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Two-weight inequalities for commutators of fractional integrals

Ying Zhu?, Xing Fu®”

® Hubei Key Laboratory of Applied Mathematics, Faculty of Mathematics and Statistics, Hubei University, Wuhan 430062, China

Abstract. In this article, via the relation between the higher order commutator I3 and its sparse coun-
terparts, we establish two different types of the two-weight boundedness of I%" on Morrey spaces. The
main novelties of these results include the predual of the weighted Morrey space L'(a), Xgl”\(IR”), the
boundedness of generalized fractional Orlicz maximal operators on Morrey spaces and the boundedness
of generalized Orlicz maximal operators on Xﬁr’/\ (R™).

1. Introduction

Fractional integrals and their commutators, which are important linear operators in harmonic analysis,
were widely used in the theory of function spaces and partial differential equations. See, for examples,
[1,7,8,17,30] for the classical weighted case and [6, 9, 16, 27, 28] for the two-weight case. For the Morrey-
type spaces and fractional integrals with rough kernel, we refer the reader to [12, 13, 18, 23, 26]. See also
[3, 4, 15] for multilinear operators and [11, 19, 20] for other extensions.

Via the equivalence among dyadic fractional integrals and their sparse counterparts, and fractional
integrals (cf., for example, [9]), Pan and Sun [20] established two-weight norm inequalities for fractional
maximal operators and fractional integrals on two-weight Morrey spaces.

A natural question is whether or not the two-weight norm inequalities remain true for the higher order

commutators of fractional integrals on two-weight Morrey spaces. In this article, we give an affirmative
answer to this question (see Theorem 1.12 below).
Meanwhile, via establishing the sparse dominations for higher order commutators of fractional integrals
%™, Accomazzo et al. [1] obtained qualitative Bloom type estimates for I%". Based on the aforementioned
sparse dominations for I, Wen and Wu [31] obtained the two-weight bounds for I%" under more general
bump conditions, the necessity of two-weight bump conditions and the converse of Bloom type estimates
for I,

Motivated by [20, 31], in this article, we show two different types of the two-weight boundedness of 15"
on Morrey spaces (see Theorems 1.12 and 1.13 below); see, for instance, [2, 20, 23-26] for more information
on the theory of Morrey spaces and its extensions and applications.

To state the main results of this paper, we recall some basic notions and notation. Recall that the space
L; (R")is defined to be the set of all locally integrable functions.
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Definition 1.1. Letn, m € N, a € (0,n) and b € L}’ (IR"), namely, |b|" € LllOC (R™). Then
(i) the fractional integral I, (cf. [29, p. 117]) is defined by setting, for any suitable function f on IR",

-1 f(y) .
L(f)(x) := @ fR oy dy, VxeR%,

(ii) the higher order commutator of the fractional integral I5™ (cf., for example, [1, p.1209]) is defined by
setting, for any suitable function f on R",

fy)

=y dy, V¥YxelR",

b ) () = —b()]"
W =~ [ 1w b

where y(a) := 7"/22°T(4)/T(*%52) and T is the Gamma function.
Recall that a measurable function 1 on IR” is called a weight if

(i) 0 <u < oo almost everywhere on R";

(i) ueLl

loc

(R").
Definition 1.2. ([20]) Let p € (1, 0), A € [0,1), 0 and u be weights. The two-weight Morrey Space is defined to
be the set of all functions f € L} (IR") with

1/p
WAl oy = Sgp[@ fQ If(X)I”G(x)dX] < 0,

where the supremum is taken over all cubes Q C R". Let
PMo) := LPMo,1) and LPMR") :=LPA(1,1)

denote the weighted Morrey Space and the classical Morrey space, respectively.
Moreover, LE(R") := LPX(0) is the usual weighted Lebesgue space on R".

Definition 1.3. ([2]) Given d € (0, n], the d-dimensional Hausdorff capacity of a set E C IR" is defined by

AE)=infd Y i Ec| Q) jeZy.
= j

Here and thereafter, Q(x, r) represents a cube with the center x € R" and half of sidelength r € (0, 00).

Definition 1.4. ([22]) Let @ : [0, 00) — [0, 00) be a Young function, namely, an increasing, convex function with
D(0) = 0 and lim;_,oo D(t)/t = oo. The localized Luxemburg average of a measurable function f on a cube Q is

defined by
Ifllo :=inf{Ae<o,oo>: llancp('f(;)')dxgl}.

In particular, when O(t) = ¥, p € (1, 0), we simply write ||fll,,0 := Il fllw o

Given a Young function @, the conjugate function and left-inverse (cf. [22]) of ® are respectively defined

by
Q(t) := sup {st—D(s)}, Vte(0,00),

s€[0,00)
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and
O7L(t) :=inf{s € [0,00) : D(s) >¢t}, Vte(0,00).

Recall from [22, p.58, Proposition 1] that, the following generalized Holder inequality holds true for
any suitable functions f and g:

1
&1 | 17gdx < 20l ol 1
Ql Jo
See [14, 22] for more information on the theory of Orlicz spaces.

Now we recall a growth condition on Young functions, which was introduced in [21, Definition 1.6].
Givenp € (1,n/a)and 1/q = 1/p — a/n, we say that ® € B, for some positive constant ¢, if

 [D()]7P dt
f; 1 T < 0

When p = g, we simply write B, := B, ,.

Definition 1.5. ([20, Section 2]) A set of cubes D in R" is said to be a general dyadic lattice if

(i) when Q € D, its side-length (Q) = 2* for some k € Z., := {0} UIN;
(ii) when Q, Re D, QN R ={Q,R, 0},
(iii) the subset Dy = {Q € D : 1(Q) = 2%} C D forms a partition of R" for any k € Z...

Definition 1.6. ([1, Section 2]) Given a general dyadic lattice D and n € (0,1), a subset S C D is said to be
n-sparse, if
|Ures reoR| < (1= mIQl, VQe€S.

Remark 1.7. Let S C D be n-sparse and, for any Q € S,

E(Q) := Q\ (UresrsoR).
Then {E(Q)}ges are mutually disjoint and |[E(Q)| = n|Q| for any Q € S.

Definition 1.8. ([17]) Let p € [1, ). The class of A, weights is defined to be the set of all functions u € L] (R")
such that

2 P71
s = sup, (ILQI fQ u(x) dx)(llﬁ fQ[u(x)]1 P dx) <o, pe(l,m);
" \supg (B Jo #) dx) () < oo, p=1,
where the suprema above are taken over all cubes Q c R™.

The Ao weights is defined by Aco := Upe[1,004p-

Definition 1.9. ([31]) Let a € (0,n),m € Z,,n € (0,1),b € L) (R") and p,q € (1, 00) with p < q. A pair of weight

(u, 0) is said to belong to Al 0w if

a1 1
[u, U]Ag%mlw = SQI:g |Q|”+q r ”u”d:v,Q ||U||\1/,Q < oo,

where the supremum is taken over all cubes Q C R". In particular, when O(t) = 1 and V(t) = t/', we simply write

[1/[, G]qu = [M, O']Aa -
v pa 1P
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Hereafter, for any n-sparse general dyadic lattice S, measurable function f with compact support and
x e R",

T (@) = sup QI f Ib(y) — bol™|f ()l dy xo(x)
QeS Q

and

fhm) (Hx) = Sup QI Ib(x) = bgl™ f lf Wl dy xo(x).
Q
Definition 1.10. Let 0 € Aw. A function b € LllOC (R", o(x) dx) is said to belong to the space BMO,(IR") if
1
sup — | |b(x) = bsplo(x)dx < oo,
op 7 [ 1) = busloto

where by p = ﬁ fB b(y)o(y) dy and the supremum is taken over all balls B ¢ R". When ¢ = 1, we simply write
bp = byp and BMO(R") := BMO:(R"), which is just the classical space of functions with bounded mean
oscillation.

Remark 1.11. Let g € (1,00) and 0 € As. It was shown by the John—Nirenberg inequality on spaces of homogeneous
type (see the proof of [5, Theorem B]) that, for any b € BMO4(IR"),

1/q
1
b ny ~ e b - b q d 7 1.2
1bllBMmoO, (R7) Sl;p[a(B) fB| (x) = bopl"o(x) dx (1.2)
where the supremum is taken over all balls B C R".
Now we are ready to state the two main results of this article.

Theorem 1.12. Let a € (0,n), A € [0,1), n € (0,1), m € N, b € BMO,(IR") N BMO,(R") and p,q € (1, o) with
p <q. Ifu, 0 € A satisfying

. 1/9 1/p
C =|u', o < 00, 1.3
(u,0) [ ] pr,q ( )

then there exists a positive constant ¢ such that, for any n-sparse general dyadic lattice S and f € LPP/1(a, u) with
compact support,

|17t fo)

+ [y (ro)

LA (u,u) LA (u,u)
< o) [0, ey + 1B, oy | 1L s

in particular,

1" CFoMl 1ty < 0 [Pt ey + 1B, e | 1A

Theorem 1.13. Let a € (0,n), A € [0, 1), n€(0,1),meN,beL] (R")andp,q € (1, c0) withp < q. Assume that
A, B, C, D are Young functions which satisfy A*, C* € By and B*, D" € B, ;. Then the following statements hold true:

(i) If a pair of weights (u, o) satisfies
Conoty = [, @ =b)"o™7] . +[®=be)"u, 077, <o,
P4,AB

a
A 1,q,.C,D

then exists a positive constant C such that, for any n-sparse general dyadic lattice S and f € LP(o) with
compact support,

%0
in particular,

||IZ,nl(f)||Lq,/\(u) $ E(lt,()‘,b)||f||LV"‘(o)'

+ |ty

CC(uab)“f”LM(g (14)

LA (u) LA u)
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(ii) If (1.4) holds true with A = 0, then

[, =)o ] .+ [0 = by, o], < oo,

Remark 1.14. When A = 0, Theorem 1.13 returns to [31, Theorems 1.1 and 1.2].

This paper is organized as follows.

In Section 2, we recall some preliminary results which are necessary to the proofs of Theorems 1.12 and
1.13.

Section 3 is devoted to proofs of Theorems 1.12 and 1.13. To prove Theorem 1.12, by Lemma 2.1

below, we first reduce the estimates to those of some sparse counterparts {7 ¢ bm "ol f) , and { (I DO B,
j=1

which follows by the duality between LI(R") and LZ/(]R”), the Holder inequahty (1.1), equlvalent norms
of functions in BMO,(IR") [see (1.2)], boundedness of weighted maximal operators on weighted Lebesgue
spaces, 1-sparsity of S and some ideas from the proof of [20, Theorem 1.2].

Theorem 1.13 follows by some similar arguments as those used in the proof of [31, Theorem 1.1]. The

main novelties of this proof include the applications of duality between Xﬂ/’A(]R”) and LP*(o) (see Theorem
2.3 below), the boundedness of generalized fractional Orlicz maximal operators on Morrey spaces (see
Lemma 2.5 below) and the boundedness of generalized Orlicz maximal operators on the predual of LP(c),

X’g/’A (IR") (see Corollary 2.8 below).

Finally, we list some conventions onnotation. LetIN :={1,2,3,...},Z, := {0} | UNand Z := {0, £1, +2,.. .}.
Let C denote a positive constant which is independent of the main parameters, but it may change from line
to line. For two real functions f and g, we write f < gif f <Cg; f ~gif f < g < f. Forany p € [1, 0], let
p’ :=p/(p — 1). Moreover, denote by E* the dual space of a Banach spaces E.

2. Preliminaries

In Section 2, we recall and establish some preliminary results which are important to the proofs of
Theorems 1.12 and 1.13. First, by the proof of [1, Theorem 2.1] and [31, Lemmas 2.3 and 2.4], we have the
following conclusion.

Lemma 2.1. Let a € (0, n) n€(0,1),be Ly (R")and m € N. Then there exist a family {D; ?:1 of general dyadic
lattices and a family {S ] | Of n-sparse geneml dyadic lattices with S; C D, for any j € {1,...,2"}, such that, for
any measurable function f wlth compact support,

.
el s Y |7 (@ + Ay O], vxer.
j=1

The following conclusion is adapted from [2, Theorem 5.2]. Recall that LY(A%) denotes the set of all
A?-quasi-continuous functions f (namely, those functions f such that, for any € € (0, o), there exists a subset
E c R" such that A%(E) < € and f restricted to R" \ E is continuous) for which

Il sy = fR f Gl @) = fo AM(fx € R": [f(0)| = H)dt < co.

Lemma 2.2. Letp € (1,00),y € (0,n) and An =n —y. Then

1/p

I/ llra() = sup [ f}R Nf@Fwxo@dx|

where the supremum is taken over all non-negative measurable functions w with ||wl|;1a¢) < 1 and d = An.
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Proof. From [2, Theorem 5.1], we deduce that

fR P o) dx = f (o) i) dx
for

< lwllpracy = [[wllpanyllfllpao)-

LPA(R")

On the other hand, if w := X, r)To ", then |lwollpi ey = fQ(Xo ) roMdAT =1,

;
Ifllpr@) = sup [ f [f P rO_MXQ(xU,m)(x)U(x)dx]
]RYl

(x0,r0)€(R" X 00)

= sup [ N |f(x)FPwo(x)a(x) dx]p <sup [ [R ) [f(x)Pw(x)o(x) dx ' ,

(x0,70) (IR X 00)

where the supremum is taken over all non-negative functions w on R" with |[wll;1ney < 1,d = An. This completes
the proof of Lemma 2.2. [

We also need to introduce the notion of the predual of the weighted Morrey space Xf;’/\(]R”). Givenp € (1, 00)
and A € (0,1), we say f € X!\ (R") if

1/p
1fll o gy = inf( f FOPI@] Po@)dx| <o, 2.1)
o w R
where the supremum is over all non-negative functions w with |[wl|1(zs) < 1,d = An. When o(-) := | - | is the

Lebesgue measure on R”, let XP'(R") := Xf l’A(]R”).
By borrowing some ideas from the proof [2, Theorem 5.3], we obtain the following conclusion.

Theorem 2.3. Let p € (1,), A € (0,1). Then the predual of LP*(0) is X’;I'A(]R”) in the sense that
(i) if f € LPM(0), then the linear functional Ly defined by

Lo = 0= [ oot ge X w) 2

is a bounded linear functional on X’;/’A (IR™) as in (2.2) with ||Lf||(xp',A(]Rn))* < 2l fllppay
(ii) if L € (Xﬂ/’A(]R”))*, then there exists a function f € LP*(c) such that L = L with

1fll0) < LAl o

Proof. (i) For any g € Xf’,”A(]R”), by (2.1), we may choose a non-negative functions w with [[w||;1(zs) < 1 and
d = An such that

fm f P[] Po() dx < 21 flla),

which, combined with the Holder inequality and Lemma 2.2, implies that

IL(g) < fR I @Ig@I@ @] [w@] o) o] dx
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1
7

g }17 v 1-p’
< ( jﬂ; ) |f () Pw(x)o(x) dx) ( f}R 9G¥ )] o(x) dx)
<2||f

which shows (i).
(ii) Let L be a bounded linear functional on (X, ’A(]R”))*. Then we claim that, for any cube Q := Q(x1,71)

withx; € R" and r; € (0, ), L induces abounded linear functional on L’;’ (Q). Indeed, choose w = ri/_n XQG,m)
in (2.1). Then we have

|LM ©) ”g

X R) 7

1
n—y 7 n—y
, < 4 p/ = P ’
191101 oy <71 (L(m rl)lg(’m o(x) dx) " 191y ey

which implies that

L) = 1l Nl ey < 17 M- Nl o

as claimed. ) N
Fix a cube Qg := Q(xo, 7p) with xg € R" and ry € (0, ). Since (Lf, (QO)) = IF(Qy), we know that there

exists o e L (Qy), such that
L(g) = f fL)x,(@)gx)o(x)dx, Vg€ L (Qu).
]Rn
Let Q1 := Q(0,1) N Q(xg, 70). Then there exists le € L’f,(Q1) such that
Lo = [ Fo e Waetd, Vo<l Q.
Let Q; := Q(0,2) N Q(xg, 7). Then there exists fQZ € Lﬁ(Qz) such that
Lo = [ fE0xe@owewds, Vel Q).
IR"VI
Furthermore
| reeoma ey = [ @, Vg€ L@ < Li@),
which proves f% xq, = f%xo,.

Repeat the process countable infinite times, there exists {f/}

Q(O0, j) N Q(xo, n0), 2 € L(Q)),

)

iy satistying that, for any j € N, Q; :=

foXQ,- — fQMXQ,-
and

Lo = [ Fo Moy, Vg el

Thus, we construct f € L} (IR") such that f = 9 on Q; for any j € N and hence
L(g) = fﬂ; f(x)g(x)o(x)dx = L¢(g)

with g € Xg"y(]R”) supporting on some cube of {Qj}}x’:o.
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Thus, if we choose g = xq,IfI f’l, Wy = XQ, 7o’ ™", then

o |f(x)|pg(x) dx = Lf(!]) < ”Lf”(Xf;,’A(IR”))* ||!7||Xg’/\(]Rn)
0
;7/

S NLAl g oy (rOW")(lP’) fQ lg(x)F o(x) dx)
0

1
’ 1\ 4
= ”Lf”(Xz//A(]R”))* (70(7/”)(117) If(x)|(P 1)p G(x) dx)

Qo

1
7

n—y P
SNEAll 2 gy 707 (La |f(x)|po(x)dx) ,

which shows that || fll1(s) < [ILfll ( . This completes the proof of (ii) and hence of Theorem 2.3. [J

X Ry

Let a € [0,n) and @ be a Young function. Recall from [7] that the generalized fractional Orlicz maximal
operator, M, ¢, is defined by

Mao(f)(x) := sup |QI*"lIfllge, VYxeR",
Q3ax

where the supremum is taken over all cubes Q in IR” containing x. Let Mo := My o.
We now recall the following conclusion from [7, Lemma 5.28].

Lemma 2.4. Let ® be a Young function. Then, for any cube Q, one has
Mo(fx@)@) = sup [|fll,, Yr€Q,
x€RCQ ’

where the supremum is taken over all cubes R containing x with R C Q.

Adapting the proof of [8, Theorem 3.3], we further have the following conclusion.

Lemma 2.5. Assume that « € (0,n), p € (1,a), A € [0,1), 1/q = 1/p —a/n and ® € B,,. Then there exists a
positive constant C such that, for any f € LP(R"),

— 0 [q)(,f)]q/p At 7
“Ma,q)(f)”Lq,/\(]Rn) < C(fov t—qT) ”f”LF/”‘(]R") :

Proof. For any s € (0, ), let ®,(s) := ®(s'/?). By a result in [8, p.443], we know that

£Pllge, = AL,

and hence
Moo f1 = [Mpao, ()17
From [7, Lemma 5.49], it follows that

= 14
|(x € Q: Mapa, (1)) > s)| sf cDp(|f(x)| )dx,
{x€Q: |f(x)IP>s/c)}

S

IfG)l

s1/;; 7

which, combined with the Minkowski inequality and the change of variables t =

(@% L[Ma,(bf(x)]q dx)q — (lQ% L[Mpa,<bp(|f|p)(x)]q/p dx)q
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(g [ e @M im0 > | Z)

< %f §p [f q)p(lf(x)| )dx] d_s
QI Jo (x€Q: [F@)P>s/c) s s

1

1 cl f ()l |f(x)| q/p ds p/q v
{@ L (o Loy o
00 g Ll Y\
S{@% fQ [ fo [@(t)]q/r’('f(Tx)') %] dx}
N * [D(F)]9/P @);(L p)},
(](; H t |Q|AL|f(x)| .

Take the supremum over all cubes Q in R” on both sides of the above inequality. We finish the proof of
Lemma25. O

Remark 2.6. When A = 0, Lemma 2.5 returns to [8, Theorem 3.3].

The following conclusion is taken from [10, Theorem 3.1].
Lemma 2.7. Assume that p € (1, 00), A, B and C are Young functions which satisfy
BYC'(H) <AM(t), Vte(0,00), and C € B,isdoubling. (2.3)
If the weight u satisfies

1
1 P
sup (—fu(x)dX) llu"7llg,o < oo,
Q cube |Q| Q

then, there is a positive constant C such that

Ml < Cllly ¥ € LR 2

In particular, M, is bounded on LP(IR").
As an easy consequence of Lemma 2.7, we have the following conclusion.

Corollary 2.8. Let p € (1,00) ,A € (0,1) and A be a Young function. Then there exists a positive constant C such
that, for any f € XPH(R"),

||MA(f)“Xn~\(Rn) <C ”f”XM(]R”) :

Proof. By [2, Theorem 5.5], we know that XP*(R") is equivalent to
1
4

HPAR") = {f € L'(R"), | fllipa e = inf [ f FCP Tw()] dy] < oo},
w R”
where the infimum is taken over all weights w € A;(IR") such that
f w(x) dAAM (x) = f A ((x e R" : w(x) > t}) dt < 1.
n 0

From this, (2.4) with u = w!™, B(t) = #* for any t € (0, %), and C(t) satisfying (2.3), we deduce that

”MA(f)”XM(]R”) ~ HMA(f)“HPM\(]R”) S “f”H%/\(IR”) ~ ”fnxn,/\(]R”) ’

as desired. O
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3. Proofs of Theorems 1.12 and 1.13
In this section, we aim to prove Theorems 1.12 and 1.13. First, we show Theorem 1.12.

Proof. [Proof of Theorem 1.12] (i) By Lemma 2.1, it suffices to show that, for any j € {1,...,3"},

|75

We first show that, for any general dyadic lattice ¥ and j € {1,...,3"},

b,m *
* ||(I3f/0‘

< ),/ .
L9 () ) ||f||Lr P/a(o,u)

[z o], g, S sl e Al (3.1)

mmw

Fix an R € D. By duality (LZ’ (R"))* = L'(R"), we have

1
[u(R)]A/q || (f O)XR ‘Lq (R") (32)
—1 m
"ol qu =1 L) f Zira(f 0)(X)g(x)u(x) xr(x) dx
= J a/n-1 b _bolm i
Hy\lsqu - [M(R)]"/ﬂ f]R Zgngl fQ Ib(y) — bol™| f(W)lo(y) dy

X Xo(X)xr(xX)lg(x)[u(x) dx
. [u(Rl)]A/q f Z QI 1f|b(y) bol"If(Wlo(y) dy

X XQ (x)xR (0)lg(o)lu(x) dx
Y, 10 [ )=ty [l

QeS;,QcR

llgll o e

up _ 1
_ngq =1 [u(R)]M4

1
+ sup  ———r Z
/1
191 =1 [u(R)] 05 RQ
=1 +1p

Choose 7 € (1,p). From the Holder inequality, the facts that, for any measurable function g on R” and
UE A,

1 .
70 . ey < it Mo,

where the weighted maximal function M, (g) for any suitable function g is defined by

M@@—w>@fmwmw

with the supremum taking over all cubes Q ¢ IR”,

u(Q) < u(EQ)

and (1.2), it follows that

1 1/r
I < [ —
P2 TRV 2,

”g”L‘I ®ny QeS;,QcR

Q- [ L lb(y) — bol™ o(y) dy
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1/r
X [ L LfF I xr(y)a(y) dy} u(Q) (iggg M., (9)(x)

1 - m I rl; r v
< sup R Z Q™ 1||b||]31v10k,(1Rn)[G(Q)]l/ [o(Q]" [clggafcMU (If1"xr) (x)]

el gy =1 QeS;QcR
X M(Q) inf Mu(g)(x)
Qax

< Cwollbligvo, ey SUP
191, g

x [u(Q)I inf M.(9)(x)

1/p
Y @ {g;g (Mo (1fTx) (x>]’”/’}

1
Al
S RIT

1 . 1/p
S cwollblivo,m 9P Top Y [G(E(Q))]l/”{E(i(rgl)gx[Ma(lferR)(x)]p/ }
)

HgllLZ' - QeS;,QcR

yra
X [u(EQ)I inf M.(9)(x)

which, combined with p’ > g’ and the boundedness of M, on L (R") (see, for example, [5, (3.6)]) for any
U € Aw and p € (1, ), further implies that

1/p
1 . r r
I < Cunllblio,mn  SUP —{ Y, o(EQ),inf Mo (] m)(x)]”/}

Alq
g -1 DR | o

1/p’
x { Y, [wEQT inf [Mu(gxx)]"’}

QeS;,QcR

1/p
Z f [Mo(|f|rXR)(X)]p/ra(x)dx}
E(Q)

1
S uolbllvo,my P oo
7 - /q
S R | o e

llgll o
LY wr

1/q
X M (9)(®)]" u(x)d
{Qes,z‘pchE@)[ AP x}
1/r

1
< C(u,o)”ngMOg(]Rn) sup ) W ”MU (|f|yXR)”LF/’(IR")

Mu(g)”m’ (R")

191, o=

1

< m _ /

S C(M,O’)Hb”BMOU(]Rn) sup . [M(R)]A/q “fXR”LF,(]R”) ”gHLZ (R
)

H!]”LZ/ ®
< C(u,o)||b||gMog(]Rn)”f”LPr/‘I’/'?(U,u)‘

As for I, by (1.3), we know that

Q! < o [(QI T[T, YQeD,

which, together with the Holder inequality, (1.2) and a result used in the estimation of J, in [20, Theorem
1.2]

< 00,

u(R) ](1—/\)/'1

QeS;,RcQ [m
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implies that

1 a/n-1 mp’ w
IL < sup —1W Z QI [Lw(y)_le U(y)d]/]

gt Q€S RcQ
1/q’

1/p )
XUWWWW}[WWWW]MMW
Q R

Y 1QE T QT bl oy [Tl [ (R)T

QEeS;j,RcQ

SCuolbliyo, @l
QGS]‘,RCQ

1
<
“u@®yH

u(R) |V
iG]

SC(u,a)”b”gM (R» ”f”LPr"P/‘I o,u)"
O, (R") (o)

This, combined with (3.2) and the estimate of I, implies (3.1).

Moreover, by the proof of [20, Theorem 1.1], we know that, for any cube R in IR", there exist {Rk}]%il cD
such that R C U%ll Ry and I(R) < I(Rg) < 2I(R) for any k € {1,...,2"}. Then |R| ~ |R¢| for any k € {1, ...,2"}.
From u € A, and , it follows that u(R) ~ u(Ry), Yk € {1, ...,2"}, which shows that

2”
1
b,m <
IS/,a(fG)XQ LZ(]R”) ~ kzz; [M(Rk)]/\/q || (f )XRk

W ” LI@RY)

Since {R¢}2, € D, by (3.1), we have

(f )XR

W H C(u U)Hb“BMO (R") ”f”Lp).p/,, (o)*

Taking the supremum over all cubes R in IR" in the above equation, we get
b,
”I " fG)HL'M(u u) ~ < Cu,0) ”b”BMO (]Rz)”fHLP/\P/'i(ou)/

which proves (3.1).
Now we prove that, for any general dyadic lattice D and j € {1,...,3"},

Re@ (R)]/\/q H ") (fo)xr L@ < CwolIbllgyo, eyl Allraviao- (33)
Similar to (3.2), we obtain
e N o]
:ny”z}ﬁlef s & (Fo)®)g(u(x)xr(x) dx
Ilyllsqun—l [u(Rl)]A/q fm Zﬂngla/n_l|b(x)‘bQ|m fQ lf (o)l dy xo(x)xr(x)g(x)u(x) dx

1 a/n—1 d b b p
||g||squn_1 [u(R)]/\/q QES];Qchgl Llf(y)ﬁ(y” ny| (%) Q| g(x)u(x)XR(x) x

1
Tl @)V )3

ligl L7 ®n) QeS;,RcQ
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=13+ 4.

Choose r € (g, ). By some arguments similar to those used in the estimation of I;, we find that

1 1/r
I3 < sup _1 W Z |Q|a/”_1 [L |b(y) - lemru(y) dy]

ligl 7 @™ QeS;,QcR

1/r
X [ . lgI” xr(y)uly) dy] a(Q) g;ﬁ M, (fxr)(x)

1/r

1 , ,

S sup  ———r Q1" Iblly (I u(Q)1Y" [infMa lgl" (x)]
”g”ﬂ'mizl [u(R)Ie Qe;‘QCR BMOWRY Qax (9 )

X o(Q)inf Mo (f1)()

’

1 7 ’ i 1
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X [o(Q]"7 inf My (fxr)(x)
Qax

’

m 1 vy | s R 7
S cwnlblyo,wy  SUP_ Toper Y, TwEQ | inf [M. (9") @]
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Up s
X [0(E(Q))] E(lél)fstg(fo)(X)

and hence

1/p’
1 ‘7 a 7 p'/r
I < Cuo bl o gy SUP  ———— WEQ)PT inf [M,(lg") )
(0) BMO“(R)W“J“S,:l [u(R)]Ma QeécR E(Q)Bx[ (g ) ]
1/p
x4 Y oEQ) inf [My(fr@)]
E(Q)>x
QeS;,QcR
1/q
< Vo, SUP f M (g ) @) i) dx
BMO, (R") I ”q . [u(R)]Mq QeSZ(‘gcR (Q)[ ]
1/p

P
< ¥ o MY o b

QeS;,QcR
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<ol 9P _ i (0 e P00

191 g

m
S Cuollliyio @) SUP_ —[u BT (T2 e [

Il g g
< C(u,o)||b||glMO“(]Rn)”f”LVrAP/'J(g,u)-
Moreover, from the same arguments as those used in the estimation of I, it follows that

Y, 1ori fQ Fwlody | 1) = bol"g(xyute)

QeS;j,RcQ
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1
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1 a/n-1 4
< swp_ o X 10 [ o do@1”

HyHLq ® QeS;,RcQ

1/ 1/q
X [j;lb(x) — bol™u(x) dx] ' [fl; lg(x)|7 u(x) dx] '

1
SCwn i Dy QI QI I oo Wl [ CROT

QeS;j,RcQ

SCunlbo, ol Al
QeS;,RcQ

[u(R) ]“ M
Q)

Sc(u,a)llblhgnMOg(]Rn)”f”LPrAV/q(a,u)/

which, combined with the estimate of I4 and the final arguments used in the proof of (3.1), completes the
proof of (3.3) and hence of Theorem 1.12. O

Then we begin to prove Theorem 1.13.

Proof. [Proof of Theorem 1.13] The conclusion (ii) is essentially proved in [31, Theorem 1.1(2)], we omit the
details here.
To prove (i), by Lemma 2.1, it suffices to show that, for any j € {1,...,3"},

[z, + @, < 110,

L3 (u)

We now prove that, for any j € {1,...,3"},

S Wl @)- (3.4)

|75

LA (u)

Let 5 € [0,n) satisfy 1/q = 1/p — p/n. By Theorem 2.3, (1.1), Lemma 2.5 and Corollary 2.8, we conclude that

|75

LA (u)

f}R T f)gu(x) dx

= sup
<1
el .2 g <

< sup ) lQe fQ 1b(y) = bal"If (W)l dy fQ geu(x)dx

llgl R Sl QeS;

M ke

|y o 16 = by o™ [y o [lu" ]|, o g llac 0

IIyII gy <1 Qe
<Cuan sup Y QI [|f0 7. o e 7 a0,
”g”xn A ]R”) QES

which, together with Lemma 2.5 and Corollary 2.8, implies that

|| bm (f) e
<Cuopy sup Y IEQIQI |0, o llgu a0

”9”X4 Ay = <1 Qes;

S Cuop — SUP Mg p-(fo UP) )M (gut'7 ) (x) dx
19 .1 g <1 VR
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S Cuopy sup My (f0"")] 1

g1l g1
X,

‘MA* (gul/q/ ) | |Xq’,/\ (R")

<
(R')

S Cuony sup |f Ol/p”waﬁn) |9”1/q/”xw<w)

IIgIIXz/,,\ &S
~Cuopy  SUp i gllyr g S Cauod) [l

<
191571 g <

From some arguments similar to those used in the estimation of (3.4), we deduce that

b, *
IS Pl < 1l

which shows (i) and the desired result. O
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