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Abstract. Let G = (V,E) be a simple connected hypergraph with V the vertex set and E the edge set,
respectively. The eccentricity of vertex v refers to the farthest distance of vertex v from other vertices

of G, denoted by ¢5(v). The eccentric adjacency index (EAI) of G is described as &(G) = Yuevo) So(w)

ec(u)’
where Sg(#) = Yeno d6(0). In this work, we consider the gerneralation of the EAI for hypergraphs to

draw several conclusions related to extremal problems to EAI. We first propose several bounds on the EAI
of k-uniform hypertrees with fixed maximum degree, diameter and edges, respectively, and characterize
the corresponding extremal k-uniform hypertrees. Then we investigate the relationsip between EAI and
the adjacent eccentric distance sum. Finally, we present the upper bounds for the difference between the
eccentricity distance sum and eccentric connectivity index in the k-uniform hypergraph with diameter 2.

It generalizes the previous results of the current authors from the simple graphs to hypergraphs for graph
parameters based on eccentricity.

1. Introduction

The vertex set and edge set of the hypergraph G are writed as V(G) and E(G), separately, of which V(G)
is not empty as well as every edge in G is noempty subset of vertices. If every edge in the hypergraph
has exactly the same number of vertices k, where k > 2, we call it a k-uniform hypergraph, A 2-uniform
hypergraph is usually known as an ordinary simple graph. The degree of a vertex v, refer to the number of
edges in G containing v, denoted by d¢(v). We use A to represents the maximum degree. Hypergraph theory
had a application background in chemistry [8, 13, 14]. The authors of [13] confirmed that hypergraphs are
more accurate when describing molecular structure. A walk H = (V, E) is a sequence of vertices and edges
of hypergraph, denoted by W, = (v, e1,v1,...,0p-1,€p,7,), where v; € V and e; € E such that v; 1, 0; € ¢; for
alli=1,...,p. We refer to all walks with distinct vertices and edges as paths. A hypergraph G is said to be
connected if any pair of vertices in G connected by path. The length of the shortest path connecting u and
v in G, called the distance between them, expressed by dg (1, v). The diameter d(G) refers to the maximum
eccentricity in the hypergraph. A connected acyclic hypergraph is called a hypertree. Let the number
of vertices and edges of the hypertree be n and m, respectively, where m,n > 1. Then n and m meet the
condition n = 1 + m(k — 1). For conceptes and symbols not defined here, we refer to [2].
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Molecular topological index is a kind of invariant of graph, which is an important structural parameter
in the study of QSPR/QSAR. Among them, wiener index (WI) is the earliest topological index based on
distance, represents the distance sum of any pair of vertices in the graph G [23], namely

WG = Y dowo)=3 Y Dot
)

{u,0}cV(G ueV(G)

Where D¢ (1) = Ypev(c) dc (1, v).
Recent studies on WI of graphs can be founded in [7, 9]. Lately, index based on eccentricity has become
a research hotspot. Next, we introduce four such topological indices that are relevant to our conclusion. In

2002, Sardana et al.[20] put forward a new index related to eccentricity named adjacent eccentric distance
sum (AEDS), which is described as follows:

ésv(G): Z EG(U)DG(U)‘

0eV(G) dc(©)

Sardana and Madan [21] later explored the connection between wiener index and adjacent eccentric distance
sum. Recent findings on AEDS can be found in references [3, 15, 16, 19, 25] and the literatures they cited.

In 2001, another invariant of graph based on eccentric is proposed by Madan et al. [17], named the
eccentric-adjacency index (EAI), in a connected graph G, it is defined as

Ead(G)I Z Sc(u)

wev(G) ec(u)

Where SG(u) = ZUENG(LI) dG(U)‘

The eccentric-adjacency index has important application in QSPR/QSAR theories. Lately, Malik [15]
discussed graph parameters EAI and AEDS in two classes of combinatorial graphs for join and corona
products of graphs and obtained the corresponding formulas. The exact upper bound of EAl is given and
the relationship between the above two types of graph parameters is explored by Hua et al. [12].

Sharma et al.[22] put forward eccentric connectivity index (ECI) of graph G, labeled as £°(G), which is
defined as

E(G) = ), ec)c)= ) W), (1)

veV(G) uveE(G)

Where W(uv) = e¢(v) + ec(u) can be viewed as a edge weight of the edge uv.

The eccentric connectivity index showed strong predictive power in drug properties; see [4, 20]. In
addition, the above index has many use in neuroscience and entropy; see [24, 26].

In 2002, Gupta et al. [10] proposed a new graph parameter based on eccentric distance named the
eccentricity distance sum (EDS) of graph G, denoted by &4(G), which is expressed as

&G =Y, (ec®)+ec)dcw o) = Y, ecDo(). @

{u0lCV(G) veV(G)

The eccentricity distance sum is closely related to biological activity and physical properties. As for
their mathematical properties, the eccentricity distance sum and eccentric connectivity index were studied
extensively, for example, the extremal problems of EDS and ECI are discussed in graphs with given
parameters by zhang et al. [27]. In particular, they studied the difference between EDS and ECI, and
obtain the strict upper and lower bound for their difference. More results on ECI and EDS are available in
[1,5,6,11, 18, 25, 28].

Given all the issues stated above, researchers have been exploring the extremal problems and realations
between various graph invariants. We address the problems above and extend these to hypergraphs. The
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rest of the paper is arranged as follows. In Section 2, Some graph transformations are presented. In Section 3,
with the application of transformatios. we prove that in all k-uniform hypertrees given edges, the k-uniform
loose path is the only graph with minimum EAI and k-uniform hyperstar is the unique one with maximum
EAL In Section 4, Several bounds on the EAI of k-uniform hypertrees given diameter and maximum degree
are proposed, furthermore, the corresponding extremal graph are characterized. In the last part, the tight
upper bound on the difference between eccentriccity distance sum and eccentric connectvity index among
linear k-uniform hypergraphs of diameter 2 is determined. Furthermore, the relationship between EAI and
AEDS is investigated.

Before going any further, we introduce other terms and symbols. Given a hypergraph G and X € V(G),
we use G\X to denote the subgraph obtained by removing the set of vertices in X from G, and G[X] the
subgraph derived by X. For v € V(G), we simply use G\v instead of G\{v}. A vertex-edge sequence
(vo,e1,71,+++ ,Us—1,65,0s) in @ hypergraph G is known as a pendant path on vy, if dg(vp) > 2, dg(v;) = 2 for
1<i<s—1,ds(v) =1forvee\{vie1, v} with1 <i <sand dg(vs) = 1. If an edge E; is a pendant edge in G,
satisfy the condition |E;| > 2, and E; share only one vertex with other edges. A pendent vertex refers to the
vertex of degree one. A vertex of hypergraph G is a cut vertex if it is a coalescence vertex of two nontrivial
connected sub-hypergraphs. A loose path of length m is a hypergraph with m edges ey, --- , e, such that
leiNeir1l =1for1 <i<m-1and le;Nej| = 0 otherwise, which is denoted by P’,;. For a k-uniform hypertree
T given m hyperedges. If there exists a vertex v € V(T), satisfy for every edge e € E(T), thereis v € ¢, then T
is called hyperstar with v as the center, write it as S%,. Specially, S* is a hypergraph with only one edge.

2. Hypergraph transformation changing eccentric-adjacency index

In this section, in order to characterize the extremal structure of hypertree on EAI, we study some transfor-
mations which can change the value of EAL

We introduce some key lemmas as follows.

Lemma 2.1. Let G be a k-uniform connect hypergraph with |E(G)| > 1 and w € V(G). P is a k-uniform loose path
with p + q hyperedges, denoted by P = (ug, ey, u1, "+ , Uprg-1,€p+q, Up+g), Let H (H',respectively) be the hypergraph
constructed by identifying w of G and uy, of P (up41 of P ,respectively), where p > q > 1, then

E(H) > E(H).

Proof. Note that vertex w in G is coincides with u, of H and up; of H, respectively. If z € V(G)\w,
apparently, Sp(z) = Sy (z) and €y(z) < € (2). Asp > g, then

SH(z) Sy (2
en(z) ey (2)

(

zeV(G)\w

)=>0.

Let eg(w) = a, We discuss this in two cases.
Casel. a <p.
If g =1, for z € V(P)\{up-1, 1, up+1}, we have Sy(z) > Sy (z) and €p(z) < €y (2), then

S Sw (@)
en(z) ey (2)

(

2€V(P)\fup-1,1p ttps1}

)20



Note that

We have
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Su(w) = Z do(u) +2(k —2) +3 = Z do(u) + 2k =1, en(w) =p

ueNg(w) ueNg(w)
Su(ups1) = (k= 2) +dg(w) + 2 = dg(w) +k, en(ups) =p+1
Su(up-1) = 2(k = 2) + dg(w) + 4 = dg(w) + 2k, eg(up-1) = max{p —1,a + 1}
Sw@)= Y, de)+(k-2+2= Y do(u)+k ey@) =p+1

ueNg(w) ueNg(w)
Sy (up) =2(k = 2) + dg(w) + 1 + 2 = dg(w) + 2k = 1, ey (up) = max{p,a + 1}
Spr(up—1) =2(k =2) +4 =2k, ep(up-1) =max{p—1,a +2}.

Su(w) = Sp(ups1)  Su(up-1)

ad ad (17
SHHE) - N 2 (é‘H(w) en(upr1)  en(up-r)
_ Sy (w) n Sy (up) + S (up-1)
e (w) ey (up)  ep (Up-1)
B (ZueNG(w) dg(u) +2k -1 L de@) +k  do(w) +2k )
p p+1 max{p —1,a+ 1}
(ZueNGm) de(u) + k L o) +2k-1 2k |
p+ 1 max{p,a + 1} max{p —1,a + 2}
2k -1 1
> (— a ;m) + (do(w) + k)( max{p,a + 1})
. dg(w) B k-1
max{p —1,a+2} max{p,a+1}
_ (Zk -1 _ 2k -1 ) + ( dc(w) _ dc(w) )
p max{p,a + 1} max{p—1,a+2} max{p,a+1}
dg(w)
" p+1
> 0.

Thus

EM(H) > &(H)).

If g > 2, for z € V(P)\{up-1, ttp, p+1, tp+2}, we have Sy(z) > Sy (z) and en(z) < €y (2), then

note that

Su(z) Sy (2)
en(z) ey (2)

(

ZEV(P)\{upfl/”p/up+1/”p+2}

)2

Su(up-1) = Su(ups1) = dg(w) + 2k = Sy (up+2) = Sy (up)
Su(w) = Sy = Y do(u) +2k en(®) < exy ()

ueNg(w)
Su(ups2) = 2k = Sy (up-1)
ep(upyi) < e (upsi) 1=-1,0,2.

328



Then

E(H) - &"(H)

\%

\%

=
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Sa(w) = Sp(upy1)  Sp(up—1)  Su(upiz)

eg(w)  en(upy1)  en(up-1)  en(upsz)
Sy (w)  Sy(up-1)  Sy(up) Sy (up+2)
egp(w) e (up1) e (up) ey (ups2)
SH(up—l) - SH’ (up—l) 1 _ 1
ep (up-1) ’ SH(ZU)(EH(w) EH' (w)
1 1
SH(up+1)( )

enups1) &g (up)
SH(up+2) — Spr (Up+2)
5H’(”p+2)
dg(w)  dg(w)
ey (up-1) &g (Up+2)

> 0.

Where ey (1p-1) < € (Up+2). Then

Case2. a>p+1.
Ifg=1

E(H) - &"(H)

where

\%

\%

E(H) > E"(H).

Z (SH(U) SH (U))

vewp) EH (©) (©)

Spi(w) ”’1k+1 do(w) +k+1
(SH(w)+(k_2);i+_u+(k_2) a+1

kk=1)  (k=1)dc(w)+ k) « 2k , do(w) + 2
p+a 1+a i i +q a+1

H

+

)

4
(sH (w) (k—Z)Z k+1 +(k_2)d(;(w)+k

ey (w)

k(k—-1) dow)+2k—1 <= 2k
+ + E
1

p+a+1 1+a i:2'+u)

1 K2 —k— 2k K-k
~(Su(w) = Sy () - v+a  p+al pea

2 _ _ _ 2 _

k> -k +k 1+(k 1)dG(w)+k k

p+ta+l a+1 a+1 a+1
k—1_2(k—1)+k—1+k2—k_ K2 -k +dc(w)(k—l)
a p+a a+1l a+1 p+a+1 a+1
k—l_k—1+k—l_k—1+dc(w)(k—1)

a p+ta a+1l p+a a+1

0,

Su(w) = Z do(u) + 2k — 1,

ueNg(w)

Sy (w) = Z do(u) +k

ueNg(w)

329



H. Wang, P. Yin / Filomat 38:1 (2024), 325-342 330

Then ’
&9H) > E(H).

If g > 2, by direct calculation, we have

: Su(®) _ Sw(©)
adH _ adH H _
£(H) - eH) v;@g}l(v) o)
-1
_,Sp(w) B k+1 i) +k+1
B (eH(w)+(k 2)i=1i+a+2(k 2) a+1
-1 q-1
bRk )+ 2k N 2k
p+a q+a Mita Hi+a
ql
k+1
S d k+1
B (gHEz) + (k-2 )Z +2(k-2) c(u;):1+
1 1 Lok S 2k
" (kz_k)(p+1+a+q—1+a)+;m+izzm
q-2
k+1
+ (k—2)§i+a)
1 1
- (kz—k—2)( 1+a p+a)_( )(q—1+a_p+a)
1 1
* 2k(q—1+a_m) e )(m_p+1+a)
1 1
- (Zk_z)(q—1+a_;m) G k)(Ta_p+1+a)
> 0.

Whereg—-1<p,k>2andp <p+1. Then

E(H) > E(H).
To sum up the evidence of cases 1 and 2, we have

E(H) > E(H).
This completes the proof. O

Lemma 2.2. Let G be a k-uniform hypergraph with |E(G)| > 2 and k > 3. Let u, v be the two Uertices of an edge e in
G, where dg(u) = dg(v) = 1. Let P = (ug,e1,u1, -+ , Up-1,€p, Up) and Q = (vo,e'l,vl, Vg 1,6 vy) be the pendent
path with lengths p on uy and q on vy respectively, where p > q > 1. Let H be the k-uniform hypergmph constructed
by identifying uo and u and by identifying vy of Q and v respectively, Let H be the hypergraph constructed from H
by moving edge e;7 from uy_y to u,. Then

E(H) > E(H).
Proof. If z € V(G)\e, apparently, Sy(z) = Sy (2) and en(z) < € (2), as p = q. Let eg(u) = a, then eg(v) = a.

Clearly, a > 2, since G is a k-uniform hypergraph with |E(G)| > 2 and dg(u) = dg(v) = 1, we discuss it in the
following two cases.
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Casel. p+1<a.

For x € G\{u, v}, we have Sp(x) = Sy (x) and en(x) < e (x). If g = 1, note that

We have

E(H) - E"(H)

Then

Suy(u)=2k—-2)+4=2k eg(u)=a
Sy)=2(k-2)+3=2k-1 ey(v)=a
Syw)=2k-2)+1+2=2k—-1, egym)=a
Spy@=k-3+2=k-1, ey =a.

Su() _ Sw(®)
en() e ()

v

(

xeV(P)UV(Q)

)

2

—1 p-
2k o k+1 k(k-1) 2k 2k-1
- (7+(k_2);i+a+ a+p +lei+a+p—1+a

2k-1 +k(k—l) N (k—=2)(k+1)
a+1 a

)

a
2% -1 kel k(k—1) & 2k 2%k—1
- a +(k_2);i+a+a+p+l+zi+a+p+a

i=1

k-1 N (k —2)k

—)
k+1_(k—2)(k+1)+(k2_k)( 1
a a+p p+a p+a+l
1 1 )+k2—k+k—2
p-14+a p+a 1+a a
k+1 2 K2 —k 1 2%k-1 K-k k-2
+ - - - + +
a p+ta p+l+a p-1+a p+a 1+a a
k+1 k-1, k-2 K-k K-k k-2 1
-y S (- y+—= -
a p+a’ p+a 1+a p+1l+a a p+a-1
k k-1 k-2 k-2 K-k K-k 1 1
(c_z_p+a)+( a _p+a)+(l+a_p+1+u)+(5_p—l+a
0

IS

K> -k ) - 2k
p+a-1

(2k - 1)(

(

)

E(H) > E"(H).

331
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If g > 2, then

Su(x) Sy ()
en() e ()

&(H) ~ E"(H)

v

(

xeV(P)OV(Q)

p-1 r=2
_ r (k-2 )Zk+1 k(k — 1)+ ‘2k 2k -1 )
i+a a+p —ij+aqa p-1+a

i=1 =1
-1
2 Sk+1 K-k kK 2k-1
+ - + (k- 2);:11+a+q+a+z — + )

2k Lok+1 , k=1 ©« 2k 2%k-1
- (k—z); +Zl‘”_ +

)

— i+a a+p+1 +a p+a
-2
k+1  k(k-1) 2k 2k-1
" - 2)Z:z+a q—1+u+i=1i+a+q—2+a)
k+1 2k
= k- 2) - )(p+a p+a+l)_p—1+u
k+1 2k
t (k- 1)(;7 1+a p+a) (k_) 1+a+q—2+a
1 1 1
+o- k)(q+a q+a—1)+(2k_1)(q—1+a_q—2+u)
2 _
_ 2 kK-k 1 —(2k—)L— 2
p+ta a+p+1 p-1+a p+ta qg-1+a

1 2k-1

" (kz_)q+a q- 2+a+q 1+a
2 1
B (p+a_q—1+a) (= R +a_p+a+1)
1 1 1
" (q 2+a_p—1+) 2k 1)( 1+a_p+a)

1 1 1 1
= - k)(q+a p+a+1)+(q—2+a_p—1+) (2K 3)( 1+a p+a)
> 0.

Then
E(H) > E(H).
Case2. p>a.

Letu = uy, v = vy. Lete; = {ui,l,”' ,u,‘,k}. Where Uil = Uiq and ujx = u;. Note that Uik = Uiz for
i=1,---,p. Leteyr1 = {up+11,- -, Ups14} be the pendent edge at u;, in H', where Ups11 = tp and Upy1k = Upe1.
For z € e\{u,v}, en(z) = p+1 < €y (z) = p+ 2. To prove our conclusion, we discuss the following two
subcases.

Subcase 2.1. g=1.
Fori=1,2,--- ,pand t =2,--- ,k—1, we have Sy(u;;) = Sp (Wis1,).

eg(ir) — e (Wiv1y) = max{i+a,p+1—-i} —max{i+1+a,p+1-1i} <0.
Ift =k # p, then Sy(uis) = Spr (Uis1,4)

eg(ir) — e (Wiv1,) = max{i+a,p —i} —max{i+ 1 +a,p—i} <0.
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Hence the contribution of vertices in Ufgllei\{uo} to £“(H) is not as less as the contribution of vertices in

Ulee,-\{ul} to £(H'). Therefore, we have

’ S/
éad(H)—éad(H) > Z (SHEx;— HEx;
er(eUe;Uep) EHX Epr (X
_ 2 _ _ '

- (Y SH_(Z1)+2_k+2k 11+k 2k+ 2k 11+k 3

Zee\[u,v}p+ P p+ p+ p+a-— p+a
_ )

_ (Z SH(Z)+2k 1+ k N 2k +k 3k+2
ZEe\[u,v]p+2 p+1 P+2 p+ﬂ—1 p+a
2k-1 K-k

+ + )
pta pt+a+l
2 _ 1 _ ' ~ )

S4(H) - EUH) > (u+£€+k k+ 2k -1 +k k)
p+1 p p+2 p+a-1 p+a
K-k 2k —k+1 2 _k

- ( + + + )
p+t2 pta-1 p+a  pta+l
K-k-2 2k K-k+1 1

> —+—- -
p+1 p p+a—1 p+a

1 1 k3 ko1

= G D G ) G e

> 0.

Then
E9(H) > E(H)).

Subcase 2.2. g > 2.

Fori =1,2,---,9. Let e;. = {vi1, -+ ,vix}, where v;; = v;1 and v;y = v;. Note that v;x = vi1, for
i=1,2,---,g—1.Fori=1,2,---,p—landt=2,--- ,k—1. we have Sy(u;;) = Sy (ui+1,+). f t >kand a < g,
we have

en(uip) — e (Wizay) =max{i+q+1,p+1—id} —max{i+1+q,p+1-1i} <0.
Ift>kanda > g+ 1, we have
eq(Uip) — e (i) =max{i+a,p—i+ 1} —max{i+1+a,p—-i+1} <0.

Thus the contribution of vertices in Uf:lle,«\{up_l} to £&%(H) is not as less as the contribution of vertices in
Ufzze,'\{up}, and the contribution of vertices in U?;Zl e;\{vq_l} to &"(H) is not as less as the contribution of



,
i

vertices in U?z_lz e \{vg-2} to E(H'). Does not lose its generality, we suppose thata > g + 1, we get

gUH) - &H) =
xEV(epUe;Ue:H) SH(JC) €H (X)
2k-1 K-k 2k 2k-1
= ( + + +
at+p-1 a+p p+gq-1 p+gq-1
— 2 _
N (k 2)(k+1)+k k)
ptq-1  q+p
2k k+1 2k-1 K-k
- + +
a+p-1 a+p a+p p+q-1
N 2k-1 N k2—k)
p+g—-1 a+p+1
, 2k -2 1 k? — 4k 1
ad _ cad _ _ - _
S =) 2 S e e T R R R
— 2 _
- 2k -3 +k 4k+(l¥—k)( 1 1 )
a+p-1 a+p p+g a+p+1
k*—2k-3 0y 1 1
T Tarp PO TR
—1) —
S (k-=1)y-4
a+p
> 0.
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Y (S5,

Wherea > g+ 1and k > 3. Thus

E(H) > E"(H).

1
a+p+1

)

334

Similarly, the same is true for a < . Synthesizing the proof of Case 1 and Case 2, we get &"(H) > &™(H'). It

yields the result. O

Lemma 2.3. Let G be k-uniform hypergraph with a cut edge e = {v1, 011, -+ , V1 k-2, U2} satisfy G — e consists of two
componets Gy and Gy, where v; € V(Gy) and vy € V(G,). Let G be the hypergraph constructed from G by moving

G, from vy to vy, then E(G) < £(G').

Proof. For convenience, let e, (v1) =a 2 b = eg,(v2). If v € V(G1 U Go)\{v1, v}, apparently, S¢(v) < S¢ (v)

and eg(v) = e (v). We have

Sc(0)  Sg(v)
ec(v) &g ()

(

veV(G1UG)\{v1,02)

) <0.

If v € e\{vy, vy}, it is easy to see that ec(v) = €5 (v) and S¢(v) < S¢ (v), we have

Sc(v) _ S¢'(@)
60 e (0)

(

vee\{v1,02}

) <0.

Thus the contribition of vertices in V(G; U Gy)\{v1, 72} and e\{v1, v} to £4(G) in G is no more than the
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contribition of these vertices to £(G’) in G'. Therefore, we have

Su(®) S (©)
eg(v) ey (v)

&G -EG) = Y« )
0€V(G)
S(v) _ S¢ (@)

=) Y ) e

veV(G1UG)\{v1,v2)  vee\{vy,va)  vefvy,v}

Z (SG(U S¢ (U)).

)

<
o e e (@)
ad ad (! Sc(v1)  Sg(v1) | Sc(va)  Sg (v2)
¢16) -6 = ec(v1) &g (v1) " ec(v2) &g (v2)
LoueN, (@) 46, () + (k = 2) + dg, (v2)
B maxfa, b + 1}
YoweNe, (@) 46, (W) + (k = 2) + dg, (01)
* a+1
ZueNGl (o d,(u) + (k—1) + Zwech (o) 4G, (W)
a
_ (k=2) +dg,(n1) +dg,(02)
a+1
. —1 +dc,(v2) = Lwen, (02) 46, (W)
a
YoweN, (0r) 4G, (W) — dg, (v2)
* a+1
< L
a
< 0.

Thus
£(G) < &"(G).
This completes the proof. O
Lemma 2.4. Let H be a k-uniform connected hypergraph and u be a vertex of H. For t > 1 is a positive integer, Let G
be a k-uniform hypergraph that adds a pendent edge to the vertex u and then adds one pendent edge to each of some t

vertices of the pendent edge at u, where these t vertices different from u. Let G be the k-uniform hypergraph obtained
from H with new t + 1 pendent edges attaching to u. Then £&(G) < &(G).

Proof. Itis evident that Sg (x) > Sg(x) and ¢ (x) < eg(x) for x € V(H). Let ey(u) = b, obviously,

ecu) > eqg(m)=>b>1.

S (1) = Z dy(w) + (t + 1)k - 1).

weNy (u)

Let
Py = {v| vis the vertex of t pendent edges in G}

and
P, = {v| vis the vertex of the pendent edge e at u in G}

respectively. Note thatif x € P1UP;, S (x) = k—2+dy(u)+tand e (x) = b+1, Sg(4) = X ypeny, ) du(w) +k+t-1.
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If X1 € P1\P2, SG(Xl) =k-2+ 2t, EG(JC]) =b+2.
If xp € Po\Py, Sg(x2) =k +t—2+dy(u), ec(x)=0b+1.
Ifx e P1(\Py, Sg(x) =2k +t —4 +dy(u), eg(x) =b+ 1. Then, we have

Lweniw (@) + (E+ DK =1 (k+1 =2+ d()(t + (k= 1)

ad (~' ad
ENG)-&"G) = 2 o1
YoweNu @) +k+t =1 (k= 1)t(k + 2t - 2)
- ec(u) - b+2
(k—=1-t)k+t-2+dy(u)) tRk+t—4+dy))
- b+1 - b+1
tk=2) (tk-1)+(k-1)(k+t—2+dy(u))
> +
b b+1
tk—1D)(k+2t—-2) (*k=-1-t)k+t—-2+dy(u))
B b+1 - b+1
t2k +t — 4 + dy(u))
a b+1
_ Hk=2) N tHk(dn(u) — 2¢) = (du(u) — 3t))
b b+1
> 0.

Where k > 2, dy(u) — 2t > d(u) — 3t. Then £&(G) < £&%(G'). This completes the proof. O

3. Hypertrees with small eccentric-adjacency index

In this section, for eccentric-adjacency index, we characterize the extremal k-uniform hypertree given
maximum degree and edges. Denote Sk(my, -+ ,mp) by a k-uniform hypertree with m; +mjy +- - - + m, edges

acquired from A loose paths P%, ,P% .-, Pt by coinciding one terminal vertex of every loose path, where

A > 2. In pariticular, S§, = P% . obviously, S¥(my,my,--- ,my,) is a hypertree with maximum degree A.
Let B’}; A=58(1,1,---,1,m—A+1), call it a starlike hypertree with maximum degree A and number of edges
¢ ——————
A-1
m. In particular, BY, | = P}, if A= 1,2 and B}, , = S},.

Theorem 3.1. Let T be a k-uniform hypertree with maximum degree A and m edges, where 1 < A < m. Then
&(T) > &4(Bk ), the equality is true if and only if T = BX .

Proof. Itis trival if A = 1. Suppose that A > 2, Let T be a k-uniform hypertree with maximum degree A
and minimum eccentric-adjacency index. we intend to prove that T = B’; | below. Let dr(u) = A. Next, we
discuss in two different conditions.

Casel. A >3.

First, We assert that there exist only one vertex u of T that has a degree of at least 3. By contradiction
assume that there are two vertices in T with degrees at least 3. Choose a vertex v that is as far away from
u as possible and has a degree of at least 3. Assume T — v have dr(v) branches T4, - - -, T4,«), Suppose that
u € V(T;) without generality, among the remaining branches except T, there exist branches that are not
pendent paths. Let T; be such a branch and e = {wy, - -, wi} € E(T;) such that the distance between w; and v
is as large as possible, Note that dy(ws) = di(w) = 1. According to Lemma 2.2, we get a hypertree T with
maximum degree A, obviously, we have £&(T) > &%(T'), which is contradiction, therefore T[V(T;) U {v}] is
a pendent path adjacent to v with 2 < i < d7(v). Set the length of the pendent path T[V(T;) U {v}]] onv to I;,
where 2 < i < dr(v) and I; > 1. Suppose instead we only talked of I, > I3. Move a pedent edge from the
pedent path in T; to the pendent edge in T», we obtain a new hypertree T whose maximum degree is A. By
Lemma 2.1, we have &(T") > £&(T"), which is contradiction, so u is the only vertex in T that has a degree
of at least 3. Similar to the discussion above and according to Lemma 2.2, T contains A pendent paths on u.
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Second, We assert that at most one pendent path is not less than 2 in length. Assume to the contrary
that there exist at least two pendent paths on u with length at least two. Let P and Q be two such paths,
having length p and g, respectively, may as well suppose that p > 4. By the transformation in Lemma 2.1,
we obtain the graph T by removing the pendent edge on Q and adding them to the pengdent edge on
P, so that the length of P increases by one and the length of Q decreases by one. By Lemma 2.1, we have
E(T) > E&(T"), which is contradiction. Thus there is at most one pendent path of length at least 2. From
above arguments, it follows that T = Bf A
Case2. A=2.

It is trival if k = 2. May as well set k > 3. Assume to the contrary that T  B¥ - then there exists an
edge in T that contains at least three vertices of degree two, let e = {wy,--- , wy} be such an edge, and the
distance between 1 and the endpoint w; of e is as large as possible. There are two pendent paths P and Q
at two distinct vertices of ¢, say w; and wy, respectively, where 2 < j < < k. Let the lengths of P and Q be
p and g, respectively, such that p > g > 1. From the transformation in Lemma 2.2, we get a graph T whose
maximum degree is still 2. By Lemma 2.2, we have £%(T) > &%(T'), which is contradiction. Thus each edge
in T has at most two terminal vertices of degree two, it follows that T = B’; 2 In summary, this concludes
the proof of the theorem. O

Theorem 3.2. Let T be a k-uniform hypertree with m > 1 edges. Then Let

222k 2 w1 22 + 2k — 4
m m—1 i=1 m—1i

2k2+2k—6+2k2—2k 10k + 4 §2k2+2k—4
m—1 m m+1 i=2 m—i

if m is even,
&) 2

if misodd,

the equation is true if and only if T = PX.

Proof. The conclusion is obvious for m = 1,2. Let’s say that m > 3. T is the graph with minimal EAI in the
k-uniform hypertree with m edges. Denote A by the largest degree of T. Thus it follows from Theorem 3.1,
T = B’}; A If A > 3, then by Lemma 2.1, we can obtain that é”d(Bm,A) > god (Bm,a-1), which is contradiction.

Then A = 2 and thus T = BX | = P If m is even, then by direct computation, we have

2242k 2 {2k +2k—4

ad ( pk
Pty = —
5 (P m m-1" & m—i
And if m is odd, then
2 _ 2 _ % 2 _
E”d(Pf;):Zk + 2k 6+2k 2k+10k+4+ 2k +2k' 4.
m—1 m m+1 ’ m—i

i
[N]

This completes the proof. O

4. Hypertrees with large eccentric-adjacency index

In the coming section, we characterize the extremal hepertrees having the largest EAl among k-uniform
hypertrees given diameter and number of edges.

Theorem 4.1. Let T be a connected k-uniform hypertree with m > 2 edges. Then

ud m(k — 1)(m + k)
M=

the equation is true if and only if T = Sk,
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Proof. Let T be the extremal graph with maximum eccentric-adjacency index in k-uniform hypertree with
m edges. We start the proof with a claim.

Claim 1. All cut edges in T are pendent edges.

Proof of Claim 1. In reverse we say that, there exists a non-pendent cut edge, by Lemma 2.3, one can
get a hypergraph T', meeting the condition &"(T") > £*(T), a contradiction, and hence completes the proof
of claim 1.

There is no cycle in T since it is a hypertree, then all edges are cut edges in T, by Claim 1 and Lemma
2.4, all edges share a common vertex, says it u, i.e. dr(u) = m and er(u) = 1. The other vertices different
from u with degree 1 and eccentricity 2. Thus

m(k —1) N mk=1)(k—=2+m) m(k—1)(m+k)
1 2 - 2 '
the equality is true when T = S,. This completes the proof. O
For2 <d <m. Let

&(T) =

gad(P ) 2t(k 1) Zt(k 1)(7”1 +d+k+ t)

G(m,d, k) = £o(pE ) 4 21(—1) | 2tk - 1)6’;1 fd+k+1)
" d+1 d+3

Let Fi(m, d) be the k-uniform hypertree obtained by adding m — d pendent edges on Ug from loose path

if m is even,

if m is odd,

P’; = (uop,e1,u1," -, Ug-1,€4,Uq), if d is even. Let Fo(m, d) be the k-uniform hypertree obtained by adding m —d
pendent edges on e from PS = (ug,e1, U1, ,Ug-1,6€4,uUy), when d is odd.

Theorem 4.2. Let T be a k-uniform connected hypertree with m > 2 edges and diameter d, where 2 < d < m. Then
E(T) < G(m,d, k), the equality holds when T = F1(m, d), if d is even; and the equality is true when T = Fy(m,d), if
d is odd.

Proof. For d = 2 and d = m, it is obviously true. Assume that 3 < d < m —1 and T is a k-uniform
hypertree with diameter d satisfying that &(T) is as large as possible. Let P = (ug, e1,u1,- -+ ,U4-1,€4,uz) be a
diametrical path of T. Denoted by ¢; = {u;1,--- ,u;x} fori=1,--- ,d, where u;; = u;—1 and u;x = u;, By using
Lemma 2.3 repeatly, we infer that all edges other than edges in P are pendent edges, which are adjacent to
vertices of P except these in ¢; and e;. We discuss this in two cases.
Case 1. diseven.

Suppose P has at least a vertex u other than Ug adjacent to no less than one pendent edge. Let E(u) be

the branch that contains vertex 1 and does not contain edges in P. Moving the edges in E(u) from u to Ui,
d

We construct a new hypertree T . Let |[E(u)| = t and H = T[V(T)\E(u)\{u}] with ey(u) = a. Then a > 5 and

sH(u%) = %’, we have

fh—1) k= Dk+t=2+dr(uy)

ad (' ad _
ST =M = gt d2+1
tk—1) tk-=1)k+t—-2+dr(u))
( a * a+1 )
1 1 1
>tk - 1)(d/2——)+t(k 1)(k+t—2+alT(u))(d/2_‘_1 a+1)
> 0.

Where dr(u g) > dr(u), then &(T') > &(T), arrive at a contradiction. Therefore, all edges not on P are
pendent edges attached to ua. Hence, we have

2t(k 1) 2t(k 1)(m+d+k+t)
d+2

&(T) = E(Py,) +
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Case 2. dis odd.
If P contains some vertex u;; which are adjacent to at least one pendent edge out of P, and furthermore

Uij ¢ ean. If 5= #l <i<d-1,2<j<k then er(u;j) = i. By moving each edge adjacent to u;,; outside of P to
Ug, we obtam k-uniform hypertree T, similarly, we can derive that &(T") > &(T), draw a contradiction.
Then all edges other than P are pendent edges attached to the vertices of s, we have

gy — gaigpiy , 2E=D) 20— Dmrd k)
SO d+3

End of the proof. O

5. Comparing various eccentricity-based graph invariants for k-uniform hypergraphs

In this part, We first explored the connection between AEDS and EAI for k-uniform hypertree, the upper
bound of the difference between EDS and ECI in the hypergraph with diameter 2 is also discussed.

Theorem 5.1. Let T be a k-uniform hypertree with m > 2 edges. Then &°(T) > &"(T).

MDD Lt DSy, be the

dumbbell hypertree obtained from vertex-disjiont S¥, with center u and S, with center v by adding a
hyperedge e with k vertices, writeitas e = {u, v, w1, - - , wi_2}. Let t(= 0) be the number of vertices v; € V(T)
such that dr(v;) > er(v;) + 1, We will get the coming claim.

Claim1. ¢t < [ mik 1)-|form>?.andk>2
Proof of Claim 1. Let’s say the diameter of T isd. If d = 2, we have T = Sk, and hence t = 1 < [m(k 1)-‘

If d = 3, wehave T = DSy, ,, let’s say my > my, then m; + mp +1 = mand hence2 < t < [m(l; ﬂ for m > 5.

Proof. According to theorem 4.1, we just need to testify £%(T) >

(Form =4 thereist =1 < [ mi 1)-l ) If d = 4, let T be the hypertree with vertex v such that
k
T—f{v} =S} ,, USs ., Utmy.

Where v is the unique vertex in T satisfing er(v) = 2 and my +my +m3 +4 = m. It was very clear m(k—1) > 2t,

that is t < [@-‘ Orelse d > 5 and er(v;)) > 3 for any vertex v; € V(T). On the contrary, we prove

m(k—1)
2

this result for er(v;) > 3, v; € V(T), we assume that t > [ ], let t be the number of verticecs such that

dr(v;) = er(v;) + 1 > 4 as e7(v;) = 3. Thus, we have

km = i dr(vi) = Z dr(vi) = 4t > 2m(k — 1).
i=1

vizer(0;)>3

Draw a contradiction and complete the proof of the claim. O
If T = Sk, then one can easily see that

EU(T) = (k= 1)+ 2m(k — 122m — 1) > TEZ D+,

2
Otherwise, if T # S¥,, then Dr(v;) > m(k — 1) + 1 for any v; € V(T). From claim 1, we conclude that
er(vi)Dr(vi) er(vi)Dr(vi)
SUT) = AN ANV CT\Y)=T\)
&M () a:(0)

v;eV(T) vj:e(vi)2dr(v;)

v

Dr(v) = (mk-=1)+1-H(mk-1)+1)
vizer(vi)2dr(0;)
(m(k—1) + 1)2 m(k — 1)(k + m)
2 ~ 2 ‘
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This proof is completed. O

Next step, we discussed the upper bound of the difference between EDS and ECI in the k-uniform
hypergraph with diameter 2. First, we present one result useful for our main conclusion. A linear
hypergraph is one in which any two edges have at most one common vertex.

Lemma 5.2. Let G be a connected linear k-uniform hypergraph with n vertices, diameter 2 and maximum degree no
-2+k

more than |E| — 1, where |E| denotes the number of edges of G. Then |E| > nkT’ with the equality holds if and

only if the maximum degree is |E| — 1.

Proof. Let 1 be a vertex of G with the maximum degree. Then exists at least one edge e satisfies g ¢ e.

Since diam(G) = 2, we have dg(w, u) < 2 for all u € Ng(up) and w € e. Clearly, the greater the degree of uy,
the fewer the number of edges. Let Vi = {x|x € e N Ng(up)}. We have

KEL = ) deo) =de(uo)+ Y do@+ Y| dc(o)
veV(G) veVy veNG(19)\ V1
> |[E|l-1+2k+n-1-k

n—2+k
k-1
With the equality holds if and only if the maximum degree is |E| — 1. This completes the proof. O

From the arguments above, it can be clearly seen k > |E| — 1, otherwise d > 2. Thus, in the case under

considerarion, k > e ; 2 ;— k_ 1= Z — i Therefore, k2 >n—1+k.

(k=DIE| 2 k+n-2, |E| >

Let S(n, k) be a k-uniform hyperst;r with n vertices. We now prove our main result.
Theorem 5.3. Let G be a connected linear k-uniform hypergraph with n vertices and diameter 2. Then
ENG) - E(G) < 4n® —8n+4—2k(n-1),

equality is true when G = 5(n, k).
Proof. Let G be a k-uniform hypergraph with diameter 2. For any v € V(G), we have

D¢() = (k—1Ddc(@) + 2(n — 1 — (k = 1)dg(v)) = 2n — (k — 1)dg(v) — 2. 3)
Let |E| be the number of edges of G, obviously, the degree of any vertex is at most |E|. Let A(G) be the
maximum degree of G. First, we consider A(G) = |E|. As G is linear and satisfied |E| > 2, it is impossible
for two edges to have two common vertices. If there exists one common vertex say u of every edge, then

dg(u) = |E| and eg(u) = 1 and for any vertex v # u, eg(v) = 2. Let A = {x|ec(x) = 1}. In this case, clearly,
|A| = 1. Together with (3),(1) and (2), we have

G -EG) = )| D)~ Y cc®dc()

0€V(G) 0€V(G)
=2 Y (@n- (k- 1)de(0) - 2 - d(0))
veV(G)\A (4)
= 4(n -1 -2k Z do(v)
veV(G)\A

= 4n® — 8n + 4 — 2K%|E| + 2K|E|.

From equation (4), we find that the difference of £%(G) and &¢(G) is decreasing on |E|, so when the value of |E|
is the smallest, then the difference is the largest. Note that diam(G) = 2 and G is linear k-uniform connected
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-1
hypergraph, one has |E| > z 1 in (4). By direct computation, we easily see that

k —
ENG) — E9(G) = 4n® — 8n + 4 — 2K%|E| + 2K|E|
=4n® — 8n + 4 — 2k(k — 1)|E|
_ ®)
§4n2—8n+4—2k(k—1)H

=4n® — 8n + 4 — 2k(n — 1).

Now consider A(G) < |E| — 1. In this case, eg(v) = 2 for every v € V(G), Together with (3),(1) and (2), we
have

E(G)-E(G) = ), D)~ Y e6@)dc()

veV(G) veV(G)

=2 Z @n — kdg(v) — 2) (6)
veV(G)

= 4n® — 4n - 2K|E).

n-2+k

By Lemma 5.2, we have |E| > -1

in (6). By direct computation, we easily see that
ENG) - E(G) = 4n® — 4n - 2K°|E|
2K =2+k) @)

<4n® -4
< an n k—1

Let
B 2k*(n -2 +k)

42
fi(n, k) = 4n" —4n 1 ,

fo(n, k) = 4n* — 8n + 4 — 2k(n — 1).

Bl k) = fin, k) = 4n + 4+ w — 2k(n —1)
:4n+4+2k(w —(n-1)
=4dn+4+ 2k(k2+:_$) 8)
B K-k +(n—1)
=4n+4 +2k(T)
> 0.

Where k > 2 and n > 2. On the basis of equation (5), (7) and (8) , one can get
ENG) - E(G) < 4n® —8n+4—2k(n - 1),

with equality if and only if G = S(n, k). This completes the proof. O
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