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Abstract. We study the solvability of following infinite systems of fractional boundary value problem

DPu;(t) = fi(t,ui(t)), p€ (n—1,n), 0 <t < +oo,
m—2

w(0) = 0, ul(0) = 0, ‘Do) = Y Bjuu()).
j=1

The purpose of this work is to present a new family of measures of noncompactness in the regulated
function spaces R(R,R*) on unbounded interval and a fixed point theorem of Darbo type. Finally, we
give an example to show the effectiveness of the obtained result.

1. Introduction

Fractional differential equations (FDEs) rise in the fields of engineering, chemistry, physics, economics
and etc., [22, 24, 25]. Also, some basic theory for the boundary value problems (BVP) of (FDEs) has been
discussed in [7, 8, 17, 18].

The measure of noncompactness (MNC) which was first introduced by Kuratowski [16] is a powerful
tool for studying IODEs. In recent times, the regular MNC for certain Banach and Fréchet spaces defined
on an unbounded or a bounded interval and by applying fixed point theorems have many applications, see
[2-5, 10, 11, 20, 23].

The implication of a regulated function was presented in twentieth-century [6]. Moreover, some re-
searchers introduced this notion from different perspectives and represented some of its applications
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[12-14]. Particularly the approach offered in [12] seems to be transparent and appropriate. In, (2018) Banas
[9] formulated a standard for relative compactness in regulated functions on closed interval [4, b], so-called
regulated functions, and proved that the mentioned criterion is tantamount to standard obtained by D.
Frankova. Next, in (2019) Leszek Olszowy [21] build and investigate two arithmetically convenient MNC
in the spaces of regulated functions R(J) and R(J, E).

The aim of this paper is to formulate standard relative compactness in the space of functions regulated
on unbounded interval and investigate the multi-point (BVP) for the infinite systems of (FDEs)

DPu;(t) = fi(t, ui(t)), pe (n—1,n), 0 <t < +oo,

m=2

ui(0) = 0, u?(0) = 0, “DF (o) = Y (), M
=1

where °DP and °DP! are the Caputo fractional derivatives, n -1 < p <n (2 <mn),q =2,3,...,n-1,
m=2
0<& <& << épa<oo,andf;>0,7=1,2,...,m—2,m 2 3satisfy 0 < Z‘Bjéjp_l < I'(p). via a
j=1
new family of MNC in the regulated function space R(R,,R*), using a fixed point theorem of Darbo type.
Now, we organize the paper as follows: Section 2 consists of some related preliminary material. Section 3 to
characterize the compact subsets of R(IR;,IR*) and we present a new family of MNC in this space, and we
prove a version of Darbo’s fixed point theorem in R(IR;,IR™). Finally, we give existence result for problem
(1) with an example.

2. preliminaries

Let (Y, || - ]) be a real Banach space containing zero element. We mean by D(x, r) the closed ball centered

at x with radius . For 0 # V C Y, the symbols V and Conv‘V denote the closure and closed convex hull
of V, respectively. We denote by Mty the family of all non-empty, bounded subsets of Y and by Ny its
subfamily consisting of non-empty relatively compact subsets of Y.

Theorem 2.1. ([1]) Let @ # G C U be convex of Hausdorff locally convex linear topological space Uand H : G — U
be a continuous mapping so that
H(G)<SBCG,

with B compact. Then H has at least one fixed point.
Definition 2.2. ([22]) The fractional integral of order p is defined by

1 (Y f)
PO Jy o o>
that T(.) is the gamma function.

Definition 2.3. ([22]) For at least n-times continuously differentiable function f : [0, 00) — R, the Caputo fractional
derivative of order p > 0 is defined by

c _ 1 L)
D f(t) = T=p) Jo G—sy s,

wheren —1 = [p].

Lemma 2.4. [19] Let f(t) € L'(Ry) be a continuous function. Then the boundary value problem of FDEs
DPu(t)y = f(t), pe mn—1,n), 0 <t < +oo,

m=2

u(0) = 0, u(0) = 0, “DP~Lu(+o0) = Z Biu(E;),
j=1

has a unique solution

¢ 00

J=1

1 i
ut) = o5 fo (t =)~ f(s)ds + — flo)ds = — = fa (=9 )i

Z Bi¢; ' I'(p) Z Bic;
=1

j=1
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Definition 2.5. [9] The function y : [c,d] — R is requlated function if for every t € [c,d) the right-sided limit
y(t*) = 1im+ Yy(s) exists and for every T € (c,d] the left-sided limit y(t~) := lim y(s) exists.

Theorem 2.6. [9] Suppose that V C R([c,d]) is bounded. The set V is relatively compact in R([c,d]) iff V is
equiregulated on [c,d] i.e (a) — (b) hold:

(@)Ve>0,36>0,s0that Vo e V,t € (c,dland ¢,v € (T — 6,t) N [c,d], we have [v(c) — v(v)| < e.
(b)Ye>0,30>0,s0thatYo e V,t € [c,d)and ¢,v € (1,7 + 0) N [c, d], we have |v(c) — v(v)| < ¢.

Firstly, we remind the Fréchet space IR the linear space of all real sequences equipped with the distance

1 lvj-wl
dre (v, w) = sup{gm 1j€ ]N},

for v = (v)), w = (w;) € R™.

Now, we denote by R([0, T], R*) the space consisting of all regulated function defined on [0, T] with values

in the space R™.

For v = (vj(1)) € R([0, T],R*), we put 7;(v) = v;. Obviously 7;(v) € R([0, T], R).

If V. c R([0, T], R®) then for a fixed j € IN we denote by 7t;(v) the following set situated in R([0, T], R)

(V) ={nj(v): ve V}

The space R([0, T], R*) will be equipped with the distance
dry (v, w) = sup{dre (v(1), w(1)) : T €[0,T]},
for v,w € R([0, T], R%).

3. Main results

Let R(R4+,R%) be the space of all regulated function defined on R, with values in R*. This space
equipped with the family of seminorms
[vlr = supf{lmi(v)(T)l : i< T, T€[0,TI},
and distance 1
d(v, w) = sup {Z_T min{l,[v—-w|r}: T € ]N},

becomes a Fréchet space.

Remark 3.1.
(a) The sequence (v,) is convergent to v in R(R,, R®) if and only if m;(v,) is uniformly convergent to m;(v) on [0, T]
foreachi, T € N.
(b) The @ # V C R(R4,R™) is bounded if the functions of the set 1;(V') are uniformly bounded on [0, T] for each
i,TeNi.e.

supi{|mi(v)| : T€[0,T], ve V} <oofori, T € N.

By similarly way in [9, 13] we can prove

Theorem 3.2. Let V C R(R+, R*) be bounded. The set V is relatively compact in R(Ry, R%) iff m;(V) are relatively
compact in R([0, T]) for each i, T € N i.e.

(a) Ve > 0,30 > 0, such that Vo € V, t € (0,T] and ¢, v € (t — 6,t) N [0, T], we have |m;(v)(c) — mi(v)(v)| < ¢, for
i, T €N.

(b)Ve > 0,30 >0, such that Vo e V, 1 € [0, T) and ¢, v € (t, T + 0) N[0, T], we have |m;(v)(c) — mi(v)(v)| < ¢, for
i, TeN.

Now, we define 0 # Mrr, r~) € R(R4, R™) the family of bounded and @ # gk, r~) € R(R4, R*) the family
of relatively compact.

Definition 3.3. The family of mappings {t}ten, H : Mrr, k=) = Ry, is a family regular measures of noncompact-
ness (MNC) in R(Ry, R%) if 1° — 10° hold:
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1° 0 # ker{u} = {V € Mrw, r~) : @(V) =0 for each T € IN} C Ng(r, r~).-
2° VclU impliesthat u(V) <u(U)for T € N.
3° w(V) = (V) for T € N.
4° u(ConvV) = u(V) for T € N.
5° gV + 1 -9U) < du(V)+ (1 = dul) for 9 € [0,1], and T € N.

6° If{Vj} € Mrw, r=), Vi = V V+1CVforjelNundthmy(V)—OforeachTe]NthenV —ﬂV # 0.
j=1

7° w(Vul) = max{u(V), g(U)} for T € N.

8 u(V+U) <u(V)y+u(l) for T € N.

9° u@®V) =u(V) for Te Nand 9 e R.
10° ker{p} = Ng(r, r~) for T € N.

Assume that p; : R, — (0, o0) (i € IN) is a sequence of functions. for Z € Mg, r~) and T € N putting
w1 (1i(2), T, €) = sup{|m;(z)(u) — M (2)() : w,ve(t-¢1)N[0, T}, € (O,T],
w’f(n,»(z), T, &) = supi{|m;(z)(u) — mi(z2))| : w,v € (r,T+&)N[0, T}, T€[0,T),
The quantities w7 (m(z), 7, ¢) and a)JTf(ni(z), T, €) can be interpreted as left hand and right hand sided moduli
of convergence of the function z at the point 7, for T € IN. Further,
w3 (ni(2), 7, €) = suplw(mi(z), 1, €) : z€ Z}, 1€(0,T),
wi(ni(Z),7, ) = suplwi(mi(z), 1, ¢) : z€ Z}, 1€[0,T),

and
w(1i(Z), €) = sup wp(ni(2),7,¢),

7€(0,T]

wi(ni(Z),€) = sup wi(ni(Z),7,¢€),

7€[0,T)
wr(ni(Z2)) = _hrgng(ﬂf(Z), €),
wp(ni(2)) = _11r51+w¥(ﬂf(2), €),
Now, we define
wr(Z) = sup{pi(Twr(ni(2)), i€ N}, 7€ (0,T],
@r(Z) = suplpi(Nwi(mi(2)), i € N}, T €[0,T),

and
p(Z) = suplwr(2), T € N},

1t (2) = sup{wy(Z), T € N},
Finally, we define

12 = 1~ (2) + 1" (2). @)

Theorem 3.4. The family of mappings {{i}ren, @ : Mr(r, k=) = [0, +00) given by (2) fulfills the assumptions 1°-10°
of Definition 3.3.

Proof. Assume thatZ € ker{u}, then i(Z) = u=(Z)+u*(Z) = Osince ¥ T, p;(T) # O therefore, EILI‘& wp(ni(Z),€) =
0 and L}i_)rglw}(n,-(Z), ¢) = 0. Fix an arbitrary n > 0. Then wy.(m;(2), ) < '2—7 and wy(mi(Z), €) < '2—7 for enough
small ¢ > 0. So by definition of u(Z), we get

wp(i(2), &) + wr(mi(Z), €) <1).
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Hence, we have
w(ni(2), T, €) = sup{|mi(z)(u) - 1)) : w,ve(t-¢1)N[0,T]} < g, t€(0,T],
and

a)}(ni(z), 7, €) = sup{|mi(z)(u) — mi(2) )| : u,ve(r,T+¢e)N[0,T]} < g, t€[0,T),

Yze Zand VT € N. By Theorem 3.2, we deduce that the closure of Z is compact and ker({p} C Ngr, r~).
So 1° holds.
The prove of 2° is clearly.

We prove 3°. Let Z € Mp(R, r~) and z € 7Z.S0,3da sequence {z,} C Z so that {z,} converges to z in R(R+, R*®).
Thus for every & > 0 1y € N so that ¥V n > ny, |ni(z,) — 7i(z)lr < &, for T € N. So, for each 7 € [0, T] we get

lim 7z, (1) = 71;2(7).
n—oo

In addition, let us fix arbitrarily ¢ > 0. So, for a fixed t € (0, T] and for u,v € (7 — ¢, 7) N [0, T], we get
Jim |72, (u) = 7020 (0)] = I70i2(u) = T0i2(0)],
as the sequence (z,) is uniformly convergent to the function z on [0, T] for T € IN. So for each ¢ > 0, we get
WO sw@+e
By taking ¢ — 0 and combined with the assumption 2° we have
W2 = (@) &)
Also, for a fixed 7 € [0, T) and for u,v € (1,7 + €) N [0, T], we obtain

Jim 712, (1) = 1120 (V)] = |7iz() = 112(0)),

so u*(Z) < u*(Z) and axiom 2° we obtain

ur @) =t ), 4)
by (3) and (4) we deduce ﬁ(Z) =u(2).
Now, for arbitrary functions z, w € R(R,,IR*) we obtain

wp(i(z + w), T, €) < wp(ni(2), T, €) + wp(mi(w), T, €), 5)

wi(mi(z + w), 7, €) < wHmi(2), T, €) + wi(mi(w), T, €), (6)
By (5) and (6) we have u*(Z+ W) < u*(Z) + p*(W) and u=(Z+ W) < u~(Z) + (W), and for arbitrary
function z € R(R;,R*) and 9 € R, we have

c‘)]_“(ni(sz)/ (% S) = |\9|0)-I-(TC,‘(Z), (% 6), (7)

wr(mi(92), 7, €) = Blwt(mi(2), 7, €). ®)
And by (7) and (8) we have u*(9Z) = |9|u*(Z) and u=(92) = |8|p~(Z). So, we can easily see that for an
arbitrary set Z € MrR, r~) and 9 € R

H(Z+ W) <U(Z2) + (W), g(9Z) = |9[u(2).

Then, the axioms 7°, 8° and 9° hold.
By the same reasoning as above we have
H(convZ) < f(Z),

for an arbitrary set Z € Mig(r, r~). Combining the above inequality and axiom 2°, we obtain
H(convZ) = u(2),
therefore assumption 4° holds, by similar way the assumption 5° holds.
We prove 6°, let Z; € My, r~), Zj = Z_j, ZippCZjforj=1,2,...and limpu(Z;) = 0 foreach T. ¥ j € IN, take
j—oo

an z; € Z;. Claim: F = {z;} is compact in R(R,,R*). Suppose that ¢ > 0 be fixed and take any T € IN. Since
limy(Z;) = 0, then IC € IN sufficiently large so that for each T € N
j—oo

w(Ze) <e.
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Since Y T, pi(T) # 0, so, exists 61 > 0 enough small so that
w”;(ni(zm)/ 61) <eVm>C.

and
W (1i(Zm), 01) < eVm = L.
So, VY m > C we have
sup{|mi(zy) (1) — 7i(Zw)(@)| : u,v e (T =061, 7)N[0, T} <eT€(0,T],
and
sup{|mi(zm)(u) — mi@zm)@)| : w,ve(r,t+061)N[0, T} <eTe[0,T).
Since the set {z1, 2y, ..., z¢-1} is compact, then for each j € {1,2,...,{ -1} 30, > 0 so that
{Imi(zj)(w) — mi(z)) ()| : u,0 € (=062, ) N[0, T} <eT€(0,T],
and
{|7'(,'(z]-)(u) - n,'(zj)(v)l cu,ve(t,t+0)N[0,T]) <etel0,T),
Hence, by taking 6 := min{6, 6.} the assumptions of Theorem 3.2 hold so {z;} is relatively compact.
Therefore, a subsequence {zn/.} and zp € R(IR;, R*) exist such that {z, j} converges to zg. Sincez; € Z;, Z; = Z_]
and Zj;; C Z; ¥V j € N, we have

Zp € ﬂZ]- = Zm,
j=1

that completes the proof of 6°.
Finally, we check ker{} = Mg(r, r~). Take T € N and Z € Ng(r, r~), then Z is relatively compact in R(R+, R*).
According Theorem 3.2,V ¢ > 030 < ¢’ < ¢ so that

{Imi(2)(u) — mi(z)@)| : u,ve(t-6,7)N[0, T} <ete(0,T],
¥ z € Z. By applying Theorem 3.2, for any ¢ > 030 < 6” < ¢ so that
{Imiz) (W) — E@)@)| : u,ve(t,t+6")N[0, T} <eT€[0,T),
¥ z € Z. Putting 6 = min{6’,6”}. Then, V¥ z € Z, we get
wr(ni(2), T,0) = sup{|mi(z)(u) — 7i(z)@)| : w,ve(r-61)N[0, T} <ete(0,T]
w}r(m(z), 7,0) = supi|mi(z)(u) — 1;(2)(V)| : u,ve(r,7+0)N[0, T} <e7€[0,T),

It in turn implies that
WZ) = u (2) + p*(Z) < 2e.

Taking ¢ — 0, then 6 — 0 and p(Z) =0, ¥V T € N. By condition 1°, we have ker{u} = Mg, r=). O

Theorem 3.5. Let § # C = C C R(R,, R*) is bounded, convex and the mapping F : C — C is continuous. If for
eachT e N30 < Ly <1 so that

W(FZ) < Lru(Z), )
foreach Z C C. Then F has at least one fixed point in the set C.

Proof. First, we define a sequence {C,,} by taking Cyp = C and C,, = Conv(FC,,—1), m > 1. We have C; =
Conv(FCp) C Cy, therefore by continuing this process we get

Co2Ci2C2....
If 4(Cn) = 0 for some N > 0 and V T, then Cy is relatively compact and Theorem 2.1 grantees that F has a
fixed point. Otherwise, let T > 0, so that 1i(C,,) # 0 for any m > 0. From relation (9) we have
H(Cp41) = H(Conv(FCp)) = (FCp) < LT(Cin)- (10
Since Lt € [0, 1), then {i(C,,)} is a positive decreasing sequence of real numbers. So, there is an * > 0 so that
(Cy) — ras m — oo. We show that r = 0. Suppose, to the contrary that » > 0. Then by (10) we get
lim supi(Cyy41) < limsupLyp(Cip).

m—oo m—oo

It enforces that 1 < L, which is a contradiction. Consequently » = 0, and so u(Cy,) — 0, as m — oo.

Employing condition 6° of Definition 3.3, we deduce that 0 # ﬂCm = Ce C Cis convex and closed.
m=1
Furthermore, C, is invariant under F, and C,, € ker{u}. By using Theorem 2.1 F has a fixed point. [
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4. Application

In the following part, we prove the solvability of equation (1) in the Fréchet spaces R(IR;,IR*). Finally,
we give an example to show the usefulness of our result.
Assume that:
(i) The functions f; : Ry X R® — R (i € IN) are continuous and regulated and 3 increasing functions

@i, 0; : Ry — [0, +00) so that ¢;(t) = 0, and 6;(t) = 0as t — 0, ¢; € L1([0, o)) and the inequalities
Ifis, i) = fils, vi)l < @illu; — vil),

f " 1o ) — fits, 0lds < MOi; — ),
0
VseRy, u;,v; € Rand M > 0 hold. Also

N = sup{lfi(s,0)| : s € [0,00), i € N} < o0, and G= f |fi(s, 0)lds < oo.
0

(ii) For each T € IN, 3 7;(T) > 0 that is a solution of the inequality
m-=2
() B!
— T =1 T
(pi(ri(T)) + N)(pr(p) + — )+ (MO;(ri(T) + G)—

o) Y B Y65
j=1

=1

< Ti(T).

Theorem 4.1. Under conditions (i) and (ii) the equation (1) has at least one solution in the R(R,, R*).
Proof. Define the operator F : R(R;, R*) — R(R,,R*) by:
(Fu)(t) = (mi(Fu)(t))

W I
f fi(s, uj)ds - ——— = Ll(éj—s)P'lﬁ(s,u,-)ds).

Z Bjc; I'(p) Z B

where u(t) = (u;(t))2, € R(R+, R*). First, we prove that Fu € R(R+,R*), for u € R(IR+,R*). Select arbitrary
T €N, te€[0,T] and i € N. By using assumption (i), we have

= _g)P1
F()f(t s) f,(su)ds+

|7ei(Fu)(t)]
m-2
tZﬁ] .
= _ -1 _ j ey .
‘r(p) f (t=s)"" fils, u:)ds+ f fils, ui)ds — ——— f (& — )P fils, u)ds
r(p)Zﬁ]s,
]:1
: r(p)f (=9 (fior ) = fils, O+ 1fls, Ol + f UfiGs, 1) = £is, O) + 1fiGs, 0)ds
Zﬁ/é,
m-2
fZﬁf
j=1 < .
T fo (& = )77 (fls, ) = fils, O)1 + 1fics, O)ds
T(p) Zﬁfé,
) f (t =) (@illui(s)]) + N)ds + - (MO(|u;(5))) + C)

Zﬁﬂf;
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N i = )P Y, N)d
N fo (&~ 9P (illus(s)) + N)ds

m—=2
T(p) ) Bjéi
j=1
m=2
MY B)E]
— P j= —
S @UHE) Mg+ ) + MO + Oy

o) Y B Y Bij
j=1 j=1

So by supremum on ¢ we obtain
m=2
QY B
)+ (MOi{uilr) + ) —
o) Y i Y Bié)
j=1 =1

Also, foru € R(R4,R%),t€[0,T),e>0forTe Nand t;,t, € (t,t + ) N[0, T], 1 < t,. We get

(11

(Elr < (@iuin) + N~
Fulr = (@it + D)2 +

[ (Fu)(t2) — mti(Fu)(t1)]

1 h -1 -1
< Tp)( A (b2 =) = (tr = )" ) fils, i) = fi(s, 0)] + Ifils, 0))ds

ty
¥ [ (2 = P N5, ) — s, Ol + (s, 0)ds

22 (056 ) = 6,00+ 1£6,01)ds
Y Biéi
=

m=2

|f2—f1|2ﬁj
j=1

— fo (&= 9P Ul 1) — s, 0 + 1G5, 0))ds

m—2
T(p) Y. Biéj

j=1

(@i(lui(s)) + Ny, (1 i i f2 i
< T(fo (=P~ = (t — )P ds + : (t2 = 5)"""ds)
m-2
_ (@il +N) ), B .

SLOMEN By, s | f (-9 s

m-—. m-. 0

Y Bié) T(p) ) Bi&j

=1 j=1

Then, we have
[t (Fu)(t2) — mi(Fu) (1)l
m—2
&Y B
— j —
(@i(lui(s)]) + N) =1 (MOi(lui(s))) + G)
) (2002 = 0)P + 8] =t + ——— |ty — 1) + —— BTy gy,
Bi¢; Zﬁjéf
=1 =1

Since, t1,t, € (t,t+&)N[0,T] so |t —t1| = 0, (t2— )P — 0 as ¢ — 0, and we have used the fact that t’l) - tg <0

(because t; < t3). Then we deduce
(12)

|7t (Fu)(t2) — mi(Fu)(t1)| — 0.
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Similarly, let us fix t € (0,T], ¢ > 0for T > 0 and for t1,t, € (t — &,£) N[0, T] (t1 < t,) we have
Ii(Fu)(tz) — mi(Fu)(t)l

m=2
_ 2P
- @iuE) +N) e

pL(p)

o - y]) + LOLED +C),

2 Bi¢; Z Bi¢;
=1 =1

Since, t1,t € (t—¢,)N[0,T] so |t —t1| = 0, (t2— )P — 0 as ¢ — 0, and we have used the fact that t’l) - tg <0
(because t; < f;). Then we get
|7t (Fu)(t2) — mi(Fu)(t1)] — 0. (13)

So by (11), (12) and (13) we obtain Fu € R(R,,IR*). Relation (11) implies that the operator F transforms of
R(R,,R*) into itself. Now, if we define the subset Br(r, r~)(0, 7:(t)) of R(R,IR*) by:

Brr,,rR=)(0,7i(1) = {u = (u;) € R(Ry,R%) : |ulr < ri(t) for, t >0},

(202 = )P + £ =1 + fal.

then the 0 # B = B C R(R,,R®) is bounded and convex and assumption (ii) ensures that F transforms
Brr.,r=)(0, ri(t)) into itself.

Now, we prove that F is continuous on B. Fix u = (u;) € Brr, r~)(0,7i(t)) and take a sequence (u,,;) €
Brr. r=)(0, 7i(t)) such that u, = (1) = u = (u;). Fort € [0, T], T € N we get

7ti(Fuy,)(t) — mi(Fu)(t)|

t

< s [t = s+ | [ 610 st 10

m=2
Zﬁﬂf/‘
=1
m—2
t i .
i=1 j
b | [ €= 97 s )~ s ]
T(p) Y. Bj<j
j=1
m-2

W
Pilun,i(s) = Hz‘(S)l)(f’ o =1 f%‘
—_— (F—s)fds + ———
T(p) m=2
' o) Y B

=

IA

(& —s)P"ds)

t

m-2
Z Big;
j=1
m-2
HY BE!

(9 + —=——) + MO, (0,,65) - i)

m=2 m=2

Z Bi¢; Z Big;
=1 =1

+MOi(Jup,i(s) — ui(s))

@ilun,i(s) — ui(s))) t

pL(p)

Then we get
m=2
() B!
\(Futn) = (Fu)lr < (”"('Z;(;)”)'T (17 + — ) + MO — ) —

2 Bjé; Y B
j=1 j=1

Since u, — u and by condition (i) ¢;(t) — 0, 6;(t) — 0, as t — 0. Then (Fu,) — (Fu) i.e. F is continuous.
Eventually, we show that F satisfying the relation (9). Let ® # U C Brr, r~)(0, 7i(t)) be bounded. Next, fix
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arbitrarily ¢ € [0, T) and ¢ > 0. Select a function u € U and t;,t; € (t,t + €) N [0, T]. Then, by (12) we have

m=2
_ & Y B _
Wi e < PR g, gy Ty gy MO 2Oy
pr(p) m=2 m=2
Y Bi& Y B
=1 =1
Taking ¢ — 0 we obtain
w(mi(Fu), 1) < 0. (14)
Similarly, for t € (0, T] and t1, ¢, € (f — ¢,£) N [0, T] by virtue of (13) we have
m—=2
- & 2B _
wp(mi(Fu), b ) < %(Z(Q )y ) ¢ YOOy
Y Biéi Y B
=1 =1
Taking ¢ — 0 we obtain
wp(mi(Fu),t) < 0. (15)

By supremum on ¢ of (14) and (15) we get
wi(mi(Fu)) <0, and w7 (m;(Fu)) < 0.
Also, for t € (0, T] we get
@7 (FU) = suplpi(Dw7(m(FU)), i € N} <0,

and for t € [0, T) we get
@1 (FU) = suplpi(T)wi(m;(FU)), i € N} < 0.

Hence

u~(FU) = supfwr(FU), T >0} <0,
and

wH(FU) = sup{or(FU), T > 0} < 0.
Finally,

H(FU) = p~(FU) + p*(FU) = 0,
or equivalently,
H(FU) < Lrp(U),
where Lt = 0. From Theorem 3.5, F has a fixed point u(t) = u;(t) in R(R+,R*) belonging to the set
Brr, r=)(0, 7i(t)), which implies that the equation (1) has at least one solution in R(R,,R*). O

Example 4.2. Consider the following equation

i+1
end o _ sinu(H+1) cos(t+3) 1
Diu(h = L) e
k=i 3 . (16)
. 1 .
w(0) =0, u”(0) =0, lim ‘DZuj(+o0) = ]Z; Z il + 1),

see that Eq. (16) is a particular case of the Eq. (1) when p = %, m =5, = 2l]., & = (j+ 1)2, and fi(t,u;) =
i+1

(i 1
in(u;+1) cos(t+3) _ _ _n ) .
s +]+tczos + zk:i Dk (t € [0, +00), and u; € R). Take @;(t) = 0;(t) = %t and M = 7, then the condition (i) of

Theorem 4.1 holds. Since, for s € Ry and u;, v; € R, we get

& 1 cos(s+3), . .
\fils,u) = fits o)l = |;(k+1)k T (sin( + 1) = sin(o; + 1)
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IA

1
El sin(u; + 1) — sin(v; + 1)|

IN

1
§|ui = vl = @i(lu; —vil),

and also we have

f°° s cos(s +3) . .
|Z 20T 9 (sin(u; + 1) — sin(o; + 1)

fo 1G5, ) = fi(s,00lds TR T

IA

1 !
A N RN et

L4 — o1l lim_arctans|’
= —|U; — 0| IIm arc al’lS|
2 ! ! t—+00 0

Tt
= _9 |u1_U1|)

Note that fi(t, u;i(t)) € LY([0, +o0)) and regulated functions. Next, we have

and

i+1

cos(s + 3) sin(1) _0.017
—suplZ(k+1 1+¢2 |’SE]R+}_T’

i+1 .
— °° 1 cos(s + 3)(sin(1) _ 00177
= <=
G fo 'Zk:i FrDk 1is2 s n) | 1+s2 z =™

Also, the condition (ii) holds. Then, Theorem 4.1 grantees that Eq. (1 6) has at least one solution in R(IR,,R™).
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