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A nonlocal problem with multipoint conditions for partial differential
equations of higher order
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Institute of Mathematics and Mathematical Modeling
VK. Zhubanov Aktobe Regional University

Abstract. A nonlocal problem with multipoint conditions for the partial differential equations of higher
order is considered. Algorithms for finding a solution to the nonlocal problem with multipoint conditions
are constructed and their convergence is proved. Conditions for the unique solvability of the nonlocal

problem with multipoint conditions for the partial differential equations of higher order are established in
terms of the initial data.

1. Introduction

In recent decades, many authors have intensively studied nonlocal problems with multipoint conditions
for partial differential equations of higher order (see the bibliography in [1-11]). The development of
computing and information technologies requires the apply of constructive methods for the numerical
analysis and approximate solution of nonlocal problems with multipoint conditions for partial differential
equations of higher order. Earlier in the works of the authors, a number of problems with multipoint
conditions were investigated and solved for systems of hyperbolic equations of the second order [12-14],
for partial differential equations of third and fourth orders [15-18], as well as for impulsive partial differential
equations of higher order [19] by Dzhumabaev’s parametrization method [20].

In the present paper we propose the constructive approach for solve the nonlocal problem with mul-
tipoint conditions for partial differential equations of higher order based on method of introduction new
functions.

Consider the nonlocal problem with multipoint conditions for the partial differential equations of higher
orderin Q = [0, T] X [0, w]

8m+1u

u (Qiu = 8j+1u
tom ;Ai(t,x)% + ;Bj(t/x)w + f(t, ), (1.1)
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where u(t, x) is unknown function, the functions A;(t, x), i = 0,m, Bj(t,x), j = 0,m—1, and f(t,x) are
continuous on Q, the functions K;;(x) and ¢(x) are continuous on [0,w], 0 =ty < t; < .. <t, 1 <t, =T,
i=0,ml= W, the functions Yi(t), j=0,m—1, are continuously differentiable on [0, T].
S s =0,1,i=0,m,
satisfying Equatlon (1.1) for all (¢, x) € Q multipoint and initial conditions (1.2), (1.3), is called the solution
to the nonlocal problem with multipoint conditions (1.1)-(1.3).

Algorithms for finding a solution to the nonlocal problem with multipoint conditions (1.1)-(1.3) are
constructed and their convergence is proved. Conditions for the unique solvability of the nonlocal problem
with multipoint conditions (1.1)-(1.3) are established in terms of the initial data.

2. Reduction to an equivalent problem

Assume

" ku(t, x)

et x) = — 25—

k=1,m.

Then pass from problem (1.1)-(1.3) to the next equivalent problem:

m=2 m-2
% = An(t, X) +Bm 1(¢, X)— + Ap—1(t, x)vp +;A (t, X)vm—i(t, x)+]ZOB (t )L +f(t,x), (2.1)
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Y K@D Y K0+ Y Y Kot 0 = ), xelel  @2)
1=0 =0

=0

3

[
I
[=}

(%1 (t/ 0) = ll)m—l(t)r te [0/ T]/ (23)

X

O,(t, %) = Puur(t) + f vt iz, 22 x)—wm "B+ f M‘iéf r=zm, (tx)eQ. 24

0 0
A system of functions (v;(t, x), v2(t, x), ..., i (t, x)), where function v1 (£, x) € C(€, R), has partial derivatives

3”‘(” € C(Q,R), am tx) € C(Q,R), Z S;g;x) € C(Q, R), and functions v,(t, x) and av’(t Y are related to vy (t, x) by

1ntegral relations (2.4), r = 2,m, which satisfies the equation (2.1) for all (¢, x) € Q and conditions (2.2), (2.3),
is a solution to problem (2.1)-(2.4).

For fixed v,(t, x) and av’(t X r =2, m, problem (2.1)-(2.4) is a nonlocal problem with multipoint conditions
for the second-order hyperbohc equation. Questions of the unique, well-posed solvability of a nonlocal
problem with multipoint conditions were studied in [13], [14]. We use results of [15]-[16] to solve problem
(2.1)-(2.4).

We introduce a new functions v(t,x) = Bvb(;x w(t,x) = , and transfer problem (2.1)-(2.4) to the
following family of multipoint problems for a differential equatlon w1th functional parameters and integral
constraints

duy (t X)

80 m—2 m=2

= Anlt, )0+ Buya(t, 2)w(t, 0) + Ao (b, 2)0n x)+;A(t X)Omi(t, X +]Z;B (£, %)

V- ](

+f(t,x), (2.5)
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m—2

ZKmmv(tl,x) ) - XKm i) (b, %) - ZZKsz<x>vm (¥),  xelel,  (26)

=0 s=0

X

o(t,x) = Pa(t) + f ot S, w(t, ) = Pma(t) *f 2
0

0

ds,  (Ly)eQ, 2.7)

X

0,(t,X) = Ypus(t) + f vy (t, E)E, av,(t X) = Pmr(t) + f Mdé, r=2,m, (tx)€Q. (2.8)

ot
0 0

81),(1‘ X)

For fixed w(t, x), v1(t, x), v,(t, x) and ,r=2,m, problem (2.5), (2.6) is a family of multipoint problems
&v,(tx

for the differential equations with respect to v(t, x). The unknown functions w(t, x), v1(t, x), v,(t, x) and =5,
r = 2,m, are determined from integral constraints (2.7), (2.8).

A system of functions (v(t, x), w(t, x), v1(t, x), v2(t, x), ..., m(t, X)), where function v(t, x) € C(€, R) has par-
tial derivative v(ix) € C(Q,R), functions w(t, x), v1(t, x), v,(t,x) and av’(t Y are related to v(t, x) and avgt’x),
v1(t,x) and 91“8(: 2) by integral constraints (2.7), (2.8), respectively, r = 2, m, which satisfies the differential
equation (2.5) for all (¢, x) € {2 and condition (2.6), integral constraints (2.7), (2.8) is a solution to problem
(2.5)-(2.8).

Consider the following family of multipoint problems for the differential equation

% = At x)v+Etx),  (Hx)eQ, (2.9)
P
Y K@, ) =), xe[0,w], (210)

where v(t, x) is an unknown function, the function F(¢,x) € C(QQ, R), the function ®(x) is continuous on
[0, w].

A continuous function v : O — R that has a continuous derivative with respect to ¢t on Q is called a
solution to the family of multipoint problems (2.9), (2.10), if it satisfies equation (2.9) for all (¢, x) € Q and
multipoint condition (2.10) for all x € [0, w]. For fixed x € [0, w] problem (2.9), (2.10) is a linear multipoint
problem for the ordinary differential equation. Suppose a variable x takes values on the interval [0, w]; then
we obtain a family of multipoint problems for differential equation.

Various problems with multipoint condition for the differential equations (2.9), (2.10) have been studied
by numerous authors (see [4, 21-23] and their bibliography).

The following theorem provides conditions for the unique solvability of the family of multipoint prob-
lems for differential equations (2.9), (2.10) in terms of the solution Cauchy problems.

Theorem 2.1. Family of multipoint problems for the differential equations (2.9), (2.10) is uniquely solvable and for
its solution v*(t, x) we have the estimate

max ||[0*(¢, x)|| £ Comax{max ||F(t, x)||, ||P(x
ma [ (¢, 9 < Co max{ max [F(t, V), 1903}

4
for all x € [0, w], for some Co > 0 independent of x, v*, F and ®, if the function M(x) = Y, Ky (x)U(t;, x) # 0 for
1=0

every x € [0, w], where U is a solution to the family Cauchy problems

au

o = An(t, x4, uQ,x) =1.



A.T. Assanova, A.E. Imanchiyev / Filomat 38:1 (2024), 295-304 298

Proof. Let U be a solution to the family of Cauchy problems

(Z_I;I = An(t, x4, u@o,x)=1.

By the Cauchy formula [24, p. 48], the function
t
o(t, x) = U(t, x)c(x) + U(t, x) f U=Y(t, x)F(t, x)dt (2.11)
0

is a solution to equation (2.9) for each c(x) € C([0, w],R). Conversely, for each solution of this equation
there exists c(x) € C([0, w], R) such that representation (2.11) holds.
Substituting representation (2.11) into (2.10), we have:

f

p p
Y Kns)U(t, x)c() + Y Ky () Ut %) f U™ (t,x)F(r, )dt = d(x),  x€[0,wl.
1=0 I=0

0

This implies
P g
M(x)c(x) = O(x) — Z Ky () U(t, x) f U~Y(t, x)F(t, x)dr, x € [0, w]. (2.12)
1=0 0

If the function M(x) # 0 for all x € [0, w], then the functional equation (2.12) has a unique solution

p i
) = M-l(x){qa(x) =Y KUt 2) f U (7, 0)F(x, x)dT}, x €0, wl. (2.13)
1=0 0

Replacing c(x) by c*(x) in (2.11), we obtain the following representation of the unique solution to the family
of problems (2.9), (2.10)

t

P y
v (t, x) = U(t,x)M’l(x){(D(x)—ZKm,l(x)U(tl,x) f u*l(f,x)P(T,x)dT}+U(t,x) f U (2, 0)F(r, )dr. (2.14)
1=0 0

0

The solution v" satisfies the following estimate
max [[o"(t, x)|| < Co max(max [IF(t, )|, @)1, (2.15)
t€[0,T] te[0,T]

where the constant Cy does not depend on F, ® and x € [0, w].
The following estimate is also valid:

|| dv*(t, x)
ot

max(max

, max (¢, 9| < max(@,Co + 1, Co)max(max [, 2lL 9@, (216)
t€[0,T] te[0,T]

te[0,T]

where a,, = (m)aé |Am (¢, x)||. Theorem 2.1 is proved. [
t,x)e

Therefore, provided that the function M(x) # 0 for all x € [0, w], the family of problems (2.9), (2.10) is
uniquely solvable and for its solution v the estimate (2.14) holds, i.e. problem (2.9), (2.10) is well-posed.

t
Note that we can use a function exp{ f Au(t, x)dT} as a function U(¢, x).
0
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3. Algorithm and unique solvability of problem (1.1)-(1.3)

In this section we propose an algorithm for finding solution to the original problem (1.1)-(1.3). The
algorithm for finding solutions to the nonlocal problem with multipoint conditions for the partial differential
equations of higher order (1.1)-(1.3) consists of seventh stages:

1st stage. Introduction of new unknown functions v;(t,x), va(t,x), ..., v(t,x), and transition to the
equivalent problem (2.1)-(2.4).

2nd stage. Introduction of new unknown functions v(t, x), w(t, x), and reduction to the family of multi-
point problems for the differential equation with functional parameters and integral constraints (2.5)-(2.8).

3rd stage. Solving the auxiliary family of multipoint problems for the differential equation (2.9), (2.10).

4th stage. For fixed w(t, x), v1(t, x), v,(t, x) and %, r=2,m, solving the family of multipoint problems
for the differential equation (2.5), (2.6) by solution to the auxiliary family of multipoint problems for the
differential equation (2.9), (2.10).

5th stage. Determination of functions vy(f, x), w(t,x) from integral constraints (2.7) using v(t, x), the
solution to the family of problems (2.5), (2.6), and avgt’x;; .

oF

6th stage. Determination of functions v,(t, x) and , r = 2,m, from integral constraints (2.8) using

v1(t, x) and —avla(tt’x)

7th stage. Definition of function u(t, x), the solution to the original problem (1.1)-(1.3) from equality
u(t, x) = v,(t, x) for all (¢, x) € Q.

The following theorem provides the conditions of unique solvability to problem (1.1)-(1.3) in terms of
the solvability of family of multipoint problems (2.9), (2.10).

Theorem 3.1. Suppose

1) the functions A(t, x), i = 0,m, B i(t,x), j=0,m—1,and f(t,x) are continuous on ();

2) the functions the functions K;;(x) and ¢(x) are continuous on [0, ], i = 0,m, 1 = 0,p;

3) the functions (t), j = 0,m — 1, are continuously differentiable on [0, T];

4) The family of multipoint problems for the differential equations (2.9), (2.10) is uniquely solvable.

Then the nonlocal problem with multipoint conditions for the partial differential equations of higher order (1.1)-
(1.3) has a unique solution.

Proof. Let the assumptions 1)-3) of Theorem 2.1 be satisfied. From assumption 4) it follows that unique
solvability to the family of multipoint problems for the differential equations (2.9), (2.10). From the nonlocal
multipoint problem (1.1)-(1.3) we transfer to the equivalent family of multipoint problems for the differential
equation with functional parameters and integral constraints (2.5)-(2.8).

To find a solution to the problem (2.5)-(2.8) we use an iterative method and the algorithm.

0 step. Suppose that v1(t, x) = Y1 (t), w(t, x) = Pu-1(t), 0r(t, X) = Pur(t), (90,9(:,3:) = Pn_r(t), 7 = 2,m, for all

(t,x) € Q in the right-hand side of equation (2.5) and condition (2.6). Then, we get the following problem:

% = At )0 +FO(x),  (Hx)€Q, (3.1)
p

Y Kniyo(t, x) = 00),  xe[0,al, (3.2)
1=0

where  FO(t,2) = By1(t, )0hnor(8) + Awor (s 0mr() + 5. At 00i(6) + T Byt x)5(8) + F(t,),
i=0 j=0

OO () = () - é Koty () (1) — é mzoz Koy (0)s(t).

Using assumption 4) we obtain of the unique solvability to the problem (2.9), (2.10) with F(t, x) = FO(¢, x),
D(x) = PO(x).
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From assertion of Theorem 2.1 we have the following representation of the unique solution to the family
of problems (3.1), (3.2):

p i
0Ot x) = U(t, x)M_l(x){q)(O)(x) =Y KUt %) f u(z, ))FO(z, x)dT}
1=0 0

+U(t, x) f Ut )FO(t, x)dt,  (tx) € Q. (3.3)

¢
Here U(t,x) = exp{fAm(T, x)d’r}.
0

The solution v¥(t, x) satisfies the following estimate

Ot <C FO(¢ o 4
max lo"(t, )| < Comax(max IIFO (¢, 9 [0 W), (3.4)

where the constant Cy does not depend on F, ®© and x € [0, w].
Moreover, we can find its expression:

f Ap(t)dey1 P
D(m At amT
xrer[lgz [Z | Ky 1(x)]e? ] (1 + ; xrggf)] |Kipr 1(2)|t1e ’) + Te*.
The following estimate is also valid:
20O(t,
max(tn[l(?%(]”MH max [0 x)ll) < max(@nCo + 1, Cg)max(rrEaXHF(O)(t I, [0O@)). (3.5)
€lo,

Further, we assume that v(f, &) = vO(t, &), avgt, 8 _ 20 (t £)

determine v(lo)(t, x) and wO(t, x):

, for all (¢, &) € Q in integral relations (2.7) and

X

o0, %) = P () + f 0O, 8dE, WOt x) = P () + f %da t)eQ.  (3.6)
0

0

av‘f’ (t,x)
ot

we sequentially find the functions v*(t, x) and av* 2o ()

; (0)
At the next stage, using v,”(t,x) and
r = 2,m, from integral constraints (2.8):

7 900t r a0,
oD (t,x) = Yua(t) + f ot &)de, # = Pa(t) + f %dé, (tx) € Q, (3.7)

0 0

X

9ot , r a0,
D09=gns0+ [Reone T =gws [P wnea, 69
0 0

X

(0) (0)
0Ot %) = Pot) + f O (£, &)de, P (t ) _ Go(t) + f P ( Ppalre) ) v eQ. (39
0

0
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Finally, we define a function u© (¢, x) by the following equality:
WOt x) = 0)(tx), (v eQ, (3.10)

According to the algorithm above, the function u©(t, x) is an initial approximation of solution to the original
problem (1.1)-(1.3).
On the first step of the iterative method, we suppose that v;(t, x) = v(o)(t x), w(t, x) = wO(t,x), v,(t,x) =

050)(1‘, X), duolt) (t %) ,r=2,m,forall (,x) € Qin the right-hand side of equation (2.5) and condition (2.6).
ot & q
Then, we get the followmg problem:
dv 1
5= At x)v+ FY(t, x), (t,x) € Q, (3.11)
P
Y Kniyo(t, x) = 00),  xe0,al, (312)
1=0
where
dv (0) , X
FO(t, %) = Byuoa (8, 00O, %) + Ao (200, %) + ZA £ 00 (1) + Z Bj(t, x) ——— + f(t,x),
i=0
m—2
OW(x) = o(x) - ZK’” 1) x)v (t, x) Z ZKSZ x)vm S(f, ).
1=0 s=0

Using assumption 4) again, we obtain of the unique solvability to the problem (2.9), (2.10) with F(t,x) =
FD(t, x), D(x) = DD(x).

From assertion of Theorem 2.1 we have the following representation of the unique solution to the family
of problems (3.11), (3.12):

P f
oV (t,x) = U(t, x)M—l(x){op(l)(x) - ZKm,,(x)U(tl, x) f UY(t, x)FY(x, x)dT}
1=0 0

+U(t, x) f U, x)FY(t, x)dr, (t,x) € Q. (3.13)

The solution vV(t, x) satisfies the following estimate
Mt < (1) ] . )
max fo (¢, ) < Co max(max IFV(t 1), 1100 ) (3.14)

The following estimate is also valid:

(1
max(max“MH max [0 x)ll) < max(@,Co + 1, Co) max(max [FO 9L I0V@I). (315)

te[0,T]

Further, we assume that v(t, &) = v(¢, &), 3”“ 9 _

determine v(l )(t, x) and w(t, x):

U(l)(t 9 for all (t,&) € Q in integral relations (2.7) and

X

o0(t,x) = s (t) + f oD OdE,  wh(tx) = Pa(t) + f il (t WD e gmeq  (316)

0 0
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(1) (1)
At the next stage, using ZJ U(t,x) and 3§t’x) we sequentially find the functions o"(t,x) and w,

r =2, m, from integral constraints (2.8):

X

P r ool
9v, (£, %) =¢m2(t)+fwdg (t,x) €Q, (3.17)

oD (%) = Yoot + f ot &)de, >, = ;
0 0

X

o0Vt x) oo,
o000 = s+ [ 80,00, D et | Bl ewen G

0 0

X

(1) (1)
ol (t,x) = o(t) + f o (¢, &), w—%(t) f P 8: Dpe @mea (3.19)
0 0

Finally, we define a function uW(t, x) by the following equality:
uDtx) =oVt,x),  (tx)eQ, (3.20)

According to the algorithm above, the function uW(t, x) is a first approximation of solution to the original
problem (1.1)-(1.3).

And so on.

On the kth step of the iterative method, we suppose that v;(t,x) = vgk_l)(t, x), w(t,x) = wkD(t,x),
v,(t,x) = Uﬁk_l)(t, x), w = %, r =2,m, for all (t,x) € Q in the right-hand side of equation (2.5) and
condition (2.6). Then, we get the following problem:

dv

5 = A, )0 +EO (%),  (Hx)€Q, (3.21)
4
Y Kot x) = o), xef0,al, (3.22)
1=0
where
" (k 1) X
FO, x) = o (b, )0 D (8, %) + Apea (8, 00050, %) + ZA R L () +ZB (t, ) ———— 4 £(t,x),
i=0 j=0

P p m=2
OO() = p(x) = Y Kna a0l e, ) = Y Y Kool (b, ).
1=0

1=0 s=0

Using assumption 4) again, we obtain of the unique solvability to the problem (2.9), (2.10) with F(t,x) =
FR(t, x), D(x) = PO (x).

We have the representation of the unique solution to the family of problems (3.21), (3.22) in the following
form:

14 i
o®(t,x) = U(t, x)M-1<x){cI><k>(x) =Y K (0)U(t, %) f U (g, 0F¥(, x)df}
1=0 9

t
+U(t, x) f U Y (t, x)FO(t, x)dt,  (t,x) € Q. (3.23)
0
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The solution Uk)(t, x) satisfies the following estimate
tIEI[lOa,X] ”Z’ ( s x)” 0 max(tn[LOa,x] || ( s x)”/ “ O (X)”) ( )

The next estimate is also valid:

|75 e

max(max w [0, x)ll) < max(@,Co + 1, Co) max(max [F (¢, 9L 100)). (325

te[0,T]
) 9v(t & _ 3v"‘>(t )
Further, we assume that v(t, &) = v9(t, &), = , for all (¢,&) € Q in integral relations (2.7) and
determine v(lk) (t,x) and w®(t, x):

X

o0t x) = Y () + f o®(t,&ds,  wB(t,x) = P (t) + f ‘%k)(t adg, (t,x) € Q. (3.26)

0 0

I)W) ®(t,x) and M, r = 2,m, from

. k
Now, using v}
integral constraints (2.8):

X

0Pt . r oo,
o0 (t,x) = Yuat) + f oW, &)de, M = Pua(t) + f %dé, tx)€Q, (3.27)
0 0

9% (¢ . x8(k)t,5
030t %) = Ynes(t) + f 2t e, M = Yu-a(t) + f %dé, tveq, (329
0 0

PR o (1
o (t,x) = Pob) + f ol (¢, &)de, # do(b) + f T) i, (L) eQ. (3.29)
0 0

Finally, we define a function u®(t, x) by the following equality:

ubt,x) = o (t,x), (L) eQ, (3.30)

According to the algorithm above, the function u®(t, x) is a kth approximation of solution to the original
problem (1.1)-(1.3), k=1,2, ...

Convergence of the functional sequences {v®(t, x)}, {%}, {ng)(t, X)), {w®(, 2}, 0, ), {av (tx)},

r = 2,m, are established similarly in [AssTok].

Therefore, the sequence {u®(t, x)} converges to u*(t, x) as k — oo for all (t,x) € Q. In this case, the limit
I (t,x)

W,S = 0,1,i=0,m, are

function u*(t, x) are continuous on Q. Moreover, there exist partial derivatives
continuous on Q. So, we found a solution to the problem (1.1)-(1.3).
The uniqueness of the solution to problem (1.1)-(1.3) is established by the method of contradiction. The

theorem is proved. 0O

We can see the sufficient conditions for the unique solvability of nonlocal multipoint problem (1.1)—(1.3)
are established in terms of the initial data.

Conclusion. In the paper is investigated the nonlocal problem with multipoint conditions for the
partial differential equations of higher order (1.1)-(1.3). Algorithms for finding a solution to the nonlocal
problem with multipoint conditions are constructed and their convergence is proved. Conditions for the
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unique solvability of the nonlocal problem with multipoint conditions for the partial differential equations
of higher order are established in the terms of unique solvability to the family of multipoint problems for
the differential equations (2.9), (2.10). In the future, using fundamental matrix of family problems for the
system of differential equations, the results of the paper will be developed to the nonlocal problem with
multipoint conditions for the system of partial differential equations of higher order. The questions of the
existence of new general solutions [25, 26] of the above classes of problems will be investigated.
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