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Abstract. The variable sum exdeg index and coindex of a graph G are denoted by SEIa(G) and SEIa(G),
respectively, and they are defined as SEIa(G) =

∑n
i=1 diadi and SEIa(G) =

∑n
i=1(n−1−di)adi , respectively, where

‘a’ is a positive real number different from 1 and (d1, d2, · · · , dn) is the vertex-degree sequence of G. The
present paper gives several new inequalities involving the graph invariants SEIa and/or SEIa. All graphs
attaining the equality signs in the obtained inequalities are also characterized.

1. Introduction

Inequalities between different graph invariants are being studied since the early developments of the
graph theory [18, 19], where a graph invariant I is a numerical quantity associated with a graph G satisfying
the equality I(G) = I(G′) for every graph G′ isomorphic to G. The current paper is a sequel of the recent two
articles [2, 15], written by the present authors. These papers, and the present one, are mainly concerned
with two graph invariants, namely the variable sum exdeg index and coindex. The variable sum exdeg
index and coindex of a graph G are denoted by SEIa(G) and SEIa(G), respectively, and they are defined as

SEIa(G) =
n∑

i=1

diadi

and

SEIa(G) =
n∑

i=1

(n − 1 − di)adi ,

respectively, where ‘a’ is any positive real number different from 1 and (d1, d2, · · · , dn) is the vertex-degree
sequence of G. The variable sum exdeg index was put forwarded by Vukičević [21] about a decade ago,
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within a study of the bond additive modeling. Details about the bounds and extremal results concerning the
variable sum exdeg index can be found in the papers [1, 4, 7, 8, 11, 13, 14, 20, 22] and related references listed
therein. The coindex version of this graph invariant, that is the variable sum exdeg coindex, has recently
been considered in [2, 15] where several mathematical inequalities involving both of these invariants are
reported.

Throughout this paper, we assume that G is a graph with the vertex set V = {v1, v2, . . . , vn}, edge set E
and with the vertex–degree sequence (d1, d2, · · · , dn) satisfying ∆ = d1 ≥ d2 ≥ · · · ≥ dn = δ > 0, where n ≥ 2,
|E| = m and di is the degree of the vertex vi for i = 1, 2, · · · ,n. Also, if vi and v j are adjacent in G, we write
i ∼ j, otherwise we write i / j. The graph-theoretical notation and terminology used in the present paper
but not described here, can be found in some standard graph-theoretical books, like [3, 5, 6].

The variable sum exdeg index and coindex of G can also be defined as

SEIa(G) =
∑
i∼ j

(adi + ad j )

and
SEIa(G) =

∑
i/ j

(adi + ad j ),

respectively. The main purpose of the present paper is to establish several new inequalities involving the
graph invariants SEIa and/or SEIa. All graphs attaining the equality signs in the obtained inequalities are
also characterized.

2. Preliminaries

Let t be a positive integer and x real number such that x > −1. In [10] (see also [17]) the following result
was proven.

Lemma 2.1. [10] Let

F(k, t, x) = 1 + tx +
(
t
2

)
x2 + · · · +

(
t
k

)
xk ,

be the k-th partial sum of the binomial series for (1 + x)t, where x > −1. Then if first omited term is

1. positive, then (1 + x)t > F(k, t, x) ,
2. zero, then (1 + x)t = F(k, t, x) ,
3. negative, then (1 + x)t

≤ F(k, t, x) .

For k = 2 and k = 3 and x = a − 1, by Lemma 2.1 the following result is obtained.

Lemma 2.2. Let t be a positive integer. Then, for any real a > 1 the following inequality is valid

at
≥ 1 + t(a − 1) +

t(t − 1)
2

(a − 1)2 . (1)

When 0 < a < 1, the opposite inequality is valid. Equality holds if and only if t ∈ {1, 2}.

Lemma 2.3. Let t be a positive integer. For any real a > 0 the following inequality is valid

at
≥ 1 + t(a − 1) +

t(t − 1)
2

(a − 1)2 +
t(t − 1)(t − 2)

6
(a − 1)3 . (2)

Equality holds if and only if t ∈ {1, 2, 3}.

For k = 2 and k = 3 and x = 1
a − 1, from Lemma 2.1 the following result is obtained.
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Lemma 2.4. Let t be a positive integer. Then, for any real a > 1 holds

a−t
≤ 1 + t

(1
a
− 1

)
+

t(t − 1)
2

(1
a
− 1

)2

. (3)

When 0 < a < 1 the opposite inequality is valid. Equality holds if and oly if t ∈ {1, 2}.

Lemma 2.5. Let t be a positive integer. Then, for any real a > 1 holds

a−t
≥ 1 + t

(1
a
− 1

)
+

t(t − 1)
2

(1
a
− 1

)2

+
t(t − 1)(t − 2)

6

(1
a
− 1

)3

. (4)

Equality holds if and only if t ∈ {1, 2, 3, }.

3. Main results

In the next theorem we determine a relationship between SEIa(G) and M1(G) and F(G).

Theorem 3.1. Let G be a connected graph with m ≥ 1 edges. Then, for any real a > 1 holds

SEIa(G) ≥ 2m +M1(G)(a − 1) +
1
2

(F(G) −M1(G)) (a − 1)2 . (5)

When 0 < a < 1, the opposite inequality is valid. Equality holds if and only if G � Cn or G � Pn.

Proof. Let di be a degree of vertex vi, i = 1, 2, . . . ,n. Then, by (1) we have that

adi ≥ 1 + di(a − 1) +
di(di − 1)

2
(a − 1)2 . (6)

After multiplying the above inequality with di and then summing over i, i = 1, 2, . . . ,n, we obtain

n∑
i=1

diadi ≥

n∑
i=1

di + d2
i (a − 1) +

d2
i (di − 1)

2
(a − 1)2

 =
= 2m +M1(G)(a − 1) +

1
2

(F(G) −M1(G)) (a − 1)2 ,

from which (5) is obtained. By a similar procedure it can be proved that when 0 < a < 1, the opposite
inequality is valid.

Equality in (6) holds if and only if di ∈ {1, 2}, for i = 1, 2, . . . ,n. Since G is connected, it follows that
equality in (5) holds if and olny if G � Cn or G � Pn.

Corollary 3.2. Let G be a connected graph with m ≥ 1 edges. Then, for any a > 1 holds

SEIa(G) ≥ 2m −M1(G)
(a − 1)(a − 3)

2
+M2(G)(a − 1)2 . (7)

Equality holds if and only if G � Cn or G � P2.

Proof. By the arithmetic–geometric mean inequality, AM–GM inequality, (see e.g. [17]) we have that

F(G) =
∑
i∼ j

(d2
i + d2

j ) ≥ 2
∑
i∼ j

did j = 2M2(G) . (8)

From the above and (5) for a > 1, we arrive at (7).
Equality in (8) holds if and only if G is regular, which implies that equality in (7) holds if and only if

G � Cn or G � P2.
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Corollary 3.3. Let G be a connected graph with n ≥ 3 vertices and m edges. Then, for any a > 1 holds

SEIa(G) ≥ 2ma + (M1(G) − 2m)
(
1 +

(M1(G) − 2m)(a − 1)
2(2m − n)

)
(a − 1) . (9)

Equality holds if and only if G � Cn or G � Pn.

Proof. In [16] it was proven that

F(G) ≥M1(G) +
(M1(G) − 2m)2

2m − n
. (10)

From the above enad inequality (5) we obtain (9). Equality in (10) holds if and only if di ∈ {∆, 1}, for
i = 1, 2, . . . ,n, which implies that equality in (9) holds if and only if G � Cn or G � Pn.

Corollary 3.4. Let G be a connected graph with n ≥ 3 vertices and m edges. Then, for any a > 1 holds

SEIa(G) ≥ 2m +M1(G)(a − 1) +
2m2(2m − n)

n2 (a − 1)2 . (11)

Equality holds if and only if G � Cn or G � P2.

Proof. In [16] it was proven that

F(G) −M1(G) ≥
4m2(2m − n)

n2 . (12)

From the above and (5) we arrive at (11).

Corollary 3.5. Let G be a connected graph with n ≥ 3 vertices and m edges. Then, for any a > 1 holds

SEIa(G) ≥ 2m +M1(G)(a − 1) +
1
2

(2m − n)3(a − 1)2

(n − ID(G))2 . (13)

Equality holds if and only if G � Cn.

Proof. In [16] it was proven that

F(G) −M1(G) ≥
(2m − n)3

(n − ID(G))2 . (14)

From the above and (5) we obtain (13).

Corollary 3.6. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any a > 1 holds

SEIa(G) ≥
2m
n

(
na + (2m − n)

(
1 +

m
n

(a − 1)
)

(a − 1)
)
. (15)

Equality holds if and only if G � Cn or G � P2.

Proof. In [9] it was proven that

M1(G) ≥
4m2

n
, (16)

with equality if and only if G is regular. From the above inequality and (9) we obtain (15).
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Corollary 3.7. Let U be a connected unicyclic graph with n ≥ 3 vertices and m edges. Then, for any a > 1 hold

SEIa(U) ≥ M1(U)(a − 1) + 2n(a − 1)2 + 2n , (17)
SEIa(U) ≥ 2na2 . (18)

Equalities hold if and only if U � Cn.

Denote by D = ∆a∆ −∆+ 2m+ (M1(G)−∆2)(a− 1). Similarly as in the case of Theorem 3.1 the following
result can be proved.

Theorem 3.8. Let G be a connected graph with n ≥ 3 vertices and m edges. Then, for any a > 1 holds

SEIa(G) ≥ D +
1
2

(
F(G) −M1(G) − ∆2(∆ − 1)

)
(a − 1)2 .

When 0 < a < 1 the opposite inequality is valid. Equality holds if and only if either G � K1,n−1, or G � Cn, or G
is a connected graph with the property ∆ = 2m − t − n + 2, d2 = · · · = dt = 2 and dt+1 = · · · = dn = 1, for some t,
2 ≤ t ≤ n − 2.

Theorem 3.9. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any real a > 1, holds

SEIa(G) ≥ 2m +M1(G)(a − 1) +
1
2

(
F(G) −M1(G)

)
(a − 1)2 . (19)

When 0 < a < 1, the opposite inequality is valid. Equality holds if and only if either G � Kn, or G � Cn, or G � Pn,
or G � K1,n−1, or G is connected graph with the property n − 1 = d1 = d2 and d3 = · · · = dn = 2.

Proof. Let a > 1. After multiplying (6) by n − 1 − di, i = 1, 2, . . . ,n and summation over i for i = 1, 2, . . . ,n,
we obtain

n∑
i=1

(n − 1 − di)adi ≥

n∑
i=1

(n − 1 − di + (n − 1 − di)di(a − 1)+

+
di(di − 1)(n − 1 − di)

2
(a − 1)2

)
,

(20)

from which (19).
Equality in (20) holds if and only if d1 = d2 = · · · = dn = n − 1, or di ∈ {1, 2}, for i = 1, 2, . . . ,n. Since G is

connected we conclude that equality in (19) holds if and only if if either G � Kn, or G � Cn, or G � Pn, or
G � K1,n−1, or G is connected graph with the property n − 1 = d1 = d2 and d3 = · · · = dn = 2.

Theorem 3.10. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any real a > 1, holds

SEIa(G) ≤ an−1

(
2m +M1(G)

(1
a
− 1

)
+

1
2

(
F(G) −M1(G)

) (1
a
− 1

)2)
(21)

When 0 < a < 1 the opposite inequality is valid. Equality holds if and only if G is a connected graph with the property
di ∈ {1, 2,n − 1}, for i = 1, 2, . . . ,n.

Proof. Suppose a > 1. Then, based on (3) for any vertex degree di of vertex vi we have that

a−di ≤ 1 + di

(1
a
− 1

)
+

di(di − 1)
2

(1
a
− 1

)2

.

After multiplying the above inequality by n − 1 − di and then summing over i, i = 1, 2, . . . ,n, we obtain
n∑

i=1

(n − 1 − di)an−1−di ≤

n∑
i=1

(n − 1 − di)an−1
(
1 + di

( 1
a
− 1

)
+

di(di − 1)
2

(1
a
− 1

)2)
, (22)

from which (21) is obtained. The case when 0 < a < 1 can be proved in a similar way.
Equality in (22), and therefore in (21), holds if and only if G is a connected graph with the property

di ∈ {1, 2,n − 1}, for i = 1, 2, . . . ,n.
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Remark 3.11. Equality in (21) is attained for a number of connected graphs with n vertices. Thus, for example,
equality in (21) holds if G � Kn, or G � Cn, or G � Pn, or G � K1,n−1, or when G is a connected graph with the
properties n − 1 = d1 = d2 and d3 = d4 = · · · = dn = 2.

In what follows we will prove some inequalities of Nordhaus–Gaddum type (see [18]).

Theorem 3.12. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any real a > 1, holds

SEIa(G) + SEIa(G) ≥
n − 1

2

(
2n + 4m(a − 1) + (M1(G) − 2m)(a − 1)2

)
. (23)

When 0 < a < 1, the opposite inequality is valid. Equality holds if and only if G � Cn or G � Pn.

Proof. The following identity is valid

SEIa(G) + SEIa(G) = (n − 1)
n∑

i=1

adi . (24)

Let a > 1. After summation of (6) over i, for i = 1, 2, . . . ,n, we obtain

n∑
i=1

adi ≥ n + 2m(a − 1) +
1
2

(M1(G) − 2m)(a − 1)2 . (25)

From the above and (24) we obtain (23).
Equality in (25), and hence in (23), holds if and only if G � Cn or G � Pn.

Corollary 3.13. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any real a > 1, holds

SEIa(G) + SEIa(G) ≥ (n − 1)
(
n + 2m(a − 1) +

m
n

(2m − n)(a − 1)2
)
.

Equality holds if and only if G � Cn or G � P2.

Corollary 3.14. Let U be a connected unicyclic graph with n ≥ 3 vertices. Then, for any real a > 1, holds

SEIa(U) + SEIa(U) ≥ n(n − 1)a2 . (26)

Equality holds if and only if U � Cn.

Remark 3.15. The inequality (26) was proven in [2].

Corollary 3.16. Let T be a tree with n ≥ 2 vertices. Then, for any real a > 1, holds

SEIa(T) + SEIa(T) ≥ (n − 1)(2a + (n − 2)a2) . (27)

Equality holds if and only if T � Pn.

Proof. In [12] it was proven that
M1(T) ≥ 4n − 6 =M1(Pn) .

For the above and inequality (24) for m = n − 1, we obtain (27).

Remark 3.17. The inequality (27) was proven in [15].

Let A = n+ 2m(a− 1)+ 1
2 (M1(G)− 2m)(a− 1)2. Similarly as in the case of Theorem 3.12, based on (2), the

following result can be proven.
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Theorem 3.18. Let G be a connected graph with n ≥ 2 vertices and m edges. Then, for any real a > 0 holds

SEIa(G) + SEIa(G) ≥ (n − 1)
(
A +

1
6

(F(G) − 3M1(G) + 4m)(a − 1)3
)
. (28)

Equality holds if and only if G is a connected graph with the property di ∈ {1, 2, 3}, for i = 1, 2, . . . ,n.

Theorem 3.19. Let G be a connected graph of order n ≥ 2 and size m. Then, for any real a > 1, holds

SEIa(G) + SEIa(G) ≤ (n − 1)an−1
(
n + 2m

( 1
a
− 1

)
+

1
2

(M1(G) − 2m)
( 1

a
− 1

)2)
. (29)

When 0 < a < 1 the sense of the above inequality reverses. Equality holds if and only if G � Cn or G � Pn.

Proof. Let a > 1. According to the (3), for any vertex degree di of vertex vi, holds

a−di ≤ 1 + di

(1
a
− 1

)
+

di(di − 1)
2

(1
a
− 1

)
.

After summation of the above inequality over i, for i = 1, 2, . . . ,n, we obtain

n∑
i=1

a−di ≤ n + 2m
(1

a
− 1

)
+

1
2

(M1(G) − 2m)
(1

a
− 1

)2

. (30)

On the other hand, we have that

SEIa(G) + SEIa(G) =
n∑

i=1

(n − 1 − di)an−1−di +

n∑
i=1

dian−1−di =

= (n − 1)an−1
n∑

i=1

a−di .

(31)

Now, from the above and inequality (30) we arrive at (29).
Equality in (30) holds if and only if di ∈ {1, 2}, for i = 1, 2, . . . ,n. Since G is connected, it follows that

equality in (29) holds if and only if G � Cn or G � Pn.

Let B = n + 2m
(

1
a − 1

)
+ 1

2 (M1(G) − 2m)
(

1
a − 1

)2
. By a similar procedure as in Theorem 3.19, from (4)

following theorem can be proved.

Theorem 3.20. Let G be a connected graph of order n ≥ 2 and size m. Then, for any real a > 0, holds

SEIa(G) + SEIa(G) ≥ (n − 1)an−1

(
B +

1
6

(F(G) − 3M1(G) + 4m)
(1

a
− 1

)3)
.

Equality holds if and only if G is a connected graph with the property di ∈ {1, 2, 3}, for i = 1, 2, . . . ,n.
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