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On the structure of some nonlinear maps in prime *-rings
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Abstract. The objective of this paper is to introduce the notion of skew Lie centralizers in *-rings, and
to investigate the structure of skew Lie centralizers and strong skew commutativity preserving maps in
prime #-rings without assuming the existence of a symmetric idempotent and the unital element. As an
application, we shall characterize such maps in different operator algebras.

1. Introduction

Throughout this paper, unless otherwise stated, A represents a prime ring with centre Z(A). A ring A
is called prime if for any x, y € A, whenever xAy = 0 implies that either x = 0 or y = 0. A ring A is said to
be n-torsion free if for any x € A, whenever nx = 0 implies x = 0. The maximal left ring of quotients of A
is denoted by @,;;(A) and the maximal symmetric ring of quotients of A is denoted by Qs(A). It is well
known that A C Qys(A) € Qy(A). The super rings Q,s(A) and Q,,(A) are also prime and they both share
the same centre C, known as the extended centroid of A. Moreover C = {A € Q,;;(A) | Aa = aA for all a € A}
and A is prime if and only if C is field. For details one may refer to [3]. An involution ‘*" on A is an
anti-automorphism of order 1 or 2. For a,b € A, the Lie product ab — ba is denoted by [4, b] and the skew
Lie product ab — ba* by [a, b]..

It is well known that any anti-automorphism of A can be uniquely extended to an anti-automorphism
of Q5(A) and hence can also be viewed as an anti-automorphism of C. The anti-automorphism 7 of A is
said to be of the first kind if it acts as the identity map on C and of the second kind otherwise. For x € A,
we write deg(x) = n if x is algebraic of minimal degree 1 over C and deg(x) = co otherwise. For a nonempty
subset M of A, deg(M) =supideg(y) | y € M}.

An additive mapping ¢ : A — A is called a Lie centralizer if ¢([a,b]) = [(a),b] = [a, P (b)] for all
a,b € A. It can be easily seen that 1) is a Lie centralizer on A if and only if ¢([a, b]) = [{(a), b] for alla,b € A
or Y([a,b]) = [a,(b)] for any a,b € A. Lie centralizers on rings as well as algebras have been extensively
investigated by many mathematicians (see [1, 8, 9, 12, 13, 18, 19] and references therein). Motivated by the
concept of Lie centralizers on rings, we here introduce the definition of skew Lie centralizers as follows.

Definition 1.1. Let A be a ring with an involution '+, and let ® : A — A be a map. Then D is called a skew Lie
centralizer of A if

D([a, bl.) = [D(a), b]. = [a, D(D)].
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stands true for all a,b € A.

We remark that the conditions ®@([a, b].) = [®(a), b]. for all a,b € A and D([a, b].) = [a, P(D)]. for all a,b € A
may not be equivalent. For the map @ : A — A given by ®(a) = Ca, where (" # C € C satisfies
D([a, b].) = [a, D(b)]. for all a,b € A but does not satisfy ®([a, b].) = [P(a), b]. for alla,b € A.

In the numerous recent papers, maps preserving skew Lie products or acting as derivations on skew Lie
products have been extensively studied by various authors in the context of rings and operator algebras.
We refer the readers to some recent papers [1, 2, 5, 14, 15, 22, 23, 25, 26] where further references can be
found. Motivated by the above cited works, we will completely characterize skew Lie centralizers on prime
rings (see Corollary 2.4).

If Ais a *ring, then a map V¥ : A — A is called *-linear if W(a*) = W(a)* for all 4 € A. Moreover, W is
called a strong skew commutativity preserving map if [W(a), ¥(b)]. = [4, b]. holds for all 4, b € A.

We will also characterize strong skew commutativity preserving maps on prime rings without assuming
the existence of a symmetric idempotent and the unity. The first characterization of such maps was obtained
by Cui et al. [6] on factor von Neumann algebras. They proved that if ¢ is a nonlinear surjective strong skew
commutativity preserving map on factor von Neumann algebra N, then ¢(a) = x(a) + f(a)l for alla € N,
where y : N = N isalinear bijective map satisfying [x(a), x(b)]. = [a, b]. foralla, b € N, f is a real functional
on N with f(0) = 0 and I is the identity of N. Qi et al. [21, Theorem 2.1] extended this result to unital prime
ring A with involution containing a nontrivial symmetric idempotent and obtained that ¢(a) = Aa + f(a)
for alla € A, where A € {1,-1} and f is a map from A to Ls(A) = {z € Z(A) : 2 = z}. In[17] and [20]
the authors generalized this result to unital *-ring A which contain a nontrivial symmetric idempotent e
satisfying xAe = {0} = x = 0 and xA(l —e) = {0} = «x = 0. Moreover, they obtained the same
conclusion. Recently Hou and Wang [11, Theorem 2.1] improved this result by proving that the symmetric
centre valued map f vanishes. All these characterizations of strong skew commutativity preserving maps
were obtained with the help of Pierce decomposition and hence the symmetric idempotent and unity play
an inevitable role. We shall completely characterize the surjective strong skew commutativity preserving
maps on prime ring A by removing the assumptions 1 € A and the existence of nontrivial symmetric
idempotent in A, but getting the same conclusion (see Theorem 2.2).

2. Results

Before stating our results, it is worthwhile to mention the structure of involutions on matrix algebras.
Let M,(KK) be the p X p matrix algebra over an algebraically closed field K with involution ‘+’ of the first
kind. It is known that in this case ‘+’ is either the ordinary transpose or the symplectic involution (see [3,
Theorem 4.6.12 and Corollary 4.6.13] and [10] for details). In case ‘+" is the symplectic involution, p = 24 for
some positive integer g and is given by: For (M;;) € M,(K) = M,;(Mz(K)), where M;; € M(K), we have
(M;j)* = (Nij), where N;; = M}TI and where

o
ar | aa —m
az Qg T —az m

a;  ap
for|: N € My(K).

We begin with the following result which plays a key role in the proof of our main results.

Lemma 2.1. Let A be a prime ring with a non identity anti-automorphism t. If u € Q,,(A) is such that ua® = au
foreverya € A, then u = 0.

Proof. If A is commutative, then it is easy to see that # = 0. So assume that A is non commutative. Now for
every a,b € A, we have abu = u(ab)® = ub'a* = bua® = bau. Therefore [a,blu = 0 for every a,b € A, forcing
u=0. O

The following result gives a complete characterization of surjective strong skew commutativity preserving
maps in prime rings without assuming the existence of a symmetric idempotent and the unital element.
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Theorem 2.2. Let A be a prime ring with a non identity involution ‘+’. Assume that W : A — A is a surjective
strong skew commutativity preserving map. Then \V(a) = Aa for all a € A, where A € {1, -1}.

Proof. First we prove some facts about V.
Fact 1. WV is additive. Let a, b, c € A. Then we have

W), Wb+c)—Wb)—V()]. =[Ya),YOb+o)l-[¥@), YD)l -[¥@), Y.
=[a,b+c]. - [a,b]. —[a,c].
=0.

Therefore by surjectiveness of W, we have [a, W(b+c) — V(D) - ¥(c)]. = 0foralla, b, c € A. Invoking Lemma
2.1, we conclude that W(b + ¢) = W(b) + W(c) for all b, c € A. Thus V is additive, as asserted.

Fact 2. W is an additive isomorphism.

By the given hypothesis and Fact 1, V¥ is an additive epimorphism. Suppose that W(x) = 0 for some x € A.
Then ax — xa* = WY(a)¥(x) - Y(x)W(a)* = 0 for all 2 € A. Hence by Lemma 2.1, we conclude that x = 0. Thus
W is an additive isomorphism, as asserted.

Fact 3. W is *-linear.

Foralla,b € A, we have

[W(a), W) =-(¥(@), ¥®)])

= —([a,b].)
=[a,b"].
= [W(a), W(b")]..

Thus, we have
[W(a), W) - W) =0

for all a,b € A. Now by Fact 2, W is bijective. Hence applying Lemma 2.1, we infer that W(a)* = W(a")
stands true for all a € A. Therefore W is #-linear, as asserted and hence W satisfies the relation

W(a)W(b) — W(b)W(a") = ab - ba, (1)

for all a,b € A. Now we proceed by considering the following cases.
Case [. dimgoAC > 4.
By Fact 2, W is bijective, therefore from (1) the functional identity

a¥(b) + bW (@) - Y(b)a' — ¥V a)b =0,

holds for all a,b € A. By [4, Theorem C.2], deg(A) > 2. Therefore by [4, Corollary 5.12], A is 3-free subring
of Qu(A) and hence by [4, Theorem 3.25], A is also (+,2)-free subring of Q,;(A). Therefore there exists
q € Qu(A) such that W(b) = bq for all b € A. Utilizing this in (1), we have

a(gbq = b) + b(a* — qa*q) = 0,

foralla,b € A. Again from (,2)-freeness of A, we infer that gbg = b for all b € A. Now by [3, Theorem
6.4.1], A and Q,,(A) satisty the same GPIs. So setting b = 1 in the last relation, we find that g% = 1 and
hence bg = gb for all b € A. Thus q € C, which yields g = 1 or ¢ = —1. Therefore, either W(a) = aforalla € A
or W(a) = —aforalla € A.
Case II. dimoAC < 4.

In this case A is a PI-ring and hence by [24, Theorem 2], Z(A) # {0}.
Subcase (i). a* # a for some a € Z(A).
Setting a = a in (1), we find that (@ — a*)W(b) = W~ ()b — bW (a") for all b € A. Therefore W(b) = pb + bp*
forall b € A, wherep = Y@ ¢ Ae. Using this in (1), we have

a—a*

(pa +ap”)(pb + bp") — (pb + bp")(pa” + a’p’) = ab — ba’, )
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for all a,b € A. Replacing a by aa in the last relation, we have
a(pa + ap*)(pb + bp*) — & (pb + bp*)(pa”™ + a’p") = aab — a*ba’, (3)
for all a, b € A. Multiplying (2) by a* and then subtracting from (3), we get
(pa +ap")(pb + bp") = ab, (4)

for all a,b € A. Now by [3, Theorem 6.4.1], A and AC satisfy the same GPIs. Hence (4) holds for all
a,b € AC. Therefore putting a = b = 1 in the last expression, we see that (p + p*)> = 1. Also on right
multiplication in (4) by p + p* and putting b = 1, we find that p € C. Now C is a field so either p + p* = 1 or
p +p* = —1. Therefore W(a) = Aa for alla € A, where A € {-1,1}.
Subcase (ii). @* = a for all a € Z(A).

Since ‘#’ is a non identity involution, we must have dim¢cAC = 4. Let IF be the algebraic closure of C.
Then “+" can be extended uniquely to an involution on AC ®¢ F, denoted by “+” also and is given by

(Llaop) =Y aep

1 1

fora; € AC and ; € F. Now let a € Z(A). Then fora, b € A, we have
[W(a), ¥Y(aa) — aW(a)]. = [V(a), Y(aa)]. — [V(a),aW¥(a)]. = 0.

Invoking Lemma 2.1, we infer that W(aa) = aW(a) for all a € A and a € Z(A), that is, ¥ is Z(A)-linear.
Now it is well known that if A is a prime PI-ring, then AC = Q;(A), Z(A) # {0} and any element in AC

is of the form %, for some a € A and some nonzero a € Z(A) (see 24, Corollary 1). Hence, W can also be

uniquely extended to a map W; : AC — AC, by defining W1(£) = % A simple computation shows that
W, is a surjective strong skew commutativity preserving map on AC. Now extend W; to AC &¢ [F, denoted

by W, by the rule
\Ijz( Z a; ® 0(1‘) = Z Vi) ® a;.
i i
for a; € AC and a € F. Then, it can be easily verified that V5 is a [F-linear strong skew commutativity

preserving map. Moreover, W, is surjective. By using the same arguments as in the begining it can be seen
that W, is also a *-linear additive isomorphism and hence

Wr(X)Wa(Y) = W2 (V)2 (X7) = XY - YX, (5)

forall X, Y € AC ®c F. Now it is well known that AC ®¢ F = Mi(FF), where k = VdimgAC > 1. Therefore,
we can visualize ¥ as a map on M, (F) to itself satisfying (5). Moreover, it can also be easily seen from (5)
that W,(FF) C FF.

Now if “#’ is the transpose involution, then obviously M,(F) contains a non trivial rank 1 symmetric
idempotent and hence by [11, Theorem 2.1], either W»(X) = X for all X € My(F) or W»(X) = —X for all
X € My(F). Next assume that ‘+ is the symplectic involution. First we deal with the case when char(FF) = 2.
Setting Y = I in (5), we have

U(DVr,(X+X) =X+ X"

for all X € R. Let ¢;; denote the matrix unit with 1 as (i, /) entry and 0’s elsewise. Then putting X = e; in
the previous relation, we get (W»(I))*> = I. Consequently, Wy(I) = I.
Now, Ws(e11)* = Wa(ex). Hence we can write

(%

Ws(e1r) =( ;] K ) and W(ex) =( koo )

w u
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Thus I = W,(I) = Wa(eq1 + e22) yields u + k = 1 and hence

u v 1-u o
\Il(eu):(w 1_u) and W(622)=( w l/l)'
Now taking X = ex» and Y = ey; in (5), we see that u = 1 and v = w = 0. Therefore, W»(e11) = e11 and
W (exn) = e.
We also have, Ws(e12)" = Wa(e1n). Therefore, we can write

\v(eu>=(" y).

z X

Setting X = ey and Y = e13 in (5), we find that x = 0. Also putting X = ej; and Y = ej; in (5), provide us
y =1and z = 0. Thus W5(e12) = e12. Similarly, we can obtain W;(ez1) = e21. Consequently, W, (X) = X for all
X e Mz(]F)

Next assume that char(IF) # 2. Setting Y = a € F in (5), we infer that

Wy(X - X) = (X - X)

for all X € My(F), where y = a(W1(a))™! € F. Now let K»(F) = {X € My(F) : X* = —X}. Then from the
above relation, we see that W, (k) = yk for all k € K(FF). Thus from (5), we have (y* — 1)(kik, + kak1) = 0 for
all k;, k, € K, (F). Therefore, we have either ¥ = 1 or kik, + koky = 0 for all ky, k, € K (). If the latter case

prevails, then taking
01
kl - kZ - [ 1 0 ]/

we get the contradiction. Therefore, y € {1, -1}.

Now let X = k1 + 51 and Y = ky + 55, where ki, kp € K, (F) and 51,52 € F. Then W) (X) = yk; + Wa(s1) and
Wy (Y) = yka + W1 (s2) and hence from (5), we have

(Yk1 + Wa(s1))(yka + Wa(s2))  —(yka + Wa(s2))(=yk1 + Wa(s1))
= (51 + kl)(Sz + kz) - (52 + kz)(Sl - kl)

Thus (yWa(s2) — s2)k1 = 0. Hence we conclude that Wy(s) = ys for all s € IF. Now for any X € M,(IF), we
have X = k + s, where k € K;(IF) and s € F. Hence W»(X) = Wy (s + k) = ys + yk = yX for all X € M([F).

Therefore, we have W,(X) = yX forall X € AC®F, where y € {1, —1}. Now it can be easily deduced that

Wi(a) = pa for alla € AC and for some § € {~1,1}. Consequently, W(a) = Aa for all a € A, where A € {-1,1}.
This completes the proof of the theorem. [

Theorem 2.3. Let A be a prime ring with a non identity involution ‘+" and let ® : A — A be a map satisfying
[©(a), b]. = [a, D(D)]. (6)
foralla,b € A. Then there exists A* = A € C such that ®(a) = Aa for all a € A.

Proof. First we prove @ is additive. For every a,b, c € A, we have

[D(a + ¢) = P(a) — P(c), b]. = [D(a + c), bl. — [D(a), b]. — [D(c), D.
=[a+c,®0)]. - [a,D0)]. - [c, DD)].
=0.
Applying Lemma 2.1, we infer that ®(a + b) = ®(a) + D(b) for all a,b € A, that is, © is additive. Now (6), can

be rewritten as

a®(b) + bd(a)* — D(a)b — D(b)a* = 0 )
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for all a,b € A. Now we proceed by considering the following two cases:-
Case 1. deg(A) > 2.

In this case by [4, Corollary 5.12 and Theorem 3.25], A is (x,2)-free subring of @,(A). Thus, there
exists g € Qu(A) such that (b) = gb forall b € A. On the other hand there exists q; € Q,(A) such that
D(b) = bgy forall b e A Thusgb =bg; forall b € A. By [3, Theorem 6.4.1], A and Q,;(A) satisfy the same
GPIs. So putting b = 1 in the last relation, we see that g1 = g € C. Hence from (7), we get (§* — q)ba* = 0 for
alla,b € A. This provides q* = g.

Case II. deg(A) < 2. In this case by [24, Theorem 2], Z(A) # {0}.

Subcase (i): a* # a for some a € Z(A)
Setting a = a in (7), we find that ®(b) = gb + bq* for all b € A, where g = 28 ¢ AC. Utilizing this in (7), we
get

agb +abg” + ba’q" + bga” = gab + aq"b + qba” + bg*a” ®)
for all a,b € A. Replacing a by a*a in (8), we get

a‘aqb + a’abg” + aba’q" + abga” = a"qab + &”aq’b + agba’ + abqg'a’ )
for alla, b € A. Also from (8), we have

aagb + aabq* + aba’q" + abga” = agab + aaq'b + agba’ + abg*a” (10)
for all a,b € A. Subtracting (10) from (9), we find that

[a,q]b +alb,q] =0

for alla,b € A. Now by [3, Theorem 6.4.1], A and Q,,(A) satisfy the same GPIs. Therefore putting b = 1,
in the last expression, it follows that g € C. Hence ®(a) = Aa for alla € A, where A =g+ 4" € C.

Subcase (ii). a* = a for all @ € Z(A). Since ‘+’ is a non identity involution, we must have deg(A) = 2. Let
a € Z(A)and a,b € A. Then, we have

[D(aa) — aD(a),b]. = [D(aa),b]. — a[D(a), b].
= [aa, ©(b)]. — ala, D(b)].
=0.

Therefore by Lemma 2.1, it follows that ®(aa) = a®(a). Thus @ is a Z(A)-linear map. Now, any element of

AC is of the form &, wherea € Aand 0 # « € C. So the map £ +— % is an extension of ® to AC, which we

again denote by @. Let IF be the algebraic closure of C. Then @ can be extended uniquely to AC ® F, again
denoted by @, by defining
O m®m) =) a)oa
i i

for a; € AC and a; € F. Moreover, ‘" can also be extended to an involution on AC &¢ IF, denoted by ‘+’ also

and is given by
(Zai®a,-)* = Za:@)ai.

1 1
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Hence for any a;,b; € AC and a;, B; € IF, we have

[0 @), 098], _[qu)m,,Zb ®Bj].
_ZZ q)(a)b]] ® a;f;
=ZZ [a:, )], ® aip;

Za,eaa,,Z@(b)@ﬁ,
—[Za,@az, Zb ®p)).

Therefore, we have [®(a), b]. = [a, P(b)]. for all a,b € AC ® F. Since AC @ F = M, (F), where n =deg(A).
Thus, we have

[P(X), Y]. = [X, ()] (11)
and
D(X)(X + X*) = X(D(X) + (X)) (12)

for all X, Y € M,(IF). Firstly, assume that ‘+’ is the symplectic involution. Then, putting X = e; in (12), we
find that ®(e11) = ne1; for some n € F. Similarly, it can be seen that ®(ex) = Bex for some f € F. Now,
putting X = ej; and Y = ey, in (11), we get 1 = f. Also taking X = ey, in (12), we find that

‘D(312)=( v )

w -u

Next setting X = e1; and Y = ¢y, in (11), we get u = 0. Finally, putting X = ejp and Y = ey in (11), givev = 1)
and w = 0. Similarly, it can also be checked that ®(e»1) = nez. Thus ®(X) = nX for all X € M,(F), where
nel.

Secondly, assume that ‘+" is the transpose involution. Then taking X = ej; and Y = ey, in (11), we find
that

(D(ell)z((g S) and ‘D(é’lz):(g g)

with 0 +v = ¢. Now setting X = e1» in (12), we see that { = 6 = 0. Also putting X = ejp and Y = eyq in (11),
we get v = 0. Hence ®(e11) = Oeq1 and D(ern) = Oern.

Similarly, it can also be verified that ®(ex) = Cexr and @(ez1) = Cepy for some C € F. Finally, taking X = ej»
and Y = ey in (11), we find that 6 = C. Consequently, ®(X) = CX for all X € M(IF).

Therefore from the above discussions, we have ®(X) = nX for all X € AC ® [F, where 17 € F. Choose a
basis v1, vy, ... for IF over C with vi = 1. Write ) = Aqvq + Apvp + - -+ for some Ay, Ay, ... € C. Then for every

ae A wehave P(@)®1 = Aa®vy + Aa®vy +---. Hence (P(a) — A1a) @ v1 — Aa® vy + -+ - = 0. Therefore,
we have ®(a) = Aa for all 2 € A, where A = A; € C and this completes the proof.
U

As a corollary of the above result we have the following characterization of skew Lie centralizers on prime
rings.

Corollary 2.4. Let A be a prime ring with a non identity involution ‘" and let ® : A — A be a skew Lie centralizer.
Then there exists A* = A € C such that ®(a) = Aa for alla € A.
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3. Applications to Some Operator Algebras

As an application of the results in the previous section, we will characterize strong skew commutativity

preserving maps and skew Lie centralizers on the standard operator algebras acting on Hilbert spaces and
factor von Neumann algebras. Throughout this section all algebras and vector spaces will be over the
complex field C.
Standard operator algebras: Let # be a real or complex Banach space and let L(#) and 7 () denote the
algebra of all bounded linear operators on # and the ideal of all finite rank operators in £(H) respectively.
Recall that a standard operator algebra is any subalgebra A(H) of L(H) such that A(H) contains the
identity operator and 7 (H) € A(H) . Itis clear that L(H) is a standard operator algebra. Let us point out
that any standard operator algebra is prime, which is a consequence of a Hahn-Banach theorem. We denote
by A* the adjoint operator of A € L(H). According to the results obtained in the previous section, we have
the following corollaries.

Corollary 3.1. Let S be a self-adjoint standard operator algebra in a Hilbert space H. Suppose that x : S — Sisa
sutjective map. Then x is strong skew commutativity preserving map if and only if x(a) = Aa for all a € S, where
Aefl, -1}

Corollary 3.2. Let S be a self-adjoint standard operator algebra in a Hilbert space X. Thenamap x : S — Sisa
skew Lie centralizer if and only if x(a) = Aafor alla € S, where A € R.

Factor von Neumann algebras: Let H be a Hilbert space. Recall that a von Neumann algebra M is a
subalgebra of B(H) which satisfies the double commutant property, that is, M = M where M’ = {T €
BH): TA=AT forall Ae M}and M” = (M’)’. It is clear that a von Neumann algebra is unital. A von
Neumann algebra M is called a factor von Neumann algebra if Z(M) = CI. Factor von Neumann algebras
are unital prime algebras.

Corollary 3.3. Let N be a factor von Neumann algebra and let x : N — N be a surjective map. Then x is strong
skew commutativity preserving map if and only if x(a) = Aa for alla € N, where A € {1,-1}.

Corollary 3.4. Let N be a factor von Neumann algebra. Then a map 1 : N — N is a skew Lie centralizer if and
only if Y(a) = Aaforalla € N, where A € R.

Acknowledgment: The authors are thankful to the anonymous referees for their valuable comments
and suggestions that helped to improve the article.
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