
Filomat 38:1 (2024), 171–187
https://doi.org/10.2298/FIL2401171G

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. In this study, we consider a sequence of linear positive operators involving the beta function
and the Boas-Buck-Sheffer polynomials, and compute the convergence error of these operators using the
first and second modulus of continuities. We give approximation properties in weighted space and we
give a global error estimate in Lipschitz type space. We also construct a sequence of bivariate extensions
of these operators and give the rate of convergence using the partial and full modulus of continuities.
In addition, some examples, including graphs, are given for one- and two-variable functions to visually
illustrate convergence to a function.

1. Introduction

One of the most important examples of the use of special polynomials in the sequences of linear positive
operators in approximation theory was given by Jakimovski and Leviatan in 1969 [1]. They introduced a
generalization of the Favard-Szász operators [2] by using the Appell polynomials. Later, in 1974, Ismail
presented a generalization of the Jakimovski and Leviatan operators by using the Sheffer polynomials,
which are more general than the Appell polynomials [3]. Thereby, examining the approximation properties
of operators defined with the help of special polynomials with well-known properties (see, for example,
[4],[5]), which have improved approximation properties than the operators existing in the literature, is an
interesting problem.

In [6], the authors obtained quantitative estimate by the Jakimovski-Leviatan operators. In [7], Ciupa
introduced integral type generalization of the Jakimovski-Leviatan operators and gave the degree of ap-
proximation of these operators. For operators including some special polynomials and beta function we
refer the papers [8–20].

Recently, in [21], Wani and Nisar introduced and studied approximation properties of the operators
given by
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where psk is a mixed family of polynomials, called Boas-Buck-Sheffer polynomials defined by the generating
function
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∞∑

n=0
psn(x)wn (2)
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The investigation has been conducted under the following assumption.

1. For x ∈ [0,∞) and k ∈N, psk(x) ≥ 0,
2. A(1) , 0, A(J(1)) , 0, J′ (1) = 1, H′

(J(1)) = 1,
3. Ψ : R→ (0,∞),
4. The power series given by (3) converge for |w| < R (R > 1).

Inspiring by above studies, we introduce a sequence of operators, which involves beta function and the
Boas-Buck-Sheffer polynomials for f ∈ Cγ[0,∞) =

{
f ∈ C[0,∞) : f (t) = O(tγ) as t→∞

}
and γ > n,

Ωn( f ; x) =
1

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk

(1 + t)n+k+1
f (t)dt (4)

under the above hypothesis ((1)-(4)) on functions A,A, J,Ψ,H.

Remark 1.1. Since Boas-Buck-Sheffer polynomials are a mixed family of polynomials, we obtain different operators
with the help of this polynomial family for some special cases:

1. For J (w) = w, the operators (4) reduce to the Durrmeyer type operators containing Boas-Buck-Appell polyno-
mials and the beta function.

2. For A (w) = 1 and J (w) = w, one can get from the operators (4) the beta-Durrmeyer variant of the Boas-Buck
operators defined in [22].

3. For A (w) = 1, J (w) = w and H (w) = w, the operators (4) reduce to the operators given in [23].

4. For A (w) = 1, J (w) = w and Ψ (w) = exp(w), the operators (4) reduce to the Durrmeyer variant of the
operators given in [3].

5. For A (w) = 1, J (w) = w,H(w) = w and Ψ (w) = exp(w), the operators (4) reduce to the operators given in
[24].
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6. For A (w) = 1,A (w) = 1, J(w) = w,H(w) = w andΨ (w) = exp(w), the operators (4) reduce to the Szász-beta-
Durrmeyer operators given in [25].

It should be noticed that, different choices of the functions A,A, J,Ψ,H will give rise to many potentially
interesting and useful new operators as a special case of this general family.

The remainder of this paper is structured as follows: In section 2, we consider the quantitative estimate of
Ωn( f ; x) by using the first and second order modulus of continuity of f in the space of continuous functions
and we gave some approximation results in weighted space and in Lipschitz type space. In section 3, we
construct a sequence of bivariate operators Ωn1,n2 , which involves beta function and the Boas-Buck-Sheffer
polynomials. Then the degree of approximation is obtained with the help of full modulus of continuity
and partial modulus of continuity of f . Also we illustrate convergence of the sequence of operators Ωn
and Ωn1,n2 to certain functions with special choices of analytical functions. Furthermore, in future studies,
A-statistical approximation theorem and the improved error estimate problem can be examined ([26],[27]).

2. Approximation Properties of the Operators Ωn(.; .)

Let us give some lemmas and theorems to study the approximation properties of Ωn.

Lemma 2.1. For all x ≥ 0, we have
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Proof. If we take w = 1 and replace x by nx in (2), we get

∞∑
k=0

psk(nx) = A(1)A(J(1))Ψ(nxH(J(1))) (5)

which yields Ωn(1; x) = 1. Differentiating (2) with respect to w, we get
∞∑
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Taking w = 1 and replacing x by nx, it follows
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Thus, considering that the beta function has the properties B(p, q+1) = B(p, q) q
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p+q ,
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Differentiating (2) with respect to w twice, we get
∞∑

k=0
psk(x)k(k − 1)wk−2 = A
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Taking w = 1 and replacing x by nx, it follows that
∞∑
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We obtain the following equality by using (6) and the above equation
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For the central moments, we state the following lemma.

Lemma 2.2. Let Ωn be the sequence of linear positive operators defined in (4). Then we have
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Proof. From the linearity of the operatorsΩn and the lemma given above, one can find the desired results.

For the convergence problem of Ωn, throughout this paper, we need the following assumptions:

lim
n→∞

Ψ
′′

(nxH(J(1)))
Ψ(nxH(J(1)))

= 1 and lim
n→∞

Ψ′(nxH(J(1)))
Ψ(nxH(J(1)))

= 1,

uniformly on the subinterval of [0,∞).

Theorem 2.3. For each f ∈ C[0,∞)∩E and n > 2, the uniform convergence of the operators defined in (4) is satisfied
on each compact subsets of [0,∞) , i.e.,

lim
n→∞
Ωn( f ; x) = f (x)

where E :=
{

f :
f (x)

1 + x2 is convergent as x→∞
}
.

Proof. From Lemma 2.1, we have

lim
n→∞
Ωn(ei; x) = xi, i = 0, 1, 2

uniformly on each compact subset of [0,∞). Hence, the result follows from the well-known Korovkin
theorem [28].

Theorem 2.4. For all f ∈
∼

C[0,∞) ∩ E and n > 2, we have∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 2ω1

(
f ,

√
Ωn((t − x)2; x)

)
.

Here ω1
(

f , δ
)

is the modulus of continuity of a function f ∈
∼

C[0,∞) defined by the relation

ω1
(

f , δ
)
= sup
|x−y|≤δ

x,y∈[0,∞)

∣∣∣ f (x) − f (y)
∣∣∣

and
∼

C[0,∞) is the space of all uniformly continuous functions on [0,∞) [29].

Proof. By using Ωn(1; x) = 1, linearity of the sequence Ωn and applying the property of ω1
(

f , δ
)
, we can

write∣∣∣Ωn( f ; x) − f (x)
∣∣∣ = ∣∣∣∣∣∣ 1

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0
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1

B(k + 1,n)
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(
f (t) − f (x)

)
dt

∣∣∣∣∣∣
≤

1
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∞∑
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1

B(k + 1,n)

∞∫
0
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(1 + t)n+k+1

∣∣∣ f (t) − f (x)
∣∣∣ dt

≤
1

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk

(1 + t)n+k+1

(
1 +
|t − x|
δ

)
ω1

(
f , δ

)
dt

=

1 +
1

A(1)A(J(1))Ψ(nxH(J(1)))
1
δ

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk
|t − x|

(1 + t)n+k+1
dt

ω1
(

f , δ
)
.

By applying the Cauchy-Schwarz inequality for the integral term, we get

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤

1 +
1

A(1)A(J(1))Ψ(nxH(J(1)))
1
δ

∞∑
k=0

psk(nx)

√
B(k + 1,n)

B(k + 1,n)

√√√√√ ∞∫
0

tk (t − x)2

(1 + t)n+k+1
dt

ω1
(

f , δ
)
.
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Now, if we use the Cauchy-Schwarz inequality again, we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 1 +

1
A(1)A(J(1))Ψ(nxH(J(1)))

1
δ

√
∞∑

k=0
psk(nx)

√
∞∑

k=0
psk(nx)

∞∫
0

tk(t−x)2

(1+t)n+k+1 dt

ω1
(

f , δ
)

=
(
1 +

1
δ

√
Ωn((t − x)2; x)

)
ω1

(
f , δ

)
.

Choosing δ =
√
Ωn((t − x)2; x), the desired result is obtained.

Now, we consider a quantitative estimate of Ωn( f ; x) by using the second order modulus of continuity
of f [29]. For this purpose, we give some definitions and theorems.

The Peetre’s K-functional is defined by

κ( f ; δ) := inf
1∈C2

B

{∥∥∥ f − 1
∥∥∥

CB
+ δ

∥∥∥1∥∥∥C2
B

}
where C2

B =
{
1 ∈ CB[0,∞) : 1′, 1′′ ∈ CB[0,∞)

}
,with the norm∥∥∥ f

∥∥∥
C2

B
=

∥∥∥ f
∥∥∥

CB
+

∥∥∥ f ′
∥∥∥

CB
+

∥∥∥ f ′′
∥∥∥

CB

and CB is the space of all bounded and uniformly continuous functions on [0,∞) with the norm∥∥∥ f
∥∥∥

CB
= sup

x∈[0,∞)

∣∣∣ f (x)
∣∣∣ .

The second order modulus of continuity of f ∈ C[0,∞) is defined by the formula

ω2
(

f , δ
)
= sup

0<t≤δ

∥∥∥ f (. + 2t) − 2 f (. + t) + f (.)
∥∥∥ .

The inequality that gives the relationship between the second order modulus of continuity and the Peetre’s
K-functional is as follows:

κ( f ; δ) ≤ C
{
ω2

(
f ,
√

δ
)
+min(1, δ)

∥∥∥ f
∥∥∥

CB

}
(7)

where C is a positive constant [7].

Theorem 2.5. For all f ∈ C2
B[0,∞) and n > 2, we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 1

2
δn (2 + δn)

∥∥∥ f
∥∥∥

C2
B
,

where δn = Ωn

(
(t − x)2 ; x

)1/2
.

Proof. Let f ∈ C2
B[0,∞). From the Taylor series expansion we have

f (t) = f (x) + f ′(x) (t − x) +
1
2

f ′′ (ξ) (t − x)2 ,

where ξ is between x and t. Using the definition of ∥.∥C2
B
, we can write

∣∣∣ f (t) − f (x)
∣∣∣ ≤ K1 |t − x| +

1
2

K2 (t − x)2 ,
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where

K1 = sup
x∈[0,∞)

∣∣∣ f ′(x)
∣∣∣ = ∥∥∥ f ′

∥∥∥
CB[0,∞)

≤

∥∥∥ f
∥∥∥

C2
B[0,∞)

,

K2 = sup
x∈[0,∞)

∣∣∣ f ′′(x)
∣∣∣ = ∥∥∥ f ′′

∥∥∥
CB[0,∞)

≤

∥∥∥ f
∥∥∥

C2
B[0,∞)

.

Thus,∣∣∣ f (t) − f (x)
∣∣∣ ≤ (
|t − x| +

1
2

(t − x)2
) ∥∥∥ f

∥∥∥
C2

B
.

Now, by using linearity of the operators Ωn, we get∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ (

Ωn (|t − x| ; x) +
1
2
Ωn

(
(t − x)2 ; x

)) ∥∥∥ f
∥∥∥

C2
B[0,∞)

≤
1
2
δn (2 + δn)

∥∥∥ f
∥∥∥

C2
B[0,∞)

since Ωn (|t − x| ; x) ≤ Ωn

(
(t − x)2 ; x

)1/2
= δn.

Theorem 2.6. Let Ωn be the sequence of linear positive operators defined in (4). For all f ∈ CB[0,∞) and n > 2, we
have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 2C

ω2

 f ,

√
1
4
δn (2 + δn)

 +min(1,
1
4
δn (2 + δn))

∥∥∥ f
∥∥∥

CB


where C is a positive constant and δn is the same as the expression given in Theorem 2.5.

Proof. Let f ∈ CB[0,∞). From the linearity of Ωn and Theorem 2.5, we have∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ ∣∣∣Ωn( f − 1; x) − f (x)

∣∣∣ + ∣∣∣Ωn(1; x) − 1(x)
∣∣∣ + ∣∣∣ f (x) − 1(x)

∣∣∣
≤ 2

∥∥∥ f − 1
∥∥∥

CB[0,∞)
+

1
2
δn (2 + δn)

∥∥∥1∥∥∥C2
B

≤ 2
(∥∥∥ f − 1

∥∥∥
CB[0,∞)

+
1
4
δn (2 + δn)

∥∥∥1∥∥∥C2
B

)
.

If we use the definition of Peetre’s K-functional, we can write∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 2κ( f ;

1
4
δn (2 + δn)).

Now, using the inequality (7), we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 2C

ω2

 f ,

√
1
4
δn (2 + δn)

 +min(1,
1
4
δn (2 + δn))

∥∥∥ f
∥∥∥

CB


which completes the proof.

Let us state the approximation properties of Ωn in the weighted space (see [30]-[32]).
Since the well-known Korovkin theorem does not hold in the unbounded intervals, it is necessary to

put some restrictions given below.
Let Bρ[0,∞) be the space of all functions defined on [0,∞) satisfying the inequality

∣∣∣ f (x)
∣∣∣ ≤ M f (1 + x2).

Here, M f is a constant only depending on f andρ(x) = 1+x2 is a weight function. Furthermore Cρ[0,∞) is the
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space of all continuous functions belonging to Bρ[0,∞) and C∗ρ[0,∞) =

 f ∈ Cρ[0,∞) : lim
x→∞

∣∣∣ f (x)
∣∣∣

1 + x2 = k f < ∞

 .
These function spaces are endowed with the ρ−norm:

∥∥∥ f
∥∥∥
ρ
= sup

x∈[0,∞)

∣∣∣ f (x)
∣∣∣

1 + x2 .

Theorem 2.7. If the sequence of positive linear operators Ln from Cρ[0,∞) to Bρ[0,∞) satisfies the conditions

lim
n→∞
∥Ln(tν; x) − xν∥ρ = 0, ν = 0, 1, 2,

then for any function f ∈ C∗ρ[0,∞)

lim
n→∞

∥∥∥Ln f − f
∥∥∥
ρ
= 0.

Theorem 2.8. For given f ∈ C∗ρ[0,∞),

lim
n→∞

∥∥∥Ωn( f ; x) − f (x)
∥∥∥
ρ
= 0.

Proof. It is clear from the equalityΩn(1; x) = 1 and the definition of the ρ−norm that lim
n→∞
∥Ωn(1; x) − 1∥ρ = 0.

Now, we may write

sup
x∈[0,∞)

|Ωn(t; x) − x|
1 + x2 ≤

( ncn

n − 1
+

1
n − 1

)
sup

x∈[0,∞)

x
1 + x2 +

1
n − 1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)

sup
x∈[0,∞)

1
1 + x2

where cn is a number sequence that satisfies the inequality
∣∣∣∣∣Ψ′(nxH(J(1))
Ψ(nxH(J(1))

− 1
∣∣∣∣∣ ≤ cn with cn → 0 as n → ∞,

since lim
n→∞

Ψ′(nxH(J(1)))
Ψ(nxH(J(1)))

= 1. Thus, we get lim
n→∞
∥Ωn(t; x) − x∥ρ = 0. Likewise, since lim

n→∞

Ψ
′′

(nxH(J(1)))
Ψ(nxH(J(1)))

= 1,

we can find a sequence dn and a bound e such that

∣∣∣∣∣∣Ψ′′ (nxH(J(1)))
Ψ(nxH(J(1)))

− 1

∣∣∣∣∣∣ ≤ dn with dn → 0 as n → ∞ and∣∣∣∣∣Ψ′(nxH(J(1))
Ψ(nxH(J(1))

∣∣∣∣∣ ≤ e.

sup
x∈[0,∞)

∣∣∣Ωn(t2; x) − x2
∣∣∣

1 + x2 ≤
n2dn

(n − 1)(n − 2)
sup

x∈[0,∞)

x2

1 + x2

+
n.e

(n − 1)(n − 2)

(
2A′(1)
A(1)

+
2A′(J(1))
A(J(1))

+ J′′(1) +H′′(J(1)) + 4
)

sup
x∈[0,∞)

x
1 + x2

+
1

(n − 1)(n − 2)

(
A
′′

(1)
A(1)

+
5A′(1)
A(1)

+
A′′(J(1))
A(J(1))

+
2A′(1)
A(1)

A′(J(1))
A(J(1))

+
A′(J(1))(J′′(1) + 5)

A(J(1))
+ 2

)
sup

x∈[0,∞)

1
1 + x2 .

Thus, we have lim
n→∞

∥∥∥Ωn(t2; x) − x2
∥∥∥
ρ
= 0. Hence, we get the desired result from the Theorem 2.7.

Now we compute the rate of convergence of the sequence of operatorsΩn in Lipschitz type space which
is defined by

LipM (α) =

 f ∈ CB[0,∞) :
∣∣∣ f (y) − f (x)

∣∣∣ ≤M

∣∣∣y − x
∣∣∣α(

y + x2 + 1
) α

2
, x, y ∈ (0,∞)

 ,
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where 0 < α ≤ 1 and M is a positive constant [33]. Here, CB[0,∞) denote the space of bounded continuous
functions on [0,∞) .

Theorem 2.9. If f ∈ LipM (α) , α ∈ (0, 1], then the following estimate holds for x ∈ [0,∞)∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤M

{
an + bn +

1
(n−1)(n−2)

(
A
′′

(1)
A(1) +

2A
′
(1)A′(J(1))

A(1)A(J(1)) +
A′′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1)) +

5A′(1)
A(1) + 2

)}α/2
where (an) and (bn) are number sequences that satisfy the inequalities

an(Ψ,H, J) = sup
x∈[0,∞)

∣∣∣∣∣∣ n2

(n − 1)(n − 2)
Ψ
′′

(nxH(J(1)))
Ψ(nxH(J(1)))

−
2n

n − 1
Ψ
′

(nxH(J(1)))
Ψ(nxH(J(1)))

+ 1

∣∣∣∣∣∣
with an → 0 as n→∞ and

bn(Ψ,H, J) = sup
x∈[0,∞)

∣∣∣∣∣ n
(n−1)(n−2)

(
2A′(1)
A(1) +

2A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
Ψ′(nxH(J(1))
Ψ(nxH(J(1)) −

2
n−1

(
A
′′

(1)
A(1) +

A′(J(1))
A(J(1)) + 1

)∣∣∣∣∣
with bn → 0 as n→∞.

Proof. Let x ∈ [0,∞). For α = 1 and so f ∈ LipM (1) , we get

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 1

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk

(1 + t)n+k+1

∣∣∣ f (t) − f (x)
∣∣∣ dt

≤
M

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk

(1 + t)n+k+1

|t − x|

(t + x2 + 1)
1
2

dt

≤
M

(x2 + 1)1/2 (A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk
|t − x|

(1 + t)n+k+1
dt.

Applying Cauchy-Schwarz inequality for the last inequality we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ M

(x2 + 1)1/2 (A(1)A(J(1))Ψ(nxH(J(1))))


∞∑

k=0
psk(nx)

√√√√√
1

B(k + 1,n)

∞∫
0

tk (t − x)2

(1 + t)n+k+1
dt


and by using Cauchy-Schwarz inequality again and using Lemma 2.2, we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ M

(x2+1)1/2


√

1
(A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx) 1
B(k+1,n)

∞∫
0

tk(t−x)2

(1+t)n+k+1 dt


≤

M
(x2+1)1/2

{∣∣∣∣ n2

(n−1)(n−2)
Ψ
′′

(nxH(J(1)))
Ψ(nxH(J(1))) −

2n
n−1

Ψ
′
(nxH(J(1)))

Ψ(nxH(J(1))) + 1
∣∣∣∣ x2

+
∣∣∣∣ n

(n−1)(n−2)

(
2A′(1)
A(1) +

2A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
Ψ′(nxH(J(1))
Ψ(nxH(J(1))

−
2

n−1

(
A
′′

(1)
A(1) +

A′(J(1))
A(J(1)) + 1

)∣∣∣∣∣ x
+ 1

(n−1)(n−2)

(
A
′′

(1)
A(1) +

2A
′
(1)A′(J(1))

A(1)A(J(1)) +
A′′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1)) +

5A′(1)
A(1) + 2

)}1/2

≤M
{
an + bn +

1
(n−1)(n−2)

(
A
′′

(1)
A(1) +

2A
′
(1)A′(J(1))

A(1)A(J(1)) +
A′′(J(1))
A(J(1))

+
A′(J(1))(J′′(1)+5)

A(J(1)) +
5A′(1)
A(1) + 2

)}1/2

Here (an) and (bn) are number sequences in the statement of the theorem.
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For α ∈ (0, 1) and f ∈ LipM (α) , we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ 1

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx) 1
B(k+1,n)

∞∫
0

tk

(1+t)n+k+1

∣∣∣ f (t) − f (x)
∣∣∣ dt

≤
M

A(1)A(J(1))Ψ(nxH(J(1)))

∞∑
k=0

psk(nx) 1
B(k+1,n)

∞∫
0

tk

(1+t)n+k+1
|t−x|α

(t+x2+1)
α
2

dt

≤
M

(x2+1)α/2(A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx) 1
B(k+1,n)

∞∫
0

tk

(1+t)n+k+1 |t − x|α dt.

Applying the Hölder inequality by taking p = 1
α and q = 1

1−α , we get

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ M

(x2 + 1)α/2 (A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx)

 1
B(k + 1,n)

∞∫
0

tk
|t − x|

(1 + t)n+k+1
dt


α

.

Now, by taking p = 1
α and q = 1

1−α and by using the Hölder inequality one more time, we have

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ M

(x2 + 1)α/2

 1
(A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk
|t − x|

(1 + t)n+k+1
dt


α

.

Finally, applying the Cauchy-Schwarz inequality twice in a row, we get

∣∣∣Ωn( f ; x) − f (x)
∣∣∣ ≤ M

(x2 + 1)α/2

 1
(A(1)A(J(1))Ψ(nxH(J(1))))

∞∑
k=0

psk(nx)
1

B(k + 1,n)

∞∫
0

tk (t − x)2

(1 + t)n+k+1
dt


α/2

≤
M

(x2 + 1)α/2

{∣∣∣∣∣∣ n2

(n − 1)(n − 2)
Ψ
′′

(nxH(J(1)))
Ψ(nxH(J(1)))

−
2n

n − 1
Ψ
′

(nxH(J(1)))
Ψ(nxH(J(1)))

+ 1

∣∣∣∣∣∣ x2

+

∣∣∣∣∣∣ n
(n − 1)(n − 2)

(
2A′(1)
A(1)

+
2A′(J(1))
A(J(1))

+ J′′(1) +H′′(J(1)) + 4
)
Ψ′(nxH(J(1))
Ψ(nxH(J(1))

−
2

n − 1

(
A
′′

(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)∣∣∣∣∣∣ x

+
1

(n − 1)(n − 2)

(
A
′′

(1)
A(1)

+
2A

′

(1)A′(J(1))
A(1)A(J(1))

+
A′′(J(1))
A(J(1))

+
A′(J(1))(J′′(1) + 5)

A(J(1))

+
5A′(1)
A(1)

+ 2
)}α/2

.

Thus, the desired result is obtained similar to the first case.

Example 2.10. In order to make the proof of the theorem more clear, let’s give an example of the (an) and (bn) sequences
mentioned in the proof of Theorem 2.9. If we choose A (w) = 1,A (w) = 1, J (w) = w,H (w) = w andΨ (w) = exp(w),
we get an =

n+2
(n−1)(n−2) and bn =

2(n+2)
(n−1)(n−2) . Thus, we see that the right-hand term in the theorem’s statement approaches

to 0, considering the fact that the terms x2

1+x2 and x
1+x2 are both less than 1, since x ∈ [0,∞).

Let A (w) = 1,A (w) = 1, J (w) = w,H (w) = w and Ψ (w) = exp(w). Thus, we obtain psk(nx) = (nx)k/k!. In
the following examples, we examine the convergence of the sequence of operators Ωn to certain functions
for these special choices of A,A, J,H andΨ. It is observed that as n gets larger, Ωn( f ; x) converges to f .
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Example 2.11. For x ∈ [0, 1], n = 30 (red) and n = 50 (yellow), the approximation of Ωn( f ; x) to f (x) =
√

x (blue)
is shown in Figure 1.

Figure 1: The convergenge of Ωn( f ; x) to f (x) =
√

x for Ω30 and Ω50

Example 2.12. For x ∈ [0, 1], n = 5 (red) and n = 10 (yellow), the approximation ofΩn( f ; x) to f (x) = 1 + exp(−x)
(blue) is shown in Figure 2.

Figure 2: The convergenge of Ωn( f ; x) to f (x) = 1 + exp(−x) for Ω5 and Ω10
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3. Bivariate Ωn1,n2 (.; .) Operators

Let I2 = {(x1, x2) : 0 ≤ x1 < ∞, 0 ≤ x2 < ∞} and C
(
I2
)

is the space of all continuous functions on I2 endowed
with the sup norm. We introduce the bivariate variant of the operators involving beta function and Boas-
Buck-Sheffer polynomials as follows:

Ωn1,n2 ( f ; x1, x2) =
∞∑

k1=0

∞∑
k2=0

R1 (n1, x1) R2 (n2, x2)

∞∫
0

∞∫
0

U1 (n1, x1) U2 (n2, x2) f (t1, t2)dt1dt2 (8)

where Ri (ni, xi) =
1

A(1)A(J(1))Ψ(nixiH(J(1))) pski (nixi)
1

B(ki + 1,ni)
and Ui (ni, xi) =

(ti)
ki

(1 + ti)ni+ki+1
, i = 1, 2.

In order to examine the approximation properties, we give the following lemmas using the test functions
ei,, j(x1,x2) = xi

1x j
2, i, j ∈ {0, 1, 2} .

Lemma 3.1. Let Ωn1,n2 be the operators defined by (8 ). For all n1,n2 ∈N, we have

Ωn1,n2 (e0,0; x1, x2) = 1,

Ωn1,n2 (e1,0; x1, x2) =
n1

n1 − 1

[
Ψ′(n1x1H(J(1))
Ψ(n1x1H(J(1))

x1 +
1
n1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

)]
+

1
n1 − 1

, n1 > 1

Ωn1,n2 (e0,1; x1, x2) =
n2

n2 − 1

[
Ψ′(n2x2H(J(1))
Ψ(n2x2H(J(1))

x2 +
1
n2

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

)]
+

1
n2 − 1

, n2 > 1

Ωn1,n2 (e2,0; x1, x2) =
n2

1
(n1−1)(n1−2)

{
Ψ
′′

(n1x1H(J(1)))
Ψ(n1x1H(J(1))) x2

1 +
1
n1

(
2A′(1)

A(1) + 2 A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
×
Ψ′(n1x1H(J(1))
Ψ(n1x1H(J(1)) x1 +

1
n2

1

(
A
′′

(1)
A(1) +

5A′(1)
A(1) +

A′′(J(1))
A(J(1)) + 2A′(1)

A(1)
A′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1))

)}
+ 2

(n1−1)(n1−2) , n1,n2 > 2

Ωn1,n2 (e0,2; x1, x2) =
n2

2
(n2−1)(n2−2)

{
Ψ
′′

(n2x2H(J(1)))
Ψ(n2x2H(J(1))) x2

2 +
1
n2

(
2A′(1)

A(1) + 2 A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
×
Ψ′(n2x2H(J(1))
Ψ(n2x2H(J(1)) x2 +

1
n2

2

(
A
′′

(1)
A(1) +

5A′(1)
A(1) +

A′′(J(1))
A(J(1)) + 2A′(1)

A(1)
A′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1))

)}
+ 2

(n2−1)(n2−2) n1,n2 > 2.

Proof. Taking the definition (8) into account, one can obtain the following identities

Ωn1,n2 (e0,0; x1, x2) = Ωn1 (e0; x1)Ωn2 (e0; x2),
Ωn1,n2 (e1,0; x1, x2) = Ωn1 (e1; x1)Ωn2 (e0; x2),
Ωn1,n2 (e0,1; x1, x2) = Ωn1 (e0; x1)Ωn2 (e1; x2),
Ωn1,n2 (e2,0; x1, x2) = Ωn1 (e2; x1)Ωn2 (e0; x2),
Ωn1,n2 (e0,2; x1, x2) = Ωn1 (e0; x1)Ωn2 (e2; x2).

which prove Lemma 3.1.

Lemma 3.2. Let ηx1,x2
i,, j (t1, t2) = (t1−x1)i (t2−x2) j , i, j ∈ {0, 1, 2} be the central moments. Then the operators Ωn1,n2

satisfy the following identities

Ωn1,n2 (ηx1,x2
0,0 ; x1, x2) = 1,

Ωn1,n2 (ηx1,x2
1,0 ; x1, x2) =

(
n1

n1 − 1
Ψ′(n1x1H(J(1)))
Ψ(n1x1H(J(1)))

− 1
)

x1 +
1

n1 − 1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)
,



Ş. Y. Güngör et al. / Filomat 38:1 (2024), 171–187 183

Ωn1,n2 (ηx1,x2
0,1 ; x1, x2) =

(
n2

n2 − 1
Ψ′(n2x2H(J(1)))
Ψ(n2x2H(J(1)))

− 1
)

x2 +
1

n2 − 1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)
,

Ωn1,n2 (ηx1,x2
1,1 ; x1, x2) =

(
n1

n1 − 1
Ψ′(n1x1H(J(1)))
Ψ(n1x1H(J(1)))

− 1
)

x1 +
1

n1 − 1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)

×

(
n2

n2 − 1
Ψ′(n2x2H(J(1)))
Ψ(n2x2H(J(1)))

− 1
)

x2 +
1

n2 − 1

(
A′(1)
A(1)

+
A′(J(1))
A(J(1))

+ 1
)
,

Ωn1,n2 (ηx1,x2
2,0 ; x1, x2) =

(
n2

1
(n1−1)(n1−2)

Ψ
′′

(n1x1H(J(1)))
Ψ(n1x1H(J(1))) −

2n1

n1 − 1
Ψ
′
(n1x1H(J(1)))

Ψ(n1x1H(J(1))) + 1
)

x2
1

+
(

n1
(n1−1)(n1−2)

(
2A′(1)

A(1) + 2 A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
Ψ′(n1x1H(J(1))
Ψ(n1x1H(J(1))

−
2

n1−1

(
A
′′

(1)
A(1) +

A′(J(1))
A(J(1)) + 1

))
x1

+ 1
(n1−1)(n1−2)

(
A
′′

(1)
A(1) +

2A
′
(1)A′(J(1))

A(1)A(J(1)) +
A′′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1)) +

5A′(1)
A(1) + 2

)
,

Ωn1,n2 (ηx1,x2
0,2 ; x1, x2) =

(
n2

2
(n2−1)(n2−2)

Ψ
′′

(n2x2H(J(1)))
Ψ(n2x2H(J(1))) −

2n2

n2 − 1
Ψ
′
(n2x2H(J(1)))

Ψ(n2x2H(J(1))) + 1
)

x2
2

+
(

n2
(n2−1)(n2−2)

(
2A′(1)

A(1) + 2 A′(J(1))
A(J(1)) + J′′(1) +H′′(J(1)) + 4

)
Ψ′(n2x2H(J(1))
Ψ(n2x2H(J(1))

−
2

n2−1

(
A
′′

(1)
A(1) +

A′(J(1))
A(J(1)) + 1

))
x2

+ 1
(n2−1)(n2−2)

(
A
′′

(1)
A(1) +

2A
′
(1)A′(J(1))

A(1)A(J(1)) +
A′′(J(1))
A(J(1)) +

A′(J(1))(J′′(1)+5)
A(J(1)) +

5A′(1)
A(1) + 2

)
.

Proof. Let ηx1
i (t1) = (t1 − x1)i, ηx2

i (t2) = (t2 − x2)i, i = 0, 1, 2. Using the definition (8) and Lemma 2.2, we have
the following identities

Ωn1,n2 (ηx1,x2
0,0 ; x1, x2) = Ωn1 (ηx1

0 ; x1)Ωn2 (ηx2
0 ; x2),

Ωn1,n2 (ηx1,x2
1,0 ; x1, x2) = Ωn1 (ηx1

1 ; x1)Ωn2 (ηx2
0 ; x2),

Ωn1,n2 (ηx1,x2
0,1 ; x1, x2) = Ωn1 (ηx1

0 ; x1)Ωn2 (ηx2
1 ; x2),

Ωn1,n2 (ηx1,x2
1,1 ; x1, x2) = Ωn1 (ηx1

1 ; x1)Ωn2 (ηx2
1 ; x2),

Ωn1,n2 (ηx1,x2
2,0 ; x1, x2) = Ωn1 (ηx1

2 ; x1)Ωn2 (ηx2
0 ; x2),

Ωn1,n2 (ηx1,x2
0,2 ; x1, x2) = Ωn1 (ηx1

0 ; x1)Ωn2 (ηx2
2 ; x2).

which prove Lemma 3.2.

Lemma 3.3. Taking into account the Lemmas 3.1 and 3.2, we are led to

(i)

Ωn1,n2 (ηx1,x2
0,2 ; x1, x2) ≤ C1(x2

1 + x1 + 1), as n1 →∞

(ii)

Ωn1,n2 (ηx1,x2
0,2 ; x1, x2) ≤ C2(x2

2 + x2 + 1), as n2 →∞

where C1 and C2 are constants.
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Let f be a continuous function defined on I2. The full modulus of continuity for bivariate case is defined
as follows:

ω( f ; δ) = sup
∣∣∣ f (t1, t2) − f (x1, x2)

∣∣∣ : (t1, t2), (x1, x2) ∈ I2

and √
(t1 − x1)2 + (t2 − x2)2 ≤ δ.

Moreover,

ω1( f ; δ) = sup
y∈[0,∞)
|x1−x2 |≤δ

∣∣∣ f (x1, y) − f (x2, y)
∣∣∣ ,

ω2( f ; δ) = sup
x∈[0,∞)

|y1−y2|≤δ

∣∣∣ f (x, y1) − f (x, y2)
∣∣∣ ,

are the partial moduli of continuities of f with respect to x and y, respectively. It is clear that they satisfy
the basic properties of the usual modulus of continuity [34].

Now we give the error of approximation of the operatorsΩn1,n2 defined by (8) in the space of continuous
functions on compact subset ∆ of I2.

Theorem 3.4. For all f ∈ C(∆) the following inequalities holds true:
(i)∣∣∣Ωn1,n2 ( f ; x1, x2) − f (x1, x2)

∣∣∣ ≤ 2ω( f ; δn1,n2 ),

where δn1,n2 =
(
C1(x2

1 + x1 + 1) + C2(x2
2 + x2 + 1)

)1/2
.

(ii)∣∣∣Ωn1,n2 ( f ; x1, x2) − f (x1, x2)
∣∣∣ ≤ 2

(
ω1( f ; δ) + ω2( f ; δ)

)
,

where δ2
n1
= Ωn1,n2 (ηx1,x2

2,0 ; x1, x2) and δ2
n2
= Ωn1,n2 (ηx1,x2

0,2 ; x1, x2). Here ηx1,x2
2,0 and ηx1,x2

0,2 are defined as in Lemma 3.2,
n1,n2 > 2.

Proof. (i) With the help of the definition of the full modulus of continuity of f (x, y), we can write∣∣∣Ωn1,n2 ( f ; x1, x2) − f (x1, x2)
∣∣∣ ≤ Ωn1,n2

(∣∣∣ f (t1, t2) − f (x1, x2)
∣∣∣ ; x1, x2

)
≤ Ωn1,n2

(
ω

(
f ;

√
(t1 − x1)2 + (t2 − x2)2

)
; x1, x2

)
≤ ω( f ; δn1,n2 )

[
1 +

1
δn1,n2

Ωn1,n2

(√
(t1 − x1)2 + (t2 − x2)2; x1, x2

)]
.

Applying Cauchy-Schwarz inequality and Lemma 3.3, we have∣∣∣Ωn1,n2 ( f ; x1, x2) − f (x1, x2)
∣∣∣ ≤ ω( f ; δn1,n2 )

[
1 +

1
δn1,n2

{
Ωn1,n2

((
e1,0 − x1

)2 +
(
e0,1 − x2

)2 ; x1, x2

)}1/2
]

≤ ω( f ; δn1,n2 )
[
1 +

1
δn1,n2

{
Ωn1,n2

((
e1,0 − x1

)2 ; x1, x2

)
+Ωn1,n2

((
e0,1 − x2

)2 ; x1, x2

)}1/2
]

≤ ω( f ; δn1,n2 )
[
1 +

1
δn1,n2

{
C1(x2

1 + x1 + 1) + C2(x2
2 + x2 + 1)

}1/2
]
.
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This proves the result.
(ii) Using the definition of the partial moduli of continuity, Lemma 3.3, and the Cauchy-Schwarz

inequality, we have∣∣∣Ωn1,n2 ( f ; x1, x2) − f (x1, x2)
∣∣∣ ≤ Ωn1,n2

(∣∣∣ f (t1, t2) − f (x1, x2)
∣∣∣ ; x1, x2

)
≤ Ωn1,n2

(∣∣∣ f (t1, t2) − f (x1, t2)
∣∣∣ ; x1, x2

)
+Ωn1,n2

(∣∣∣ f (x1, t2) − f (x1, x2)
∣∣∣ ; x1, x2

)
≤ Ωn1,n2

(
ω1( f ; |t1 − x1|); x1, x2

)
+Ωn1,n2

(
ω2( f ; |t2 − x2|); x1, x2

)
≤ ω1( f ; δn1 )

[
1 +

1
δn1

Ωn1,n2 (|t1 − x1| ; x1, x2)
]

+ ω2( f ; δn2 )
[
1 +

1
δn1

Ωn1,n2 (|t2 − x2| ; x1, x2)
]

≤ ω1( f ; δn1 )
[
1 +

1
δn1

(
Ωn1,n2

(
(t1 − x1)2 ; x1, x2

))1/2
]

+ ω2( f ; δn2 )
[
1 +

1
δn2

(
Ωn1,n2

(
(t2 − x2)2 ; x1, x2

))1/2
]
.

Choosing δn1 =
(
Ωn1,n2 (ηx1,x2

2,0 ; x1, x2)
)

and δn2 = Ωn1,n2 (ηx1,x2
0,2 ; x1, x2) , for all (x1, x2) ∈ I2, we reach the desired

result.

LetA (w) = 1,A (w) = 1, J (w) = w,H (w) = w andΨ (w) = exp(w). Thus, we obtain psk1 (n1x1) = (n1x1)k1/k1!
and psk2 (n2 x2 ) = (n2 x2 )k2/k2!. In the following examples, we observe that, for n1 = n2 = 20, the convergence
of the operator Ωn1,n2 to the function f is better than the case n1 = n2 = 10.

Example 3.5. Approximation of Ωn1,n2 ( f ; x1, x2) to f (x1, x2) = x2
1x3

2 + x3
1x2

2 (blue) for n1 = n2 = 10 (yellow) and
n1 = n2 = 20 (red) is illustrated in Figure 3.

Figure 3: The convergenge of Ωn1 ,n2 ( f ; x1, x2) to f (x1, x2) = x2
1x3

2 + x3
1x2

2 for Ω10,10 and Ω20,20



Ş. Y. Güngör et al. / Filomat 38:1 (2024), 171–187 186

Example 3.6. Approximation of Ωn1,n2 ( f ; x1, x2) to f (x1, x2) =
√

x1x2 (blue) for n1 = n2 = 10 (yellow) and
n1 = n2 = 20 (red) is illustrated in Figure 4.

Figure 4: The convergenge of Ωn1 ,n2 ( f ; x1, x2) to f (x1, x2) =
√

x1x2 for Ω10,10 and Ω20,20
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[20] O. Duman, M. A. Özarslan, H. Aktuğlu, Better error estimation for Szász-Mirakjan-Beta operators, Journal of Computational
Analysis and Applications, 10(1) (2008) 53-59.

[21] S. A. Wani, K. S. Nisar, Quasi-monomiality and convergence theorem for the Boas-Buck-Sheffer polynomials, AIMS Mathematics
5(5) (2020) 4432-4443.
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[33] M. A. Özarslan, Approximation properties of Jain-Appell operators, Applicable Analysis and Discrete Mathematics 14(3) (2020)

654-669.
[34] G. A. Anastassiou, S. G. Gal, Approximation Theory: Moduli of Continuity and Global Smoothness Preservation, Birkhauser,

Boston, 2000.


