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Biharmonic curves along Riemannian maps

Gizem Kopriilii Karakas?, Bayram Sahin®”

“Ege University, Faculty of Science, Department of Mathematics, 35100, Izmir, Tiirkiye

Abstract. In this paper, the transformation of a bi-harmonic curve on the total manifold into a bi-harmonic
curve on the base manifold along a Riemannian map between Riemannian manifolds is examined. In
this direction, first, necessary and sufficient conditions are obtained for the Riemannian map between two
Riemannian manifolds for the curve on the total manifold to be bi-harmonic curve on the base manifold.
Afterwards, the case that the total manifold is a complex space form was taken into consideration and
the bi-harmonic character of the curve on the base manifold was examined by considering appropriate
conditions on the basic notions of the Riemannian map.

1. Introduction

Many notions in differential geometry can be viewed as a map. Curves and surfaces, which are really
the most basic notions in differential geometry, are also maps after all. For this reason, examining the
behavior of curve, surface or submanifold along a map between two given manifolds will be very useful
for us to understand both the geometry of the manifolds and the character of the map.

In this direction, the second author and his co-authors investigated the geometry of manifolds and the
character of the map itself by examining the behavior of various curves (elastic curve, circle, helix) under a
given immersion, submersion or Riemannian map, [16], [17], [18], [19].

Theory of harmonic maps has been applied into various fields in differential geometry. Harmonic maps
F: (M, g) — (N, gn) between Riemannian manifolds are the critical points of the energy E(F) = % fM |dF |2vg,
and they are therefore the solutions of the corresponding Euler-Lagrange equation. This equation is giving
by the vanishing of the tension field 7(F) = traceVdF. On the other hand, Jiang [4] studied first and second
variation formulas of the bienergy functional E,(F) whose critical points are called as biharmonic maps.
There have been a rich literature on biharmonic maps like as harmonic maps. In [21], S. B. Wang studied the
first variational formula of the tri-energy E;. The critical points are called triharmonic maps. Notice that,
every harmonic curve is a triharmonic curve. However, biharmonic curves are not necessary triharmonic
curves and, vice versa, triharmonc curves do not need to be biharmonic, [9].

The authors of the present paper studied the behavior of biharmonic and triharmonic curves along a
Riemann submersion between manifolds, [5], [6]. Using the behavior of the curve, they obtained results
about the geometry of manifolds and the character of Riemann submersions.
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In this paper, we study biharmonic curves along Riemannian maps between Riemannian manifolds
and we study curves along Riemannian maps from complex space form onto Riemannian manifolds. We
considered the curve as horizontal curve. If the curve is considered as a general curve, it seems quite
complicated the control the resulting equation in this case. In 2, we present the basic information needed
for this paper. In 3, we investigate necessary and sufficient conditions for the curves along Riemannian maps
from Riemannian manifolds to be biharmonic. Then, we investigate necessary and sufficient conditions
for the Frenet curves along Riemannian maps from Riemannian manifolds to be biharmonic. In 4, we
investigate necessary and sufficient conditions for the curves along Riemannian maps from complex space
forms to be biharmonic. Then, we investigate necessary and sufficient conditions for the Frenet curves
along Riemannian maps from complex space forms to be biharmonic.

2. Preliminaries

In this section, we recall some basic notions and results which will be needed throughout the paper [1],
(2], [3], [8], [10], [11], [12], [14], [15], [20], [21], [22], [23].
Let F : (M",gm) — (N",gn) be a smooth map between Riemannian manifolds such that 0 <
rankF < min{m,n} , where dimM = m and dimN = n. Then, the kernel space of F, by V, = kerF., atp € M
and consider the orthogonal complementary space H, = (kerF.,)* to kerF., . Then T,M of M at p has the
following decomposition

T,M = kerF., @ (kerFuy)* =V, ® H,

Since rankF < min{m,n}, always we have (rangeF.,)*. In this way, tangent space Tr)N of N at F(p) € N has
the following decomposition

Trp)N = rangeF., & (rangeF.,)*.

Now, asmoothmap F : (M"™, gp) — (N, gn) is called Riemannian map atp; € M if the horizontal restriction
Ffp , satisfies the equation
!]M(X/ Y) = !]N(F*X/F*Y) (1)

for X, Y € T'((kerF.)*). So thatisometric immersions and Riemannian submersions are particular Riemannian
map , respectively with kerF, = {0} and (rangeF.)* = {0}.

Let F : (M, gm) — (N, gn) be a Riemannian map between two Riemannian manifolds of dimensions m and
n respectively. The second fundamental form of a map is defined by

N M
(VE)(X,Y) = VEXE.Y — F.(VxY) 2)

M N
for any vector fields X, Y on M, where V is the Levi-Civita cennection of M and V' is the pull-back of the

N
connection V of N to the induced vector bundle F"}(TN). It is well known that VF, is symmetric. It is
known from [13] that, second fundamental form (VF,)(X, Y), VX, Y € I'((kerF.)*), of a Riemannian map has
no components in rangeF,. Then, we have

(VE)(X,Y) € T((rangeF.)*),¥X, Y € T((kerF.)*).

Let F be a Riemannian map from a Riemannian manifold (M, gy) to a Riemannian manifold (N”, gn). Then
we define 7 and A as

M M
AcF = 7"(V«HE(VF + (VV7.{E'7'[F 3)

M M
TEF = HV g VF + HV e HF (4)
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M
where V is the Levi-Civita connection of g);. We can see that these tensor fields are O’Neill’s tensor fields

which were defined for Riemannian submersions. For any E € I'(TM), 7¢ and Ag are skew -symmetric

operators on (I'(TM), gu) reversing the horizontal and the vertical distributions.

On the other hand, from (3) and (4) we have

M M
ny = WVXY + AxY (5)

A
for X, Y € I'((kerF.)*) and V, W € I'(kerF.), where VyW = VV,W.

N
We denote by V both the Levi-Civita connection of (N”,gn) and its pull-back along F. We denote by
(rangeF.)* the subbundle of F~!(TN) with fiber (F.(T1M))*-orthogonal complement of F.(T,; M) for gy over
p1. For any vector field X on M and any section V of (rangeF.)*, we define Vi*V, which is the orthogonal

N
projection of VxV on (rangeF.)*. Then we have
N
VxV = =SyFE.X + ViV, (6)

N
where Sy F.X is the tangential component of VxV. It is easy to see that, SyF.X is bilinear in V and F.X and
SyF.X at p depends only on V,, and F.,X,.Then, we obtain

gn(SvEX EY) = gn(V, (VE)(X, Y)) (7)

for X, Y € I'((kerF.)*) and V € I'((rangeF.)*). Since (VF,) is symmetric, it follows that Sy is a symmetric linear
transformation of rangeF..

Let F be a Riemannian map between Riemannian manifolds (M, ga) and (N, gn). Then, F is an umbilical
Riemannian map if and only if

(VE)(X,Y) = gm(X, Y)Ha,

for X, Y € I'((kerF.))* and H, is vector field on (rangeF.)"*.
By using (2) and (6), we have
RN(F.X,F.Y)F.Z = F.RM(X, Y)Z) = Swe)nF-X + Swe)x, ) F- Y
HVVEN(Y,Z) - (Vy(VE)(X, 2) ®)

M N
for X,Y,Z € T((kerF.)*), where RM and RN denote the curvature tensors of V and V which are metric

connections on M and N, respectively. Moreover (Vx(VE.))(Y, Z) is defined by

(Vx(VE)(Y, Z) = ViH(VE)(Y, Z) - (VF*)(AVAXY/ Z) = (VE)(Y, AVAXZ)~ ©)

It is known that, F is a harmonic map if and only if the tension field 7(F) = trace(VF.) = 0, which is called
the harmonic equation or the Euler-Lagrange equation.
A map F: (M, gm) — (N, gn) between Riemannian manifolds is a biharmonic map if the bitension field of F

T5(F) = —Apt(F) + traceR(t(F), F.)F. (10)

vanishes. The operator Ar is the rough Laplacian acting on I'(F*"TM) defined by

= Z (VEVE —VF

where {ei}?: is a local orthonormal frame field of N.

1
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3. Biharmonic Curves along Riemannian Maps from Riemannian Manifolds

In this section, we study biharmonic curves along Riemannian maps from Riemannian manifolds.
Then, we will investigate necessary and sufficient conditions for the curves along Riemannian maps from
Riemannian manifolds to be biharmonic. We first note the following remarks. Leta:I— Mbeacurve
parametrized by arc length in an n-dimensional Riemannian manifold (M, gu). If there exists orthonormal
vector fields Eq, Ey, - - - , E; along « such that

Ei = a=T,
VrE1 = x1E,
ViE, = -—x1E1 +x2E3,
VTEr = _Kr—lEr—1~ (11)

then «a is called a Frenet curve of osculating order r, where «1,--- ,%,-1 are positive functions on I and
1<r<n

A Frenet curve of osculating order 1 is a geodesic; a Frenet curve of osculating order 2 is called a circle
if x1 is a nonzero positive constant; a Frenet curve of osculating order r > 3 is called a helix of order r if
[SPEREEEE K,—1 are nonzero positive constants; a helix of order 3 is shortly called a helix [11], [23].

We recall the biharmonic equation for curves. Let a : I — M be a curve defined on an open interval I
and parametrized by arc-length. Then the bitension field is given by [11]

To(a) = V3T — R(T, VrT)T (12)

where T =«
Let (M, gm) be a Riemannian manifold and @ : I — M be a curve defined on an open interval I and
parametrized by arc-length. Then, using Frenet equations, the bitension field of & becomes [4]

TQ(OC) = —3K1KI1E1 + (K’l/ - K‘;’ - K1K§ + CK1)E2 + (21{;1{2 + K1K/2)E3

+x1K2K3Ey4. (13)

We first have the following result.

Theorem 3.1. Let F : (M(c1), gm) = (N(c2), gn) be a Riemannian map from a real space form (M(c1), gm) to a real
space form (N(c2), gn). Let a : I — (M(c1), gm) be a biharmonic horizontal curve. Then Fo a1y : I — (N(c2), gn)
is a biharmonic curve if and only if

~(VE)Ew," E-Srey, £ E-E1n) = Sves veey, e FEn
+2K) (VE.)(Ep, Eon) + (c2 = ®3)(VE)(Exn, E1n) + k1%2(VE.)(Ep, Esn)
—x1(VF.)(E1n, Ak, E20) — K1SE)Ep Ev)F+Ean = 0, (14)

*

M
—F.Vg, F.SwrEy e FEwn + Vi ViE (VE)(Exn, Evn)

1h

—2x FuAE,, Ezo — k162 F A, Ez0 — KlF*(]’{%EMﬂEMEZv

+11 V- (VE)(E1p, Ean) = x1(VE,, (VE.))(E2n, E1n)

+%1(VE,, (VE))(En, Erp) = 0. (15)
Proof. Let F : (M(c1), gm) — (N(c2), gn) be a Riemannian map from a real space form (M(c1), gm) to a real

space form (N(c2),gn). Let @ : I — (M(c1), gm) be a biharmonic horizontal curve. Then, we have the
following equation,

’ ~

o« =T =Ey, y =FT=T, (16)
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where Eyj, is horizontal part of T = E;. Note that y = T is the unit tangent vector field along the curve.
Using (2) and (11) we get,

N _
VT = (VE)(E1n, Ep) + x1F<Egp. (17)
and
N2 ,
VT = =Swr) ey, ey F<Ern + V- (VE)(Ewn, Enp) + &) F.Eg
M
+x1((VF.)(E1, E2p) + F.VE,, Eop). (18)
From (5) and Frenet formulas, we have,
M
HVE,, Eon = —x1E1, + k2E3, — Ak, Eno. (19)

Using (19) in (18), we derive,

N2 ,
VTT = _S(VF,)(Elh,Elh)F*Elh + Vg; (VP*)(EUU E1h) + KlF*Ezh
+K1(VF*)(E1h,E2h) — K%F*Elh + K1K2F*E3h — Klp*ﬂ]glhEzv. (20)

Taking the covariant dervivative of (20) , we get,

N3 N N
ViT = =Vi.£, Swr)En E FeErn + VE.E, VES (VE)(E1n, E1n)

N ) N N
+VE £, F.Eon + VE.E, K1(VE)(Exn, Ean) = VE.E,, ki F.Ep

N N
+VE e K1%2F.Ezy — Vi g, K1F AE,, Eoo. (21)

Since S(vr.ky, En)F+E1n € T(Fu(kerF.)*) , we can write F.X = Svr,)&,,EnF+Emn for X € T'((kerF.)*) where
X =" E.SEE)Ey EnEEin-
Then using (2), we have,

N
VEEWSOVE)EwEFEtn = (VE)(Ew,” F.SE)Ey, EnF+E1n))

M*
+F*V51hF*S(VR)(Em,Elh)F*Elh' 22)

Then we have equation (23),

M
HVE, Esn = —12E0 + k3Ean — A, Ezo. (23)

Due (17), (19) and Frenet formulas, using (23), we arrive at
N° ’ "3 2 ’ ’
VTT = —3K1K1F*E1h + (Kl — K]~ K1K2)F*E2h + (2K1K2 + Kle)F*E%
+x1%2K3F Eg, = (VE)(Evn,” F.S(vE.)(Ey, Ev)F+E1n)
M*
~E Ve, ESwr) e EnE-Eth = Svis (ve)Ey Ei)E-Etn

+V§ﬁ Vifh(VF*)(Em, Ew) + 2, (VE)(Exn, Ean) — 2%, FoAE,, Ezo
M
—x1K2F. A, Ezp — K1 F.HVE, A, Exp — K1SVE)Ey, Ex) FEn

+x1VE (VE)(Exny Ean) = 16 (VE)(Exn, Exn) + 11%2(VE.) (E1n, Eap)
—k1(VFE)(E1n, Ak, E2o)- (24)
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It is easy to see that,

N _
RN(T,V;T)T = RN(F.Eqp, (VE.)(E1n, E1p) + x1F.Eo)F.Eqp,

Taking the vertical and horizontal parts of E,, we find,

M
RM(T,VT)T = RM(Eyy,, 1E20)E1n + RM(Eqy, 1 E2n)Eqp.

Hence, we obtain

F.(RM(T, VrDT) = F.(R¥(Ey,, 11 Ez0)Exy) + F.(RM(Euy, k1) Eny).
Since F is Riemannian map, we have
RN(F.Eqy, F.Eap)F.Eqy = FARM(Eqy, E2)E1p) — Fo(RM(E1, Eo)E1n)
=S(E)ExyEv)FE1n + SvE)Ey, En)FeE2n + (VE,, (VF))(E2n, E1n)
~ (Ve (VE))(Enn, E1n)
On the other hand, since M is a space form, we obtain,
RN(T, V, )T
= RN(F.Ey,, (VE.)(E1n, E1))F.Eqy, + RY(F.Eqy, 1 F.Ex)F.Eqy,
= —co(VFE.)(E1n, E1n) = c1x1FuEon — €1S(E,)(Eyy Ey) FxE1n
+K1SVE)(Ey, E) FeEan + K1(VE,, (V) (E2n, E1p)
—%1(VE,, (VE))(Ewn, Ein)
Putting (24) and (30) in (12), we have,
Ta(y) = —3K1K,1F*E1h + (K/ll - K“;’ - K1K§ + c1x1)F.Epp + (ZK;KZ

+x1%,)F.Eap + k16213 F.Eap, — (VE.)(Exn,” FoS(vE.)(Ey, EvyFeE1h)

%

M
~EVg, E.Swr e, EnE-En = Svit wr) ey £ FEtn
+V§t V}E:t(VF*)(Elh/ Eqp) + 25, (VE)(Ep, Eon) — 2, FoAg,, Eo

—x1%2F.Ag,, Ezo — KIF*W]\VAEMﬂEMEZU + KlVEf,, (VE.)(E1n, E2n)
+(c2 = K1)(VE.)(E1n, E1n) + x1%2(VE)(Eqp, Esn)
—K1(VE)(E1n, Ak, E2) + K1SVF.)Ey, Ey) F+Eon
+x1(VE,,(VE))(E2n, E1n) — ®1(VE,, (VF.))(E1n, E1p)-

Since 72(a) = 0, we can write F,72(«) = 0. Then, using this equation in 7,(y), we get,

*

M
2(y) = ~(VE)(Ew," FSE.yEy, B FxE1n) = FVE FsSE )£y, i) F-E1n
—Svg;t E)EwEFeE1n + VEEVES (VE)(Ey, Evp) + 25 (VE)(E1i, Eon)

) M
—2k\ FoAg,, B — k162F. A, Ezo — 1FHV g, Ak, Egp + €1V (VE)(Ey, Eap)
+(c2 = ®3)(VE)(Ep, Enp) + k1x2(VE)(Exn, Esn) — 1(VE)(E1, Ak, Ezo)

+K1SVE)Ey Ev)F+E2n + ®1(VE, (VF.))(Ean, E1p)
—K1(VEy, (VE))(E1n, E1n)-

232

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

Then taking the F.((kerF.)*) = rangeF. and (rangeF.)* parts, we have (14) and (15). Thus Foa : y : I — (N, gn)

is a biharmonic curve if and only if (14) and (15) are satisfied. O
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Theorem 3.2. Let F : (M(c1), gm) — (N(c2), gn) be an umbilical Riemannian map from a real space form (M(c1), gm)
to a real space form (N(cz), gn). Let a : I — (M(c1), gm) be a biharmonic horizontal curve and horizontal vector field
Abeaparallel. Then Foa :y : I — (N(c2), gn) is a biharmonic curve if and only if

—||H|I* - Svg; m, F+E1n + (2 — x1)Ha — 1Sy, F.Ea, = 0,

M>{-
~F.Vg, F.Sp,F.Eyy + Vi Vi Hy = 0.
Proof. The assertion follows from Theorem 3.1. [

In particular cases, we have the following results.

Theorem 3.3. Let F : (M(c1), gm) — (N(c2), gn) be a Riemannian map from a real space form (M(c1), gm) to a
real space form (N(c2), gn). Let o : I — (M(c1), gm) be a biharmonic horizontal curve and k1 = constant # 0 and
horizontal vector field A be a parallel. Then Foa :y : I — (N(c2), gn) is a biharmonic curve if and only if

~(VE)Ewn," Fo(Svr. e Ev)FEin)) = Sves (vr ey, £ FEr

—K1S(VE.)Ex ) FeE2n + (€2 = K7)(VE)(E1n, Enp)
+x1%2(VF.)(E1s, Esp) = 0, (33)

M)i
—F.HV g, Fo(SwE )y, ) F<En) + Vi VS (VE)(E1p, E1n)
+K1V§fh(VR)(E1h, Eop) — ®1(VE,, (VF))(E2n, E1n)
+x1(VEy, (VE))(E1n, E1n) = 0. (34)

Proof. The assertion follows from Theorem 3.1. [

Theorem 3.4. Let F : (M(c1),gm) — (N, gn) be a Riemannian map from a real space form (M(c1), gm) to a
Riemannian manifold (N, gn). Let a : I — (M(c1), gm) be a horizontal Frenet curve. Then Frenet curve Foa : y :
I = (N, gn) is a biharmonic curve if and only if

—3151151/P*E1h + (12,1/ - 1513 - 1511522 + ¢1€1)F.Eyy,

+K182 K3 F. Egy, — ®1S(VE) (g Ev)F+E1n + K1SVE)Eyy Ev)F+Eon = 0, (35)

®1(VE,, (VE))(Ean, E1n) — €1(VE, (VE))En, E1n) = 0. (36)
where K1, - -+, k71 are positive functions of y on .

Proof. LetF : (M(c1), gm) — (N, gn) be a Riemannian map from a real space form (M(c1), gm) to a Riemannian
manifold (N, gn). Since a : I — (M(c1), gm) is a horizontal Frenet curve, we have,

a =T=Ey, y=ET=T,

where Ey;, is horizontal part of T = E;. Note that ) = T is the unit tangent vector field along the curve.
Then we have Frenet formulas of y as follows

N _
V;T = ®FEEy
N
ViF.Eyy = —1F.Eqy +15F.E3y
N
ViF.Ey = —ReaPEqg . (37)
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N
We calculate V;T as follows.

N _ N 5
VTT = VF*Eth*Elh = K1F*E2h.
Then, using Frenet formulas of y, we get
NZ , N
VT = %1 F.Egp + 1€1V1:*EMF*E2]1
N2 _ ,
ViT = —K~12F*E1h + K1 F.Ey, + K1K,F.E3y,.
N3
We calculate, V7T as follows.

3
N ~ ’ ” ’
ViT = =3%1% F.Eyy + (8] — %1° — €1%%)F.Ey + (281 %2

+%1%2 )F.Ezy + 11102153 F  Eyy,.

Then, using the Frenet formulas, we obtain

N
RN(T,V;T)T = RN(F.Eqy, €1 F.Eq)F.Eqy, = €1RY(F.Eqy,, FEop)F.Eqy,.

Now, taking the vertical and horizontal parts of E,, we find,

M
RM(T,VrT)T = RM(E, k1E2)Eny
= RM(Eq, €1 E20)Exy + RM(Enp, 161 Eo) Eqp.
Then, we applied to F. both sides in (42), we obtain,

F.(RM(T, AV/IT T)T)
= F.(RM(Eqp, k1E20)E1p) + Fo(RM(Enp, 11 Eon)Enyy).
Since F is a Riemannian map, we have
K1 RN(F.Ey, F.E)F.Ev, = k1F.(RM(Eny, E2)Ens)
=11 F(RM(E1p, E2o)E1n) = K1S(VE.)(Eys Evy FsE1n + K1S(VE)Egs vy FxEan
+x1(Ve,, (VE))Ean, E1n) = ®1(VE,, (VE))(E1n, E1n).
Using, Riemannian curvature tensor of M, we get
1R (F.Eqp, F.Ex)F.E1yy = —c151F.Eop — K1S(vE.)(Eq By F+E1n
+%1SVE)En En)F+Ean + 11(VEy, (VF))(E2n, E1n)
—x1(VEy, (VE))(En, E1n)
Then, using (35) into (41), we have,

RN(T, ng)T = —1K1F.Eop, — K1S(VE)Ea Ev)FxE1n
+&1SE)Ey, Ev)F+Ean + K1(VEy, (VF.))(E2n, E1)
—K1(Vey, (VE))E1n, E1n).

Thus putting (40) and (46) in (12), we have,
To(y) = =3%1%1 F.Eyy + (R] — %1° — €152 + ¢1%1)F.Ea,
+(2%1 K2 + K182 )F.E3y + 182K F. Egy — K1S(VE.)(Ey, Evp) FE1
+K1SvE)E, Ev) FxEan + K1(VEy, (VE))(Ean, En)
=K1(Vey, (VE))E1n, E1n).

234

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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Then taking the F,((kerF.)*) = rangeF, and (rangeF.)* parts, we have (33) and (34). Thus Foa : y : I — (N, gn)
is a biharmonic curve if and only if (33) and (34) are satisfied. [

Corollary 3.5. Let F : (M(c1), gm) — (N, gn) be an umbilical Riemannian map from a real space form (M(c1), gm)
to a Riemannian manifold (N,gn). Let a : I — (M(c1), gm) be a horizontal Frenet curve. Then Frenet curve
Foa:y:I— (N,gn)isabiharmonic curve such that &1 = constant # 0 if and only if

#1% + %% = Ha |* +c1,
Ky = constant,
®oK3 = 0.

Proof. The assertion follows from Theorem 3.4. [

4. Biharmonic Curves along Riemannian Maps from Complex Space Forms

In this section, we study biharmonic curves along Riemannian maps from complex space forms. Then,
we will investigate necessary and sufficient conditions for the curves along Riemannian maps from complex
space forms to be biharmonic. We first recall the complex space form and related notions. An almost
complex manifold (M, ]) endowed with a Riemannian metric gy satisfying

gm(UX, JY) = gm(X, Y) (48)

Let M™(4c) be a complex space form of holomorphic sectional curvature 4c [22]. Let us denote by | the
complex structure and by gjs the Riemannian metric on M"(4c). Then its curvature operator is given by

RMUNX,Y)Z = clgm(Y, 2)X — gu(X, 2)Y + gu(JY, Z)]X
—gm(UX, 2)]Y + 2g9m(X, JY)]Z) (49)

for X, Y, Z € x(M) [11] . Following S. Maeda and Y. Ohnita [7], we define the complex torsions of the curve
aby 1;; = g(E;, JEj), 1 < i< j < r. Ahelix of order r is called a holomorphic helix of order r if all the complex
torsions are constant.

Let (M, gm) be a complex space form and « : I — M be a curve defined on an open interval I and
parametrized by arc-length. Then, using Frenet equations, the bitension field of & becomes [1], [12]

() = —31<11</1E1 + (Kll/ - K‘;’ - KlKg + cxq)Er + (ZK;KZ + K1K'2)E3
+x1K2k3E4 — 3cxq T12]E1. (50)
For a Riemannian map from a complex space form to a real space form, we have the following result.

Theorem 4.1. Let F : (M(4c1), gm) — (N(c2), gn) be a Riemannian map from a complex space form (M(4c1), gm)
to a real space form (N(c2), gn) . Let a : I — (M(4c1), gm) be a biharmonic horizontal curve. Then Foa :y : 1 —
(N(c2), gn) is a biharmonic curve if and only if

~(VE)Ewn," E-Swr e e E-En) = Svis wr ey, £ F-Eun

+21, (VE.)(E1n, En) — K1SvE.)Eyp E) F+Ean
+(c2 = K3)(VE.)(E1p, Eup) + k162(VE)(Exn, Esn)
—x1(VF.)(E1p, Ak, Ez) = 0, (51)

M){'
3c1k1 TomicF JE1n — F*VE”,F*S(VF*)(ElhrElh)F*Elh
+ngh Véﬁ(vp*)(Em, Eu) = 2%, F.Ag,, Eao — k1%2F. Ak, Eso
M
—K1F*(}{VEW?[E”, Ezv + Klvlgj]'l (VF*)(EU“ E2h)
—K1(VE,, (VE))E2n, Enn) + ®1(VEy, (VE))(E1n, E1n) = 0. (52)

where Tiamix = gm(E1n, JE20)-
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Proof. Let F : (M(4c), gm) — (N, gn) be a Riemannian map from a complex space form (M(4c), gum) to a real
space form (N(cz),gn) . Let a : I — (M(4c), gm) be a biharmonic horizontal curve. Then, we have the
following equation.

() = —31<11</1E1 + (1</1’ - K? - 1<11<§ + cxq)Er + (21<'11<2 + 1<11</2)E3
+K1K2K3E4 — 3cxq T12]E1. (53)

Since « is horizontal curve, we have
o« =T =Ey, y =FET=T, (54)

where Eyj, is horizontal part of T = E;. Note that ’ = T is the unit tangent vector field along the curve.
Then we have the equation (24). On the other hand, using (12), we obtain,

N _
RN(T,V+T)T = RN(F.Eq, (VE.)(Eqn, E1n))F.Eqp + RN(F.Evy, 1 F.Eg)F.Eqp,. (55)

and

M
RM(T, VT)T = RM(T, 1, E,)T, (56)
respectively. Now, taking the vertical and horizontal parts of E; in (56), we find,

RM(T, V1T)T = RM(Eys, 1E20)Eni + RM(Eui, 1 Bzt Eni. 7)
Since F is a Riemannian map, we derive,

RN(F.Eqy, F.Eg)F.Evy = F.(RM(Ey, E2)Eng) = Fo(RY (Eup, E20)Enp)

=S(E)Ew Ev)F<E1h + SE)Ew Ev)F+Ean + (VE,, (VF.))(Ean, E1p)

—(VEy, (VE))(E1n, E1n) (58)
Using (49), we get

RN(F.Eyy,, k1F.Eop)F.Eqy = —c1x1F.Eqy, — 3c1%1T100¢F.JE 1

—K1S(VE,)Egy Ev)F+E1n + K1S(VE) By, Ey) FE2n

+x1(Ve,, (VE))Ean, E1n) = ®1(VE,,(VE))(E1n, E1n). (59)
Thus putting (60) in (56), we have,

RN(T, gTT)T = —CoF.(VE.)(E1n, E1n) — c1x1F.Egp, = 3c1%1T1ogF.JEn
—K1S(VE)Ey, Ev)F+E1n + K1S(VE)(Ey, Ey) F+Eon
+x1(Ve,,(VE))(E2n, E1n) — ®1(VEy, (VF))(E1n, E1n)

Then, putting this equation and (24) in (12), we have,

To(y) = —31<11<'1F*E1h + (K’l/ - K? - 1<11<§ + c1x1)F.Epp + (21</11<2 + 1<11</2)F*E3h
+xc1%2%3FEgp, — 3¢1T129(F«JE1n — (VE)(E1n,” F.S(vE.)Ey, Ey) F+E1h)

*

M
~EVe, FSer e, enFEn = Svit e ey, e FEan
+VEEVES (VE)(Ewn, Enn) + 26 (VE) (E1p, Ean) — 26, F.Ag,, Ezo

—x1%2F A, E3y — K1F*7{AVAE1,,ﬂEmEzv = K1S(VE)(E, En) F+Eon

+11 Vi (VE)(Ew, Ean) + (€2 = k7)(VE)(Eun, Enn)

+x1%2(VE)(E1n, Esn) — k1(VE)(E1n, Ak, E2o) — €1(VE,, (VE))(Ean, E1n)

+%1(Vey, (VE))(E1n, E1n). (60)
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Since 72(a) = 0, we can write F,72(a) = 0 . Then, using this equation in 7,(y), we have,

T2(y) = 3c1k1TiominF«JE1 — (VE)(E1n,” F.S(vE)(Ey, ) F<E1n)

*

M
~EVe, FSer e, nEEn = Svi ve) ey e FEan
+VEEVES (VE)(Ewn, En) + 26, (VE)(E1p, Ean) — 26, F.Ag,, Ezo

—x1%2F. Ag,, Esp — K1F*7{AV/IE],,ﬂ51hE2v — K1S(VE)Ey Ey) F+E2n

+K1V£t(VF*)(E1h/ Eap) + (c2 — K3)(VE.)(E1n, E1n) + ®1%2(VE.)(E1, Ean)

—Kk1(VE)(E1n, Ak, E2) — ®1(VE,, (VF.))(Ean, E1n)

+%1(VE,, (VE))En, Ep). (61)
Then taking the F.((kerF.)*) = rangeF, and (rangeF.)* parts, we have (51) and (52). Thus Foa : y : I — (N, gn)
is a biharmonic curve if and only if (51) and (52) are satisfied. [

Theorem 4.2. Let F : (M(4c1), gm) — (N(c2), gn) be an umbilical Riemannian map from a complex space form
(M(4c1), gm) to a real space form (N(c2),gn) . Let a : I — (M(4c1), gm) be a biharmonic horizontal curve and
horizontal tensor field A is parallel. Then Fo a: y : I — (N(c2), gn) is a biharmonic curve if and only if

—||Hy|* - SV‘Z; m,F+E1n — €181, F.Eop + (2 — x3)Hy =0,

*

3er k1 TiominFs JE1n — P*AV/IEUIF*SHZF*EM +VEEVEHy = 0.
where Tiomix = gm(E1n, JE20).
Proof. The assertions follows from Theorem 4.1. [J
In particular, if k; =constant# 0, then we have the following result.

Theorem 4.3. Let F : (M(4c1), gm) — (N(c2), gn) be a Riemannian map from a complex space form (M(4c1), gm) to
a real space form (N(c2), gn). Let o : I — (M(4c1), gm) be a biharmonic horizontal curve and k1 =constant# 0 and
horizontal tensor field A is parallel. Then Fo a : y : I — (N(c2), gn) is a biharmonic curve if and only if

~(VE)Euw," ESwren e EE1n) = S wrey, i EEn

—K1SVE.)Ey Ev)FeEan + (c2 = K1) (VE.)(Exn, E1n)
+x1%2(VF.)(E1n, Esp) = 0, (62)

-
3cik1 TaamixFJEin = FuV g, FLS(E)Ey Ev) FEn
+Vit Vi (VE)(En, Eng) + 11 Vi (VE)(Ev, Ean)

—x1(VEy, (VF))(E2n, E1n) + €1(VEy, (VE))(E1n, Evn) = 0. (63)

Proof. Since k1 =constant# 0, we have x| = 0. The parallelity of A implies that A = 0. Then the assertion follows
from Theorem 4.1. [

Theorem 4.4. Let F : (M(4c1), gm) — (N, gn) be a Riemannian map from a complex space form (M(4c1), gm)
to a Riemannian manifold (N, gn). Let a : I — (M(4c1), gm) be a horizontal Frenet curve. Then Frenet curve
Foa:y:I— (N,gn) isabiharmonic curve if and only if

—3151151/F*E1h + (1%,1/ - K~13 - 1511522 + lel)F*Ezh

+(2K~1,K~2 + flfgl)F*Egh + K185 K3 FL Eqpy + 3C11€1T12(HF>JE1;,

—%1(VE,, (VE))E2n, E1n) + %1(VE,, (VE))(E1n, E1n) = 0, (64)
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K1S(VE)E, Ev)FsE1n — 1S (vE)(Ey, ) FeEan = 0.

where K1, -+, kr_1 are positive functions of y on .
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(65)

Proof. Let F : (M(4c1),gm) — (N, gn) be a Riemannian map from a complex space form (M(4c1), gm) to a

Riemannian manifold (N, gn). Since a : I — (M(4c1), gum) is a horizontal Frenet curve, we have

a =T=Ey, y=ET=T,

where Ey;, is horizontal part of T = E;. Note that ) = T is the unit tangent vector field along the curve.

Then we have Frenet formulas of y as follows

N
ViT = #F.Ey
N
ViF.Eyy, = =% F.Eq +F.E3y
N
Vi+F.Ey = R F.Eqp_1yn.

N _
We calculate V;T as follows.

N _ N
ViT = VF,Eth*Elh = K1F.Ex.
Then, using Frenet formulas of y, we get,

N2

, N
VTT = 11 F*Ezh + Klvl:*EMF*EZh
—%12F.E1y + %1 F.Egy, + R1%2F.Ea.

N3
We calculate, V5T as follows.

3
N ~ ’ ” ’ ’
ViT = =3%1%1 F.Ey, + (%] — %1° — ©1%)F.Eo, + (281 %2 + K182 )F.Eap

+K1K2K3F. Egp,.

Then, using the Frenet formulas, we obtain,

RM(T, %T)T = RN(F,Eyy, ®F.Ex)F.Eqy, = RN (F,Eqp, F.Ey)F.Eqp.

Now, taking the vertical and horizontal parts of E,, we find,

RM(T, Vi T)T = RM(Ey, k1 E2)Esy

= RM(Eqy, x1E20)Ep + RM(E1p, 11 E2n)Enp.
Then, we applied to F. both sides in (71), we obtain,

F.(RM(T, AV/IT T)T)

= F.(RM(E1p, €1E20)E1n) + Fo(RM(Eqp, 1 E2n) Evp).-
Since F is a Riemannian map, we have

RN(F.Eq, F.Ex)F.Evy = F.(RM(Eqp, E2)Ep) — F(RM(Eqp, Eao)Enn)
—=SE)Ex EmFsE1n + SvE)Ey, B FoEon + (VE,, (VE))(E2n, E1n)
—(VEy, (VE))Ew, En)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)
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Using, (49), we get
RN(F.Eqp, k1F.Eg)F.Eqy = —c1x1F.Eoy — 3c1x1T1294F. JE1n

—K1S(WVE)Ea Ev) F+E1n + K1S(VE )y, E1) F<E2n
+x1(VE, (VE))(E2n, E1n) — €1(VEy, (VE))(E1n, E1n)

Then, using (74) into (70), we have,

RMN(T, gTT)T = —1K1F.Eo, — 3c1K1 o1 F.JE1y
—K1S(VE)Ey Ev) FxE1h + K1S(VE.)Ey, Ev) F+E2n
+81(VE,, (VE))E2n, E1n) — ®1(VEy, (VE))(E1n, E1n)

Thus putting (69) and (75) in (12), we have,
To(y) = =3%1%1 F.Ey + (R] — %1° — €157 + c1%1)F.Eqp
+(211 % + K18 )F.Ea), + R1%2K%3F. Egp, + 3¢1R1T10F.JE1s

+K1S(WVE)Ea ) FE1n — K1S(VE )y, 1) F<E2n
—K1(VE, (VE))(E2n, E1n) + €1(VEy, (VE))(E1n, E1n).

239

(74)

(75)

(76)

Then taking the F.((kerF.)*) = rangeF, and (rangeF.)* parts, we have (64) and (65). Thus Foa : y : I — (N, gn)

is a biharmonic curve if and only if (64) and (65) are satisfied. [
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