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Module derivations into iterated duals of triangular Banach algebras

Mahdieh Alikahi?, Mohammad Ramezanpour®*
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Abstract. Let U be a Banach algebra, A and B be Banach U-module with compatible actions and X
be a Banach left A-A-module and Banach right B-2-module. Then the corresponding triangular Banach
algebra Tri(A, X, B) is a Banach A-module with compatible actions. In this paper, we study n-weak module
amenability of module extension Banach algebras to provide necessary and sufficient conditions for n-weak
module amenability (as an A-module) of Tri(A, X, B), when A and B are not necessarily unital and not have
bounded approximate identity. This not only fixes the gaps in some known results in the literature but
also extends that results and gives a direct proof for them. Furthermore, we characterize n-weak module
amenability of triangular matrix algebras related to inverse semigroups and some triangular Banach algebra
related to locally compact groups.

1. Introduction and some Preliminaries

A Banach algebra A is amenable if H'(A, X*) = {0}, for every Banach A-bimodule X, where H!(A, X*)
is the first Hochschild cohomology group of A with coefficients in X*. It is n-weakly amenable (n > 0)
if H'(A, A™) = {0}, where A™ is the n'"-dual space of A and A® = A. When A is 1-weakly amenable,
it is called weakly amenable. A Banach algebra is called permanently weakly amenable if it is n-weakly
amenable for each n € IN. These concepts were introduced and studied by Johnson [14], and Dales et al.
[10], respectively. See the monograph [9], for more background.

For a locally compact group G, the famous Johnson’s theorem assert that the convolution algebra L}(G)
is amenable if and only if G is amenable [14]. Moreover, it is well known that L}(G) is always n-weakly
amenable for every n € IN (for a proof see [8], [10] and [20]). Both of these facts are not true for inverse
semigroups in general, [7]. Aminiin [1] and Amini etal. in [2] and [4], introduced and studied the concepts
of module amenability and n-weak module amenability for Banach algebras which are Banach module over
another Banach algebra with compatible actions. These notions could be considered as a generalization of
the notions amenability and n-weak amenability of Banach algebras. They extended the classical results on
(n-weak) amenability of L}(G) and showed that the inverse semigroup algebra [}(S) is module amenable,
as an ['(E)-module, if and only if S is amenable [1, Theorem 3.1], and that it is always n-weakly module
amenable, when 7 is odd and I'(E) acts trivially on [}(S) from left and by multiplication from the right
[4, Theorem 3.15]. This result for even number n € IN was proved in [11, Theorem 2.2]. Moreover, it is
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shown in [5, Theorem 2.7, Corollary 2.8] that 1Y(S) is n-weakly module amenable for all n > 0, when S is a
commutative and I'(E) acts on I'(S) by usual multiplication from both sides.

Forrest and Marcoux [13], studied the n-weak amenability of triangular Banach algebra Tri(A, X, B) for
the case where A and B are unital Banach algebras and X is a unital Banach (A, B)-module. They showed
that Tri(A, X, B) is weakly amenable if and only if both A and B are weakly amenable. The module version
of this result was proved in [18]. The n-weak amenability of Tri(4, X, B), for the case that A and B are not
necessarily unital, was investigated by Medghalchi et al. in [16]. Bodaghi and Jabbari [6], extended the
results of [16] and studied n-weak module amenability of Tri(A, X, B). As a main result, they showed in [6,
Theorem 4.3] that, if A and B have bounded approximate identity and X is a non-degenerate (A, B)-module,
then for n > 0, (2n + 1)-weak module amenability of Tri(A, X, B) and that of corner Banach algebras A and B
are equivalent. They use [6, Proposition 4.2] in their proof, but the assumptions of this proposition do not
appear in [6, Theorem 4.3]. Thus, the result will be valid, if A®"~D, B®"~D and X"~ are also non-degenerate
modules.

This paper is designed to improve and fix gaps in the main results of [6] on n-weak module amenability
of Tri(A, X, B) and extend the results of [16]. For this purpose, we first study n-weak module amenability
(as an A-module) of the module extension Banach algebra A @ X, which can be seen as a generalization of
triangular Banach algebras. We then, employ our results for Tri(A, X, B) to not only improve and extend the
main results of [6] and [16], but also give necessary and sufficient conditions for Tri(A, X, B) to be n-weakly
module amenable (as an A-module).

2. n-Weak module amenability of module extensions

Throughout this paper, A and U are Banach algebras such that A is a Banach U-module with compatible
actions, thatis a - (ab) = (¢ -a)b and (ab) -a = a(b - a) fora,b € A,a € A. Let X be a Banach A-module and a
Banach A-module with compatible actions, that is

a-@a-x)=(@-a)-x, a-(a-x)=@-a)-x, (a-x)-a=a-(x-a) @eAaecU xeX),

and the same for the right or two-sided actions. Then, we say that X is a Banach U-A-module. If moreover
a-x=x-afora € Wx € X, then X is called a commutative A-A-module. If X is a (commutative) Banach
A-A-module, then so is X*, where the actions of A and U on X" are defined by

(a-f,xy=f(x-a), @ -f,xy=f(x-a) @A aec feX xeX),

and the same for the other side actions. So, X is a (commutative) Banach A-A-module.
Let A and U be as above and X and Y be Banach A-A-modules. A map T : X — Y is called an A-module
map if
Tx+z)=Tx)xT(z), Ta-x)=a-T(k), Tx-a)=Tx)- a,

for x,z € X and a € A. If moreover, T(a-x) =a-T(x) and T(x-a) = T(x)-aforx € Xanda € A, then T is
called an A-A-module map. Although T is not necessary linear, but still its boundedness implies its norm
continuity.

Let X be a Banach A-A-module. A bounded A-module map D : A — X is called a module derivation
if D(ab) = D(a) - b+a - D(b) for a,b € A. When X is commutative, each x € X defines a module derivation
ady(a) =a-x—x-afora e A, which is called an inner A-module derivation.

Note that when A acts on itself by algebra multiplication, it is not in general a Banach A-A-module, as
we have not assumed the compatibility condition a(a-b) = (a-a)b for a € A, a,b € A. Let | be the closed ideal
of A generated by {(a-a)b—a(a-b); a,b € A, a € A}. Then, | is an A-submodule of A. So, the quotient Banach
algebra A/] is a Banach A-module with compatible action. We say that A is n-weakly module amenable, as
an A-module, if A/] is a commutative Banach 2-A-module, and each A-module derivation D : A — (A/])™
is inner; that is H} (A, (A/])™) = {0}. Also A is called permanently weakly module amenable if A is n-weakly

Pl
module amenable for each n € IN; see [4] and [5] for more details.
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Let A be a Banach algebra and let X be an A-module. Then, the module extension Banach algebra
corresponding to A and X is A ® X, the {!-direct sum A X X with the algebra multiplication defined by

(a,x)-(b,y)=(aba-y+x-b) (a,beAxyeX).

Following [19], we take A® x X as the underlying space of (A & X)™. One can directly check that the
A & X-module actions on (A @ X)® for (a,x) € A® X and (2™, x™) € A™ x X are formulated as follows:

(a/ x) . (a(zn)/ x(zn)) = (a . a(zn),a . x(zn) + X - a(zn))
(@,x) - (@@, x4y = (7. g@n1) 4 .y @u+]) gy QnaD)y

where x - a®" € X2 and x - @1 € A@™*D are defined by
<x . a(Zn),x(Zn—1)> — <a(2n),x(2n—1) . x)[ (x . x(2”+1),a(2")> — (x(2”+1),a(2") . x>.

And similarly for the right module actions.

Zhang in [19], investigated the n-weak amenability of module extension Banach algebras and used
them to construct an example of a weakly amenable Banach algebra which is not 3-weakly amenable. In
this section, we extend the main results of [19], and characterize n-weak module amenability of module
extension Banach algebra A @ X in terms of A and X. From now on, we shall assume that A ® X is a
commutative A-module with compatible actions. A simple computation shows that this assumption holds
if and only if A is a commutative A-module, and X is a commutative A-A-module.

We start with the following result which is a module version of [19, Theorem 2.1] and can be proved by
a similar argument. However, we bring its proof.

Theorem 2.1. Let n > 0. Then A ® X is (2n + 1)-weakly module amenable if and only if
(i) Ais (2n + 1)-weakly module amenable.
(i) Hy(A, X®D) = {0}.

(iii) For every bounded N-A-module map T : X — A@™D, there is g € X@*V such that a- g = g -a and
T(x)=x-g—g-xforallae Aand x € X.

(iv) The only bounded N-A-module map S : X — X@*Y for which S(x) -y + x- S(y) = 0in A", forall x,y € X,
is zero.

Proof. Suppose that conditions (i)-(iv) hold. Let D : A® X — (A @ X)"*D be a A-module derivation.
Then, a direct verification reveals that D(a, x) = (Da(a) + T(x), Dx(a) + S(x)), where the component mappings
Dy : A — A®@*D and Dy : A — X@D are A-module derivations, T : X — A@"*D js a bounded A-module
map such that T(x-a) = T(x)-a+ x - Dx(a) and T(a- x) = a- T(x) + Dx(a) - xand S : X — X®"*1 is a bounded
A-A-module map satisfying S(x) - y + x - S(y) = 0 in A?"*D. By conditions (i) and (ii), D4 and D are inner
derivations and by condition (iv), S = 0. Thus, there are f € A®"*D and gy € X*"*V such that D, = ady and
Dx = ady,. Define Ty : X — A®*V by

Ti(x) = T(x) —x-go + go - x.

It simply follows from commutativity A-module X that, T; is a A-A-module map. Thus, from (iii), there
exists g1 € X®*V such thata-g; = g1 -a and Ty(x) = x- g1 — g1 - x. It follows that T(x) = x- g — g - x and
Dx = ad,, where g = go + g1. Consequently,
D(a, x) = (Da(a) + T(x), Dx(a) + 5(x))
= (adf(a) + x- g — g - x,ady(a)) @)
= ad(f)(@, ),
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for all (7, x) € A® X. This complete the proof of sufficiency.

For necessity, suppose that A®X is (211+1)-weakly module amenable, as an 2q-module. Letd : A — A@"*D
be a 2A-module derivation. Then, D : A® X — (A ® X)?"*D defined by D(a, x) = (d(a), 0) is a A-module map.
We follow from [19, Lemma 3.5] that D is a A-module derivation and so it is inner. Now relation (1) implies
that d is also inner, so A is (21 + 1)-weakly module amenable.

To prove (ii), letd : A — X@"*1 be a A-module derivation. Then, [19, Lemma 3.4] implies that D : A ® X —
(A ® X)?*D given by D(a,x) = (-d®"*D(x),d(a)) is a A-module derivation, so it is inner. Hence, d is also
inner, again by [19, Lemma 3.4]. This shows that Hy (A, X@+D) = {0}, as required.

Let T: X — A®"Dand S : X — X@"*1 be A-A-module maps such that S(x) - y + x - S(y) = 0in A?"*D for all
x,y € X. Define D : A® X — (A® X)?*V by D(a,x) = (T(x), S(x)). Then, Lemma 3.1 and 3.5 of [19] jointly
show that D is a A-module derivation, so it is inner. Let f € A®"*) and g € X?"*D be such that D = ad ).
By (1), we have

(T(x),S(x)) = (adf(a) + x - g — g - x,ady(a)) @aeA,xeX).

Takinga = 0weobtain S =0and T(x) =x-g—g-xforallx € X. And if we takex =0we geta-g=g-afor
all a € A. This proves (iii) and (iv) and completes the proof. O

Before to characterize n-weak module amenability of A ® A™, we need the following module version
of [10, Proposition 1.2]. Since the natural embedding  : A — A"*? and the projection P : A2 — A®
used in the proof of [10, Proposition 1.2] are A-module maps, the argument of [10, Proposition 1.2] suffices
to show n-weak module amenability.

Proposition 2.2. Suppose that n € IN and A is (n + 2)-weakly module amenable. Then, A is n-weakly module
amenable.

Recall that an A-module X is called symmetricifa-x = x-a fora € A and x € X. As a consequence of
Theorem 2.1, we have the next result concerning (21 + 1)-weak module amenability of A ® A@m+1)

Corollary 2.3. Suppose that A is commutative and m > 0. Then, A@ APV is not (2n+1)-weakly module amenable.

Proof. Using Proposition 2.2, we show that A @ A®"*1 is not weakly module amenable. Set X = A@"*1 in
Theorem 2.1 and let T : X = A®"*D — A* be the adjoint map of the canonical embedding ¢ : A — A®™.
Then, T is a non-zero bounded A-A-module map. Since A is commutative, X = A®"*D is a symmetric
A-module and so x - g = g - x in A®"*D for all x € X and g € X®"*D. This follows that condition (iii) of
Theorem 2.1 does not hold. Hence, A & A?"*1 is not weakly module amenable. [J

In the next result which is a module version of [19, Theorem 2.2], we characterize 2n-weak module
amenability of A ® X. The proof is based on the argument used in Theorem 2.1 and [19, Theorem 2.2], so
the details omitted.

Theorem 2.4. Let n > 0. Then A & X is 2n-weakly module amenable if and only if

(i) If Da : A = A® is a -module derivation such that there is a bounded A-module map S : X — X with
S(x-a)=S(x)-a+x-Da@)and S(a-x) =a-S(x)+ Da(a)-x (a € A,x € X), then D is inner.

(ii) H(}I(A, X@My = {0}.
(iii) The only bounded A-A-module map T : X — A@" for which T(x) -y +x - T(y) = 0 (x, y € X) in X is zero.

(iv) For every bounded A-A-module map S : X — X©@, thereis f € A®) suchthata-f = f-aand S(x) = x-f—f-x
forae Aand x € X.

Proof. To prove the necessity, suppose that A ® X is 2n-weakly module amenable. Letd : A — A®"
be a A-module derivation with the property given in condition (i). Define D : A® X — (A ® X)®" by
D(a,x) = (d(a), S(x)). Then, D is a A-module derivation, so is inner. A simple computation shows that d is
also inner. This proves (i). Conditions (ii)-(iv) can be proved by analogous argument given in Theorem 2.1.
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For sufficiency, let D : A®X — (A®X)?") be a A-module derivation. Then, D(a, x) = (Da(a)+T(x), Dx(a)+S(x)),
where the component mappings D : A = A®) and Dy : A — X®@" are A-module derivations, T : X — A®")
is a bounded A-A-module map satisfying T(x) -y + x - T(y) = 0 in X® and S : X — X@® is a bounded
A-module map such that S(x-a) = S(x) -a + x - Da(a) and S(a - x) = a- S(x) + Da(a) - x. By conditions (i)
and (ii), D4 = ady, and Dx = ad, for some f; € A®” and g € X®” and from condition (iii), T = 0. Define
S1: X — X@ by S1(x) = S(x) — x - fo + fo - x. It simply follows from commutativity of A-module A that, S
is a A-A-module map. Thus, from (iv), there exists f; € A@) guch thata - fi=firaand S1(x) =x- f1— f1-x.
It follows that, S(x) = x- f — f -xand D4 = adf, where f = fy + fi. Consequently, D = ady,). This complete
the proof. [

As a consequence of Theorems 2.4, we have the next result.

Corollary 2.5. If X is non-zero and symmetric, then A @ X is not 2n-weakly module amenable, for every n > 0. In
particular, A ® A™ is not 2n-weakly module amenable, if m > 0 and A is commutative.

Proof. Let S : X — X" be the canonical embedding. Then, it is a non-zero A-A-module map. Since X is
symmetric, x- f = f-xin X7, forall x € X and f € A®". It follows that, condition (iv) of Theorem 2.4 does
not hold for such X. Hence A @ X is not 2n-weakly module amenable, as an A-module. [J

If we combine Corollaries 2.3 and 2.5, we get the following result.

Proposition 2.6. Suppose that A is commutative and m,n > 0. Then, A® A?"*Y is not n-weakly module amenable,
as an A-module.

We conclude this section with the following results on direct product of two Banach algebras, that will
be needed in the next section.

Theorem 2.7. For n > 0, the direct product A X B is n-weakly module amenable, as an -module, if and only if
(i) both A and B are n-weakly module amenable.

(ii) The only bounded A-module map S : A — B™ for which S(ac) = 0 and S(a)-b =b-S(a) = 0 foralla,c € A
andbeBisS=0.

(i) If T : B — A" is a bounded W-module map such that T(bd) = 0and a- T(b) = T(b)-a = 0 foralla € A and
b,de B, then T =0.

Proof. To prove the necessity, let dy : A — A™ and ds : B —» B™ be A-module derivations. Then,
D : AxB — (A X B)™ defined by D(a,b) = (da(a), ds(b)) is a A-module derivation and so it is inner. Thus,
D = ad s, for some (f, g) € A™ x B" = (A x B)". From the equality adf,(a, b) = (ads(a), ad,(b)), it follows
that d4 and dp are inner, so (i) holds.

LetS : A — B™ beabounded A-module map satisfying the hypotheses in (ii). Then, D : AXB — (AXB)™
given by D(a, b) = (0, S(a)), is a bounded A-module derivation, and so D = ad,, for some (f, g) € (A X B)™.
Applying the equality, (0, S(2)) = (adf(a), ad,(b)), for b = 0, we get S = 0. This proves (ii). Similarly we can
prove (iii).

For sufficiency, suppose that D : AXB — (A x B)™ is a 2A-module derivation. A direct verification shows
that D enjoys the presentation

D(a,b) = (Da(a) + T(b), S(a) + Dg(b)) ((a,b) € AXB),

where Dy : A — A® and Dg : B —» B™ are %-module derivations and T : B - A® and S : A — B™ are
bounded A-module map satisfying T(bd) = 0,a-T(b) = T(b)-a =0, S(ac) = 0and b - S(a) = S(a) - b = 0, for
every a,c € A and b,d € B. By condition (ii) and (iii), S = 0 and T = 0. From conditions (i), it follows that
Dj = ady and Dp = ad, for some f € A® and g € B®. Consequently, D(a,b) = (ad 7(a),ady(b)) = ady)(a, b),
for all (a,b) € A X B. Thus, D is inner, as claimed. [
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Let A be a Banach algebra and X be a Banach left A-module. By (AX), we denote the linear span of
AX={a-x|ae€ A xe X}, in X. We also recall that, X is non-degenerate if

Anny(X)={xeX;a-x=0 VaeA}={0}.
Non-degenerate right A-module are defined similarly.

Corollary 2.8. Let n > 0. If the direct product A X B is n-weakly module amenable then both A and B are also
n-weakly module amenable. The converse holds if any of the following statements holds.

(1) (A?)is dense in A and (B?) is dense in B.
(2) (B2) is dense in B and B") is a non-degenerate left or right B-module.

(3) (A2)is dense in A and A" is a non-degenerate left or right A-module.

Proof. For n-weak module amenability of A X B, we need to prove conditions (ii) and (iii) of Theorem 2.7.
The other side is clear. Suppose that S and T are A-module maps satisfying conditions (ii) and (iii) of
Theorem 2.7, respectively. Then, S(a) € Anng(B™) and T(b) € Anna(A™), fora € Aand b € B. Since S is a
A-module map and S = 0 on A%, we have S = 0 on (A2). Indeed, if z € (A%) then z = Y., Aaic;, for some
Ai € Cand a;,¢; € A. Thus, S(z) = Y%, S((Aai)c;) = 0. As the same way, T = 0 on (B?). Now conditions (ii)
and (iii) of Theorem 2.7, will be simply concluded from each of the assumptions (1) to (3). O

3. Application to triangular Banach algebras

In this section we apply the results of the previous section, to give necessary and sufficient conditions
for n-weak module amenability of triangular Banach algebras. Our approach not only provides a direct
proof for some known results in the literature, but also it improves and extends the main results of [6, 18]
and [16].

Let A and B be Banach algebras and let X be a Banach (A, B)-module. Then,

Hmmxmz{@ ameAJexmeB}

under matrix-like operations and equipped with the £'-norm H(ﬁ ;)' = |la|| + ||bl| + ||x||, becomes a Banach

algebra, which is called a triangular Banach algebra. This Banach algebra was first introduced and studied
in [12]. Some aspects of triangular Banach algebras have been discussed in [6, 13] and [18].
The triangular Banach algebra Tri(A, X, B), can be viewed as a module extension Banach algebra (A x
B)® X, where A X B is the direct product of A and B and X as an (A X B)-module is equipped with the module
operations
(@b)-x=a-x and x-(ab)=x-b (@€ AbeB,xeX).

In the whole of this section, we shall assume that Tri(A, X, B) is a commutative A-module with compatible
actions. The first result, gives a necessary and sufficient conditions for (2n + 1)-weak module amenability
of Tri(A, X, B), for the case where (AX + XB), the linear span of AX+XB ={a-x+y-b;a€ A,b€B,x,y € X},
is dense in X.

Theorem 3.1. Suppose that (AX + XB) is dense in X and n > 0. Then, Tri(A, X, B) is (2n + 1)-weakly module
amenable if and only if

(1) A x Bis (2n + 1)-weakly module amenable.

(2) Hy

1(Ax B, X@) = {0).
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Proof. Let conditions (1) and (2) hold, it is enough to prove conditions (iii) and (iv) of Theorem 2.1. Suppose
that T : X — (A x B)@"*D be a A-(A x B)-module map. Then, for all (4, x) € AX X and (a®?, b@") € AC" x B2")
we have

(T(a-x),@*,b°")) = ((a,0) - T(x), @, b))
= (T(x), (11(2"), b(Zn)) -(a,0))
=(T(x) - (a®",0), (,0))
= (T®(x - (a®",0)), (a,0)) = 0.

Similarly, T(y - b) = 0, for all (y,b) € XX B, and so T(@-x+y-b) = 0. Letz € (AX + XB). Then,
z= Zle(Ai(ai -x;) + yi(yi - bi)) for some A, y; € C,a; € A, b; € Band x;, y; € X. Since T is a A-module map, we
have T(z) = 21‘11 T((Aia;) - xi + (yiyi) - bi) = 0. From continuity of T and density of (AX + XB) in X, we get
T =0, so condition (iii) of Theorem 2.1 holds.

For (iv), let S : X — X1 be a A-(A X B)-module map with S(x) -y + x - S(y) = 0, for all x, y € X. Then,
S@-x+y-b)=(a,0)-S(x)+S(y)-(0,b) = 0. Continuity of S and density of (AX + XB) in X imply that S =0,
as required. [

It is proved in [6, Theorem 4.3] that (2n + 1)-weak module amenability of Tri(4, X, B) is equivalent to
(2n + 1)-weak module amenability of A and B, if A and B both have bounded approximate identity and X
is a non-degenerate (A, B)-module. They use [6, Proposition 4.2] in their proof, but the assumptions of this
proposition do not appear in [6, Theorem 4.3]. Thus, the result will be valid, if A®*~V, B@"=) and X"~V are
also non-degenerate. In the next, we improve [6, Theorem 4.3] and extend the main result of [18] and give
a simple proof for them. In fact we obtain the same result with different conditions.

Theorem 3.2. Let B (resp. A) has a bounded right (resp. left) approximate identity, and let X>"*V be a non-
degenerate left B-module (resp. right A-module). Then, Tri(A, X, B) is (2n + 1)-weakly module amenable if and only
if A and B are (2n + 1)-weakly module amenable.

Proof. Using Corollary 2.8 and Theorem 3.1, it is enough to show that H} (A x B, X?"*D) = {0}. For this,

let D : A x B — XD be a A-module derivation. Then, D(a,b) = Da(a) + Dg(b) for some right A-module
map Dy : A = X@*D and left B-module map Dy : B — X@**1. Moreover, b - D4(a) = —Dg(b) - a for all
a € A,b € B. Since B has a bounded right approximate identity, there is g € X?"*1 such that Dg(b) = b - g.
Thus, b- Da(a) = =Dp(b) -a = —b - g - a. Since X?™*V is non-degenerate, we get D4(a) = —g - a. Therefore,

D(a,b) = Da(a) + Dp(b) = =g -a+ b - g = ad,(a, ).
O
If we apply Theorem 3.2 for Tri(A, X, A), we get the following result.

Corollary 3.3. Let A has a bounded right (resp. left) approximate identity, and X?"*D be a non-degenerate left (resp.
right) A-module. Then, Tri(A, X, A) is (2n + 1)-weakly module amenable if and only if A is (2n + 1)-weakly module
amenable.

To give our results on 2n-weak module amenability of Tri(A, X, B), we need the following lemma, which
can be proved by a similar argument used in Theorem 3.2.

Lemma3.4. Let n € N and B (resp. A) has a bounded left (resp. right) approximate identity. If X@ is a
non-degenerate right B-module (resp. left A-module), then Hy (A x B, X@") = {0}.

If we use Theorem 2.4 for Tri(A, X, B), we arrive at the following result, which is a generalization of [6,
Theorem 5.1(iii) and 5.3]. By (AXB), we denote the linear span of AXB={a-x-b;a€ A, beB,x € X}in X.
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Theorem 3.5. Let n € IN and B (resp. A) has a bounded left (resp. right) approximate identity, and X®" be a
non-degenerate right B-module (vesp. left A-module). If (AXB) is dense in X, then Tri(A, X, B) is 2n-weakly module
amenable if and only if

(1) The only A-module derivations D : A X B — (A X B)®" for which there is a bounded N-module map
S: X — X@ sych that S(x - b) = S(x) - b+ x-D(a,b) and S(a-x) = a-S(x) + D(a,b) - x (a € A, x € X) are
inner W-module derivations.

(2) For every bounded A-(A x B)-module map S : X — X", thereis (f, g) € (A X B)®" such that (a,b) - (f,g) =
(f,9)-(a,b) for (a,b) € AX Band S(x) =x-(f,9) — (f,g9) - x for x € X.

Proof. Using Lemma 3.4, it is enough to prove condition (iii) of Theorem 2.4. Let T : X — (A X B)®") be
UA-(A X B)-module map. Then, for every f € A?""D and g € B?*"V, we have

(T@@-y-b),(f,9) =@0)-T(y)-(0,b),(f,9)
= (T(y)/ (0/ b) - (f/g) : (Cl,O)) =0.
Since (AXB) is dense in X, we obtain T(x) =0, forallx € X. SoT =0. O

Remark 3.6. It is worthwhile mentioning that, the condition (AXB) = X, in Theorem 3.5, can be replaced by any of
the following statements:

(a) (AX) = X and A® is a non-degenerate right A-module.
(b) (XB) = X and B®" is a non-degenerate left B-module.
Indeed, if (a) holds and T : X — (A x B)®" is a A-(A x B)-module map. Then, for f € A"V,
(T(x),(a- f,0)) =<T(x),(a,0)-(f,0)) = (T(x- (a,0)),(f,0)) = 0.
And for all g € B®*D,
(T(a-y),(0,9)) ={(@a0)-T(y),(0,9)) =T(y),(0,9) - (a0)) = 0.

So, by assumption we get (T(x),(f,9)) = (T(x),(f,0)) + (T(x),(0,9)) = 0, for x € X, (f,g) € A®~D x B,
Therefore, T = 0. A similar argument can be used for (b).

Using Theorem 3.5, we obtain the next result, which improves [6, Corollary 5.3.1].

Corollary 3.7. Let n € N and A has a bounded left (resp. right) approximate identity, and A®" be a non-degenerate
right A-module (resp. left A-module). Then, Tri(A, A, A) is 2n-weakly module amenable if and only if A is 2n-weakly
module amenable.

Proof. To prove the necessity, suppose that d : A — A® is a A-module derivation. Define D : AX A —
(A X A)®) by D(a,c) = (d(a),d(c)). Then, D is a A-module derivation. Using Part (1) of Theorem 3.5 with D
and S = d, we conclude that D is inner. A simple calculation shows that d is also inner.

For sufficiency, it is enough to prove conditions (1) and (2) of Theorem 3.5, by Cohen’s factorization
property. From Corollary 2.8, it follows that A X A is 2n-weakly module amenable. So, condition (1) of
Theorem 3.5 holds.

For condition (2), let S : A — A®" be a bounded -(A X A)-module map. Then, S is an A-module map.
Since A has a bounded left approximate identity, there is f € A?" such that S(a) = f - 4, for alla € A. But,

a-f-x=a-S(x)=S@a-x)=f-a-x (xe€A).

This implies thata- f = f-a, since A?" is a non-degenerate right A-module. Now (- f,0)-(a,c) = (a,¢)-(—f,0)
foralla,ce Aand S(x) =x-(—f,0) - (—f,0)-xforallx € A. O



M. Alikahi, M. Ramezanpour / Filomat 38:1 (2024), 119-127 127

We close this paper, with some examples.

Example 3.8. 1. Let G be an abelian locally compact Hausdorff group. Since LY(G) has a bounded approxi-
mate identity and LP(G), 1 < p < oo, is a commutative LY(G)-module, it follows from Corollary 3.3 that,
Tri(LY(G), LP(G), LN(G)) is weakly module amenable, as an L'(G)-module. Moreover, Proposition 2.6 shows
that LY(G) ® L™(G) is not n-weakly module amenable, as an LY(G)-module, for each n € N.

2. Let S be an inverse semigroup with the set of idempotents E. Then, E is a commutative sub-semigroup of S
and IN(E) could be regarded as a commutative sub-algebra of 1'(S). It is well known that 1'(S) has a bounded
approximate identity if and only if E satisfies condition Dy for some k € IN, [6].

Let IY(E) act trivially on I1(S) from left and by multiplication from right. Then, I'(S) is a Banach I*(E)-module
with compatible actions. Although I*(S) is n-weakly module amenable (as an I'(E)-module) [4, 11], Proposition
2.6 shows that I'(S) @1 (S) is not n-weakly module amenable, as an I'(E)-module, for each n € IN. Furthermore,
it follows from Corollaries 3.3 and 3.7 that T, ® I'(S) = Tri(I*(S), I'(S), I'(S)) is n-weakly module amenable (as
an IY(E)-module) if E satisfies condition Dy for some k € IN. Theorem 2.7 in [5] shows that, the same conclusion
is also true when S is commutative and I'(E) acts on I*(S) by usual multiplication from both sides.

4. Conclusions

We study and characterize the n-weak module amenability of module extension and triangular Banach
algebras. We also address a gap in the proof of [6, Theorem 4.3] and extend and improve it by discussing
general necessary and sufficient conditions for Tri(4, X, B) to be n-weakly module amenable, for an integer
n=0.
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