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Abstract. The Hom-version of Lie H-pseudobialgebra was introduced in [21]. In this paper, we in-
vestigate infinitesimal Hom-H-pseudobialgebra, which is the Hom-associative analog of Hom-Lie H-
pseudobialgebra. We first provide some examples of this new structure and present the construction
theorems. We also consider the subclass of coboundary infinitesimal Hom-H-pseudobialgebras and the
related Hom-associative pseudo-Yang-Baxter equation. Furthermore, the connection between infinitesimal
Hom-H-pseudobialgebras and Hom-Lie H-pseudobialgebras is depicted. Finally, we show that, under
suitable conditions, solutions of the Hom-associative pseudo-Yang-Baxter equation give rise to solutions of
the Hom-classical pseudo-Yang-Baxter equation.

1. Introduction

The notion of conformal algebra introduced by Kac([12]) is widely used in the field of mathematical
physics by providing an axiomatic description of the operator product expansion (OPE) of chiral fields in
conformal field theory, and it came to be useful for the investigation of vertex algebras. Specifically, a Lie
conformal algebra L is defined as a C[d]-module (d is an indeterminate), endowed with a C-linear map

LRL— CIA]®L, a®b [ayb],

which satisfies the axioms similar to those of Lie algebra (see [5, 12]). In [3], Bakalov, D’Andrea and
Kac studied “multi-dimensional” Lie conformal algebra by replacing the above polynomial algebra C[d]
with any cocommutative Hopf algebra H. In fact, this multivariable generalization of conformal algebra
is actually an algebra in pseudotensor category M*(H), so it is called an H-pseudoalgebra, or simply a
pseudoalgebra. When H = k, a pseudoalgebra is actually a usual algebra. A Lie algebra in this pseudotensor
category is called a Lie H-pseudoalgebra, which is closely related to the differential Lie algebras of Ritt
and Hamiltonian formalism in the theory of nonlinear evolution equation ([6, 8, 9]). For other algebraic

2020 Mathematics Subject Classification. 16T10, 16T25, 17D30.

Keywords. infinitesimal Hom-H-pseudobialgebra, Hom-Lie H-pseudobialgebra, Hom-Yang-Baxter equation.

Received: 16 December 2022; Revised: 07 June 2023; Accepted: 10 July 2023

Communicated by Dijana Mosi¢

Research supported by the National Natural Science Foundation of China (No. 12301023), Doctoral Fund of Henan Institute of
Technology (No. KQ2101), Project funded by China Postdoctoral Science Foundation (No. 2022M711076) and Postdoctoral research
grant in Henan Province (No. 202103099).

* Corresponding author: Linlin Liu

Email addresses: 11ulinlin2016@163. com (Linlin Liu), zhs11949@126. com (Senlin Zhang), huihuizhengmail@126.com (Huihui
Zheng)



L. Liu et al. / Filomat 38:1 (2024), 271-293 272

structures, such as associative algebra, symmetric algebra, Leibniz algebra, etc., in this pseudotensor
category can be found in [3, 23, 24]. In particular, the fact that the annihilation algebra of associative H-
pseudoalgebra CendH is the Drinfeld double of H makes us believe that there should be a deep connection
between H-pseudoalgebra theory and quantum groups.

The study of Hom-algebras can be traced back to Hartwig, Larsson and Silvestrov’s work in [10], where
they introduced the structure of Hom-Lie algebras in the context of the deformations of Witt and Virasoro
algebras. The main feature of Hom-type algebras is that the identities defining the structures are twisted
by homomorphisms. Corresponding to Hom-Lie algebras are Hom-associative algebras [15], which give
rise to Hom-Lie algebras via the commutator bracket. Other Hom-type algebraic structures were studied
in [14, 16-18, 25, 26].

Infinitesimal bialgebras were introduced by Joni and Rota [11] in the context of the calculus of divided
differences. Later, Aguiar established the basic theory of infinitesimal bialgebras in [1, 2]. Recently, this
structures have been studied extensively, not only because of their important application to combinatorials
[2, 7], but also because they are closely related to the theory of Lie bialgebras. In detail, the cobracket A
in a Lie bialgebra is a 1-cocycle in Chevalley-Eilenberg cohomology, which is a 1-cocycle in Hochschild
cohomology in an infinitesimal bialgebra. So any infinitesimal bialgebra can be seen as an associative analog
of Lie bialgebra. Furthermore, Aguiar found the necessary and sufficient conditions so that an infinitesimal
bialgebra gives rise to a Lie bialgebra. In [27], Yau studied the Hom-type generalization of infinitesimal
bialgebras, called infinitesimal Hom-bialgebras and extended the main results in [1, 2] to Hom-case.

As a generalization of Lie bialgebra, Lie H-pseudobialgebra was introduced in [4]. There Boyallian
and Liberati gave the classical Yang-Baxter equation and Drinfeld double in H-pseudoalgebras. In [21],
Sun and Li generalized Lie H-pseudobialgebra and related classical Yang-Baxter equation to Hom-case
by twisting the identities using morphisms of H-modules. Similar to the relationship between Lie bial-
gebra and infinitesimal bialgebra mentioned above, it is natural to consider the Hom-associative analog
of Hom-Lie H-pseudobialgebra and related Hom-associative Yang-Baxter equation in a Hom-associative
H-pseudoalgebra. This is our motivation to define infinitesimal Hom-H-pseudobialgebra.

The paper is organized as follows. In Section 2, we first define infinitesimal Hom-H-pseudobialgebra,
which is the Hom-associative analog of Hom-Lie H-pseudobialgebra. Then we construct infinitesimal
Hom-H-pseudobialgebras from infinitesimal Hom-bialgebras, infinitesimal H-pseudobialgebras and the
given infinitesimal Hom-H-pseudobialgebras. Moreover, we obtain a class of infinitesimal Hom-H-
pseudobialgebras. Section 3 is dedicated to the subclass of coboundary infinitesimal Hom-H-pseudobialg-
ebras. We give the construction theorems and the characterizations of coboundary infinitesimal Hom-H-
pseudobialgebras. In addition, we obtain related Hom-associative pseudo-Yang-Baxter equation (pseudo-
AHYBE) in a Hom-associative H-pseudoalgebra. In Section 4, we construct a class of Hom-Lie H-
pseudobialgebras from infinitesimal Hom-H-pseudobialgebras. We also study how coboundary infinites-
imal Hom-H-pseudobialgebras give rise to coboundary Hom-Lie H-pseudobialgebras. In the last section,
we show that under suitable conditions, solutions of pseudo-AHYBE give rise to solutions of the pseudo-
CHYBE in related Hom-Lie H-pseudoalgebra.

Throughout this paper, k is an algebraically closed field. All vector spaces, linear maps, and tensor
products are over k, H is a cocommutative Hopf algebra and X = H" is the dual of H. As usual, we adopt
Sweedler’s notations in [22]. For a coalgebra C, we write its comultiplication as A(c) = c1 ® ¢, for all c € C.
For any vector space V, we have the flipping maps o,7: f® g+ g® f forall f,g € V. Now we recall some
useful definitions which will be used later.

2. Preliminaries

Definition 2.1 ([19]) A Hom-associative H-pseudoalgebra is a triple (A, u = * &), where A is a left
H-module, @« € Hompy(A, A) and p € Hompen(A ® A, (H ® H) ®y A), called the pseudoproduct, denote
p(a®b) = axb, satisfying

([d@ua)ou=po(@®a), po(a®u)=po(u®a),



L. Liu et al. / Filomat 38:1 (2024), 271-293 273

ie.,
(id ®y a)(a = b) = a(a) * a(b), a(@)*(bxc) = @xb)*a(c) e H® @y A
foralla,b,c € A.

A morphism f : (A, ua,@s) — (B, up, ag) of Hom-associative H-pseudoalgebras is an H-linear map
suchthatapo f= foasand fous = pupo (f® f).

For an arbitrary Hopf algebra H, we recall that the map ¥ : H® H — H ® H, called the Fourier
transform, defined by the formula

F(feg) = el)SeidAlg) = fS(41)® g,

and ¥ is a vector space isomorphism with an inverse given by

F(feg = (feAw) = fr 84

Now we introduce another product [4,b] € H ® A defined as the Fourier transform of a = b:
[0,61= ) F(fieg)d®e) =) fiSgn) ® goei
ifaxb=Y,(fi®g)®uei =Y, fiS(g1) ®1®y gine;. In other words,

[a,b] = Zh@ci, ifaxh= Z(him)@m.
i i

Then for x € X = H*, the x-product in A is given by

axb = (< S(x), - > ®id)[a, b] = Z < S(), i > c;.

1

Using the properties of Fourier transform, we have the following equivalent definition of Hom-
associative H-pseudoalgebra.

Definition 2.2 ([19]) A Hom-associative H-conformal algebra is a triple (4, [, -], @), where A is a left H-
module, [-,-] : A® A — H® A is defined as above and a € Homg(A, A), satisfying the following properties
(Ya,b,c € Aand h € H):

(H-sesqui-linearity)

[ha,b] = (h®1)[a,b], [a,hb] = (1® ho)a, bl(S(h1) ® 1).

(Hom-associativity)

[a(@), [b,c]] = (F " @id)[[a, b], a(c)]
inH®H®A, where [4,[b,c]] = (0 ® id)(id ® [a,-))[b, ], [[a,],c] = (id® [, c])a,b].

We can also reformulate Definition 2.2 in terms of the x-products.

Definition 2.3 ([19]) A Hom-associative H-conformal algebra is a triple (A, -x-, @), where A is a left H-
module, x : A® A — A,a®Db — a,b is defined as above and @ € Hompy(A, A), satisfying the following
properties (Va,b,c € A,h € Hand x € X):

(Locality)

for any basis {x;} of X, a,,b # 0 for only a finite number of i.

(H-sesqui-linearity)
hﬂxb = axhb, lehb = hz(ﬂs(hl)xb).

(Hom-associativity)
a‘(a)x(byc) = (axzb)yxla(c)-
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Definition 2.4 ([19]) Let (A, *, @) be a Hom-associative H-pseudoalgebra. A left Hom-A-module is a
triple (M, p, B), where M is a left H-module, p € Hompgn(A ® M, (H® H) ®4 M) (we denote p(a ® m) = a+m),
B € Homy (M, M), satisfying

(id @y B)a+m) = aa) = f(m), afa)*b+m) = (a+b)*p(m), Va,be A,meM.

Similarly, we can define a right Hom-A-module by satisfying (id ®y )(m *a) = f(m) + a(a) and p(m) * (a+b) =
(m=a)*a(b). Let (A,+ aa) and (B, +, ag) be two Hom-associative H-pseudoalgebras, then (M, p, p) is called
a Hom-A-B-bimodule if (M, p,p) is both a left Hom-A-module and a right Hom-B-module, satisfying
(axm)*ap(b) = aa(a)+(m=b) foralla € A,b € Bandm € M. When B = A, we call (M, p, ) a Hom-A-bimodule.

Proposition 2.5 Let (4, , @) be a Hom-associative H-pseudoalgebra. Then for each n > 2, (A%*", a®") are
Hom-A-bimodules with the following structures:

ax(b1®by®--®b,) = ) (fi®g) @ (i ® abn) @+~ @ a(by)),

(br®- @b ®by)ra= Y (ol &y (@b) @ 8 alby1) @),

]

where a(a) *b; = Y ;(fi ® 9i;) ®g e and b, * a(a) = Z]»(k]- ®lj)®p tj, foralla,by,by--- b, € A.
Proof. It is a straightforward computation and we omit the details. O

Definition 2.6 ([19]) A Hom-Lie H-pseudoalgebra is a triple (L, u = [#], a), where L is a left H-module,
a € Hompy(L,L) and p € Hompen(L ® L, H®* ®y L), called the pseudobracket, denote u(a ® b) = [a * b],
satisfying
(Multiplicativity)
(id @y @)la + b] = [a(a) * a(b)]
(Skew-commutativity)
[a+b] = —(0 @y id)[b *al.

(Hom-Jacobi identity)
[[a = b] * a(c)] = [a(a) * [0+ c]] = (0 ® id) ®y id)[a(b) * [a * c]],

foralla,b,ce L.

In particular, for the one-dimensional Hopf algebra H = k, a Hom-Lie H-pseudoalgebra is just an or-
dinary Hom-Lie algebra over the field k. If @ = id, then a Hom-Lie H-pseudoalgebra is an ordinary Lie
H-pseudoalgebra([3]).

Definition 2.7 ([21]) A Hom-Lie H-coalgebra is a triple (L, 6, «), where L is a left H-module, 6 : L — L®L
is an H-linear map and o € Hompy(L, L), satisfying

god ==,
doa=(a®a)oy,
(a®0)6 —012(a ®0)6 = (0 ® )0,

where 012(a®b®c) =bQa®cforalla,b,ceL.

Definition 2.8 ([21]) A Hom-Lie H-pseudobialgebra is a quadruple (L, [#], 6, @) such that (L, [¢], @) is a
Hom-Lie H-pseudoalgebra, (L, 6, @) is a Hom-Lie H-coalgebra, and they satisfy the compatible condition

5([a*b]) = [a*5(b)] — (0 @y id)[b*5(a)], Ya,beL, 2. 1)
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where
[a=06(b)] = Z(f,S(g,l) ®1)®y (gize,' ® a(by)) + Z(kjS(lﬂ) ®1)®y (a(b) ® ljzt]'),
i j
if
[a@+bi] =) (fi®g)®uei= ) (fiS@Fn)®1) 8u goe,
and

(@) +bol = Y (@ 1) @u tj = Y (k;S(Lp) @ 1) @ It

] ]

A morphism f : (L, [+],6,a) — (L', [+]’, &', @’) of Hom-Lie H-pseudobialgebras is an H-linear map such
thata’of = foa,fo[s] =[] o(f®f)and &' o f = (f® f) 0 0.

Remark 2.9 The compatible condition (2.1) is indeed the condition that 6 is a 1-cocycle of the Hom-Lie
H-pseudoalgebra (L, [+], @) with coefficient in L ® L in the reduced complex ([19]).

Definition 2.10 ([21]) A coboundary Hom-Lie H-pseudobialgebra (L, [+], §,, @, r) consists of a Hom-Lie
H-pseudobialgebra (L, [#], 6, «) and an element r = ) ; u; ® v; € L ® L such that a®2(r) = r and

5(a) = Z u(la, ) ® a(v;) + o1a(a(u) ® la, vi})), 2.2)

where {a, b} is the Fourier transform of [a + D], and u(h ® a® b) = A(h)(a®b) forall h € Hand a,b € L. More
precisely, suppose [a*b] =}, @1y ey, then

6(“) = Z hglui(ea,ui ® 0((?]1)) + Z hu’vi(a(ui) ® eu,vi)'

3. Infinitesimal Hom-H-pseudobialgebras

In this section, we define infinitesimal Hom-H-pseudobialgebras, which generalize both infinitesimal H-
pseudobialgebras ([13]) and infinitesimal Hom-bialgebras ([27]). In addition, we construct an infinitesimal
Hom-H-pseudobialgebra from the infinitesimal Hom-bialgebra, the infinitesimal H-pseudobialgebra and a
given infinitesimal Hom-H-pseudobialgebra, respectively.

Definition 3.1 A Hom-coassociative H-coalgebra is a triple (A, A, a), where A: A — A ® A (we denote
A(a) = a1 ® ap) is an H-linear map and a € Hompy(A, A), satisfying

(@®A)oA=(A®a)oA, Aca=(a®a)oA.
More precisely, we have
aa1) ®ay ®ax =aj ®app @a(az), Ala)) = ala;) ® a(az), Ya € A.

Remark 3.2 In fact, it is the definition of Hom-coassociative coalgebra compatible with an H-module
structure on A.
Let V and W be two H-modules. An H-pseudolinear map from V to W is a k-linear map ¢ : V —
(H® H) ®y W such that
¢(hv) = (1®h)®y 1)¢(v), YheHveV.

We denote the vector space of all such ¢ by Chom(V, W). There is a left action of H on Chom(V, W) defined
by
(hp) (@) = (h®1) ®y 1)P(v).
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In the special case V = W, we write Cend(V) = Chom(V, V). Throughout the paper, unless otherwise
specified, we always set V* = Chom(V, k).

Let L be a finite free H-module with a basis {4;}!_,. The dual basis to {a;}!_, in L* = Chom(L, k) is defined
as the set {a/ 7, where each al € L* is given by

a'xa;=(1®1)®y 5jj.

It is easy to check that {a/ };7 , is a linearly independent set such that H-generates L*. Under this assumption,

we have
Theorem 3.3 (1) Let (A = @Zl Ha;, +, ) be a finite free Hom-associative H-pseudoalgebra with the
pseudoproduct

N
ai*aj = Z(f;] ® g;cj) ®py ag.
k=1

Let A* = Chom(A,k) = @Zl Ha' be the dual of A, where {4’} is the dual basis corresponding to {a;}. Let
p: A* — A" be the H-linear map dual to a. Define A : A* — A*® A* by

A@) =Y S(F)a' ® S(g))al
ij

and extend it H-linearly, i.e., A(ha*) = hA(@@). Then (A%, A, B) is a Hom-coassociative H-coalgebra.
(2) Conversely, let (A, A, B) be a finite Hom-coassociative H-coalgebra. Then the left H-module (A* =
Chom(A, k), -y-, @) is a Hom-associative H-conformal algebra with the x-product defined by

(fx9)y(@) = f2,(a1)gys ) (@2),

forall f,ge A, ac Aand x,y € X.
Proof. It is quite similar to the proof of Theorem 4.5 in [4]. m]

Definition 3.4 An infinitesimal Hom-H-pseudobialgebra is a quadruple (A, *, A, @), where (A, *, ) is a
Home-associative H-pseudoalgebra and (4, A, @) is a Hom-coassociative H-coalgebra, satisfying the com-
patible condition

Aa+b)=a+AD)+ A@)+b, Ya,beA, (3. 1)
where

axAb) = Z £i®g:®n (e ® a(by)),

Aa)+b = Z m;j @ n;j ®y (a(ar) ®t)),
i

ifa(@) +b1 =Y, fi®gi®ye and ay * a(b) = ijj®nj®H t.
Let (A, pta, Aa, ) and (B, up, Ap, ap) be two infinitesimal Hom-H-pseudoalgebras. An H-linear map
f : A — B is called the morphism of infinitesimal Hom-H-pseudobialgebras if f satisfies f o us =

HBo(f‘X)f)rABof:(f@f)OAA and ap Of:foaA,

Remark 3.5 (1) In particular, for the one dimensional Hopf algebra H = k, an infinitesimal Hom-H-
pseudobialgebra is just an ordinary infinitesimal Hom-bialgebra ([27]). If @ = id, then an infinitesimal
Hom-H-pseudobialgebra is actually an infinitesimal H-pseudobialgebra ([13]).

(2) The compatible condition (3.1) is indeed the condition that A is a 1-cocycle of the Hom-associative
H-pseudoalgebra (A, =, a) with coefficients in A ® A in the reduced complex ([19, 20]). So infinitesimal
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Hom-H-pseudobialgebra is a Hom-associative analog of Hom-Lie H-pseudobialgebra.

Now we construct an infinitesimal Hom-H-pseudobialgebra from a given infinitesimal Hom-H-pseudo-
bialgebra.

Proposition 3.6 Let H' be a Hopf subalgebra of H and (4, *, A, a) be an infinitesimal Hom-H’-pseudobialg-
ebra. Then (Cur(A) = H®w A, %, 0, B = id® @) is an infinitesimal Hom-H-pseudobialgebra with the following
structures (V f,g € H,a,b € A):

(f @ a)i(g @ ) = ) (ff:® 99) @ (111 ),

O(f ®w a) = (fi ®w a1) ® (f2 ® a2),

wherea+b =) (fi ® g;) ®w e¢;.
Proof. By Proposition 2.16 in [19], (Cur(A) = H ® A, %, B) is a Hom-associative H-pseudoalgebra. For
alla € Aand f € H, we have

OB(f & a) = O(f ®rr a(a)) = (fr B (1)) ® (f2 ®rr a(a2)) = (B ® B)O(f ®rr a).
Since (A, A, a) is a Hom-coassociative H'-coalgebra, we get (@ ® A)A(a) = (A ® a)A(a), i.e., a(ar) @ ay Qax =
a11 ® a1 ® a(ay). Using the above equation, we have
(B®0)0(f ®n a) (B O)((f1 ®rr a1) ® (f2 ®nr a2))

= (fi ®n a(a1)) ® (f2 ®n 421) ® (fs 1 a22)
= (fi ®w 411) ® (2 ®w a12) ® (f3 O a(12))
= O(fi ®u a1) ® f(fo O 12)
= (6®P)O(f ®x a).

It follows that (Cur(A), 6, B) is a Hom-coassociative H-coalgebra. Finally, we verify the compatible condition
(3.1). Suppose

ﬂ*b=2fi®gi®H' ei, a(a) = by :ZPi‘X’Qi@H’ ti, ﬂz*a(b)=zmi®ni®H' Ti,
; 7 7

then we have
A(a*b) = Ala) »b +ax Ab),

which is equivalent to
Z fi® i @ (e ®ep) = Z pi ®qi ®n (ti ® a(by)) + Z m; @ n; @ (aw(ar) ®1;).

Using the above equation, we get

(f ®nr @)¥6(g @1 b) + 6(f @ a)¥(g @ b)

B(f ®rr a)%(g1 ®1 b1) ® B(92 ®nr b2) + B(f1 ®rr a1) ® (f2 ®pr a2)%4(g ®pr b)

Y (fpi® 3100 @ (11 1) @ (92 8xr aB) + Y (farmi @ g) @ (fi @ (1) @ (1 @3y 1)

Z(fpi ® 9q:) ®n (1 ®x 1) ® (1 ®n a(b2))) + Z(fmi ® gn) ®u (1 @ a(a1) ® (1 @ 1:)

Z(ffi ® g9:) ®n (1 @ ei1) ® (1 @y ei2))

O((f ®m )*(g ®n b)).

This completes the proof. m]
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Remark 3.7 More generally, let ¢ : H — H be a homomorphism of Hopf algebras, and (A,*, A, @)

an infinitesimal Hom-H’-pseudobialgebra. Then (H ®y A, %6, = id ®y «) is an infinitesimal Hom-H-
pseudobialgebra with the strucutres:

(f @ (g @m ) = ) (fO(f) ® 99(9:)) @1 (1 - @),
O(f @ a) = (1 ®w 1) ® (f2 O 2),

wherea+b=),fi®g;®ue forallabe A
Corollary 3.8 Let (4, i1, A, @) be an infinitesimal Hom-bialgebra. Then (Cur(A) = H® A,%,6,id ® a) is an
infinitesimal Hom-H-pseudobialgebra with the following structures:

(f®a)Hg®b) = Z(f@g) ® (1 ®ab),
of®a)=(fi®a)®(f2®@a),

forall f,ge Handa,b e A.
Proof. It can be obtained directly by taking H" = k in Proposition 3.6. m]

We now show that how to construct an infinitesimal Hom-H-pseudobialgebra from an infinitesimal
H-pseudobialgebra.

Theorem 3.9 Let (4, i = %, A) be an infinitesimal H-pseudobialgebra and & : A — A be a morphism of in-
finitesimal H-pseudobialgebras. Then A, = (A, iy = *a, Ay, ) is an infinitesimal Hom-H-pseudobialgebra,
where i, = (id ®y a)p and Ay, = Ao a.

Proof. By Theorem 2.9 in [19], (A, pa, &) is a Hom-associative H-pseudoalgebra. Forallh € H,a € A, we
have

Ay(ha) = A o a(ha) = A(ha(a)) = hA,(a),

Ay 0 a(@) = (@) ® () = (a @ a)(a(@m) ® a(@)) = (@ ® ®)A.()

and

(a® Ax)Aa(a) (a® Ag)(a(ar) ® a(ay))

= a’(m) ® a’(a21) ® a*(a)
= a’(a11) ® a’(a12) ® a’(az)
= a(mh ®a*(m): ® a’(a2)

= (Aa ®a)A4(a).

Hence (A, Ay, @) is a Hom-coassociative H-coalgebra. It remains to check the compatible condition (3.1) in
A,. Suppose

a*b=2p1®qi®Hwi, axby :Zﬁ®gi®Hei, az*b=Zmi®ni®Hti.
i i i

Since (A, #, A) is an infinitesimal H-pseudobialgebra, we have A(a*b) = a* A(b) + A(a) * b, which is equivalent
to

Zpi®‘7i®H(wi1 ®wi2)=Zfz@gi@H(€i®bz)+Zmi®ni®H(ﬂ1®fz‘)-
7 7 7
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According to the above equation and the fact that a *, b = (id ®y a)(a * b) = a(a) = a(b), we have

a*y Aa(b) + Aa(a) * b
= a(a) *, a(b) ® a*(by) + a*(a1) ® a(ay) *o a(b)
= (id ®y a®)a b)) @ a*(by) + a?(a1) ® (id ®y a*)(ap * b)

= Z fi ® g ®u (2P () ® a*(by)) + Z m; ® n; ®p (o (a1) ® a’(t))
= Z pi ®qi ®y (az(wz'l) ® 0(2(’(/01'2))

= Aa(z pi ® q; ®y a(w;))
i
= Aa(a *a b)/

which completes the proof. m]

More generally, we have

Theorem 3.10 Let (A, i = *, 6, @) be an infinitesimal Hom-H-pseudobialgebra. Then so is A" = (A, u, =
*,, A", a%") for each n > 0, where p, = (id ®y a® ') o pand A" = Ao a®'~L.

Proof. First note that A = A, A! = (A, 1 = (id ®y a) o u, A' = Ao a,a?), and A™! = (A")!. Therefore,
by an induction argument, it suffices to prove the case n = 1, ie., that A' is an infinitesimal Hom-H-
pseudobialgebra. One can check directly that (A, ;11,0(2) is a Hom-associative H-pseudoalgebra and that
(A, Al, a?) is a Hom-coassociative H-coalgebra. It remains to establish the compatible condition (3.1) in A®.
We denotea+b = i’ ® g“'b ®pue,p foralla, b € A, where we avoid the sum that is implicity understood. Then
(3.1) can be rewritten as

Y ® g @ (eap)1 ® (eap)2 = H0) @ ) @y e, o) ® a(b2)

+1290) @ g0 @ a(a1) ® eg, a(h)-
Using the above equation, we have
ax A'(b) + Al(a) + b
= (@)= abr) ® a’(by) + (a(@) ® (@) 1 b
= 10N @ gD @y ey any) ® @ (b)
+hA@@*0) @ g2 @ 43(21) ® Aepay a2p)
= KON @ g M @y 0P (eqap) ® a’(b2)
+1220) @ g0 @ 03 (a(a1)) ® a*(eay a(p))
= WO @ g O @y 0P (ea, ® (b))
+h2®) @ g0 @ 02 (a(a1) ® €4, ar)
= W@ g" @u a®((eaph ® (€ap)2)
= A=),

as desired. O

Example 3.11 Let H be a commutative Hopf algebra and G(H) the set of all grouplike elements of
H. Suppose that Hfej, e} is a free associative H-pseudoalgebra with pseudoproduct given by e; * e; =
Ay ey, e1xep =exxer=erxep =0,Yae HR H. DefineA: A — A® A as follows:

Aler) =e1®e1, Ale) =er®e,
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and extend it H-linearly, i.e., A(he;) = hA(e;) fori = 1,2. Then (A, *, A) is an infinitesimal H-pseudobialgebra.
We definea : A — A by

ale1) = ge1, a(ex) = gex with g € G(H).

Then a is an endomorphism of infinitesimal H-pseudobialgebra. By Theorem 3.9, (H{e1, €2},
Ha, Ay, ) is an infinitesimal Hom-H-pseudobialgebra with

Ualer ®e1) =a®y gey,  Hale1 ®e2) = talea ®er) = paler ®e2) =0,
Anler) = Alger) = ge1 @ ger,  Axle2) = A(gez) = gex ® ges.

Moreover, we can obtain a class of infinitesimal Hom-H-pseudobialgebras by Theorem 3.10.

4. Coboundary infinitesimal Hom-H-pseudobialgebras

Suppose that (A, @) is a Hom-associative H-pseudoalgebra and M is a left Hom-A-module. By Lemma
2.3in[3], for alla € A and m € M, a + m can be written uniquely in the form } ;(#; ® 1) ®y ¢;, where {;} is a
fixed k-basis of H. In the following, we always write
asm=h"Q1Qy cym,

for convenience. Similarly, for a right Hom-A-module N, we set
n+a=10I"" ey,

foralla e Aand n € N.

Proposition 4.1 Let (A, *, ) be a Hom-associative H-pseudoalgebraand r = }; u;®v; € A® A a-invariant
(i-e., (@®?)r = r). Define the map A, : A — A® A by

Ar(a) = B (cqu; @ a(vi)) — g7 (a(ut;) ® My, 4), “4.1)
where a * u; = i*" ® 1 ®y Cap,, Vi *a = 1 ® g¥* @y my, .. Then A, satisfies the compatible condition (3.1).

Proof. Foralla,b € A, supposea*b = "t ®1ey cap for convenience. By Proposition 2.5, (A® A, a ® a)

is a Hom-A-bimodule, so we have
(a*b)* (a(u;) ® a(v;)) = a@) * (b* (u; ®v;)), (Ui ®v;)*a)=*ad) = (a(u;)®a(v))*(@+Db),

which are equivalent to

Je@),a(b) h;‘mmw)/a(”x‘) ® h;am),a(h)r“(“x‘) &1 @ (Cowgy ) ® a2(v)))
@ @ BN @ 1 @y (Caz(a)cyqy,, @ X2 (01))

and

1© g0 @ g™ @y (0 (1) © M, 1 0209)

1@ Kb a(v;),a(cap) a(vi),a(cqp)

Iq ® 9 ®H (0(2(”1') ® ma(vi)ra(ca,h))’
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respectively. Combining with the above two equations, we have

a*NA(b) + A (a) b
= ax (B (Cou, ® a(0) = ax (g7 (i) @ 1y, p)) + h™" (o, ® a(0i)) # b
—(g"* (a(ui) ® my,q)) * b
= ha(a)lch'"i ® hb,ui ®H (Ca(u),cb,,,l, ® az(vi)) - ha(a),a(ui) ® !]vi’h By (Ca(u),(x(ui) ® a(mv,-,b))
+h" @ ga(w)’a(b) By (a(cl?,llj) ® ma(v,),a(b)) - gvi,ﬂ ® gm”"‘”a(b) g2] (az(ui) ® mmvlyu,a(b))
— ha(a)/ch,u,» ® hb,uf H (Ca(u),q],w ® OZZ(U,')) _ gv,‘,a ® ng,-,u,a(b) ®n (CYZ(MI‘) ® mmviﬂ,a(b))
— hu,bhia,b/a(”i) ® h;a,b,a(ui) R (Cca,b,a(ui) ® 0(2('01'))

—}b gtlx(vi),cn,b ® gg(vi),cﬂ,b ® (a(11) ® Magoees)

= BR @ Y @ (Ceyu ® a(v) = UG © gy @ (o) @ iy g,,)
= W @1 ey h™"i(cg,, u, ® a(v)) — H" ® 1 ®y g7 (a(u;) ® My, ,,)

= h""'®18y Adcap)

= Aia=xD).
This completes the proof. m]

With the definition of A, in the above proposition, we have
Definition 4.2 A coboundary infinitesimal Hom-H-pseudobialgebra is a quintuple (A4, #,
A, a, 1), where (A, #, A,, @) is an infinitesimal Hom-H-pseudobialgebraand r = }; u;®v; € A®A is a-invariant.

Remark 4.3 A coboundary infinitesimal H-pseudobialgebra is a coboundary infinitesimal Hom-H-
pseudobialgebra with a = id.

Theorem 4.4 Let (A, +, A, 1) be a coboundary infinitesimal H-pseudobialgebra and @ : A — A a mor-
phism of associative H-pseudoalgebras such that a®(r) = r. Then A, = (A,*,, Ay, ,7) is a coboundary
infinitesimal Hom-H-pseudobialgebra, where a +, b = (id ®y a)(a *b) and A, = Ao a.

Proof. Letr = Y, u; ® v;. Using a®*(r) = r and (id ®y a)(a * b) = a(a) » a(b), we obtain

A(a(a)) ha(u)’ui(ca(a),u,' ®v;) — gvi'a(ﬂ)(ui ® mvi,a(a))
= PO () ) ® (0) = g OO (1) ® Mg ae)
= h"(a(cou) ® a(vi) — g7 (a(u;) ® a(my,q))

= a®*(A(a)).

Hence a is a morphism of infinitesimal H-pseudobialgebras. By Theorem 3.9, A, is an infinitesimal Hom-H-
pseudobialgebra. In what follows, we prove that A, satisfies condition (4.1). Note thata =, u; = a(a)*a(u;) =
he@a) @ 1 @ Cat@)a) aNd v 2, 0 =1® g"‘(v")'“(“) ®H Ma(wy),at), then we have

An(@) = Ala(@)) = H*DD (e iy ® () — gD (1) ® Moy a(@)-

This completes the proof. m]

More generally, we have

Theorem 4.5 Let (A, u = %, A,, @, 1) be a coboundary infinitesimal Hom-H-pseudobialgebra. Then so is
A" = (A, ty = *,, A, 0%, 1) for each n > 0, where p, = a®> Loy, A = A, 0 a1,

Proof. By Theorem 3.10, we already known that A" is an infinitesimal Hom-H-pseudobialgebra. More-
over, since 7 is fixed by a ® a, i.e., (a ® @)r = r, it is also fixed by (a?")®2. Thus it remains to show that A? has
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the form of (4.1). Letr = Y, u;i ® vj, a*u; = " ® 1 ®y ¢, and v; *a = 1 @ g ®y my, ,, we have

Ala) = Afa® ()
- @ ) — oie? ) .
= (Caznfl(u),ui ®a(v) — g (a(uj) ® mvi,az"*T(u))
Moy M1 n
= p @ (HX)(Caznfl(a),aZ"*(u,‘) Q > )
2M-10 42"-1 n
_ga (), (a)(a2 (u; ® M 211y, 21 (a))
B 2n—1 2" 0Ny AU A2 (. 2"—1
= (@ " (Cau) @™ (v) — g (@ (ui) ® a” ™ (115,4)),
as desired. O

In Proposition 2.5, we are interest in the case of n = 3, that is, (A®3, a®%) is a Hom-A-bimodule with the
following structures (¥ a,x, y,z € A):

a*(x®y®z) = (K" ®1) @y (Capx ® Uy) ® A(2)),
(x®y®z)*+a=(1& @)@y (a(x) ® ay) ® e:a@),

where a(a) * x = h*@* ® 1 ®y Ca(a)r and z * a(a) = 1 ® 7% @y e, 4(,). Here we denote

av (x®Yy®z) = h" D% @y ® aly) ® a(2),
(x®y®2z)<a =" a(x)®ay)®e,awm-
Under this assumption, we have the main result of this section.

Theorem 4.6 Let (A, *, ) be a Hom-associative H-pseudoalgebra. Suppose thatr = };u;®v, € A® A
satisfies a®*(r) = r. Then (4, *, A,, a) is a coboundary infinitesimal Hom-H-pseudobialgebra if and only if

pa(a> Ag(r) — Ag(r) <a) =0, 4.2
where u3(h®a®b®c) = (A®id)A(h))(a® b ®c) and

Aar) = ity (i, uj] ® a(0) @ a(or) — 13 (@) @ [o;,uj] ® a(0)))
+uy (o) ® a(u)) ® [0}, v;),

where ' , means that the element of H that appears in its argument in the k-th place acts via the antipode
on the element of A located in the I-th entry, 117° means that the element of H located in the k-th place in its
argument acts on the elements of A ® A formed by the elements in the r-th and s-th places. For example,
ut (h@a®b®c)=a®b®Sh)c, uy*(@®@b®h®c) =ha®b®hycforallh € Handa,b,c € A.

Proof. Suppose thata + u; = " ® 1 ®p ¢4, vi *a = 1 ® g°* @y my, .. Then we have

ha(ﬂ)/ui(ca(u),ui ® a(v;)) — gvi/a(ﬂ)(a(ui) ® mv,-,a(a))

= KO (o 0),a0m) ® P (07) — g OO0 (1) ® Moy ae)
= K ((Cop) ® AP (vy)) — 977 (0 (1) ® (i, 1))

= (a®@a)(h""(Cou ® (Vi) — g (a(u;) ® My, 4))

= (a®a)A(a).

Ar(a(a))

By Proposition 4.1, A, satisfies the compatible condition (3.1). So we only need to prove that A, is Hom-
coassociative if and only if uz(a> Au(r) — Ax(r) <a) =0, ie,

(Ar ® A)ALa) — (@ ® A)ALA) — pi3(a> Ag(r) — Ag(r) <a) = 0 (4. 3)
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holds. In fact, we have

and

(Ar @ @)Ar(a) — (@ ® Ay)A(a)

(Ar ® a)(h"" (cau, ® a(v7)) — g7 (a(ui) ® 111y,4))

—(a® A) (Wi (Cap, ® a(vi)) — g7 (a(u) ® My, 4))

W™ Ar(Ca) ® By P (07) — g7 A1) ® gy (i, 0)
_hq’uia(cu,ui) ® h;'ulAr(a(vi)) + gzlji'aaz(”i) ® g;”uAr(mvi,a)
R (R (e, u; ® (D)) ® a®(v;))

) ® o (v))

=" (N Catuu; ® (1)) ® A(111,0)

G (o) @
+g7 @ 0) @ ) B X, )
—H (@Ca) ® K (Catan, @ (D)
O ((Ca) ® g7 (1) @ 11y 0)
+g”"'”(a2(ui) ® hm”“’“’u"(cmv,wuf ® a(v))))
—g" (@ (1) ® g7 (@) @ Mg, m,,)

pa(a> Aa(r) — Aa(r) <a)
pa(a> (it ([ui, uj] ® a(v) ® a(v;)))
—us(a> (uy*(au;) @ [v;, ;] ® a(v)))))
+uz(a> (uy (o) ® a(u)) ® [0),v]))
—ua((u, (s, 1] ® a(v)) ® a(v7))) <a)
(
(

+

s (L (@) ® [v;, 1] ® a(v)))) <a)
—ua((uy* (i) ® a(u)) @ [v),v])) <a).

Using the property of Fourier transform, we obtain

[la,ui], a@p] = (F ®id)la(a), [u,ujl]
_ (7__ ® id)(ha(a),cli,-,uj ® htirti Ry Ca(u),clli,uf)
ha(a)’c“i"‘] S(h’ili,llj) ® h;’w”j ®H C(X(ﬂ),fui/u]- .
So we have

Jooti (hCn,ui/uf . (CCa/ui,M,‘ ® 0((7)])) ® 0(2(1)1'))
ua (3 ([la, w], uj] ® a(v)) ® a?(v;))
ey (0" S @ 1y ® o, ® 00 (0)) ® (1)

ua (P S @ iy (Catwryg @ 4P(0)) © @2 (0)))
ha(ﬂ)/Cui,u/ S(h;‘ilui)(h;‘i,uf (Cll(ﬂ),Cui,Mj
B oty © 67(0) ® S0 (01))

ps(a < (ut ([ui, uj] ® a(v)) ® a(vy)))).

® a*(v))) ® a’(v}))

283
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Hence (4.4) — (4.12) = 0. Since
G (B (Caup u; ® (D7) ® (i, 0))
= g Catuy iy ® a(0)) ® SCHy )y, )
= " Copuat) ® a2(07) ® SNt )
= 7" (Cu ;) ® @7 (0) @ S(hy ™ (1, a)
= g OR " (e, u,) @ a?(0) ® Sty YMa) a@)
= (g ORI ® alcuyu) ® 07 (0) ® S(hy " Nhago,a)
= ua(udy((ui, uj] ® a(vj) ® a(v;) <a).
It follows that (4.6) — (4.15) = 0. Similarly, we have
9 (g () @ My () © (1M, 4))

= g D () @ Mo, () ® S(g5" ) (1t,,.))
grea@ ”f a(ui) (a(u)) ® My, aw) ® S(g ui))ma(v,-) 2(a))

7 ”f')f“(“)gi“”” @) © Mooty @ S IMateaw)

gD G (2 (1) ® (g, ) ® S5 VMatuate)

ps((alu)) @ mo, ., & S(g°")a(v;)) <a)

us(uy (@) ® [vj, u;] ® a(v;)) <a)

and
Bt (OC(C,Z u; )® gv/-,a(vi)(a(uj) ® mv,-,a(vl)))
= ‘U] a(v;) (s(gv/ ,a(v;) )ar(cy, ui) ® OZ(M]‘) ® mvj,a(v,))

( 1 1
- po@; a(u) Z’J‘”’ (S( vj,(v;) )Cataauy) ®a(uj) ®mvj’a(vi))

) v ja(vi
[J3(ha(a),oz(u‘)gv] a(@) o S ))Ca(ﬂ) a() ® (1d)) ® My, a(o))

a (@) O @ g )ty ® (1)) © Mage) o)
pa(h O g0 @ S(g)" Veatay,aquy ® o (1)) ® a(imy, )

pa(@> (S(g7")a(u:) ® a(u)) ® my, )

us(a> g () ® a(uy) ® [v), v1]).

Hence (4.7) — (4.16) = 0 and (4.9) — (4.14) = 0. Clearly,

Y ((Cap) ® B (Catoy u; ® (0))))

KO (o), ay ® BV (oo auy) ® AP (0))))
KO (¢ 0) aguy ® B ((Coy ;) ® 0P(0))))

pa(@ > (a(ui) ® h""i(co,u; ® a(v)))))

us(a v w3 (a(u) ® [v;, uj] ® a(v)))).

So we have (4.8) — (4.13) = 0. Using the Hom-associativity of A, we have (v;*a)*a(u;) = a(v;)* (a*u;), which
is equivalent to

My,;a a(“/) My, a, a(uf)

189" ®S(h, ) ®x I oyt

a(vi),ca, uj a(vi),Cau;

= 1®hau]g ®!]2 ! ®I‘I ma(vx)cnu
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Applying ¢ ® id ® S ® id to the above equation, we obtain

Mo, 0,014 7) a(0;),Cau; a(0i) Cau

o
®H h2 Cmvi/a/a(uj) = ha,u791 ! ® S(gz ]) ®H ma(vi)/ca,ui :

My, a,0(14)

Ui, A
gt eh

Thus we get that (4.10) + (4.5) is

g (@ (i) ® W™ (i ® (D)) = K (g7 () @ Mty ,,, ) ® (7))
— gv,-,a(a2(ui) ® h?v,-,a,u/'cmvilmuj ® h’lnv,-,mufa(vj)) _ ha,u,-(gv,-,ca,u, (a(uj) ® mvjrfa,ui)
®a*(v;))
. v,/ ( ) 0,1 ( ) Ui i,Cau;
= gv”a(az(ui) ® h;” a Cmvi,ﬂ,a(uj) ® h’ln o az(vj)) - h"" (gv/ o '(0((1/{]')
®ny,c,,.) ® a?(v;))
. a(vi)/cu,u- “(Ui)/cn,u . .
= BMg (@) @ Maguye,, ®S(g, )t (@)) — B (g (auy)
®mv/,ca,u,.) ® a?(v;))
= B (0 (1) © Mgz, ) © 0P(07)) = K (g7 (@(1t)) @ g, )
®a’(0))
= B (g7 (o) ® Moc,,) ® a?(0))) — B (g (aug) @ my c,, ) ® aP(07))
= 0.

Using the Hom-associativity of A, we have a(v;) = (v; * a) = (v; * v;) * a(a), which is equivalent to

a(v; )/mv,',a

1®g, ®yg

oia 0]y
! 9, ®n ma(vj),mvi,,,

= 1047 @g" """ & My, , a0
Then we get

g7 (@ () ® g () ® g, ,))

v;,a UjMoja VjMo;,

= g%y, (S(g, Vo (1) ® a(uj) ® mv].,mvi,a)

e g;v(v,),mpi,ﬂ s (gflx(vp,mv,.,ﬂ)az (1) ® (1) ® Mooy, )

— gmz7j,vi,a(a)( S( gvj,vi) ocz(ui) ® > (uj) ® mmvf,vi,a(a))

= wa((S(g”")a(u:) ® a(uj) @ my ) <a)

= pa(uy () ® a(u)) ® [v), vi]) <a).
So (4.11) — (4.17) = 0. Finally, it is easy to check that we have canceled all the terms of the left-hand side of
equation (4.3). This completes the proof. ]

As a by-product of Theorem 4.6, we have
Definition 4.7 Let (4, @) be a Hom-associative H-pseudoalgebra and r = };u; ® v; € A® A. The
equation
Au() = (i, 1] ® a(o)) ® a(o) — 3 () ® [04, 1] ® a(v))
+uk () ® a(u;)) ® [0}, vi]) (4. 18)

is called the Hom-associative pseudo-Yang-Baxter equation (pseudo-HAYBE) and r is called a solution of
the pseudo-HAYBE if A,(r) = 0.



L. Liu et al. / Filomat 38:1 (2024), 271-293 286

Remark 4.8 The pseudo-HAYBE is just associative pseudo-Yang-Baxter equation (pseudo-AYBE) in an
associative H-pseudoalgebra when a = id.

Theorem 4.9 Let (A, = *) be an associative H-pseudoalgebra, r = };u; ® v; € A ® A a solution of
pseudo-AYBE, and @ : A — A a morphism of associative H-pseudoalgebra. Then r" = (a" ® a")(r) is a
solution of pseudo-HAYBE in the Hom-associative H-pseudoalgebra A, = (A, g = *, = (idye2 ®y a)u, a) for
eachn > 0.

Proof. By Theorem 2.9 in [19], A, is a Hom-associative H-pseudoalgebra. Note thata*, b = (id®y @)@ ®
b) = a(@)®a(b) for alla, b € A, and we write [g, b], as the Fourier transform of a #, b, then [a, b], = [a(a), a(D)].
Moreover, for integer n > 0, [a, b],» = [a"(a), a"(b)] = (id ® a")[a, b]. Using the above equation, we have

Au(r") = pt ([ (i), a" ()]0 ® " (0)) ® " (7))
—uy (@ () ® [ (0:), @ (u)]a ® @ (0)))
+uy (@ ) @ & (1)) ® [0 (v)), 0" (0)]a)

= [,1%1([1/{,‘, u]']anﬂ ® Oén+1(0]') ® 0("+1(Z)i))
—yg"l(a””(ui) ® [v;, U] ® attl (©)))
+ust (@ () ® & (1)) @ [0), V] )

= (@, (ui,u]®v; ®v; — HzA(ui ® [vi, uj] ®v))
+uyt (i ® uj @ [0),0i]))

= (@")®A@r) =0.

This completes the proof. o

5. From infinitesimal Hom-H-pseudobialgebras to Hom-Lie H-pseudobialgebras

In this section, we construct (coboundary) infinitesimal Hom-H-pseudobialgebras from (coboundary)
Hom-Lie H-pseudobialgebras.
Let (A, *, @) be an infinitesimal Hom-H-pseudoalgebra. By Proposition 2.5, we have the following actions
of Aon A® A:
a+(b®c)=h""g g“(")’b ®H €a(a)y ® a(c),
(b®c)+a=h"" &g @y a(b) ® eca,
ifaxb=h"®g" @y e,). Here we write [4,b®cls = a* (b®c) — (0 ®y id)((b ® c) *a). Under this assumption,
we have

Definition 5.1 Let (A, %, A, @) be an infinitesimal Hom-H-pseudobialgebra. Define the map 8: A® A —
(H® H) ® (A® A), called the balanceator of A, by

B(a,b) = [a, A7 ()]s + (0 ®n T)[b, A% (a)].,
for alla,b € A. More precisely, we have

B(a,b) = KO0 g D @y (e p, ® albr)) — 7@ @ K@ @y (a(ba) ® ep, a(w)
+g* 0% @ RO @y (a(ar) ® eagya) — KO ® g0 @y (4 ) ® a(a2)),

ifaxb=h""® g™ @y eyp.
The balanceator is said to be symmetric if B(a, b) = (0 ®y id)B(b, a) for all a,b € A.
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Theorem 5.2 Let (4, +, A, &) be an infinitesimal Hom-H-pseudobialgebra. Define [a+b] = a+b—(oc®yid)(b+a)
and 6 = (id — 7)A. Then we have

O([a = b]) = [a=0(b)] — (0 ®y id)[b*0(a)] + B(a,b) — (6 ®y id)B(b, a),
foralla,b e A.

Proof. For alla,b € A, we have

[a=06(b)] + B(a,b)

= [a(@)*bi] ®@ a(bz) + a(br) ® [a(a) * bo] — [a(a) * b2] @ abr) — a(b2) ® [a(a) * b1 ]

= a(a)*b @ a(by) — (0 @ id)(br * a(a) ® a(b2)) + a(br) ® (a(a) * b2)
—(0 ®id)(a(b1) ® by * a(a)) — a(a) * by @ a(by) + (0 ® id)(by * a(a) @ a(b1))
—a(by) ® a(a) * by + (0 ® id)(a(b2) ® by * a(a)) + B(a, b)

= WM @ g O @ (ey0p ® alba)) — 77O @ KD @y (ep, aia) ® (b2))
+h @02 @ g D02 @ (a(by) ® eagayp,) — 77 @ B @y (a(br) ® ep, a(a))
~hEO% @ g O @y (ea(ayp, ® A(b1)) + g7 @ KD @1y (e, a0) ® (B1))
—h* @b @ GO @ (a(by) ® eagayp) + §77@ @ KD @ ((b2) ® ep, a(a))

= WM @ O @y (e, ® alby)) — g0 @ B @y (a(br) ® eby a@)
+g"1 @ @ 1240 @y ey, a0 ® A1) = KO @ g @4y ((b2) ® eagyy)
+(id ®g 7)([a, A (b)].) — [a, A ()]s + B(a, D). (5. 1)

Interchanging the roles of 2 and b in the above equation, we get

[b+06@a)] + B(b,a)

= 1O @ g 0N @y (apya ® ala2)) — gV @ h™Y @y (a(a1) ® eq, av)
+g0 @ 1290 @y (g, k) ® () — h*O @ O @y (a(a2) ® eaqpyay)
+(id ®u 1)([b, A% (a)]s) — [b, A% (a)]s + B(b,a). (5.2

Using (5.1) and (5.2), we compute

[a = 06(b)] — (0 ®y id)[b = 6(a)] + B(a,b) — (0 ®y id)B(b, a)

= WM @ g O @y (eap ® ab2)) — 9@ ® H @y ((br) ® by a0)
+9" D @ KO @1 (ep, ) ® Ub1)) = KON @ O @y (a(b2) ® eaa)
+(id ®x 7)([a, A (b)].) — [a, A% (b)]. + Bla, b)
—g*Om @ B0 @ (eaitya ® A(a2)) + O @ g0 @ (a(a1) ® €4, a(r))
-h0 g g 200 @y (eay,av) ® afar)) + ga(b)’m ® h*Oa @y (a(a2) ® eav),a;)
—(o ®y 7)([b, A(a)]s) + (0 ®y id)[b, A (a)]e — (0 ®p id)B(b, a)

= 1M @ g O @y (eap, @ alb)) + KV @ g0 @y (ala1) ® eq, )
—h O @ O @ (a(by) ® eayp,) — 1™ @ g @1y (€, ) ® (1))
—g" O @B O @y (€attya, ® ¥(a2)) — 9™ @ D @y (a(b) ® ey 006)
+g* 0" @ B0 @y (a(a2) ® eagyay) + 97 @ O @y (€1, aa) ® (b1))

= (id - 1)A(a*b) — (id — T)A((0 ® id)(b + a))

= (id - 1A *b - (0 ®id)(b * )

= O([a=Db]).

This completes the proof. m]
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The following result can be obtained directly by Theorem 5.2.
Corollary 5.3 Let (A, +, A, a) be an infinitesimal Hom-H-pseudobialgebra. [+] and 0 are defined as in The-
orem 5.2. Then (A4, [+], 0, &) is a Hom-Lie H-pseudobialgebra if and only if the balanceator 8 is symmetric.

Next we consider the infinitesimal Hom-H-pseudoalgebra whose balanceator is symmetric.

Theorem 5.4 Let (A, u = *, A) be an infinitesimal H-pseudobialgebra with the balanceator 8 and « :
A — A an endomorphism of infinitesimal H-pseudoalgebras. Then the balanceator 8, of the infinitesimal
Hom-H-pseudoalgebra A, = (A, g = a0 u, Ay = Ao a,a) is given by B, = (a*)®*? o B. In particular, if B is
symmetric, then so is 8,.. Conversely, if B, is symmetric and a®? is injective, then B is symmetric.

Proof. For all x, y € A, we have A,(y) = a(y1) ® a(y,) and

AT W] = pa(a(x) ® a(y)) ® a?(y1) = (0 & id) (@ (y2) @ pra(e(y1) ® (@)
a?(x) * a*(y2) ® a* (1) — (0 ®n id)(@*(y2) ® a’(y1) * a*(a)
(id @ (a®)*)[x, A% (y)]-

It follows that

Ba(xr ]/) = [x/ Azp(y)lo + (G ®n G)[yr AZp(x)]o
= (id 8y a® @ a?)([x, AT(y)] + (0 & o)y, A()])
= (id @ (@) B(x, y),
as desired. The last two assertions of the theorem follow immediately from the first one, which completes
the proof. o

Example 5.5 Let (A, %, A) be an infinitesimal H-pseudobialgebra that is both commutative and cocom-
mutative. Then its balanceator 8 = 0 ([13]). If a is a morphism of A, then it follows from Theorem 5.4
that 8, = 0, which is trivially symmetric. In this case, applying Corollary 5.3 to infinitesimal Hom-H-
pseudobialgebra A, yields a Hom-Lie H-pseudobialgebra.

Theorem 5.6 Let (A, u = * A, a) be an infinitesimal Hom-H-pseudobialgebra with the balanceator 8.
Then for each n > 1, the balanceator 8" of A" is given by

B" = (id ®y (a**)®?) 0 B,

where A" = (A, u™ = a® 1o pu, A = Aoa?~1,a?") is the infinitesimal Hom-H-pseudobialgebra in Theorem
3.10. In particular, if B is symmetric, then so is 8". Conversely, if 8" is symmetric for some 1 and a®? is
injective, then 8B is symmetric.
Proof. Consider the case n = 1. In A = (A, u® = a o u, AD = A 0 @, a?), we have
[x, AV ()],
= 1O @ (aly2) ®a) - (0 @ id)uV((a(y2) ® a(y1)) ® )
= @) ®a(y2) ® (1) - (0 ®id)(@’(y2) ® aly:) ® a*()))
= (id 8 (@) (u(a() ® y2) ® alyy) — (0 ® id)(a(y2) ® u(yy ® a(x).
Therefore, in A! we have
B'(x,) [x, ADP(y)]a + (0 ® Dy, AV (21
(id & (2*)*)B(x, y),
as desired. For the general case, we proceed inductively, noting that A" = (A""!)! and using the case just
proved repeatedly, we have
B id ®y ((062’1_1 )2)®2 o @1
(id @ (a*)*?) o (id @ (a* 7)) 0 B
(id ®p (** 7)) 0 B.
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The last two assertions follow immediately from the first one, which completes the proof. ]

The following result can be obtained directly by Corollary 5.3 and Theorem 5.6.

Corollary 5.7 Let (A, u = #, A, a) be an infinitesimal Hom-H-pseudobialgebra whose balanceator 8 is
symmetric. Then (A")prie = (A, u™ o (id — 1), (id — ) o A", a?") is a Hom-Lie H-pseudobialgebra for each
n>1, where u™ = a? 1o pand AW = Aoa?1.

Now we restrict to the subclass of coboundary infinitesimal Hom-H-pseudobialgebras. In the following
we give a sufficient condition under which a coboundary infinitesimal Hom-H-pseudobialgebra gives rise
to a coboundary Hom-Lie H-pseudobialgebra.

A 2-tensor r € A® A is said to be symmetric (resp, anti-symmetric) if r = 7 (resp, r = —r), where
7 = a(r).

Proposition 5.8 Let (A, u = *,A,, 7, @) be a coboundary infinitesimal Hom-H-pseudobialgebra and r =
Y. i ® v; anti-symmetric. Then the balancertor 8 of A is 0.

Proof. Suppose that a + u; = " ® 1 ®y ¢, and v; *a = 1 ® g°* @y My, , then we have

[a, AT ()] = a A (b) = (0 @ id)(A (b) * a)
= ax (") ® ) = ax (77 (mo,p ® au)) = (0 @ id) (1" (@) ® i) * )
+o @ id) (g™ (mo,p ® (1)) *a)
= (1@ ey 1)@ () ®cyu)) — (1® g @ 1)(@a * (o, @ a(u)))
~(0 @ id)((H"" ® 1 ® 1)(@(v) ® Cy) * )
+(o ®@id)((g"" ® 1 ® 1)((my, ® (7)) * a))
— ha(a),a(vi) ® hb,ui K (Ca(a),a(vi) ® a(cb,ui)) _ th(lZ),Mz)i,h ® gUi,b ®y (Ca(ﬂ),mni,b ® 0(2(1/[1‘))

— g @ @ B @ 4% (v;) ® Me,, a@) + g* @ @ gk @ a1y, ) ® Magu) afa)-
Interchanging the roles of 4 and b in the above equation, we obtain
b, AY @)l
hOA) @ B9 @ (Catbyatey @ MCaw;)) — B O™ @ g7 @y (Cap)m,, ® a(u;))
— g ®) @ p @ a?(v;) ® Me,, a(b) + goue®) @ goit @y a(111y,0) ® Moy a(b)-
Using the above two equations, we compute
B(a,b) = [a, AL (B)]a + (0 @ ([0, A (@)])
= K@) @ B @y Cota) oy ® A(Chy;) — B DMt @ gOF @y Cafa)myy, ® O (147)
—gcbl“f'a(“) ® hP" @ o (v;) ® Me,, a@) + ga(“f)'“(") ® g””b ®n a(My, p) ® Ma(u,),a(a)
+h @ WO @ a(Cy ) ® Cayaty — 977 © KO @y (1) ® Ca(b) myq
—h @ gt ®) @y My att) ® 7 (01) + g7 @ 7O @t () ® A(1Mo,a)
= BN @ K @y Cogayay ® A(Cz) + O © g @1 Cataym, , ® P (D)
+gcb/”i'”(”) @ " @y a®(u;) ® Me,, ) — g“(”")’“(“) ® g“"’b O a1y, p) ® Ma(o)),a(a)
+h" @ h* O @ (o) ® Cagtyay — 97 ® Wi @y o (143) @ Cageym,
—hHi @ geoni ) @y Me, . ab) ® a? (@) + 7 ® g @ M) () ® A(10,0)
= WO @ g @y Cataym,,, ® 07(01) = h ® g0 @y, o) ® (V)
+gcb'”i’“(”) @ I @y a?(u;) @ Me,, a(a) = 7" ® heO Mo @ o (1)
®Ca(b), 1o+ (5. 3)
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Due to the Hom-associativity of A, we have a(a) = (u; * b) = (a * u;) * a(b) and (b * v;) * a(a) = a(b) * (v; * a),
which are equivalent to

B@ M @ @ gui,b ®H Ca@ym,, = W ®1® gcmui,a(b) ®H e, ab) (5. 4)
and
Wiele gcz;,vl,a(u) u ey ala) = BOms. o1 @ gvi,a ®p Calt)mo 0 (5. 5)

respectively. Using (5.4) and (5.5), all the terms on the right-hand side of (5.3) are canceled. Thus 8 = 0, as
required. O

Theorem 5.9 Let (A, u = *,A,,1,a) be a coboundary infinitesimal Hom-H-pseudobialgebra with (id ®y
a)(@+b) = a(a)*a(b) and r = }; u; ® v; anti-symmetric. Then Aprie = (A, [#], 0y, 7, @) is a coboundary Hom-Lie
H-pseudobialgebra, where [a+b] = a*b — (0 ® id)(b *a), 0,(a) = (id — T)A,(a) for alla,b € A.

Proof. By Proposition 5.8, balanceator 8 of A is 0. Thus Corollary 5.3 implies that Agr;. is a Hom-Lie
H-pseudobialgebra. It remains to show that 0, satisfies condition (2.2). since

[a*u;] = a*u; — (0 ®id)(u; * a)
= @18 Cou = 9" 1@y My,

we have

{a,u;} = " @ cqp, — " @ My . (5. 6)
Similarly, we get

{a,0} = """ @ cp, — g"" @ My, 4. (5.7)

According to (5.6)-(5.7) and the condition r = -7, we have

o(a) = (id-1)A ()

= (id — T)(h"" (cap; ® a(vi)) — g™ (i) ® My, a))

= WMo ® a(vi) — g7 (a(u;) ® My, q)
—h"" ((v7) @ Ca ;) + §7 7 (M, 0 @ (u7))

= ha'u[(ca,u; ® a(v;)) — gui'a(mu,',u ® a(vy)) + h"(a(u;) ® Ca0;)
—g"" (a(;) ® My 0)

= pla, uil ® a(vi) + on2(a(u;) ® {a,vi}),

as desired. O

6. Pseudo-Yang-Baxter equations in Hom-H-pseudoalgebras

Recall that the Hom-classical pseudo-Yang-Baxter equation (pseudo-CHYBE) in a Hom-Lie H-pseudoalg-
ebra (L, [+], a) for r = ¥, u; ® v; € L*? has the form ([21])

[, 7]l = y3_1({uj, ui} ® a(vy) ® a(v;)) — yfz(a(u,-) ® {uj, vi} ® a(v)))
—u2(a(ui) ® a(u)) ® (v}, vi}).

Now we establish the relationship between solutions of the pseudo-AHYBE and solutions of the pseudo-
CHYBE in related Hom-Lie H-pseudoalgebra.

Theorem 6.1 Let (A, *, ) be a Hom-associative H-pseudoalgebra and r a solution of the pseudo-HAYBE.
Suppose that 7 is either symmetric or anti-symmetric, then r is a solution of the pseudo-CHYBE in the
Hom-Lie H-pseudoalgebra Apnpi. = (A, [#], @), where [a+b] =a+b— (0 ®y id)(b+a) foralla,b € A.
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Proof. Foralla,b € A, we writea+b = i’ ® g“'b ®py €. Then
[axb] =a+b— (0 ®id)(b*a) ="’ ® g™ @ e,y — g7 @ W @4 ey,

Define the 3-tensor

Ay = 12wy, wl @ av) ® a(v) — py(a(u)) ® [u;, v/ ® a(v;)
+[»11_3(a(ui) ® a(uj) ® [v;,v)]),
that is,
Aa(r) = 1w, ® al)) ® By S(g" ) av;)

—h;i’vf S(g""Na(uj) ® h’;i’vj eu;0; ® (07
+g," S () ® (i) @ g, e,
We first check that A,(1)" = 013(A4(r)). Using the (anti-)symmetry of », we have

013(Aq(r))
= oty (lui, u)) @ a() ® a(vy)) — py*(au) ® (v, 1)} ® a(v))
+uy (@) © a(u)) @ (vj, v;))
= o13(9y " ew,u, ® a(v)) ® gy S )ar(v;)
—a(u) ® h?"uf Cou; ® hzi’uf S(g""a(w;) + h;]f S a(uy) ® () ® h;f ’viev]-,vi)
= g, S Na(vr) ® (0)) ® gy ew,u, — 1y S(g7 ) a(v)) @ B e, ® ax(usy)
+hy ey, 0, ® a(u) ® 1) S(g7 ) au(uy)
= g, S N a(us) ® au)) ® g, ev,0, — hy ' S(g (1)) ® By ey 0, ® ()
+hy ey, ® a(v)) @ M S(g" ) a(v)
= Aur).

Now, we compute

[, r1la
= y3_1({u]-, ui} ® a(vy) ® a(v;)) — y‘fz(a(ui) ® {uj, vi} ® a(v)))
— 1?5 (a(uy) ® a(u)) ® {vj, vi})

Uj U

= 13, (" S(g"™) @ gy ew,u, ® (v)) ® (D)
—g”f'”fS(h;”'u’) ® h;i'ufel,i,u/. ® a(v)) ® a(v;))
+ut s (a(u) ® ¢S (h;’”uf Y® h;“ui eo,u; ® (v;)

uj,vi

—a(u;) ® H'"S(g,"") ® g, e, ® a(v}))

+p2 (i) ® a(u)) ® g7 iS(hy") @ hy ey, o,
'(]]',‘D, vj,vi

—a(u;) ® a(uj) ® hvzlvis(g] )® I ev,,v[)
uiluieuj,u,' ® g;l/,uis(huj/ui)a(vj) ® a(vi) — hzi,ujeui,u/ ® h;li,ujs(gum])a(vj) ® a(v;)

= g2
ViU U;, v

+a(u;) ® hy ey, ® " S(g () — (i) ® gy ew, 0, ® g, S )ar(v))

i,0j Vj,0i

+a(u;) ® hy"S(g" Nau;) ® hy ey, o, — aus) ® gy ST )a(u;) ® gy ey,
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= 1y euu, ® a(v) @ B S(g ) a(0i) — g, e, ® (o)) ® gy S(H ) a(v;)

+a(ur) @ by ey, ® 1) S(g7 N au(v)) — Ty S(g" P )ar(u) ® M ey, 0, ® (D)
+g;]“v" S Na(u;) ® a(u;) @ g;i’vj €o,0; = h;]’ S0 () ® a(u )e h;f ’viev],vi
= Aa(r) — Au(r)
= (013 — id)(Aa(r))
= 0,

finishing the proof. o

7. Further discussion

We study infinitesimal Hom-H-pseudobialgebras by twisting the identities using morphisms of H-
modules. Further research on infinitesimal Hom-H-pseudobialgebras would be important for several
reasons. Firstly, it would help to deepen our understanding of the structure and properties of these
algebraic objects. Secondly, as is well known, the annihilation algebra of the associative H-pseudoalgebra
Cend H is nothing else but the Drinfeld Double of H. This fact leads us to believe that there should be a deep
connection between the theory of infinitesimal Hom-H-pseudobialgebras and quantum groups. Finally, we
can obtain infinitesimal Hom-H-pseudobialgebra from a given infinitesimal Hom-bialgebra or infinitesimal
H-pseudobialgebra by using Corollary 3.8 and Theorem 3.9, respectively. Therefore, we expect that the
further research of infinitesimal Hom-H-pseudobialgebras can provide a new perspective for the study
of infinitesimal Hom-bialgebras and infinitesimal H-pseudobialgebras. Overall, the study of infinitesimal
Hom-H-pseudobialgebras is a promising area of research with many potential avenues for exploration.
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