ p < ∞ and t0 ∈ Γ. Then for p > 1 and any r > 0 in Γ, the following
inequality∥∥∥M f

∥∥∥
Lp(Γ(t0,r)) ≤ r

1
p sup
τ>2r
τ−

1
p
∥∥∥ f

∥∥∥
Lp(Γ(t0,r))

holds for all f ∈ Lloc
p (Γ) .

Moreover, for p = 1 the following inequality∥∥∥M f
∥∥∥

WL1(Γ(t0,r)) ≤ r1 sup
τ>2r
τ−1

∥∥∥ f
∥∥∥

L1(Γ(t0,r))

holds for all f ∈ Lloc
1 (Γ) .

The commutator operation and the properties of maximal integrals in various spaces have been studied
intensively and so there exist plenty of results about them (see, for example [1]-[4],[7],[8],[12],[14],[15],[17]).

The maximal commutator Mb plays a significant role in the study of commutators of singular integral
operators with the symbol BMO, and this topic has attracted the attention of many mathematicians (check
it out, for example, [1],[2],[8],[12]).

The commutator of maximal operator [M, b] was studied by many authors (see, for instance [1]-[3],[8]).
This operator is the product of two functions from BMO and H1 Hardy space. It emerged when it was
wanted to give meaning (Let us note that the product of these two functions may not be locally integrable).
Boundedness of operator [M, b] in Lp using real interpolation techniques made by Milman and Schonbek,
at [14].

Although the Mb and [M, b] operators are very similar, they are fundamentally different.
For example, unlike the operator Mb, [M, b] is neither positive nor sublinear.
The definitions of maximal commutator and commutator of maximal function on Carleson curves are

as follows, respectively.

Definition 1.9. Given a locally integrable function b, the maximal commutator is defined by

Mb( f )(t) := sup
t>0

1
vΓ (t, r)

∫
Γ(t,r)
|b(t) − b(τ)|| f (τ)|dv (τ) , f or all t ∈ Γ.

Definition 1.10. Given a locally integrable function b, the commutator of the Hardy-Littlewood maximal operator
M and b is defined by

[M, b] f (t) :=M(b f )(t) − b(t)M f (t), f or all t ∈ Γ.

The main purpose of this article is to examine the boundedness of the maximal commutator and the
commutator of maximal function in Lp spaces define on Carleson curves.
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2. Auxiliary Results

To get the main results claimed in the article, we first need some auxiliary results.

Theorem 2.1. There exist constants C1, C2, such that for every f ∈ BMO (Γ) every Γ (t, r) and every s > 0:∣∣∣∣{τ ∈ Γ (t, r) :
∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ > s
}∣∣∣∣ ≤ C1e−

(
C2/∥ f∥BMO(Γ)

)
s
|Γ (t, r)| . (2)

Proof. Observe, first of all, that we can assume
∥∥∥ f

∥∥∥
BMO(Γ)

= 1. We fix Γ (t, r) and take α > 1. We know that

1
|Γ (t, r)|

∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ) ≤ 1 < α.

We make the Calderón-Zygmund decomposition of Γ (t, r) for the function f − fΓ(t,r) relative to α, obtaining
Γ1, j (t, r) (dyadic curves of Γ) for each of which:

α <
1∣∣∣Γ1, j (t, r)

∣∣∣
∫
Γ1, j(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ) ≤ 2α.

Besides, for a.e. τ < ∪
j
Γ1, j (t, r) is

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ ≤ α. It follows that for each Γ1, j (t, r) is

∣∣∣ fΓ1, j(t,r) − fΓ(t,r)

∣∣∣ ≤ 2α.

Also: ∑
j

∣∣∣Γ1, j (t, r)
∣∣∣ ≤ 1

α

∫
Γ1, j(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ)

≤
1
α

∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ dv (τ)
≤

1
α |Γ (t, r)| .

On each Γ1, j (t, r) we make the Calderón-Zygmund decomposition for the function of f − fΓ1, j(t,r) relative
to α. Thus we obtain a family Γ2,k (t, r) of dyadic subcurves of Γ1, j (t, r), for each of which is function∣∣∣ fΓ2,k(t,r) − fΓ1, j(t,r)

∣∣∣ ≤ 2α, and also for a.e. τ ∈ Γ1, j (t, r) \
(
∪
k
Γ2,k (t, r)

)
is

∣∣∣ f (x) − fΓ1, j(t,r)

∣∣∣ ≤ α. Besides,
∑

k

∣∣∣Γ2,k (t, r)
∣∣∣ ≦

1
α

∣∣∣Γ1, j (t, r)
∣∣∣. Now we put together all the families

{
Γ2,k (t, r)

}
corresponding to different Γ1, j (t, r)’s and call

the resulting family also
{
Γ2,k (t, r)

}
. Then, outside the union of the Γ2,k (t, r)’s we have:∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ ≤ ∣∣∣ f (τ) − fΓ1, j(t,r)

∣∣∣ + ∣∣∣ fΓ1, j(t,r) − fΓ(t,r)

∣∣∣
≤ 3α

and also∑
k

∣∣∣Γ2,k (t, r)
∣∣∣ ≤ ( 1
α

)2

|Γ (t, r)| .

Subsequently, we obtain for each natural number N, a family of nonoverlapping curves
{
ΓN, j (t, r)

}
in such

a way that outside of their union is
∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ ≤ N.2α and such that
∑

j

∣∣∣ΓN, j (t, r)
∣∣∣ ≤ α−N

|Γ (t, r)|.
If N.2α ≤ t < (N + 1) .2αwith N = 1, 2,. . ., then∣∣∣∣{τ ∈ Γ (t, r) :

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ > s
}∣∣∣∣

≤
∑

j

∣∣∣ΓN, j (t, r)
∣∣∣ ≤ α−N

|Γ (t, r)|
= e−N logα

|Γ (t, r)|
≤ e−C2s

|Γ (t, r)|
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(with C2 = 2−n−1 (
logα

)
/α) since t < (N + 1) 2α ≤ N4α. On the other hand, if t < 2α, then C2s <

(
logα

)
/2,

and we use the trivial majorization∣∣∣∣{τ ∈ Γ (t, r) :
∣∣∣ f (τ) − fΓ(t,r)

∣∣∣ > s
}∣∣∣∣

≤ |Γ (t, r)| < e(logα)/2−C2s
|Γ (t, r)| .

Thus, we get (2) for every s by choosing C2 as above and C1 =
√
α. Finally, α can be chosen to get an optimal

value of the constant C2 (α = e).

Lemma 2.2. For every p with 0 < p < ∞, BMO (Γ) , p = BMO (Γ) where

∥∥∥ f
∥∥∥

BMO(Γ),p := sup
Γ(t,r)

(
1

|Γ (t, r)|

∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣p dv (τ)
)1/p

.

Proof. Let 0 < p < 1. Then from Hölder inequality, the following is obtained easily;

∥∥∥ f
∥∥∥

BMO(Γ),p ≤
∥∥∥ f

∥∥∥
BMO(Γ)

.

Now let’s denote;∥∥∥ f
∥∥∥

BMO(Γ)
≤

∥∥∥ f
∥∥∥

BMO(Γ),p .

For 0 < t < |Γ(t,r)|
6 , the following is valid;(

fχΓ(t,r)

)∗∗
(t) =

[(
f − fΓ(t,r)

)
χ
Γ(t,r) + fΓ(t,r)χΓ(t,r)

]∗∗
(t)

≤

[(
f − fΓ(t,r)

)
χ
Γ(t,r)

]∗∗
(t) +

(
fΓ(t,r)χΓ(t,r)

)∗∗
(t)

≤ c
∫
|Γ(t,r)|

t

(
f,
Γ(t,r)

)
(s)

dv (s)
s
+

∣∣∣ f ∣∣∣
Γ(t,r) .

Let f ∈ BMO (Γ). Then the following inequalies are valid;∥∥∥∣∣∣ f ∣∣∣p∥∥∥BMO(Γ)

= supΓ(t,r)
1

|Γ(t,r)|

∫
Γ(t,r)

∣∣∣∣∣∣∣ f (
y
)∣∣∣p − (∣∣∣ f ∣∣∣p)

Γ(t,r)

∣∣∣∣ dv
(
y
)

= supΓ(t,r) infc∈R
1

|Γ(t,r)|

∫
Γ(t,r)

∣∣∣∣∣∣ f (
y
)∣∣∣p − c

∣∣∣ dv
(
y
)

≤ supΓ(t,r)
1

|Γ(t,r)|

∫
Γ(t,r)

∣∣∣∣∣∣ f (
y
)∣∣∣p − ∣∣∣ fΓ(t,r)

∣∣∣p∣∣∣ dv
(
y
)

≤ supΓ(t,r)
1

|Γ(t,r)|

∫
Γ(t,r)

∣∣∣ f (
y
)
− fΓ(t,r)

∣∣∣p dv
(
y
)

.

From here, it can be seen that it is |
∣∣∣ f ∣∣∣p ∈ BMO ((Γ)). Thus,

(∣∣∣ f ∣∣∣p χ
Γ(t,r)

)∗∗
(t)

≤ c
∫
|Γ(t,r)|

t

((∣∣∣ f ∣∣∣p),
Γ(t,r)

)∗
(s)

dv (s)
s
+

(∣∣∣ f ∣∣∣p)
Γ(t,r)

is obtained.
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On the other hand(∣∣∣ f ∣∣∣p),
Γ(t,r)

(x) = sup
Γ(t0 ,r0)⊆Γ(t,r), x∈Γ(t0 ,r0)

{
1

|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣∣∣∣ f (
y
)∣∣∣p − (∣∣∣ f ∣∣∣p)

Γ(t0,r0)

∣∣∣∣ dv
(
y
)}
χΓ(t,r) (x)

= sup
Γ(t0 ,r0)⊆Γ(t,r), x∈Γ(t0 ,r0)

inf
c∈R

{
1

|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣∣∣ f (
y
)∣∣∣p − c

∣∣∣ dv
(
y
)}
χΓ(t,r) (x)

≤ sup
Γ(t0 ,r0)⊆Γ(t,r), x∈Γ(t0 ,r0)

{
1

|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣∣∣ f (
y
)∣∣∣p − ∣∣∣ fΓ(t0,r0)

∣∣∣p∣∣∣ dv
(
y
)}
χΓ(t,r) (x)

≤ sup
Γ(t0 ,r0)⊆Γ(t,r), x∈Γ(t0 ,r0)

{
1

|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣ f (
y
)
− fΓ(t0,r0)

∣∣∣p dv
(
y
)}
χΓ(t,r) (x)

=
(

f p
Γ(t,r) (x)

)p

is true for 0 < t < |Γ(t,r)|
6 when

(∣∣∣ f ∣∣∣p χ
Γ(t,r)

)∗∗
(t) ≤ c

∫
|Γ(t,r)|

t

[(
f p
Γ(t,r)

)∗]p
(s)

dv (s)
s
+

(∣∣∣ f ∣∣∣p)
Γ(t,r)

.

From here (((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t)

)p

≤ c
∫
|Γ(t,r)|

t

[(
f p
Γ(t,r)

)∗]p
(s)

dv (s)
s
+

1
|Γ (t, r)|

∫
Γ(t,r)

(
f
(
y
)
− fΓ(t,r)

)p
dv

(
y
)

,

and so the inequality(((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t)

)p

≤ c
∥∥∥ f

∥∥∥p

BMO,p
(Γ (t, r)) log

|Γ (t, r)|
t

+
1

|Γ (t, r)|

∫
Γ(t,r)

(
f
(
y
)
− fΓ(t,r)

)p
dv

(
y
)

,

is true. In that case,(((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t)

)p

≤ c
∥∥∥ f

∥∥∥p

BMO,p
(Γ (t, r))

(
1 + log

|Γ (t, r)|
t

)
is true. Then we get the following inequality((

f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t)

≤ c
∥∥∥ f

∥∥∥p

BMO,p
(Γ (t, r))

(
1 + log

|Γ (t, r)|
t

) 1
p

.

On the other hand, for |Γ(t,r)|
6 < t < |Γ (t, r)|, if

t1∗ (t) ≤ t1∗∗ (t) ≤
∥∥∥1∥∥∥

1
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is applied to the function 1 =
(

f − fΓ(t,r)

)p

χΓ(t,r)
,

(((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t)

)p

=
(((

f − fΓ(t,r)

)p
χ
Γ(t,r)

)∗
(t)

)
≤

(((
f − fΓ(t,r)

)p
χΓ(t,r)

)∗ (
|Γ(t,r)|

6

))
≤

6
|Γ(t,r)|

∫
Γ(t,r)

∣∣∣ f − fΓ(t,r)

∣∣∣p dv (x)

≤ 6
∥∥∥ f

∥∥∥p

BMO(Γ(t,r))

the above expression is obtained. From here,((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t) ≤

∥∥∥ f
∥∥∥

BMO(Γ(t,r)) .

It is easily seen from the obtained ones;∫
Γ(t,r)

∣∣∣ f − fΓ(t,r)

∣∣∣ dv (x) =
∫
|Γ(t,r)|

0

((
f − fΓ(t,r)

)
χΓ(t,r)

)∗
(t) dv (t)

=

∫ |Γ(t,r)|
6

0
+

∫
|Γ(t,r)|

|Γ(t,r)|
6

 (( f − fΓ(t,r)

)
χ
Γ(t,r)

)∗
(t) dv (t)

≤ c
∥∥∥ f

∥∥∥
BMO,p(Γ(t,r))

∫ |Γ(t,r)|
6

0

(
1 + log |Γ(t,r)|

t

) 1
p dv (t) +

∫
|Γ(t,r)|

|Γ(t,r)|
6

dv (t)


≤ c

∥∥∥ f
∥∥∥

BMO,p(Γ(t,r))

∫ |Γ(t,r)|
6

0

(
1 + log |Γ(t,r)|

t

) 1
p dv (t) + |Γ (t, r)|


= c |Γ (t, r)|

∥∥∥ f
∥∥∥

BMO,p(Γ(t,r))

(∫
∞

6

log
1
p y

y2 dv
(
y
)
+ 1

)
= c |Γ (t, r)|

∥∥∥ f
∥∥∥

BMO,p(Γ(t,r)) .

Hence, we get the following;∥∥∥ f
∥∥∥

BMO(Γ(t,r)) ≤
∥∥∥ f

∥∥∥
BMO,p(Γ(t,r)) .

Now let’s assume that 1 < p < ∞. In this situation∥∥∥ f
∥∥∥

BMO(Γ(t,r)) ≤
∥∥∥ f

∥∥∥
BMO,p(Γ(t,r))

inequality is found directly from the Hölder inequality. In that case,

1
|Γ(t,r)|

∫
Γ(t,r)

∣∣∣ f (
y
)

fΓ(t,r)

∣∣∣p dv
(
y
)
= 1
|Γ(t,r)|

∫
|Γ(t,r)|

0

{((
f − fΓ(t,r)

)
χ
Γ(t,r)

)∗}p

(t) dv (t)

≤ c
∥ f∥

p
BMO(Γ(t,r))

|Γ(t,r)|

∫
|Γ(t,r)|

0
log

(
6|Γ(t,r)|

t

)p
dv (t)

≤ 6c
∥∥∥ f

∥∥∥p

BMO(Γ(t,r))

(∫
∞

6
logp u dv(u)

u2

)
= c

∥∥∥ f
∥∥∥p

BMO(Γ(t,r)) .

.
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Both sides 1
p . first. If the forces are taken and then all Γ (t, r) curves are passed from both sides to the

supremum;∥∥∥ f
∥∥∥

BMO,p(Γ(t,r)) ≤
∥∥∥ f

∥∥∥
BMO(Γ(t,r))

is obtained, which completes the proof.

Lemma 2.3. If f ∈ BMO (Γ) then:

i) For every p with 0 < p < ∞:

∥∥∥ f
∥∥∥

BMO(Γ),p ≡ sup
Γ(t,r)

(
1

|Γ (t, r)|

∫
Γ(t,r)

∣∣∣ f (τ) − fΓ(t,r)

∣∣∣p dv (τ)
)1/p

≤ Cp

∥∥∥ f
∥∥∥

BMO(Γ)

with Cp dependent of f , in such a way that, for 1 < p < ∞, f 7→
∥∥∥ f

∥∥∥
BMO(Γ),p is a norm equivalent to f 7→

∥∥∥ f
∥∥∥

BMO(Γ)
on B.M.O.

ii) For every λ such that 0 < λ < /
∥∥∥ f

∥∥∥
BMO(Γ),p, where C2 is the same constant appearing in (2), we have:

sup
Γ(t,r)

1
|Γ (t, r)|

∫
Γ(t,r)

eλ| f (τ)− fΓ(t,r)|dv (τ) < ∞.

Proof. i)∫
Γ(t,r)

∣∣∣ f (x) − fΓ(t,r)

∣∣∣p dx =
∫
∞

0 pτp−1
∣∣∣∣{τ ∈ Γ (t, r) :

∣∣∣ f (x) − fΓ(t,r)

∣∣∣ > τ}∣∣∣∣ dv (τ)

≤ C1

∫
∞

0 pτp−1e−
(
C2/∥ f∥BMO(Γ)

)
τdv (τ) . |Γ (t, r)| .

After a change of variables

1
|Γ(t,r)|

∫
Γ(t,r)

∣∣∣ f (x) − fΓ(t,r)

∣∣∣p dx ≤ C1.p
(∥∥∥ f

∥∥∥
BMO(Γ)

/C2

)p ∫
∞

0 τ
p−1e−τdv (τ)

= Cp
p

∥∥∥ f
∥∥∥p

BMO(Γ)

which gives i) with Cp :=
(
C1p

∫
∞

0 τ
p−1e−τdv (τ) C−p

2

)1/p
.

If p > 1, we have
∥∥∥ f

∥∥∥
BMO(Γ)

≤

∥∥∥ f
∥∥∥

BMO(Γ),p ≤ Cp

∥∥∥ f
∥∥∥

BMO(Γ)
, so that the norms ∥.∥BMO(Γ) and ∥.∥BMO(Γ),p are

equivalent over BMO from Lemma 2.2. Also, if p > 1, Stirling’s formula can be used to conclude that
Cp ≤ C.p with an absolute constant C.

ii) From Theorem 2.1∫
Γ(t,r) eλ| f (x)− fΓ(t,r)|dv (τ) =

∫
∞

0 λeλτ
∣∣∣∣{x ∈ Γ (t, r) :

∣∣∣ f (x) − fΓ(t,r)

∣∣∣ > τ}∣∣∣∣ dv (τ)

≤

∫
∞

0 λeλτC1e−
(
C2/∥ f∥BMO(Γ)

)
τdv (τ) . |Γ (t, r)|

= C1λ
∫
∞

0 e
(
λ−C2/∥ f∥BMO(Γ)

)
τdv (τ) . |Γ (t, r)|

= C1λ
(
C2/

∥∥∥ f
∥∥∥

BMO(Γ)
− λ

)−1
|Γ (t, r)| if 0 < λ < C/

∥∥∥ f
∥∥∥

BMO(Γ)
.

Theorem 2.4. Let b ∈ BMO (Γ) and let 0 < δ < 1. Then, there exists a positive constant C = Cδ, the following
inequality

Mδ
(
Mb

(
f
))

(ς) ≤ C ∥b∥BMO(Γ) M2 f (ς) , ς ∈ Γ

holds for all f ∈ Lloc
1 (Γ). Where Mδ f (ς) :=

[
M

(∣∣∣ f ∣∣∣δ) (ς)
]1/δ
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Proof. Let ς ∈ Γ (t, r) and Γ (t0, r0) be a fixed Carleson curve ς ∈ Γ (t0, r0). Let f = f1 + f2, where f1 = fχ3Γ(t0 ,r0) .
Since for any τ ∈ Γ (t, r)

Mb
(

f
)

(τ) =M
(
(b − b (τ)) f

)
(τ)

=M
((

b − b3Γ(t0,r0) + b3Γ(t0,r0) − b (τ)
)

f
)

(τ)

≤M
((

b − b3Γ(t0,r0)

)
f1
)

(τ)

+M
((

b − b3Γ(t0,r0)

)
f2
)

(τ)
+

∣∣∣b (τ) − b3Γ(t0,r0)

∣∣∣ M f (τ) ,

we have 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

(
Mb

(
f
)

(τ)
)δ dv (τ)


1/δ

≤

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣M ((
b − b3Γ(t0,r0)

)
f1
)

(τ)
∣∣∣∣δ dv (τ)


1/δ

+

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣M ((
b − b3Γ(t0,r0)

)
f2
)

(τ)
∣∣∣∣δ dv (τ)


1/δ

+

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣b (τ) − b3Γ(t0,r0)

∣∣∣δ (M f (τ)
)δ dv (τ)


1/δ

= A + B + C

(3)

Since ∫
Γ(t0,r0)

∣∣∣∣M ((
b − b3Γ(t0,r0)

)
f1
)

(τ)
∣∣∣∣δ dv (τ)

≤

|Γ(t0,r0)|∫
0

[
M

((
b − b3Γ(t0,r0)

)
f1
)∗

(s)
]δ

dv (s)

≤

 sup
0<s<|Γ(t0,r0)|

sM
((

b − b3Γ(t0,r0)

)
f1
)∗

(s)

δ |Γ(t0,r0)|∫
0

s−δdv (s) ,

from Theorem 1.8∫
Γ(t0,r0)

∣∣∣∣M ((
b − b3Γ(t0,r0)

)
f1
)

(τ)
∣∣∣∣δ dv (τ)

≤

∥∥∥∥(b − b3Γ(t0,r0)

)
f1
∥∥∥∥δ

L1(3Γ(t,r))
|Γ (t0, r0)|−δ+1

=
∥∥∥∥(b − b3Γ(t0,r0)

)
f1
∥∥∥∥δ

L1(3Γ(t0,r0))
|Γ (t0, r0)|−δ+1 .

Thus

A ≤
1

|Γ (t0, r0)|

∫
3Γ(t0,r0)

∣∣∣b (τ) − b3Γ(t0,r0)

∣∣∣ ∣∣∣ f (τ)
∣∣∣ dv (τ) .

From Hölder inequality, we get

A ≤

∥∥∥b (τ) − b3Γ(t0,r0)

∥∥∥
exp L,3Γ(t0,r0)

∥∥∥ f
∥∥∥

L(log L),3Γ(t0,r0)

=
∥∥∥b (τ) − b3Γ(t0,r0)

∥∥∥
exp L,3Γ(t0,r0)

× inf

λ > 0 : 1
|3Γ(t0,r0)|

∫
3Γ(t0,r0)

| f (τ)|
λ

× log
(
e + | f

(τ)|
λ

)
dv (τ) ≤ 1

}
.
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For any constant Γ (t0, r0) curve, there is such a fixed C > 0 that it is easily seen from Lemma 2.3 that the
following inequality will be obtained;∥∥∥b (τ) − b3Γ(t0,r0)

∥∥∥
exp L,3Γ(t0,r0) ≤ C ∥b∥BMO(Γ) .

Thus, we get the following inequality

A ≤ ∥b∥BMO(Γ)

× sup
τ∈Γ(t0,r0)

inf

λ > 0 : 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

| f (τ)|
λ

× log
(
e + | f

(τ)|
λ

)
dv (τ) ≤ 1

}
.

(4)

for A is obtained.
Now let’s make predictions for B. Since B is comparable to inf

τ∈Γ(t0,r0)
M

((
b − b3Γ(t0,r0)

)
f
)

(τ), we have

B ≤M
((

b − b3Γ(t0,r0)

)
f
)

(ς) .

Again by Lemma 2.3, we get

B ≤

∥∥∥b (τ) − b3Γ(t0,r0)

∥∥∥
exp L,3Γ(t0,r0)

× inf

λ > 0 : 1
|3Γ(t0,r0)|

∫
3Γ(t0,r0)

| f (τ)|
λ

× log
(
e + | f

(τ)|
λ

)
dv (τ) ≤ 1

}
≤ ∥b∥BMO(Γ)

× sup
τ∈Γ(t0,r0)

inf

λ > 0 : 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

| f (τ)|
λ

× log
(
e + | f

(τ)|
λ

)
dv (τ) ≤ 1

}
.

(5)

Let δ < ε < 1. To obtain an estimate for C, let’s use the Hölder inequality with exponents p and p′, p = εδ > 1:

C ≤

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣b (τ) − b3Γ(t0,r0)

∣∣∣δp′ dv (τ)


1/δp′

×

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

(
M f (τ)

)δp dv (τ)


1/δp

.

Thus we get

C ≤ ∥b∥BMO(Γ)

 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

(
M f (τ)

)ε dv (τ)


1/ε

≤ ∥b∥BMO(Γ) Mε
(
M f

)
(ς) .

(6)

Finally, since

M2 =ML(log L),Γ(t0,r0)

= sup
τ∈Γ(t0,r0)

inf

λ > 0 : 1
|Γ(t0,r0)|

∫
Γ(t0,r0)

| f (τ)|
λ

× log
(
e + | f

(τ)|
λ

)
dv (τ) ≤ 1

}
.
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and by (3) and (6),we get

Mδ
(
Mb

(
f
))

(ς) ≤ C ∥b∥BMO(Γ)

(
Mε

(
M f

)
(ς) +M2 f (ς)

)
.

Since

Mε
(
M

(
f
))

(ς) ≤M2 f (ς) , 0 < ε < 1,

the proof of the theorem is completed.

Theorem 2.5. Let b ∈ BMO (Γ) and let 0 < δ < 1. Then, there exists a positive constant C = Cδ, for all f ∈ Lloc
1 (Γ)

the following inequality holds;

Mb
(

f
)

(ς) ≤ C ∥b∥BMO(Γ) M2 f (ς) , ς ∈ Γ.

Proof. Since by the Lebesgue differentiation theorem

Mb
(

f
)

(ς) ≤Mδ
(
M f

)
(ς) , (7)

the statement follows from (7) and Theorem 2.4.

Lemma 2.6. Let b be any non-negative locally integrable function. Then

| [M, b] f (t)| ≤Mb( f )(t), t ∈ Γ (8)

holds for all f ∈ Lloc
1 (Γ).

Let b is any locally integrable function on Γ. Then∣∣∣[M, b] f (t)
∣∣∣ ≤Mb( f )(t) + 2b−(t)M f (t), t ∈ Γ

holds for all f ∈ Lloc
1 (Γ).

Proof. For f , 1 ∈ Lloc
1 (Γ), the following inequality∣∣∣M f (t) −M1 (t)

∣∣∣ ≤M
(

f − 1
)

(t) (9)

holds for all t ∈ Γ. From b ≥ 0 and the inequality (9)

∣∣∣[M, b] f (t)
∣∣∣ = ∣∣∣M (

b f
)

(t) − b (t) M f (t)
∣∣∣

=
∣∣∣M (

b f
)

(t) −M
(
b (t) f

)
(t)

∣∣∣
≤M

(
b f − b (t) f

)
(t)

=M
(
(b − b (t)) f

)
(t)

=Mb
(

f
)

(t)

(10)

is obtained.
On the other hand, from b ∈ Lloc

1 (Γ) ⇒ |b| ∈ Lloc
1 (Γ) and b− ∈ Lloc

1 (Γ) . Denote by b+ = max {b (t) , 0} and
b− = −min {b (t) , 0}, consequently b = b+ − b− and |b| = b+ + b−. So, the following inequality∣∣∣[M, b]

(
f
)

(t) − [M, |b|]
(

f
)

(t)
∣∣∣ ≤ 2b− (t) M f (t)

holds for all t ∈ Γ. For all t ∈ ΓM|b|
(

f
)

(t) ≤Mb
(

f
)

(t) and the inequality (10)∣∣∣[M, b] f (t)
∣∣∣ ≤M|b|

(
f
)

(t) + 2b− (t) M f (t)
≤Mb

(
f
)

(t) + 2b− (t) M f (t) .
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Theorem 2.7. Let b ∈ BMO (Γ) such that b− ∈ L∞ (Γ) . Then, there exists a positive constant C, for all f ∈ Lloc
1 (Γ)

the following inequality holds;∣∣∣[M, b] f (t)
∣∣∣ ≤ C

(∥∥∥b+
∥∥∥

BMO(Γ)
+

∥∥∥b−
∥∥∥
∞

)
M2 f (t) .

Proof. From Lemma 2.6 and Theorem 2.5∣∣∣[M, b] f (t)
∣∣∣ ≤ C

(∥∥∥b+
∥∥∥

BMO(Γ)
M2 f (t) +

∥∥∥b−
∥∥∥
∞

M f (t)
)
.

To remind again, b = b+ − b− and |b| = b+ + b− is obtained from b+ = max {b (t) , 0} and b− = −min {b (t) , 0}.

∥b∥BMO(Γ) ≤ ∥b+∥BMO(Γ) + ∥b−∥BMO(Γ)
≤ ∥b+∥BMO(Γ) + ∥b−∥∞ .

(11)

Using f ≤M f and (11), the statement of the theorem is obtained.

3. Main Results

In this section, the limitedness of the commutator of maximal [M, b] and the maximal commutator Mb
on Lp (Γ) will be examined. To examine the limitedness of the commutator of maximal, it is more useful to
first examine the limitation of the maximal commutator, which is easier to examine. For this reason, the
main results section will begin with the limitation of the maximal commutator.

Theorem 3.1. Let 1 < p < ∞. The operator Mb is bounded on Lp (Γ) if and only if b ∈ BMO (Γ).

Proof. (:⇒) 1 < p < ∞. Suppose that b ∈ BMO (Γ). By Theorem 2.5 and Theorem 1.8 the following inequality
holds:

∥Mb( f )∥Lp(Γ) ≤ ∥b∥BMO(Γ)∥ f ∥Lp(Γ).

(⇐:) Let f ∈ Lp (Γ). In this case

∥Mb( f )∥Lp(Γ) ≤ c∥ f ∥Lp(Γ) (12)

there is a constant c > 0 that satisfies the inequality (12). The following expression obviously can be written

∥ f ∥Lp(Γ) = sup
Γ(t,r)

|Γ (t, r)|−1
∫
Γ(t,r)

| f (τ)|pdv (τ)


1
p

. (13)

Let Γ (t0, r0) be a fixed Carleson curve. If xΓ(t0,r0) is written instead of the f function in (13), the following
expression is easily written;

||χΓ(t0,r0)∥Lp(Γ) = sup
Γ(t,r)

|Γ (t, r)|−1
∫
Γ(t,r)

xΓ(t0,r0) (τ) dv (τ)


1
p

= sup
Γ(t,r)

(
(|Γ (t, r) ∩ Γ (t0, r0)|) |Γ (t, r)|−1

) 1
p

= sup
Γ(t,r)⊂Γ(t0,r0)

(
|Γ (t, r)| |Γ (t, r)|−1

) 1
p

= |Γ (t0, r0)|
λ
p .

(14)
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On the other hand, since

Mb

(
χΓ(t0,r0)

)
(t) ≥

1
|Γ (t0, r0)|

∫
Γ(t0,r0)

∣∣∣b (τ) − bΓ(t0,r0)

∣∣∣ dv (τ) , for all t ∈ Γ (t0, r0)

then ∥∥∥∥Mb

(
χΓ(t0,r0)

)∥∥∥∥
Lp(Γ)

= sup
Γ(t,r)

|Γ (t, r)|−1
∫
Γ(t,r)

∣∣∣∣Mb

(
χΓ(t0,r0)

)
(τ)

∣∣∣∣p dv (τ)


1
p

≥
1

|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣b (τ) − bΓ(t0,r0)

∣∣∣ dv (τ) .
(15)

Since by assumption∥∥∥∥Mb

(
χΓ(t0,r0)

)∥∥∥∥
Lp(Γ)
≤

∥∥∥χΓ(t0,r0)

∥∥∥
Lp(Γ)
,

by (14) and (15), we get that

1
|Γ (t0, r0) |

∫
Γ(t0,r0)

|b (τ) − bΓ(t0,r0)|dv (τ) ≤ c.

Thus, the desired result is obtained.

Theorem 3.2. Suppose that 1 < p < ∞, [M, b] is bounded on Lp (Γ) if and only if b ∈ BMO (Γ) and b− ∈ L∞ (Γ) .
The operators Mb and [M, b] enjoy weak-type L(1 + log+ L) estimate.

Proof. (:⇒) Let’s accept that [M, b] is bounded on Lp (Γ). Γ (t0, r0) being the constant Carleson curve, we will
denote the local maximal function MΓ of f as follows;

MΓ(t0,r0) f (x) := sup
t∈Γ(t,r): Γ(t,r)⊂Γ(t0,r0)

1
|Γ (t, r)|

∫
Γ(t,r)

∣∣∣ f (τ)
∣∣∣ dv (τ) ,

Since

M(bχΓ(t0,r0))χΓ(t0,r0) =MΓ(t0,r0)(b)

and

M
(
χΓ(t0,r0)

)
χΓ(t0,r0) = χΓ(t0,r0),

then the below inequality is valid;∣∣∣MΓ(t0,r0)(b) − bχΓ(t0,r0)

∣∣∣ = ∣∣∣∣M(bχΓ(t0,r0))χΓ(t0,r0) − bM
(
χΓ(t0,r0)

)
χΓ(t0,r0)

∣∣∣∣
≤

∣∣∣∣M(bχΓ(t0,r0)) − bM
(
χΓ(t0,r0)

)∣∣∣∣
=

∣∣∣[M, b]χΓ(t0,r0)

∣∣∣ .
Thus

1
|Γ(t0,r0)|

∫
Γ(t0,r0)

∣∣∣∣(b −MΓ(t0,r0) (b)
)

(τ)
∣∣∣∣ dv (τ) ≤

 1
Γ(t0,r0)

∫
Γ(t0,r0)

∣∣∣∣(b −MΓ(t0,r0) (b)
)

(τ)
∣∣∣∣p dv (τ)


1
p

≤ |Γ (t0, r0)|−
1
p
∥∥∥bχΓ(t0,r0) −MΓ(t0,r0)(b)

∥∥∥
Lp(Γ)

≤ |Γ (t0, r0)|−
1
p
∥∥∥[M, b]χΓ(t0,r0)

∥∥∥
Lp(Γ)

≤ c |Γ (t0, r0)|−
1
p
∥∥∥χΓ(t0,r0)

∥∥∥
Lp(Γ)

= c |Γ (t0, r0)|−
1
p |Γ (t0, r0)|

1
p = c,
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the above expression is obtained. Denote by

E :=
{
t ∈ Γ (t0, r0) : b (t) ≤ bΓ(t0,r0)

}
, F :=

{
t ∈ Γ (t0, r0) : b (t) > bΓ(t0,r0)

}
.

Since ∫
E
|b(τ) − bΓ(t0,r0)|dv (τ) =

∫
F
|b(τ) − bΓ(t0,r0)|dv (τ) ,

and considering the following inequality

b(t) ≤ bΓ(t0,r0) ≤MΓ(t0,r0)(b), t ∈ E,

we get that

1
|Γ(t0,r0)|

∫
Γ(t0,r0)

|

(
b − bΓ(t0,r0)

)
(τ) |dv (τ) = 2

|Γ(t0,r0)|

∫
E |

(
b − bΓ(t0,r0)

)
(τ) |dv (τ)

≤
2

|Γ(t0,r0)|

∫
E |

(
b −MΓ(t0,r0)(b)

)
(τ) |dv (τ)

≤
2

|Γ(t0,r0)|

∫
Γ(t0,r0)

|

(
b −MΓ(t0,r0)(b)

)
dv (τ) |dv (τ)

≤ c.

Consequently, b ∈ BMO (Γ).
For the first step of the proof, it remains to show that b− ∈ L∞ (Γ). For this, we will use the inequality

MΓ(t0,r0)(b) ≥ |b|. Thus, we easily obtain the following inequality

0 ≤ b− = |b| − b+ ≤MΓ(t0,r0)(b) − b+ + b− =MΓ(t0,r0)(b) − b.

That is, the inequality

(b−)Γ(t0,r0) ≤ c

is obtained. From this inequality (16) and the Lebesgue differentiation theorem, the following statement

b−(t) ≤ c, ∀t ∈ Γ (16)

is obtained, which shows that we get the desired expression.
(⇐:) Suppose that b ∈ BMO (Γ) and b− ∈ L∞ (Γ). From Theorem 2.7, it is obvious that∣∣∣[M, b] f (t)

∣∣∣ ≤ c
(∥∥∥b+

∥∥∥
BMO(Γ)

+
∥∥∥b−

∥∥∥
L∞(Γ)

)
M2 f (t) . (17)

From (17) and Theorem 1.8, the boundedness of [M, b] on Lp (Γ) result is achieved for all 1 < p < ∞.
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