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Abstract. In this paper we will characterize the spectrum of the second order Hill’s equation coupled
to several boundary value conditions. More concisely, the idea consists of study the spectrum of the
second-order differential Hill’s equation coupled to Initial, Final, Neumann, Dirichlet, Periodic and Mixed
boundary conditions, by applying the equality (10) proved by the authors in [5] and expressing the Green’s
function of the Hill’s equation coupled to a given boundary condition as a combination of the Green’s
function related to another different boundary condition. These spectra are characterized as suitable sets of
real values that verify an equality that depends on the Green’s function of each case. We will also deduce
some properties of these spectra and identities between Green’s functions. The work continuous on the
lines initiated on [6] and [3]. It is important to remark that the ideas and arguments used to deduce the
comparison between the corresponding spectrum of the considered problems, and their characterization in
many cases, are completely different to the ones used in [3].

1. Introduction

The topic of nonlinear boundary value problems has been widely considered since long time in the
literature, with special attention to the existence of solutions for such problems. It is in this context where
the corresponding spectral theory arises, due to the fact that topological methods, such as degree theory,
fixed point index in cones or lower and upper functions method, are mainly based on the invertibility of
certain linear operators, for which the eigenvalues of such operators need to be considered.

Moreover, these eigenvalues also appear in the search of constant sign solutions as they usually define
the limits of the regions in which the corresponding Green’s functions have negative or positive sign (see
[7] for details). This constant sign for the Green’s function related to the considered problem is an usual

hypothesis when looking for positive solutions of the problem or when monotone iterative techniques are
used (see [2, 23] and references therein)
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The reader can find some classical and recent references, in which the spectral theory is considered in,
among others, the following ones [1, 3, 8-10, 13, 14, 16, 17, 19-21, 24-30].
In this paper, we will consider the Hill’s equation

u’()+at)ut)=0, te][0,T],

and show some relations between the spectra of the usual two-point boundary value problems: Neumann,
Dirichlet, mixed and periodic conditions.

As it has been noticed in [3] and it is very well know in the literature, under some suitable regularity
assumptions on the coefficients of the equation, the general second order differential equation can be, after
a simple change of variables, rewritten as a Hill’s equation. Such equation models the linear approach of
the pendulum movement, the classical spring mass system equation or, among many others, the Airy’s and
the Mathieu’s equation.

The main idea to prove the aforementioned relations is based on rewriting each of the considered
problems as a combination of the other ones, by means of considering an homogeneous problem of a
certain type as a non homogeneous one of a different type, involving some functional conditions on the
boundaries. This technique, as it has been showed in [6], allows us to rewrite the expression of a certain
Green’s function in terms of another one. From these relations, we will deduce now some connections
between various spectra and some other sets characterized as the zeros of certain function. More precisely,
for each pair of boundary conditions, we will prove a relation of the following form

51,2 CAiCc AU 51,2,

where A; and A, will be the spectra of the Hill’s equation related two different boundary conditions and
51, will be some appropriate set, characterized as the zeros of a suitable function and by LI we denote the
disjoint union of two sets. In many of the considered cases, when the spectra A; and A, are disjoint, we
immediately characterize A; = S1,. This last characterization shows to be very useful from a numerical
point of view, as it is simple to compute the zeros of the function which defines the set S1,. Some of the
characterizations proved using this technique were very previously known (some of them can be found,
for instance, in [24]) although some others are, as far as we are concerned, new in the literature.

It is important to point out that the arguments used here are completely different to the ones used in
[3], where the ideas are based in the extension (even or odd, depending of the boundary condition) of the
potential a(t) to the intervals [0,2 T] and [0,4 T1].

The paper is divided in four sections: After the introductory section, we compile, in Section 2, some
preliminaries regarding the decomposition of some Green’s functions in terms of another one. In Section
3 is deduced the decomposition and characterization of all the aforementioned spectra. Finally, Section
4 shows and application of the obtained results to prove the existence of solution of nonlinear problems
related to the Hill’s equation coupled to different boundary conditions.

2. Preliminaries
Let us define
Tu[Alu(t) == u"™ () + a1 (Hu V@) + - + @,(t) + Du(t), tel, n>1, LeR,

withI =[0,T],a;: I > R,a; € L*(I),a > 1 and

n—

1
Bi(u) := Z (aiu®©) + pul)(T), i=1,...n
=0

-

being 043,, ﬁ; real constants foralli=1,...,n, and j=0,...,n—1.
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Consider the space
WD) = {u e C"Y(I) - ™V € AC(D)},

where AC(I) denotes the set of absolutely continuous functions on I. In particular, we will consider
X c W™Y(I) a Banach space such that the following definition is satisfied.

Definition 2.1. Given a Banach space X, operator T,[A] is said to be nonresonant in X if and only if the homogeneous
equation

T A lu(t)=0 ae. tel, uelX,
has only the trivial solution.

It is very well-known, see for instance [11, 15], that, if operator T,[A] is nonresonant in X, then, for any
o € L}(I), the non-homogeneous linear problem

T A u(t) =o(t) ae. tel, uelk

has a unique solution given by

T
u(t) =f0 Ga(t,s)o(s)ds, Vtel.

Here G, denotes the Green’s function related to operator T,[A] on X, whose definition can be found in [2,
Definition 1.4.1].

We compile now some properties of Green'’s functions related to operator T,[A]. The following result is
provided in [5, Lemma 1].

Lemma 2.2. There exists a unique Green'’s function g, related to problem

Ta[Alu(t) =0, ae tel,
. (2.1)
Bi(u)=0, i=1,...n,
if and only if for any i € {1,--- , n}, the following problem
Tu[AJu(t) =0, ae tel,
Biu)=0, j#i,j=1,...n, (2.2)
Bi(u) =1,
has a unique solution, that we denote as w;(t), t € L.
Let us consider the following problem
Ty [Au(t) = o(t), ‘ ae. tel, 2.3)
Bi(u)=0, i=1,...n,

with o € L(I).
Here, by considering C; : C" () >R, i=1,...n, nlinear and continuous operators, we formulate the
following result for general n-th order non-local boundary value problems.

Theorem 2.3. [5, Theorem 2] Assume that Problem (2.1) has u = 0 as its unique solution and let g, be its related
Green'’s function. Let o € L(I), and 6;,i = 1,...,n, be such that

det(I, — A) #0,
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with I, the identity matrix of order n and A = (a;j)nxn € Muxn given by
ajj = 5]' C,‘(a)]‘), i ] € {1, . ,TI}.
Then Problem

Tu[Alu(t) = o(t), ae. t el, 0.4)
Bi(u) = 6;Ci(w), i=1,...,m,
has a unique solution u € W"(), given by the expression
T
u= [ Gults o, 00000,
0
where
Ga(t,s,01,...,04) :== ga(t,s) + O; bi]' wi(t) C]‘(gA(',S)), t,sel, (2.5)
i=1 j=1

with w; defined in (2.2) and B = (bjj)nxn = (I — A)™".
For any A € R, consider operator L[A] defined as follows for any u € W**(I)
LIATu(t) := u”(t) + (a(t) + A u(t), tel.

For this operator, to indicate the dependence of the Green’s function on the parameter A, we will denote by
G[A] the Green’s function related to L[A].
In this paper, we will deal with some problems related to operator L[A], which we describe in the sequel:

e Initial problem:

LIAJu(t) = o(t), ae. tel, ueX;={ueW>(1):u)=u0)=0)}. (2.6)

Final problem:
LAJu(t) = o(t), ae. tel, ueXr={uecW*I):u(T)=u'(T)=0)}. (2.7)

e Neumann problem:

LA u(t) = o(t), ae. tel, ueXy={ueW(I):u'(0)=u'(T)=0)}. (2.8)
e Dirichlet problem:

LIAlu(t) = o(t), ae. tel, ueXp={ueW>YI):u(0)=u(T) = 0}. (2.9)
e Mixed problem 1:

LIAlu(t) = o(t), ae. t€l, ue Xy, = {ueW>(I):u'(0) = u(T) =0}. (2.10)
e Mixed problem 2:

LIAlu(t) = o(t), ae. tel, ue Xy, = {ue W (I): u(0) = u'(T) = 0}. (2.11)

Periodic problem:
LIAJu(t) = o(t), ae. tel, ueXp={uecW>(I):u)=u), u'(0)=u'(T)}. (2.12)

We denote by Gi[A], Gr[A], GplA], Gp[A], GNIAL Ga,[A] and Gy, [A] the Green’s function related to Initial,
Final, Dirichlet, Periodic, Neumann, Mixed 1 and Mixed 2 problems, respectively. Moreover, we denote by
up, p, un, Uy, and uy, the solutions of the corresponding problems and by AP, AP, AN, A0 and 1) the
first eigenvalues of each problem.
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3. Decomposition of the Spectra

In this section,using Theorem 2.3 we will show the relation between the spectra of the problems (2.3)
and (2.4).

We will denote by Ay, Aw), Ap, Ap, An, Am, and Ay, the set of eigenvalues of problems (2.3), (2.4),
(2.9), (2.12), (2.8), (2.10) and (2.11), respectively.

Note that the spectra of problems (2.6) and (2.7) (denoted by A; and Ar) are empty, i.e.,, A; = Ar = 0.

Moreover, we denote by @j[A], wi[A], w}A], @,[A], @i [A], @), [A] and @), [A], i = 1,2, the functions w;,
i = 1,2 of Lemma 2.2 of the Initial, Final, Dirichlet, Periodic, Neumann, Mixed 1 and Mixed 2 problems,
respectively.

Note that, as it has been shown in [6, page 9], that the expressions of functions wb[)&], a);[)t], wj\,[A],
a);vIl [A] and w}AZ[A], i =1,2 are given by

Wbl = —£GplAl(,0), @RI = £GolAlET),  whAI() = —£GelAl(£,0),
W2[A1(t) = GplAl(t,0), oL A1) = GulAI(0), w2 [A1(t) = —GNIAE T),
Wb ) = —£Gwm[ANE0), @}y IO = -Gag[AIET), @l [AIE) = G, [A1(,0),
wpy, [A1(1) = =5 G [A1(E, T).

Let us define
Suw={AeR\ Ag / det(l, - A) =0},

with A the matrix defined on Theorem 2.3.
Next, we give some results that relate the spectra of problems (2.3) and (2.4) through an inclusion
relationship.

Theorem 3.1. It holds that
Sy C Aw) € Ay U Sy (Udenotes the disjoint union).

Proof. Suppose that A € Sy. Let’s see that A € Ay). Since A ¢ A@3) we have that for ¢ = 0 the solution of
problem (2.4) is given by the following expression

u(t) = Z wi(h5;Ci(u), tel (3.1)
i=1

Applying linear continuous operators C; on both sides of (3.1) we infer that

C/' (Ll) = C]‘ [Z 61‘ a),-(t) C,‘ (Ll)] = Zéi C]' (a),-) Ci (u), ] = 1,...,1’1,
i=1

i=1

from which we deduce that
Cilu) - Z 5;Ci(w) Ciu) =0, j=1,...,n.
i=1

Therefore, we arrive at the following systems of equations

Cy (M) 0
Cz(u) 0

(In = A) : =1 .| (3.2)
Cn'(u) 0

Since A € S() the previous system has infinite solutions. Then, problem (2.4) has infinite solutions for o = 0
and so A € Ay). Therefore, we have that Sy C Ay.
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In the other hand, Theorem 2.3 states that if A ¢ A3y and A ¢ S then A ¢ A, that is,
A € A U Sw,
being the union disjoint since S N A = 0. O

Note that, in general, the inclusions given in previous result are not equalities. In particular, it is easy to
prove the following results.

Corollary 3.2. Assume that A & As), then it holds that
A €Ay ifandonly if A € Sg.

Corollary 3.3. The following properties hold:

1. 5(4) = A(4) ifand only ifA(g,) N A(4) = 0.
2. A(4) = A(3) L 5(4) qul’ld only ifA(3) C A(4).
3. A(4) C A(3) ifand only lfS(4) =

Later we will show an example with strict inclusions.

3.1. Spectral characterization of the Periodic problem

In this subsection, using the inclusions proved in Theorem 3.1 and the identity obtained in Corollary 3.3
we will obtain the expression for spectrum of Periodic problem (2.12) as the set of real values that satisfy
an equality involving the Green’s function of another problem.

We will do the proof of the characterization of the spectrum of the Periodic problem by means of the
Initial one. The idea consists on the fact that we can think the periodic boundary conditions as the two
dimensional initial condition (1(0), u’(0)) equals to (u(T), ' (T)) € IR?, where this last value has the role of a
given position and velocity.

The rest of the situations are proved in a similar way and we will omit them. The proofs are on the basis
that we can write any boundary condition as a function of any other one.

Thus, for the Periodic and Initial problems we arrive at the next result.

Theorem 3.4. If

d

II—AJ[A]l = (1 + iGI[/\](T, 0)) (1 - —GI[/\](T 0)) + G([AI(T,0) == o

= GIIAI(T,0) %0,

ds
then the following equality holds
GI[AI(T, )
L= AJ[Al
SGIAIT,s)
I = Aj[ALl

GplAl(t,s) =Gi[AI(t, ) — ((1 - %GI[A](T 0)) 5-GiI[AI(0) + Gi[AI(, 0) 5= Gz[/\](T 0))

38t

(GI[/\](t,O) (1+%G1[/\](T,O)) GIANT,0) 5 GI[)\](t 0)) V(t,s)eIx 1.

Proof. Let us rewrite Periodic problem as a non homogeneous Initial Value Problem:
L[Alu(t) = o(t), a.e. tel, u(0)=u(T), u'(0)=u'(T).

Using the notation of Theorem 2.3, we have that in this case C1(u) = u(T), Co(1) = ’(T) and 61 = 6, = 1.
Using the matrix argument developed in [6] it is immediate to verify that a)} [Al(t) = - %Gl[/\](t, 0), a)f [Al(H) =
Gi[A](t,0) and the matrix A} [A] in this case is given by

' asatGIMKT 0 GIAIT,0)
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and | - Al[A] = (1 + £G([AN(T,0)) (1 = $GiAI(T, 0)) + GI[AI(T, 0) 35 Gi[AL(T, 0) 0.
Therefore, by applying formula (2.5) and taking into account that

1*%G1[1/\](T/0) G;[A]l(T,O)

_al -1 _ I-A;[All =AMl
(= AflAD)™ = _ £5GIAT0) 1+ 2 G[AI(T,0)
I=AJ[All II=AJ[A]l

we obtain the result. O

Now, we will consider the Periodic and Final problems. Following the same argument than before, we
arrive at the following result.

Theorem 3.5. Assume that

0?

dsot

d

Il — AH[A]l = (1 - ng[)\](O, T)) (1 + 2GF[A](O T)) + Gr[A](0, T) =—=G£[A](0, T) # 0,

then it holds that

2

G (14 56e1010,D) SGa1AIE T) - G D 57 GrlA0T)

I = AR[A]l
5GrIAI0,9)

i , d Jd
_ m (GF[/\](t, T) (1 - gGF[A](O, T)) + Gr[AL(0, T) £GF[/\]('5, T)), Y(t,s) eI XI.

GplAI(E, 5) =Ge[Al(E, 5) +

Proof. We write the Periodic problem based on the Final problem as the follows
LIAlu(t) = o(t), ae. tel, w(T)=u0), u'(T)=u'(0).

In this case, we have that Ci(u) = u(0), Co(u) = u ’(0) and 61 = 0, = 1. Moreover, using the matrix
argument developed in [6] we have that w [)\](t) =% 2 GrIAI(L, T), %[/\](t) = —Gg¢[A](t, T) and the matrix
Ap[A]is

ALA] = ( 2GrlA10, T) ~Gr[A10,T) )
! SZ-GrIAI0,T)  —ZGelAIO, T)
and
1= AN = (1= £G#IA10, 1)) (1 + $GFIALO, T)) + GFIALO, T) 15 GrIANO, T).
So,
1+ 2 Gr[A]0,T) —G¢[AJ(0,T)
1ra7y-1 -ALA] I=AL[A]l
(I - AF[AD ég,GF[ ALO,T) (1—%GF[A](O,T) .
I-ALA] I-AL[A]l

In consequence, as a direct application of the equality (2.5) we obtain the result. [

Remark 3.6. It should be noted that the relations obtained in Theorems 3.4 and 3.5 complement the decompositions
obtained in [6].
Theorem 3.7. The spectrum of the periodic problem (2.12) has the following properties:
2
d d B O}

Ap = {/\ eR / (1 + %GI[A](T, O)) (1 - EGI[A](T, O)) + G1[AI(T,0) =—=; 350t Gi[AI(T,0) =

={AeR / 2-w}[ANT) - (@)[ANT) = 0}.

1)
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Ap={1eR / (1 - %GF[/\](O,T)) (1 + QGP[A](O T)) + Ge[A1(0, T) GF[A](O T) = 0}

={AeR / 2-w}AN0) - (@})[A1(0) = 0}.
3) S), C Ap C Ay U Sy, where

2)

Sk ={A € R\ Ay / GNIAI(T,0) - Gy[AJ(0,0) ~ Gy[AN(T, T) + Gy[A1(0,T) = 0}
= {A e R\ Ay / wl[ANT) - 0} [A0) + @} [ANT) - w}[A1(0) = 0).

4) SL c Ap C Ap U S} where

2 2 2
3 8tGD[A](T T)+ 3 &tGD[A](O 0) - 28 5

={AeR\Ap / 2wh)TANT) + @3) AKT) — (@b [A](0) = 0.

5) S}/h CAp C Ay U S}/h where

Sh={AeR\Ap / GplAI(T, 0) = 0}

— (L e R\ Ay / (1 2Gu AT 0)1+ LG 11O, ) # Gug [A10,0) 2 G [AIT, T) = )

a ot
={Ae R\ Ay, / (1= @),V IAID)(1 = @y [A10)) = why, [AO) (@3, Y IANT) = 0}.

6) Sll\/Iz CApcC AM2 L S%/fz where

J J o
=Gl AT, 0)(1+ =G (0,1)) = Gan[A(T, T) 5 Gy [110,0) = 0]

={1eR\ Ay, / (1=}, [AID))(1 - (@3,,) ©0) - @3, IAND) (@}, [AN0) = 0}.

S ={AeR\ Ay, / (1+

Proof. It follows from Theorem 2.3 together with the relationships obtained in Theorem 3.4, Theorem 3.5,
[6, Theorem 4.20], [6, Theorem 4.10], [6, Theorem 4.24] and [6, Theorem 4.23]. Equalities 1) and 2) follow
from the factthat A; = 0and A = 0. O

Remark 3.8. The Characterization 1) given in previous result is very well known and has been widely used in the
literature, see for instance [4, 24, 29].

Remark 3.9. In cases 3) to 6) in general there is no characterization of Ap since Ap N An, Ap N Ap, Ap N Apy, and
Ap N Ay, can be non-empty (in which case it would not be true that S1 = Ap, S = Ap, S = Ap and 811\/12 = Ap).
The following examples show some cases where Ap N Ay and Ap N AD are nonempty In the case of intersections
Ap N Ay, and Ap N Ay, will be see later in Examples 3.34 and 3.35 a case of non-empty intersections once we have
characterized the spectrum of Mixed problems.

Corollary 3.10. The following inclusions hold:
1) S}, USH c Ap € (AN U Sy) N (Ap U SEH).
2) S1 US1 CApC(ANI_Isl)ﬂ(AMl LI Si,)-
3) S;,US1 CApC(ANUSY )ﬁ(Ale_ls1 -
4) SlDUS1 C Ap € (Ap USp) N (Aw, U S).
5) SEUSl2 CApC(ADI_Isl)ﬂ(AMZIJS 2).
6) Sy, USy, ©Ap C (Am, LIS, ) N (Aw, US), ).

Example 3.11. We consider the differential equation u”'(t) + Au(t) = 0, t € [0,1]. In this case, a(t) = 0, t € [0, 1].
It is very well known that Ap = {(an)2 :k=0,1... } and AN = {(ch)2 :k=0,1,... } In this case, it is evident
that the intersection Ap N Ay is nonempty.
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Example 3.12. We use in this example the same equation as in Example 3.11 (a(t) = 0, t € [0, 1]).
Since Ap = {(?_kn)2 :k=0,1... } and Ap = {(kn)2 ck=1,2,... } we have that Ap N Ap can be a not empty set,

and we cannot affirm a stronger information for the spectral relationship of Dirichlet and periodic problem, without
any additional assumption on function a.

3.2. Spectral characterization of the Neumann problem

The same arguments of the previous subsections are applicable to characterize the spectrum of Neumann
problem (2.8).

We start this subsection by relating the spectra of the Neumann and Initial problems. We obtain the
following result.

Theorem 3.13. If 2 i ~Gi[AI(T,0) # 0, then the next equality holds

2Gi[A](t, 0) i GIIAIT,s), Y(ts)elxI.

2 GI[AI(T,0) Ot

GN[A](t/ S) :GI[A](tr S) -

Similarly, we may study Neumann problem as a function of the Final one.

Theorem 3.14. If -2 e ~GF[A(0,T) # 0, then the following equality holds

ST 0 ¢ o0, v ex

GulAlt ) =GelAlt ) - S o 5
F

35315

Theorem 3.15. The spectrum of the Neumann problem (2.8) has the following properties:

D) Av={1eR | LGIAIT,0)=0}={1eR / (w}Y[A)T)=0}.

2) Av={AeR / £5GAI0,T)=0}={AeR / (wLy[A)0) = 0}.

3) 2 c Ay € Ap LI 52 where

2 ={1eR\Ap | -2 GolA0, 0) GD[M(T D+ 3 i == GolAl(0, T) GD[M(T 0) =0}

dsot
= {/\ €R\Ap / (wp)'IAI0) (@p) [/\](T) ~ (p) [/\](0) (wD) [AI(T) = }

4) S}, c An € Ap U S} where

2

Sh={AeR\Ap / e

5.5 CrIANT,0) = 0} = {A € R\ Ap / (wp) [A)(T) =0},

5) Av={A € R\ Ay, / ZGm AT, T)=0}={1eR\ Ay, / (@2, )[AIT)=0}.
6) Av={AeR\ Ay, / £5GmIA10,0)=0} = {1 e R\ Ay, / (@}, )[A10) = 0.

Proof. It follows from Theorem 2.3 together with the relationships obtained in Theorem 3.13, Theorem 3.14,
[6, Theorem 4.8], [6, Theorem 4.19], [6, Theorem 4.17] and [6, Theorem 4.18].

As in the previous case, equalities 1) and 2) follow from the fact that A; = 0 and Ar = @ while equality
in 5) and 6) is held by the fact that Ay, N Ay = 0 and Ay, N Ay = O (see [3] and [4, Corollary 4.20]) and
Corollary 3.3. O
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Remark 3.16. In cases 3) and 4) in general it is not true that Ap N Ay = 0 and Ap N Ay = 0, so we can not obtain
a characterization of An as a function of the Green'’s functions of the Dirichlet and the Periodic problems, in which
case it would not meet that 52 = Ay and S}, = Ay.

As a consequence of the previous theorem, we deduce the following result.

Corollary 3.17. The following inclusions hold
SL,USH C An C (Ap U SE) N (Ap L Sh).

Example 3.18. Consideringa(t) = In(1+t), t € [0, 6], we obtain by numerical approach the following approximations
of eigenvalues of the Neumann problem:

AN ~ —0.80533, AY ~—0.02394 A} ~1.25492 and AL ~ 3.14451.

These values have been obtained by numerical approximation as the zeros of the function (a)}wz)’[A](O) for A € [-1,4]
according the characterization 6). Figure 1 represents the functions (cu})’[/\](6), (a)}t)’[)\](O), (a)i/h)’[/\](6) and
(w}wz)’[/\](O) that have the same zeros in the interval [-1,4].

LA
N7

Figure 1: The blue graph represents the function (w%/lz)’[)\](O), the orange graph represents the function (“’%/11 )’ [A1(6), the green graph

IN o

N

represents the function (w})’ [A](0) and the red graph represents the (wll)’[/\](é) for Ain [-1,4].

3.3. Spectral characterization of the Dirichlet problem

In this section, reasoning as in the previous case, we can characterize the spectrum of Dirichlet problem
(2.9).

First, we will consider the Dirichlet and Initial problems. Following the same steps than in the previous
subsection, we attain the following result.

Theorem 3.19. If G[A(T,0) # O, then the following equality holds

Gi[AIE,0)

GplAl(t,s) =G([Al(t, s) - GIIAIT,0)

Gi[AI(T,s), Y(t,s)elIx]I

Similarly, we arrive at the following result for the Final problem.
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Theorem 3.20. If G¢[A](0, T) # O, then the next equality is fulfilled

Gl s) = GrIME ) — PG T

Gr[A10,5), V(ts)elxI.

Theorem 3.21. The spectrum of the Dirichlet problem (2.9) satisfies the following properties:
1) Ap={A€R / GIA(T,00=0}={AeR / «?[AIT) =0}
2) Ap={1€eR / GiAIO,T) =0} ={1eR / w2[A](0) =0},
3) 83 C Ap C Ay U S, where

S ={AeR\ Ap / GIAI0,T) GyIAKT,0) ~ GNIANO,0) GIAKT, T) = 0]
={AeR\Ap / WLIA0) @3 IANT) - w[AO) wh[AT) = 0},

4) S% c Ap € Ap Ul S5 where

St ={1eR\Ap / GpIAIT,00=0} = {1 € R\ Ap / wB[AT)=0}.

5) Ap ={A € R\ Ay, / Gu,[A10,0) =0} ={A e R\ Ay, / w}, [A](0)=0}.
6) Ap={AeR\ Ay, / Gu[AIT, T) =0} = {1 € R\ Ay, / w2, [A)(T) =0].

Proof. It is proved using Theorem 2.3 and the relationships obtained in Theorem 3.19, Theorem 3.20, [6,
Theorem 4.9], [6, Theorem 4.12], [6, Theorem 4.7] and [6, Theorem 4.6].

As we have noticed, equalities 1) and 2) follow from the fact that A; = Ar = 0 while the equalities 5)
and 6) hold by the fact that Ay, N Ap = 0 and Ay, N Ap = 0 (see [3] and [4, Corollary 4.20]) and Corollary
33. O

Remark 3.22. In general, the intersection Ap N Ay can be nonempty, so we cannot ensure that S?\] = Ap.

Let us consider the differential equation u” (t) + (a(t) + A)u(t) =0, t € [0, 1] with a(t) =0, t € [0, 1].

It is very well known that Ap = {(kn)2 k=1,2,.. } and Ay = {(kn)2 c k= 0,1,...}. In this case, we have
that Ay = {0} U Ap and the intersection Ap N Ay is nonempty and, in particular, Sf\] # Ap.

Remark 3.23. In Example 3.12 it has been seen that, in general, the intersection Ap N Ap can be nonempty, so that
the spectrum Ap cannot be characterized as the set 53,

Example 3.24. Consider the following problem with constant coefficients on [0, 1] related to the operator

Lu(t) =u”({#)+Au(t), t€[0,1] and A > 0.

It is easy to see that Ay, = Am, = {(kn + 3?2 k= 0,1,...} and Gy, [A](0,0) = Ga,[A(1,1) = —ta’ia‘a.
Therefore,

Ap={1eR/ tan VA =0} = {(kn)*: k=1,...}.

Next example shows that the inclusions in previous theorem might be strict.
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Example 3.25. Consider
Lu(t) =u”(t) + (at) + A u(t), te][0,2n],
with a(t) = cos(2t). In this case, it holds that
S5 CcAp CApUSE
and
S} CAp C Ay U S,

and all the inclusions are strict, as it can be seen in Figures 2 and 3. Indeed, the fourth zero of Ap is not in S} and
the second zero of Ap is neither in S nor in Ap. Similarly, the fifth zero of Ap is not in S, and the first zero of Ay is
neither in S, nor in Ap.

Figure 2: 5123 is the set of zeros of the blue graphic, Ap is the set of zeros of the orange graphic and Ap is the set of zeros of the green
graphic.

As a consequence of the previous theorem, we arrive at the following result.
Corollary 3.26. The following inclusions hold

S2US% C Ap C (ApLIS3) N (AyLISE).
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Figure 3: SIZ\] is the set of zeros of the blue graphic, Ap is the set of zeros of the orange graphic and Ay is the set of zeros of the green
graphic.

Remark 3.27. The relationship of inclusions in the above result can be strict. For example, for the previous example
taking into account Figures 2 and 3 and using numerical calculus we have that A = 9.0176 belongs to Ap but it is
neither in % nor 53, and so S3 U S3, C Ap (note that this value of A is a vertical asymptote of the blue curves whose
zeros are S5 and S3; respectively).

On the other hand, using [3, pages 94-96] we know that

Anla, T] € Anl4, 2T] N Apla, 2T],

forall a € L*(I), a > 1 where An[a, T] and An|[d,2T] denote the spectrum of Neumann'’s problem at the intervals I
and [0, 2T] respectively, Apld, 2T] denotes the spectrum of the Periodic problem in the interval [0, 2T] and function d
is the even extension of a to [0,2T].
In our case, since the function a(t) = cos(2t), t € [0, ] is even we have that it coincides with its even extension
on [0, 2r]. Therefore,
Anla, ] € An[a,2n] N Apla, 2t] = An N Ap.

By numerical approach, we have that A* ~ 4.1009 belongs to An[a, ] and so is in Ay N Ap, as can be seen in
Figure 4.

Therefore, Ap is strictly contained in (Ap L 512,) N (Ay U Sf\,) because we have that Ap and Ay have in common
A, which does not belong to Ap.

3.4. Spectral characterization of the Mixed problems

In this case, doing an analogous study to the previous sections we can characterize the spectrum of
Mixed problems.

As for the Mixed 1 and Initial problems reasoning as in the previous sections one arrives at the following
result.
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10+

Figure 4: Anla, ] is the set of zeros of the blue graphic, Ay is the set of zeros of the orange graphic and Ap is the set of zeros of the
green graphic.
Theorem 3.28. If %G,[)\](T, 0) # 0, then the following equality is fulfilled

%GilAl(t, 0)

m Gi[AI(T,s), V(t,s)elx]l.

G, [AI(t,5) =Gl s) =

For the Mixed 1 and Final problems we obtain the following result that relates Gy, [A] and Gg[A].
Theorem 3.29. If $Gr[A](0, T) # 0, then it holds that

GelAJt,T)

G, [A1(t, s) =GrIAl(t, s) —
A9 =GeANI,9) - 52T 5

Gr[A10,5), V(t,s)elxI.

Theorem 3.30. The spectrum of the Mixed 1 problem (2.10) satisfies the following properties:
1) Ay, ={A€R / Z£GIAIT,0)=0}={AeR / w}[A)T)=0}.
2) Ay ={AeR / $GeAIO,T) =0} ={AeR / (@2)[A](0) = 0}.
3) Am, ={A € R\ Ap / £GplAl(0,0)=0}={1eR\Ap / (@b)[A0) =0}.
4) S$3 c Am, C Ap U S} where
2 |

Ss={reR\Ap / (1+ %GP[A](O,O))(l + %GP[A](T,O)) = GplA1(0,0) 575, Go[AN(T, 0) = 0

={1eR\Ap / (1-wplA]O))(1 + (@) [ANT)) + w}[A10) (@}) [AX(T) = O},
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5) A, = {/\ eR\ Ay / GNIANT,T) = 0}{)\ eR\ Ay / @A) = o}.

Proof. Using Theorem 2.3 with the relations obtained in Theorem 3.28, Theorem 3.29, [6, Theorem 4.3], [6,
Theorem 4.21] and [6, Theorem 4.16] yields the result.

As we know, equalities 1) and 2) are a direct consequence of the fact that A; = @ and Ar = 0@ while the
equalities 3) and 5) follow by the fact that Ay, N Ap = 0 and Ay, N An = 0 (see [3] and [4, Corollary 4.20])
and Corollary 3.3. O

Similarly, for Mixed 2 problem (2.11) we arrive at the following results.
Let us consider the Mixed 2 and Initial problems and arguing as before, we get at the following theorem.
Theorem 3.31. If %GI[A](T, 0) # O, then the following equality is fulfilled
Gi[Al,0) 2

ZGIAIT,s), V(t,s)elx

G, [AI(t, 8) =Gi[A](t, ) —
wld19) =GN s) - 2T S

Doing the calculations analogously for the Mixed 2 problem as a function of Final one we get at the next
result.

Theorem 3.32. If %GF[A](O, T) # 0, then the following equality is fulfilled

gl
G I ) =Gr[AI( ) — 2ol D)

m Gre[A](0,8), Y(t,s)elx

Theorem 3.33. The spectrum of the Mixed 2 problem (2.11) satisfies the following properties:
1) Ay, ={1€R / GIAIT,00=0}={1eR / (@) [AIT)=0}.
2) A, ={AeR / 2GrAI0,T) =0} ={1eR / w}[A]0)=0}.
3) A = {A€R\Ap / ZHGolAT, 1) =0) = {1 e R\ Ap / (})[ANT) =0},
4) Sy C Am, C Ap U S} where
9 ) P
Sh={AeR\Ap / (1-=-GplAIT,0))(1- 5;GrIA10, 0)) = Gp[AX(T, 0) 5.5, GrIA10,0) = 0}

ds
={1eR\Ap / (1+@hAND)(1 - @) [AN0)) + (@}) [AJO) @}[ANT) = O},

5) Am, = {A € R\ Ay / GyIAI(0,00=0} = {1 e R\ Ay / w}[A10) =0}.

Proof. Itis proved using Theorem 2.3 with the relations obtained in Theorem 3.31, Theorem 3.32, [6, Theorem
4.1], [6, Theorem 4.22] and [6, Theorem 4.14].

Equalities 1) and 2) are fulfilled because A; = @ and Ar = (. In other hand, the equalities 3) and 5) follow
from the fact that Ay, N Ap = 0 and Ay, N Ay = 0 (see [3] and [4, Corollary 4.20]) and Corollary 3.3. O

Example 3.34. Consider the Mixed problem 1 and periodic problems on the same interval [0, 1] related to operator
Lu(t)=u"(t) + @) + A)u(t), t€[0,1],
where
t, t<

a(t) =

E
2/
pt, t=

1
21
withp € R.

By numerical approach one can verify that the first eigenvalues of both problems coincide for p ~ —9.6809 (See

Figure 5).
As a consequence we have that Ap may intersects Ay, and so, we cannot ensure that in general, S}/h = Ap.
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5k

Figure 5: The blue graph corresponds to the curve of the function a)} [AI(D) + (w%)’[)\](l) -2 and the orange graph represents the curve
of the function @} [A](1) for A in [-5,15].

Example 3.35. Let us consider in this example the same equation as in Example 3.34.

As in Example 3.12, one can show that ASAI = )\g for po = 9.32. So, we cannot ensure that, in general, both
spectrum are disjoint.

Graphically, this situation would be represented in Figure 6.

6

Figure 6: The blue graph corresponds to the curve of the function w} [Al(D) + (w%)’[)\](l) —2 and the orange graph represents the curve
of the function (wf)’[/\](l) for A in [-10,25].

4. Application to nonlinear problems

In this section we apply the results obtained in the previous one to study the existence of solutions of
the nonlinear problems u”(t) + a(t) u(t) = f(t,u(t)), a.e.,t € I with different types of boundary conditions,
where f : I x R — Ris a function that satisfies regularity conditions that we give later.

In particular, we will deal with the following nonlinear problems:

e Dirichlet problem:
Lu(t) = f(t,u(t)), ae tel, ueXp. 4.1)

e Periodic problem:

Lu(t) = f(t,u(t)), ae. tel, ueXp. 4.2)

e Neumann problem:

Lu(t) = f(t,u(t)), ae tel, ueXy. (4.3)
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e Mixed problem 1:
Lu(t) = f(t,u(t)), ae. tel, ueXy,. (4.4)

e Mixed problem 2:
Lu(t) = f(t,u(t)), ae. tel, ueXy,. (4.5)
where L u(t) := u”(t) + a(t) u(t) is nonresonant in Xp, Xp, Xy, Xu, and Xpy,.

For A = 0, we denote by Gp, Gp, Gy, Gu, and Gy, the Green’s function related to problems (2.9), (2.12),
(2.10) and (2.11), respectively.

We will begin to study the existence of solutions of the nonlinear second order Dirichlet problem (4.1).

The existence of nontrivial solutions is obtained by applying the Krasnosel’skki-Zabreiko fixed-point
theorem (see [22]) of the integral operator defined in Banach spaces that we will state below.

Theorem 4.1. Let X be a Banach space and T : X — X be a completely continuous operator. If there exist a bounded
linear operator A : X — X such that 1 is not an eigenvalue and

IT() =A@l _
lul|—c0 [

then T has a fixed point in X.

0,

We assume that the following conditions are met:

(H1) f:IxR—>R isalL® Carathédory function, that is,
- f(-,x) is measurable for all x € R.
- f(t,-) is continuous for a.e. f € I.

- For every r > 0 there exists I, € L*(R) such that

|7t 0] <o),

forallx € [-r,r]and a.e. t € I.

(H 2) lim

lu|—oc0

FOW 3\ vier
u
(H3) @f[AIT) #0.

Remark 4.2. Note that the condition (H3) is equivalent to the fact that A € Ap by the equality 1) of Theorem 3.21.
The condition (Hs) is also equivalent to either w[A1(0) # 0, wy, [A1(0) # 0 or wj, [AI(T) # 0 according to equalities
2), 5) and 6) of Theorem 3.21.

In our case consider X = (C(I), || - |lo) the real Banach space endowed with the supremum norm

lullw = sup |u(t), forall ueX,
tel

and define the operator Tp : X — X as follows:

T
Tpu(t) := f Gp(t,s) f(s,u(s))ds, tel (4.6)
0

Note that it is very known that the fixed points of operator Tp coincide with the solutions of problem (4.1).
Next, following the line of [18], we will use Theorem 4.1 to guarantee the existence of solutions of the
nonlinear problem (4.1).
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Theorem 4.3. Suppose that (H1), (Hp) and (Hs) hold. Then the Dirichlet Problem (4.1) has a least one solution
ueX

Proof. We will consider the Banach space (X, ||.||») and the operator Tp defined in (4.6).

By assumption (H;) and using standard techniques one can prove that the operator Tp is completely
continuous.

Let us consider the following linear problem

u’(t) +at)u(t) = -Au(t), ae. tel, ueXp, (4.7)

and we define a completely continuous operator A : X — X by

T
Au(t) := —Af Gp(t,s)u(s)ds, tel.
0

Again, the fixed points of the operator A coincide with the solutions of problem (4.7).

From the assumption (H3), we know that A ¢ Ap and so problem (4.7) has only the trivial solution u# = 0.
Thus, we have that 1 is not an eigenvalue of A.

Finally, we will prove that

IT(w) =A@l _
flul|—co [

Given ¢ > 0 arbitrarily fixed. By assumption (H;) we have that there exists M > 0 such that if [u| > M then
‘ (b u) + )\u‘ <elul, Vtel 4.8)
Take

M= max |f(t,u
|u|l<M,tel |f( )|

and let ¥ > M be large enough such that w <e.

Let be u € X such that ||u|| > r. Thus, if |u(s)] < M we have that
‘f(s,u(s)) + )\u(s)‘ <|f (s, u(s)| + A [u(s)] < M+M|A <er<el|ul.
On the other hand, if |u(s)| > M then, from (4.8), we deduce that
[, ) + Au(e)| < e lus) < e lull
Therefore, for all s € I, the following inequality holds
£, 1) + A us)| < e lull (49)

Using the regularity of the Green’s function Gp(t,s) we deduce that there exists N € R, N > 0 such that

T
Suptelfo |Gp(t,s)|ds < N.
Now, let u € X with |ju|| > r. From (4.9) we have that

ITp(u) — A(uw)l| =sup

tel

T
<e||ul| supf |Gp(t,s)|ds < & N |jull.
0

tel

T T
f Go(t, 8) (f(s, u(s)) + A u(s)) ds’ < sup f IGo(t, s)| ] (s, u(s)) + Au(s)|ds
0 tel 0
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Thus

ITo(w) - Al _

0.
flull—co [l

Therefore, applying Theorem 4.1, we conclude that Tp has a fixed point u € X, that is, problem (4.1) has at
least one solution u € X. O

As a consequence of previous Theorem, we obtain the following result.

Corollary 4.4. Assume that f : I X [0,00) — (—00,0] is a continuous function such that lim few _ A, Vtel
U—00

u

and suppose that (Hs) holds. Then for all A < AY the Dirichlet Problem (4.1) has a nonnegative solution u.
Proof. Let us define f : [ Xx R — R by

f(t,u), u>0,

flt,u) = {f(t, -u), u<0.

f(t/”) =1

u

It is clear that f is continuous on I x R and lim

[tt]—00
Note that Gp[A] < 0on (0, T)x (0, T) if and only if A < )\OD [4, Lemma 36]. From Theorem (4.3) we deduce
that problem

Lu(t) = f(t,u(t)), ae. tel, ueXp,

has a solution u. In such case, the solution u is given by

b
u) = [ Gott9) s, u s,
and so u > 0 on I. Since f(s, u(s)) = f(s,u(s)), s € I we have that u is solution of (4.1), that is, problem (4.1)

has at least one nonnegative solution u. O

Now, arguing as in the previous case, we can obtain similar results to prove the existence of solutions
of Periodic, Neumann, Mixed 1 and Mixed 2 problems.

Theorem 4.5. Suppose that (H1) and (Hy) holds. Moreover, assume that

W ANT) + (@) [AIT) # 2. (4.10)
Then the Periodic Problem (4.2) has a least one solution u € X.
Corollary 4.6. Assume that f : I X [0,00) — (—o00,0] is a continuous function such that 31_1){)10 J@ =-A, Vtel
and suppose that (4.10) holds. Then for all A < )\g the Periodic Problem (4.2) has a nonnegative solution u.

Theorem 4.7. Suppose that (H1) and (Hy) holds. Moreover, assume that
(@}, [AN(T) # 0. (4.11)
Then the Neumann Problem (4.3) has a least one solution u € X.

Corollary 4.8. Assume that f : I X [0,00) — (—00,0] is a continuous function such that lim @ =-A, Vtel
U—00

and suppose that (4.11) holds. Then the Neumann Problem (4.3) has a nonnegative solution u for all A < AY'.
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Theorem 4.9. Suppose that (H1) and (Hy) holds. Moreover, assume that
(wp)'[A1(0) # 0. (4.12)
Then the Mixed Problem 1 (4.4) has a least one solution u € X.

Corollary 4.10. Assume that f : 1 X [0, 00) — (—00,0] is a continuous function such that lim f (tl“) -A, Vtel

U—00

and suppose that (4.12) holds. Then for all A < )\g/h the Mixed Problem 1 (4.4) has a nonnegative solution u.
Theorem 4.11. Suppose that (H1) and (Hy) holds. Moreover, assume that

(@) [A1(0) # 0. (4.13)
Then the Mixed Problem 2 (4.5) has a least one solution u € X.

Corollary 4.12. Assume that f : I x [0, c0) — (—00,0] is a continuous function such that lim f (;”) -A, Vtel

U—00

and suppose that (4.13) holds. Then for all A < )\SAZ the Mixed Problem 2 (4.5) has a nonnegative solution u.
In the case that the Green’s functions Gp and Gy are nonnegative on I X I we arrive at the following results.

Corollary 4.13. Assume that f : I X [0,00) — [0, 00) is a continuous function such that lim ) (t Y = -A, Vtel

U—00

and suppose that (4.10) holds. Then the Periodic Problem (4.2) has a nonnegative solution u for all A such that
AP < A < AZ where A} denotes the smallest eigenvalue of the antiperiodic equation

u’(t)+ (@) + D) u®) =0, ae,tel, u0)=-u(T), u'0)=-u'(T).

Corollary 4.14. Assume that f : [ X [0,c0) — [0, 00) is a continuous function such that lim £ (L”) =-A, Vtel

U—00

and suppose that (4.11) holds. Then the Neumann Problem (4.3) has a nonnegative solution u for all A such that

AP < A < min{A)", AN,

Remark 4.15. It should be noted that conditions (4.10), (4.11), (4.12), and (4.13) can be replaced by their equivalents
using the characterizations of Theorems 3.7, 3.15, 3.30 and 3.33, respectively. For example, the condition (4.10) is
equivalent to a)}r[/\](O) + (a)l%)’[/\](O) # 2 since equalities 1) and 2) of Theorem 3.7 characterize the spectrum of the
Periodic problem.

Remark 4.16. We must note that conditions A < AL, A < AN, A < /\SAI, A< /\SAZ, AP < A < Al and AT <
A < min{A)", AV} imply that Gp[A] < 0, GNI[A] < 0, Gay [A] < 0, Gag,[A] < O, Gp[A] > 0 and Gy[A] > 0 on
(0,T) x (0, T) as can be seen in [4, Lemma 37], [4, Theorem 18], [4, Corollary 14], [4, Corollary 13], [4, Lemma 37]

and [4, Theorem 18], respectively.
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