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Abstract. In this study, we consider a sequence of linear positive operators involving the beta function
and the Boas-Buck-Sheffer polynomials, and compute the convergence error of these operators using the
first and second modulus of continuities. We give approximation properties in weighted space and we
give a global error estimate in Lipschitz type space. We also construct a sequence of bivariate extensions
of these operators and give the rate of convergence using the partial and full modulus of continuities.

In addition, some examples, including graphs, are given for one- and two-variable functions to visually
illustrate convergence to a function.

1. Introduction

One of the most important examples of the use of special polynomials in the sequences of linear positive
operators in approximation theory was given by Jakimovski and Leviatan in 1969 [1]. They introduced a
generalization of the Favard-Szasz operators [2] by using the Appell polynomials. Later, in 1974, Ismail
presented a generalization of the Jakimovski and Leviatan operators by using the Sheffer polynomials,
which are more general than the Appell polynomials [3]. Thereby, examining the approximation properties
of operators defined with the help of special polynomials with well-known properties (see, for example,
[4],[5]), which have improved approximation properties than the operators existing in the literature, is an
interesting problem.

In [6], the authors obtained quantitative estimate by the Jakimovski-Leviatan operators. In [7], Ciupa
introduced integral type generalization of the Jakimovski-Leviatan operators and gave the degree of ap-
proximation of these operators. For operators including some special polynomials and beta function we
refer the papers [8-20].

Recently, in [21], Wani and Nisar introduced and studied approximation properties of the operators
given by
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where s, is a mixed family of polynomials, called Boas-Buck-Sheffer polynomials defined by the generating
function

A@AJ@)PEHJ@)) = Y psa)w” 2)
n=0

where

> k
w

A(W) = E OZkF, = 0
k=0 ’

(o)

j
A(w) :Zaj%, a9 # 0
=

o0

J(w) :Zc,,z:;—;], co#0 (3)

n=0

el )
w

\P(W) = E )/,F, Vi # 0, Y1
1=0 ’

H(w) =Y hm%, hy #0.
m=1 :

The investigation has been conducted under the following assumption.

1. For x € [0,00) and k € IN, psi(x) > 0,

2. AW #0, AJA) #0, J (1) =1, HJD) =1,

3. W:R — (0,0),

4. The power series given by (3) converge for |w| < R (R > 1).

Inspiring by above studies, we introduce a sequence of operators, which involves beta function and the

Boas-Buck-Sheffer polynomials for f € C, [0, 00) = {f € C[0, ) : f(t) = O(t") ast — co}and y > n,

1 . 1 o
O = TGN & B T Of sy O @

under the above hypothesis ((1)-(4)) on functions A, A, |, ¥, H.

Remark 1.1. Since Boas-Buck-Sheffer polynomials are a mixed family of polynomials, we obtain different operators
with the help of this polynomial family for some special cases:

1. For | (w) = w, the operators (4) reduce to the Durrmeyer type operators containing Boas-Buck-Appell polyno-
mials and the beta function.

2. For A(w) = 1 and | (w) = w, one can get from the operators (4) the beta-Durrmeyer variant of the Boas-Buck
operators defined in [22].

3. For A(w) =1, ] (w) = wand H (w) = w, the operators (4) reduce to the operators given in [23].

4. For A(w) = 1,](w) = w and ¥V (w) = exp(w), the operators (4) reduce to the Durrmeyer variant of the
operators given in [3].

5. For A(w) =1,] (w) = w,H(w) = w and WV (w) = exp(w), the operators (4) reduce to the operators given in
[24].
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6. For A(w)=1,A(w) =1, J(w) = w, Hw) = wand W (w) = exp(w), the operators (4) reduce to the Szdsz-beta-
Durrmeyer operators given in [25].

It should be noticed that, different choices of the functions A, A, ], ¥, H will give rise to many potentially
interesting and useful new operators as a special case of this general family.

The remainder of this paper is structured as follows: In section 2, we consider the quantitative estimate of
Q,(f; x) by using the first and second order modulus of continuity of f in the space of continuous functions
and we gave some approximation results in weighted space and in Lipschitz type space. In section 3, we
construct a sequence of bivariate operators (), ,,, which involves beta function and the Boas-Buck-Sheffer
polynomials. Then the degree of approximation is obtained with the help of full modulus of continuity
and partial modulus of continuity of f. Also we illustrate convergence of the sequence of operators €2,
and Q,, ,, to certain functions with special choices of analytical functions. Furthermore, in future studies,
A-statistical approximation theorem and the improved error estimate problem can be examined ([26],[27]).

2. Approximation Properties of the Operators Q,(.;.)

Let us give some lemmas and theorems to study the approximation properties of €J,,.

Lemma 2.1. Forall x > 0, we have

Q. (1;x) =1,

o [YemHG) 1 () AGW)[, 1
26 =55 g+ )| * e

LR [WOmHOO) o 1 (220 2X00)
D = G \ I 8 A gy 0 -

YnxHU QM) l(ﬂ”(l) LA A"JA)  2A() AJQ))
WrxH(@)  »>LAD A1) AJ®D) A1) AJQ)

A'Janygr @ +5)
L (T e
Proof. If we take w = 1 and replace x by nx in (2), we get
Z ps(nx) = A(DA(J (1) W (nxH(J (1)) )
k=0

which yields Q,(1; x) = 1. Differentiating (2) with respect to w, we get
pskk’ = A @)A(J (@)W (H(J (w))) + A@)A’(J(@))] (@)W (xH(J (w))
k=0

+AW)A(J )V (xH(J (w))xH' (J(w))]' (w).

Taking w = 1 and replacing x by nx, it follows

Z kysk(nx) = A/ (DA(J Q)W (nxH(J(1)) + AMA’ (W))W (nxH(J (1)) + ADAJD)Y’ (nxH(J(1)))nx.  (6)
k=0

Thus, considering that the beta function has the properties B(p, g+ 1) = B(p, q)% and B(p+1,9) = B(p, q)p%’,
we obtain

Qu(t;x) = — [‘I"W"HU(”) +1(A’<1>+A'U<1>>)]+ 1

n—1|WexHgO) Y T r\Am T agay /| T a=t
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Differentiating (2) with respect to w twice, we get

(o)

Y psi(0)k(k — 1)w =2
k=0

A" (@) A(J (@)Y (xH(J())) + 24" @) A’ (J(w)) W (xH(J(w)))]’ (w)

2A7(w)A(J(w)) ¥’ (xH(J(w)xH' (J(w)) ] (w) + A(w)A” (J(w))]' (w)]' (w) ¥ (xH(] (w)))
A@)A"(J(w))]” (w) ¥ (xH(J(w))) + 2A@)A’(J(w))]" (w) W’ (xH(J (w)))xH' (J(w))] (w)
A@)A(J (@)W (eH(J(w)xH' (J(w))]" (w)xH’ (J(w))]' (w)

A@)A(J (@)’ (xH(J (w)))xH" (Jw)) (J' (w))*

A@)A(J ()W (xH(J (w)))xH' (J(w))]” (w).

Taking w = 1 and replacing x by nx, it follows that

+ + 4+ + +

(e8]

Y, psc(nk(k—1) = [A"(l)A(] 1) + 247 M)A (J(1)) + AMA”( (1)) + AD)A'(J1))]” (D] W (nxH(](1)))

k=0
+ [2A'(AJA)) + 2AMA"(J(1)) + ADA((1))]” (1)
+  ADAJANH" JAD] nx¥” (nxH(J (1)) + ADAJ (L)Y (nxH(J (1)) (nx)>*.

We obtain the following equality by using (6) and the above equation

SO IPpsi(nx) = [ZA’(l)A’(I(l)) + A" (DAJD)) + ADA”(J Q) + A’ (DAJ(1))

AMA’(JMW)(J” (1) + DI W (nxH(J(1)))
[AMAJDL)J” D) + H” (1)) + 1) + 2A"(DA( (1))
2AMA JANIY’ (xH(J(D))nx + ADAJO)Y (nxH(J (1) (nx)”

+ + +

Hence,
s (WmHGQ) , | 1(240) | 24°()
(52 = (n—l)(n—Z){‘I’(an(I(l)))x 7( A T AGQ)
WnH(W) 1 (A”(l) L5 | ATG) | 24 A
wea(M) T A T A T AgM) T AL AUQ)
AU+ 5))} L2
A(D) D=2

+]") +H"(J(1)) + 4

n>?2.
O

For the central moments, we state the following lemma.

Lemma 2.2. Let Q) be the sequence of linear positive operators defined in (4). Then we have

n_ WnxH(1)) 1 (A’(1)+A’(](1))

Qu(t—x;x) = (n —1 W(nxH( (1)) n—-1\ A1) A(JQ))

—1)x+ +1),n>l,

R WHM) 20 WaH()
Qn((t_x)z'x)_((n—l)(n—Z) H(M) 7= 1 (D) 1) 2

n A'M)  Sagay . 1 W’ (nxH(J(1))
+((n—l)(n—2> (2A<1> 2y D+ H ”“”*4) W(xH((D)
2 (A1) A
_n—l(m) +A<1<1>>”))x
L1 (A"(l)+2A'(1)A’(](1))+A"(I(1))+A’(](1))(]”(1)+5)
D2\ A0 T ADAGQA) T AGM) A(Q)
54/(1)

AQ) +2), n>2.
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Proof. From the linearity of the operators (), and the lemma given above, one can find the desired results. [

For the convergence problem of Q,,, throughout this paper, we need the following assumptions:

—\y” (nxH(J(1))) =1and lim

. W' (nxH(J(1))) _
n—eo W(nxH(J(1))) n—eo W(nxH(J(1)))

=1,

uniformly on the subinterval of [0, o).

Theorem 2.3. For each f € C[0,00)NE and n > 2, the uniform convergence of the operators defined in (4) is satisfied
on each compact subsets of [0, 00) , i.e.,

limO,(f;) = £(x)

fx)

where E := {f 1o is convergent as x — oo}.
x

Proof. From Lemma 2.1, we have
imQ,(e;x) =%, i=0,1,2
n—o0

uniformly on each compact subset of [0, o). Hence, the result follows from the well-known Korovkin
theorem [28]. O

Theorem 2.4. Forall f € 6[0, 00) N E and n > 2, we have
|Qu(f:2) = F@)] < 200 (£, VQu((t - )% ).
Here wi (f, ) is the modulus of continuity of a function f € (NZ[O, o) defined by the relation

w1 (f,0) = |su|p [f() - f(y)
x—y|<o
x,ye[yo,oo)

and &[0, o) is the space of all uniformly continuous functions on [0, o) [29].

Proof. By using Q,(1;x) = 1, linearity of the sequence Q, and applying the property of w1 (f,9), we can
write

273 = f] = ‘A(l)A(I(l))‘ll’(an(I(l))) LT g (i §n+k+1 Vo= ed
< AT o™ 5+ 17 I :}zmkﬂ 6 feola
= A(l)A(](l))\llf(an(](l))) gopsk(”x)s(kj 1,n) Of 1+ :)n+k+1 ( + 't;xl)“” (f,0)dt
I [1 * OATOGREN 5 ™ B+ T 0}0 T dt] a0

By applying the Cauchy-Schwarz inequality for the integral term, we get

|Qu(f;x) - f0)] < |1 dt| w1 (f,0).

00 / X 2
- . Z pSk(nx) D+ 1w r¢-x)
k=0

" AMA(J (L)W (nxH(J(1))) b B(k+1,n) (1 + yr+h+l
0
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Now, if we use the Cauchy-Schwarz inequality again, we have

) — 1 1 /5 S P
- fo] <|1+ 4o A(](l))q,(anU(l)»éw/gopsk(nx)\/k§opsk<nx> [ eat|on 1)
= (1+ 3 VO Jan (£,0).

Choosing 6 = /Q,((f — x)?; x), the desired result is obtained. [J

Now, we consider a quantitative estimate of Q,(f; x) by using the second order modulus of continuity
of f[29]. For this purpose, we give some definitions and theorems.
The Peetre’s K-functional is defined by

x(f;0) := glencfg {”f_g”cB * 5”9”c§}

where C2 = {g € Cp[0,) : ¢/, 9" € Cp[0, )}, with the norm

Allee = £l, + 17 1le, + 1l

Cp + Cp

and Cj is the space of all bounded and uniformly continuous functions on [0, o) with the norm
Iflle, = sup [£e0)]-
x€[0,00)

The second order modulus of continuity of f € C[0, o) is defined by the formula

w2 (f,0) = sup ||f(.+26) = 2f(+ 1) + £ -

0<t<0

The inequality that gives the relationship between the second order modulus of continuity and the Peetre’s
K-functional is as follows:

K(f;0) < Cw (f, Vo) +min(1,8) [If], } )
where C is a positive constant [7].

Theorem 2.5. Forall f € CE[O, o0) and n > 2, we have
1
[Qufix) = £ < 500 @+ 80 [ lcs

where 6, = Q, ((t - x)2 ;x)l/z.

Proof. Let f € C3[0, 00). From the Taylor series expansion we have

£ = £+ £ @) =0+ 3£ (€)= 97,

where ¢ is between x and ¢. Using the definition of ”‘”Cfa , We can write

lf() - f| <Kilt—xl+ %K2(t_x)2’
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where
Kio= sup £ =17 eyt = Wl
K2 = xi{‘;/li) fl’(x)’ = 'f’/ Cl0,00) < Hf”Cg[O,DO) .
Thus,

|f(t) —f(x)| < (It — x|+ %(f —9‘)2)“f||cf3 :

Now, by using linearity of the operators Q,,, we get

IN

1
QuFi0 - F] < (=215 + 500 (= 9%52)) [l
1
< 56” (24 6n) ”f”cg[o,oo)
since Q, (|t — x|;x) < Q, ((t - x)z;x)l/2 =0, O

Theorem 2.6. Let ), be the sequence of linear positive operators defined in (4). For all f € Cp[0, 00) and n > 2, we

have
|Qn(f; X) — f(x)| <2C {wz (f, A / ién 2+ 6n)] + min(1, %6,1 2+ 6,)) “f“cg}

where C is a positive constant and 0, is the same as the expression given in Theorem 2.5.

Proof. Let f € Cg[0, 00). From the linearity of (), and Theorem 2.5, we have

|Qu(fi0) = f@)| < |Qu(f = %) = )] + |Qulgs %) — 9(0)| + |f(x) - 9(x)|
1
< 2“f - 9“@,[0,00) + 55" (2 +6n) ||9||c§
1
= Z(Hf - 9“@[0,00) + Z(S" (2 + 6n) ||9“cg)'

If we use the definition of Peetre’s K-functional, we can write

|Qu(f;x) = f(x)| < 2x(f; }lén (2 +6y)).

Now, using the inequality (7), we have

|Qu(f;x) - f0)| < 2C {wz (f, \/ 4115” 2+ 5n)] +min(1, }Ién 2+ 6,)) ||f1|CB}

which completes the proof. [

Let us state the approximation properties of Q,, in the weighted space (see [30]-[32]).

Since the well-known Korovkin theorem does not hold in the unbounded intervals, it is necessary to
put some restrictions given below.

Let B,[0, o0) be the space of all functions defined on [0, c0) satisfying the inequality | f (x)) < Mg(1+ x?).
Here, M is a constant only depending on f and p(x) = 1+x? is a weight function. Furthermore C,[0, c0) is the
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space of all continuous functions belonging to B, [0, ©) and C},[0, o) = { f€Cyl0,00): 11m |f4(- ))2 =k < oo}.

These function spaces are endowed with the p—norm:

@)

0 )1+x2

171, =

Theorem 2.7. If the sequence of positive linear operators L, from C,[0, o) to B,[0, c0) satisfies the conditions
lim |IL,(t";x) — x|, =0, v=0,1,2,
n—oo

then for any function f € C},[0, o)

hm”Lnf f” =0.

n—oo

Theorem 2.8. For given f € C;[O, ),
lim (|2 (f; x) - f(x)“P =0.

Proof. 1tis clear from the equality (,(1;x) = 1 and the definition of the p—norm that lim [|Q,(1;x) - 1|, = 0.
n—oo
Now, we may write

€2, (t; x) — x| NCy 1 X 1 (A1) | AJQ))
P T iee S (n 1" 1);[13,2)1 PR (A(l) T agay * 1)Xewmg g
where ¢, is e,1 number sequence that satisfies the inequality % - 1‘ < ¢, with Cj — 0asn — oo,
since 31_%10 % 1. Thus, we get ’}1_1)130 [192,(t; x)”— x|| = 0. Likewise, since ’}1_1)130 % 1,
we can find a sequence d, and a bound e such that % -1| <d, withd, - 0asn — oo and
W’ (nxH(J(1))
W(nxH(J(1)) |
|Qu(#%;x) — 2| n*dn x?
A St-Dn-2) P Tr e
n.e 2471 2A47(JA) | . ” X
D2 ( Ay P Agay) PO HHIO 4) P T
N 1 (fl”(l) LoAa@ A"JA))  2A(0) A'JQR))
n-1n-2) A1) A1) A(](l)) A1) A(J(1))
A'(Ja)yJra)+s)
T agay 2) oy T+

Thus, we have lim HQn(tz;x) - xz”p = 0. Hence, we get the desired result from the Theorem 2.7. [J
n—o0o

Now we compute the rate of convergence of the sequence of operators £, in Lipschitz type space which
is defined by
Jy ]
< M—glx/y € (0/ OO) 7
Yy

Lipm (@) = {f € C3l0, ) : |f(y) - f(x)] (y+22+1)°
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where 0 < @ < 1 and M is a positive constant [33]. Here, Cg[0, o0) denote the space of bounded continuous
functions on [0, o).

Theorem 2.9. If f € Lipy (@), @ € (0, 1], then the following estimate holds for x € [0, c0)

” , al2
. L (A, 24 0a0a) | AT | AGONTAS) |, SAY)
[Qu(f;0) = flo <M {“ﬂ”’” (H)(nfz)(ful) Y TAmAgay T AUm) T Ag@) AWM +2)}

where (a,) and (b,) are number sequences that satisfy the inequalities

a,(\W,H,]) = sup

x€[0,00)

w W(mxH(Q)  2n \P’(an(I(l)))H‘
(n=1)(n =2) WoeH(J(1) 1 =1 WrxH((1))

with a, — 0asn — oo and

2A4°(1) | 247(J(1) / wexH() 2 (AT | AgQ)
(n—l)n(n—Z)( am + agay T/ +H(A) +4) WoH(D) ﬁ( A T Agay) 1)‘

by,(W,H,]) = sup

x€[0,00)
withb, - 0asn — oo.

Proof. Let x € [0,00). For a = 1and so f € Lipp (1), we get

1 . 1 o
2.9 10] < G L T | e O - ol
- 0

M = 1 [ It — x|

d
= A(l)A(J(l))\If(an(J(l»)kz_:;"s"(”")B(kH,n)Of e

M = 1 [ -y
(x2+1)1/2(A(l)A(](l))\I’(an(](l))))kzz;‘pSk(nX)B(k"'l'”)0 (1+ gyt

Applying Cauchy-Schwarz inequality for the last inequality we have

M - 1 r# (t — x)?
Qu(f;x) - S dt

Q7320 = 1] = (2 + 1) (AW)A( L)W (rxH( (1)) kz_:;”s"(”x) B(k+1,n)0f (1 + skt

and by using Cauchy-Schwarz inequality again and using Lemma 2.2, we have

|Qu(f;x) - f)]

M 1 v 1[G
212 | \| ADATO)PEHTD)N) k§0 pSk(1X) gty NCOES dtJ

<_M w2 W HJD) 20 W nHMO) | |2
= w22 | |- )(=2) WoH(D) 11 WnxH((1)
2A/(1) |, 24°(J(1) W' (nxH(J(1))
+ (n—lf’(n—2>( am T Ag) +]"(1)+H"(](1))+4) W(nxH(J(1)
2 (A" |, Age)
- ﬁ( am tagm t 1) x

” , 1/2
(A 24 0a0a) | ATGQ) | AT | SAY)
+ (n—l)(n—2>(ft<1> t ZAmagay tAagm) T Ao A +2)}

1 AT | 24 MAYQA) | AYID)
SM{“"”’" M TV ( Am T Amagay t Agm)

AWMU W+5) | 5A'Q) 172
tY/agm T A +2)}

Here (a,,) and (b,) are number sequences in the statement of the theorem.
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For o € (0,1) and f € Lipp (), we have

. 1

|Qu(fix) - f)] < A(l)A(](l))\P(an(](l))Zl’sk(nx)B(an)f(1+t)"+k+1 () = f)|dt

|t—x|*

< ZmAGm) \I/(an(](l))ZPSk(nx B(k+1n) f (1+t)”+k+1 (t+2+1) 7

k=0
0
M 1 t .
<x2+1>“/2<A<1>A<J(1>>W(an<J(1>>»;”Sk(m)lg(ﬂlﬂ)f EnEELE
= 0

Applying the Holder inequality by taking p = L and q = -, we get

M Z (nx) = t“
@ + )2 AQAGO) g =" B<k+1 DNCEDEE

|Qu(fi20) - f0)| <

Now, by taking p = 1 and q = &= and by using the Holder inequality one more time, we have

. M 1 F Hl-af a
[Onfi) - fo] < 1)”/2[(A(1)A(](1))‘1’(an o) Z""‘ VBT <1+f>”+k”dt]’

Finally, applying the Cauchy-Schwarz inequality twice in a row, we get

oo a2
M 1 (- x)? ]

(2 +1)"?

[On(fi20 - f) AMAJO)W (HW)) Z ”S"("X)B<k w1 ) e

..M { 2 WeH() 20 wan(J(l)))sz
S e |- D0 —2) WH(M) 7 -1 WaxH((D))
no(20Q) 24GA) W (nxH(I(1)
¥ <n—1><n—2>( AW T agy /WA (](1)“4) W (I (1)

2 (AT A
n—l(fl(l) TAGM) ”)‘x

L1 (A”(l) L 2AWAYA) | AIR) | AGW) +5)
(n-1)(n-2)\ A1) AMAJ(1)) A(J(1)) A(J(1))
54°(1) a/2

+ A + 2)} .

Thus, the desired result is obtained similar to the first case. [

Example 2.10. In order to make the proof of the theorem more clear, let’s give an example of the (a,) and (b,,) sequences
mentioned in the proof of Theorem 2.9. If we choose A (w) = 1,A(w) =1, ] (w) = w, H (w) = wand ¥ (w) = exp(w),

we get an = 0 1)( oy and by, = % Thus, we see that the right-hand term in the theorem’s statement approaches

to 0, considering the fact that the terms ; +2xz and 1= are both less than 1, since x € [0, o0).
Let A(w) =1,A(w) =1, ] (w) = w,H(w) = wand ¥ (w) = exp(w). Thus, we obtain ,si(nx) = (nx)*/k!. In

the following examples, we examine the convergence of the sequence of operators (), to certain functions
for these special choices of A, A, ], H and W. It is observed that as n gets larger, Q,,(f; x) converges to f.
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Example 2.11. For x € [0,1], n = 30 (red) and n = 50 (yellow), the approximation of Q,(f;x) to f(x) = v (blue)

is shown in Figure 1.
1_
0.8
0.6
0.4
02

Figure 1: The convergenge of Q,(f;x) to f(x) = vx for Q3 and Qs

Example 2.12. For x € [0,1], n = 5 (red) and n = 10 (yellow), the approximation of Q,(f; x) to f(x) =1 + exp(—x)

(blue) is shown in Figure 2.
2_
15\

0.5

Figure 2: The convergenge of Q,(f;x) to f(x) = 1 + exp(—x) for Qs and Q9



S. Y. Giingor et al. / Filomat 38:1 (2024), 171-187 182
3. Bivariate Q,, ,,(.;.) Operators

LetI? = {(x1,%2) : 0 < x1 < 00,0 < xp < oo}and C (12) is the space of all continuous functions on I2 endowed
with the sup norm. We introduce the bivariate variant of the operators involving beta function and Boas-
Buck-Sheffer polynomials as follows:

Qo (f5x1,%2) = Z ZR1 (n1,x1) Ro (nzrxz)fflh (11, x1) Uz (n2, x2) f(t1, tr)dtidty 8)

k1=0 k=0

! 1 (t)"
ADAGONC oGOV B 1,y 0 O =
In order to examine the approximation properties, we give the following lemmas using the test functions

e;,j(x1,%2) = xix),i,j €{0,1,2}.

where R; (n;, x;) = =1,2.

Lemma 3.1. Let Q,, ,,, be the operators defined by (8 ). For all ny,n, € IN, we have

Quim (€00, x1,%2) = 1,

m | W (mxH( (1)) fl’(l) A(J(1)) 1
Q (1,0, X1,X2) = [ X1 + + + , 7’11>1
ol )= =1 | Yonm HOD) A T Ag) )]
ny | W(naxH(J(1)) 1 (A1)  A(JQA) 1
Q (60,1, X1,X2) = [ X2 + — + + , 1’[2>1
el : W(me.H( (D) A *AUD) i
. __m (¥ eunHgO) 2 AQ) | A
Qi (€203%1,%2) = Gy { T+ (25 + 2%y + )7+ HI) +4)
W (muH(() A | S | A |y p AW XY | KGOS
X W HM) 1 T 2 (A(l) M T am T 2Am A T AGO) )}
2
ey M > 2
: __n Y (mxHD) 2 A1) | HA( / ,
Qs €02:21,%2) = Gyt { Ty 5 + s (200 + 2y + 170+ HY (1) +4)
W H((1) AT L SA) L ATIAY |, 5 AW AGM) | ATAN1)S)
Vo) 2t (A(l) M T Am T 2Am Ay T AGD) )}
+ ni, np > 2.

(712—1)(712—2)

Proof. Taking the definition (8) into account, one can obtain the following identities

Quy (€005 x1,X%2) = 4y (e0; X1)Qu, (€05 X2),
Quy iy (€1,05 X1, X2 Qy, (e1; x1) 2, (e0; x2),
Qyp, (e0; x1)Qu, (615 X2),
Qu, (e2; x1)Q, (e0; X2),
= Qy,(e0; x1)Qn, (€25 X2).

)
1’11 Vlz(eo 1/x1/ xz)
Qy, iy (€205 %1, X2)

)

Quiny (€025 X1, X2

which prove Lemma 3.1. [

Lemma 3.2. Let nflj’.xz(tl,tz) (t1- xl) (to— xg) i,j € {0,1,2} be the central moments. Then the operators Qy, ,
satisfy the following identities

X1,X2. —
Ql’q,?’lz(nojo 2/ xl/ x2) - 1/

+1],

m \If’(qu(](l)))_1)x1+ 1 (A’<1>+A'(1<1>)

Qe (15750 %2) = | S i (D) 1AM T AGM)
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n WnH(Q) 1 (A1) A
72 —1 WnHU()) 1)’“ (A(l) *Agm) ”)'

X1,X2. —
Ql’l1,n2(n021 zlxll x2) - (

Qi na (1775 21, %2) m =1 W(mx H(J(1))) m—-1VA®1)  A(®1))

n WnnHL) 1 () AG)
x(”z—l W(mnH(1) 1)"2+ (A(1)+A(I(1))+1)’

( m W'<nlle<J(1>>)_1)xl+ 1 (ﬂ’(1)+A’(](1))+1)

2

n W (mx H((1) 2 W (nyx H((1) +1)

(m-1)(m=-2) Y(mx1H(J(1))) n—1 W(n1x1H(J(1)))

n 1) A'(J(1) 1’7 1’7 W (n1x1H(J(1))
+ ((m—l)?nl—z) (2 + 255y + 17 () +H(J(1)) +4) W H((D)

2 (A" | AgQ)
m1 ( Am t am) +1))

+ 1 AT | 24 MA()
(m=D=2) \ " AD " TAMATD)

X1,X2 .
in,nz (nzllo 2/ xl/ xz)

A”(J1)
A(J(1))

+

AT W5) | A
TTUAD) T A +2)

B W meHIM) _ 212 W meHIO) | )2
(12-1n2=2) WiHJM)  p, — 1 Wln2x2H((1))

X1,X2,
in,nz (nofz 2/x‘l/ xz)

” AaY " W (myx;HO (1)
+ ((nz—l)(nz—Z)( A(l) +2A(](1)) +]7(M)+H (](1))+4) W(mx.H((D)
_2 (AW, A
a1 ( A+ AGm) ”))
1 AT 24 WA A | AGO)IIWEE) | BA)
+ <nz—1><nz—2>(A<1> +Zamagmy tagm) T oagm AW +2)

Proof. Let nfl(tl) = (t —x1), r);”(tz) =(h-x),i=0,1,2. Using the definition (8) and Lemma 2.2, we have
the following identities
Quy (g7 x1,%2) = Qy (17515 21)Qy (1775 X2),
Qi (525 x1,%2) = Quy (5 %1) 2, (07 X2),
Qu (75 x1,%2) = Qy (17515 21)Qy (177 22),
Quy (5 x1,%2) = Qy (11y521)Qy (177 22),
x1)Q
)Q

Qm Mo (n;}éxz} X1, xZ) = Qm (77;1 ;X1 1y (770 ’ )/
in,nz (ngjéle X1, xZ) = in (ng ;X1 1o (nz ’ x2)

which prove Lemma 3.2. [
Lemma 3.3. Taking into account the Lemmas 3.1 and 3.2, we are led to
(i)
Qo ('35 %1, %2) < Ci(x] +x1 + 1), asny — oo
(ii)
Qi iy (105725 %1, %2) < Co(x3+x2+ 1), asny — o

where C1 and C, are constants.
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Let f be a continuous function defined on 2. The full modulus of continuity for bivariate case is defined
as follows:

W (f;0) = sup|f(t, 12) = fO1, x2)| : (b1, ), (31, 32) € 12

and
V(1 = x1)2 + (b — x2)? < 6.
Moreover,
@'(f;6) = A |fGr1,y) = fGe2 )|,
¥y —x2|<0
W*(f;0) = S £, y1) = Fx 2],
Jy1-ya|<o

are the partial moduli of continuities of f with respect to x and y, respectively. It is clear that they satisfy
the basic properties of the usual modulus of continuity [34].

Now we give the error of approximation of the operators Q,, ,, defined by (8) in the space of continuous
functions on compact subset A of I2.

Theorem 3.4. Forall f € C(A) the following inequalities holds true:
(i)
| Qo (f 31, %2) = f(x1, %2)| < 260(f Oy ),
1/2
where Oy, y, = (Cl(xf +x1+ 1)+ Co(x3 +x2 + 1)) .
(ii)
Qo (f321,22) = £, %2)| < 2 (@) (f6) + (£ 6)),

2 _ X1,X2., 2 _ X1,X2., X1,X2 X1,X2 . :
where 0;, = Q”h”z(nz,o ;x1,%2) and 6y, = Qyy (770,2 ;X1,X7). Here Mg and Moo~ are defined as in Lemma 3.2,

ni,np > 2.

Proof. (i) With the help of the definition of the full modulus of continuity of f(x, y), we can write
Qs (21, %2) = fG1, %) < Qo ([f (11, 12) = a1, x2)

Qi (@ (5 Vb =212 + (]2 — 1)) 5301, 72)

IA

;xl,xz)

IA

1
< a)(f; 6”1,712) 1+ (S_in,nz (‘/(tl - x1)2 +(ta - x2)%; X1, x2)] .
Applying Cauchy-Schwarz inequality and Lemma 3.3, we have
[ 1 12
|Qn1,nz(f; X1, XZ) - f(xlr X2)| < (l)(f; 6141,;12) 1+ 5_ {in,nz ((61]0 - x1)2 + (8(),1 - JCZ)Z ;xl,xz)} ]
: 1
< w(f;Onm) |1+ — {in,nz ((61,0 - xl)z;xerZ)
L 1,112
1/2
+ ((eO,l - )’ }xllxz)} ]
[ 2 > 1/2
< @(fidmm) |1+ 5 (G +x+ D)+ Q@ +xn+1) .




S. Y. Giingor et al. / Filomat 38:1 (2024), 171-187 185

This proves the result.
(ii) Using the definition of the partial moduli of continuity, Lemma 3.3, and the Cauchy-Schwarz
inequality, we have

|Qn1,nz(f;x1/x2) - f(x1/x2)| < in,nz (|f(t1/t2) - f(xllxz) ;xlle)

< Qum, (lf(fl,tz) —f(xl,fz)’;xl,xz) + Qi (|f(X1,t2) = f(x1,x2) ;xl,xz)

< Qu, (wl(f; [t1 — x1l); Xl,xz) + Qi ((vz(f; t2 — x2); x1,x2)
[ 1

< @Nf;6m) |1+ 6_Qn1,nz (It = x1|;x1,x2)]
L m

5 [ 1

+ W (f;0n,) |1+ 6_Qn],n2 (It2 = x| x1, x2)
L n
[ 1 172

< @ (fi0n) |14 5 (Qun (1 =317 301, :2)) ]
] 1 1/2

+ @ (f;00,) |1+ 5 (in,}’lz ((fz - xz)z;xlfxz)) ] .
L ny

Choosing 6,, = (in,nz(ngléxz ;xl,xz)) and 0y, = Qu, ., (M52 X1, %2) , for all (x1,x7) € I2, we reach the desired
result. [

LetA(w) =1,A(w) =1, ] (w) = w,H (w) = wand ¥ (w) = exp(w). Thus, we obtain ,s;, (11x1) = (n1x)k k!
and psy, (11,x,) = (nzxz)k2 /k2!. In the following examples, we observe that, for n; = n, = 20, the convergence
of the operator Q,, ,, to the function f is better than the case n; = n, = 10.

Example 3.5. Approximation of Qu, »,(f;x1,%2) to f(x1,%2) = x3x3 + x3x3 (blue) for n1 = ny = 10 (yellow) and
n = np = 20 (red) is illustrated in Figure 3.

Figure 3: The convergenge of Qy, n, (f;x1,x2) to f(x1,x2) = x%xg + xi’x% for Q40,10 and Q920
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Example 3.6. Approximation of Qu, »,(f;x1,%x2) to f(x1,%2) = ~x1xp (blue) for n; = ny, = 10 (yellow) and
m = np = 20 (red) is illustrated in Figure 4.

Figure 4: The convergenge of Qy, n, (f; x1,%2) to f(x1,x2) = /x1x2 for Q010 and Q020
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