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Some novel estimations of hadamard type inequalities for different
kinds of convex functions via tempered fractional integral operator
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Abstract. In this article, Hermite-Hadamard type inequalities for (i, m)—convex and s—convex functions
are established by using tempered fractional integral operators. Also, some integral inequalities related to
the right and left sides of the Hermite-Hadamard inequality via tempered fractional integrals are proved.

1. Introduction

The theory of convexity plays a vital role in different fields of pure and applied sciences. Consequently,
the classical concepts of convex sets and convex functions have been generalized in different directions. The
concept of function is one of the basic structures of mathematics, and many researchers have focused on new
function classes and made efforts to classify the space of functions. One of the types of functions defined as
a product of this intense effort is the convex function, which has applications in statistics, inequality theory,
convex programming, and numerical analysis. This interesting class of functions is defined as follows:
Definition 1.1. [2] Let H be an interval in R. Then f H — R, 0 # H C Ris said to be convex if

fa+1-8b)<if@)+(1-&)f(b)
foralla, b e Hand & € [0, 1].

Several research papers have been performed related to convexity and related topics in the literature,
see the papers [1-5, 15].

Another aspect due to which the convexity theory has attracted many researchers is its close relation with
theory of inequalities. Many famous inequalities can be obtained using the concept of convex functions.
For more information related to integral inequalities, interested readers are referred to [12-19].

Among the other classical inequalities, Hermite-Hadamard’s inequality, which provides us upper and
lower bound fort he mean-value of a convex function, is one of the most studied inequality in the literature.

Let f:1 € R — Rbea convex mapping defined on the interval I of real numbers and 2, b € I with
a < b. The following double inequalities:
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hold. This double inequality is known in the literature as the Hermite-Hadamard inequality for convex
functions.

Definition 1.2. [20] Let H be an interval in R. Then f: H — R, 0 # H C Ris said to be s—convex in the
second sense if the following inequality

flEa+1-8b) <&f(a)+ (1 - &) f(b)

holds foralla, b e Hand & € [0, 1],s € (0, 1].
Definition 1.3. [13] Let & : (0,1) € | — R be a non-negative function. A function f : [0,b] — R is called
(h, m) —convex function if f is non-negative and

fx+m1=8)y) <h(@)f (x) +mh(1-E)f(y)

holds for all x, y € [0,b], £ € (0, 1) and for some fixed m € (0, 1].

Some new integral inequalities involving two nonnegative and integrable functions that are related to
the Hermite-Hadamard type are obtained by many researchers. In [6], Pachpatte proposed some Hermite-
Hadamard type inequalities involving two log—convex functions. An analogous result for s—convex func-
tions is established by Kirmac: et al. in [8]. In [10], Sarikaya presented some integral inequalities for
h—convex functions. For recent results and generalizations concerning Hermite-Hadamard type inequal-
ities for product of two functions, we can refer the paper [18] and the references given therein. It is
remarkable that Sarikaya et al. proved the following interesting inequalities of Hermite-Hadamard type
involving Riemann-Liouville fractional integrals [17].

Theorem 1.1. [17]. Letf: [a,b] — R be a positive function with 0 < a < band f € L[a,b]. If f is a convex
function on [a, b], then the following inequalities for fractional integrals hold:

b
150 g s 0+ 0] L

(1)

with a > 0.
Theorem 1.2. [19] Leta > 1and f : [4, )] — Rbe a positive function with0 < a < band f € Li[a, b]. If
f is s—convex function on [a, b], then the following inequality for fractional integrals hold:

s1o(a+b F(a—i—l)
(7

Theorem 1.3. [16] Let f : [a,b] — Rbe a positive function with0 < a < band f € Li[a,b]. If f is a convex
function on [a, b], then the following inequalities for fractional integrals hold:

a+b\ 2¢1T(a+1) N fa)+f ()
(50« e D oy f 0+ Ty s @] T

a @+fO)7 1 2 1
2(b - [] f(b)+]b-f(”)]5fa ;f [a+s+a+s(1_2a+s)]

Mathematics uses a variety of tools and methods in the quest to explain physical phenomena of nature
and life. Since many phenomena related to nature and life have a dynamic process, the methods put
forward with the help of classical analysis are insufficient due to some limitations and disadvantages. One
of the most effective methods for explaining, discussing and developing dynamic processes is fractional
analysis, whose origins go back as far as classical analysis. It has succeeded in bringing a new momentum
not only to mathematics but also to many disciplines with effective applications (see [21-26]). Fractional
analysis is a field that tries to achieve this movement by introducing new fractional derivative and integral
operators. In particular, researchers who argue that real world problems cannot be explained only by
power laws have introduced fractional derivative and integral operators, which include the exponential
function and its generalized versions in their kernels. These new operators differ in their kernel structures,
such as singularity, locality and general form. In this context, we will continue by introducing two integral
operators that have an important place in fractional analysis. Among the operators defined here, especially
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the tempered fractional integral operator is a useful operator that has attracted the attention of many
researchers due to the advantages it offers in applications.

Definition 1.4. [11] Let f € Ly[a,b]. The Riemann Liouville integrals I?, f and I f of order a > 0 with
a > 0 are defined by

If;ﬂf (X) = %f f(é) (x - é)a_ldé, X>a (2)
and
b
50 = i [ FOE-0e b x -

The tempered fractional integral was first studied by Buschman [5], but Li et al. [9] and Meerschaert et
al. [10] have described the associated tempered fractional calculus more explicitly as following;:
Definition 1.5. [5,7,10] Let [2,b] be a real intervaland C > 0, & > 0. Then, for a function f € Ly[a, b], the
left and right tempered fractional integral, respectively, defined by

a,( 1 * a=1_—C(x—
IO = s [ eI s @

and

T qat — 1 ’ a=1_—((&-x) d 5
IS0 = g | €T f @ a (5)

where I'(a) is the gamma function.

Remark 1.1. If we take C = 0 in the Equations (4) and (5), then we have the left and right RL operators (2)
and (3) respectively.

Definition 1.6. [12] For the real numbers, « > 0and x,C > 0, we define the (~Incomplete gamma function
by

b
I (a,b)=$ f x*le~ttdx
0

If C =1, it reduces to the incomplete gamma function.

1 b
I(a,b) = —f x*le™dx, a > 0
I'(a) Jo
Remark 1.2. For the reel numbers ¢ > 0and x,C > 0, we have

1 Iegg (@, 1) = fol xa-le=to-axdy = L[ (x,b - a)

(b-a)"
1 _ Lla b-a)  IL(at+l b—a)
2. fo Lap-a) (@, X) dx = 20 = = 2

2. Hermite-Hadamard Type Inequalities for Tempered Fractional Integral Operators

Now, we are in a position to establish some generalized inequalities of Hermite-Hadamard type involv-
ing tempered fractional integrals for (%, m)—convex and s—convex functions in the second sense.
Theorem 2.1. Let f : (0,00) — R be (I, m)—convex function where 0 < a < b < oo such that f € Li[a, b].
Then, we have the following inequality for tempered fractional integral operators

1 a+b 24T (OL) T a,C at a,C E
h(l/2)f( 2 ) = TL(amb—a) (mb—ar [(ﬂ*ﬂ)*lb S o) 1 oy T f(m)] (©)

r@+fo )+ )]

I, (0, mb —q) L (a,mb—a)
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h(5)deand o= [ - ii;;-n) (%°)e.

Proof Since f is (h, m)—convex function on [, b] for & € [0, 1] with setting £ = 5, we can write

withC > 0, > 0and m € (0,1) where ¢= fo

F(E2) <n(z)r@+ £,
By changing of the variables such as x = ‘2511 +m (%‘5) band y = (2;—5) o+ %b, then we get
1 a+b 3 2-¢ 2-&\a &
—h(l/z)f(T) <f(zeem(557)e )+ A (557) s+ 30):

Multiplying both sides of (8) by
[0,1], we obtain

55(b>

1 eqo 1 za- _ 1 ra- _
h(11/2)f(a42_b)f0 ecé(m:a)dés 0 ecé‘;(m:a)f(ga+m(¥)b)d£+ 0 efﬁ(;ﬂ)d(%)%

As consequence, we provide

a+b
h(1/2)f( ) (o, mb — a)

L mb 1 D0y 1
b =aF (mb — x)*e® " £ (x ) dx + e f (x —a)* et O F (x ) dx
m a a+mb mo —a alm

a+mb
2

and the first inequality is proved.

3686

(8)

then integrating the resulting inequality with respect to & over

<

+ —b)dé.

2

For the proof of the second ineqaulity in (6), we first note that if f is (h, m)—convex function, then for

& €10,1], we can write

o5 ) <n(3)r@em (50 (5)

F((B55) 5 + o) <mn (355) 7(5) +1(5) .

By adding the above inequalities, we have

eGP A5 v o

Multiplying both sides of (9)

we obtain
1 a— _ 1 a— _
fo gc;n:—u)f(gﬁm(%)b )d5+£ ef%(biu)f((%)% - %b)dé
< @+ solos|r(5) 53 )] o

wherecpzfo1 5:_1 h(%)dé amda):fo1 & h(%)dé-

EC 5 (b-a) & %(mb—n)

The proof is completed.

and

Remark 2.1. Inequalities (6) become the inequalities (1) by choosing (=0, a =m =1and h(§) =&

f(%)ﬂ%%)]h(% -
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Theorem 2.2. Let f : [4,b] — R* be s—convex function in the second sense on [a,b] with a < b such that
f € Li[a, b]. Then, we have the following inequality for tempered fractional integral operators

a+b I'(a) . . f(a)+f(b)
f( 2 )S ZSIa(a,mb—a)(b—a) (ﬂ+b) N 2Cf(b)+ T ZCf =

()L —(+n) (10)

withC > 0,a > 0,5 €[0,1] where u= fo ra: 1)5 dfand n = fo eéall)(l E)dE.
Proof: Since f is a s—convex function in the second sense on [4, b], for & € [0, 1] with take & = %, we have

f(x;ry)S f(x);f(y)'

By changing of the variablesas x = &a+ (1 = &)band y = (1 — &)b + &a, we get

2Sf( )<f(£u+(1 b))+ f(1-&)b+éa). (11)

Multiplying both sides of (11) by ﬁ%, then integrating the resulting inequality with respect to & over
[0,1], we obtain

s a+b ! 5“71 1 éa 1 éa 1
Zf( ) 0 Faate = o eteln gl Card-ab)de +f Zioa/ (A& +Ea)de.
As consequence, we obtain

a+b

2Sf( )Ia(a,b—a) f(b x)“lC(bx)f(x)dx+ f(x a)* et O £ (x ) dx

and the first inequality is proved.

For the proof of the second ineqaulity in (10), we first note that if f is s—convex function, then for & € [0,1]
fla+(1-8b)<&f @)+ 1 -Ef(b)

and
fA=&b+&a) <&Efb)+(1—-&Ff(a).

By addition, we have
fa+A-b)+f(1-Eb+&a) <[f@)+fB][E+A-&)]. (12)

Multiplying both sides of (12) by -
[0,1], we obtain

—w-, then integrating the resulting inequality with respect to & over

1 éa_l 1 éa—l
fomﬂeam—ab)d&fo F( - O+ EESTF@ + O] et )

ec % (b—l?)

1 ga-1 1 éal

where y:f T &idE and n = fo s (1= &)dé.

The proof is completed.
Remark 2.1. Inequalities (10) become the inequalities (1) by choosing . =0,s =1and @ = 1.
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3. New Findings via Tempered Fractional Integrals

In this section, we give an identity which use to assist us for proving our results as follows:
Lemma 3.1 Let f : [4,b] — R is a twice differentiable function such that f” € Li[a, b]. Then, we have

24711 (a)
(b—a)*

(b—8a> fo[5.1c<b_a>(a,cz)—Iqb_a)(m1,5)]x[fff(gﬂ%b)”,,(gmz;«za)]dé

[(ﬂ+b) (a,ZC)f 0)+ (o5t b)*I(azof(a ] - Il(b a) (o, Df(a : b)

withC > 0,a > 0,& €[0,1].
Proof. By making the use of integrating by parts for right hand side of the equality and Remark 1.2 (a), we
obtain

+b) 2 (Tt 2-
a )+ ¢ f(é ¢

2 ) b=ay aeae) 277 b )de.

2 ’
h=-— [leo-0) (@, 1) = Iy (@ + 1, D] f ( 2 2

Thus, we get
I = [I (a,1) -1 (a+1, 1)]f ary b
1 7— l’J C(b—a) \&t, Ub-a)

2 a+b) 2 29%IT(q) g
+ m[lc(b_a)((x,l)f( 5 )a—b+ 1+(x er (b x) ( )f (x

Finally, it is easy to obtain

L= azb[ch 0@ 1) =T @+1, 1] £ (“b)

a+2
>l (@, l)f(a A b) + é r)(zoil(w) (aZOf(b

4
(b —a)®

Similarly, we get

1
. 2-&
I = I —a , -1 a 1’ = J
2 fo(é to-a) (@, &) = Tgpay (@ + g))f (2 + 22 a) £
2 b
= b_u[IC(b—a) (@,1) = Ip-a (@ +1, 1)] f’(%)
4 a+b 2£¥+2r(a) a 2
- @1 .
b — a)* wb-a) (@, )f( )+(b e (H) @
Finally,
result.

Theorem 3.1. Let f : [a,b] = IR* be a differentiable mapping on [4, b] witha < b and f” € Li[a, b] . If
s—convex function in the second sense, then the following inequality for tempered fractional integral

20-1T(q)
(b—a)*

£ @) +|f7 ®)]] (r+<)

. . b\| (-
[(m) ( ZQf(b (m) I< ZQf(a)] _IC(b a) (0( 1)f(a : )‘ = ( zs+3 [

holdsforC > 0,a > 0, s €0, 1]where’c_j(; eLbﬂ) —(2-&Ydéand ¢ = j(; e:;; (&)’dE.
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Da-1T ((X) (@,20) (@,2C) ] _ (g + b)
(b- {1) [(Wrb) I f (b) + (Mb),l f(tl IC(b a) (a, 1)f 5
2- 5

‘(b_”) f[élc(b a) (@, &) = Te- a)(“"‘15 [fn( a+ )+f”( 2_ a)]dé’
(b—a)’

2
< 3 fo[5-Ic<ba>(a/5)—1cw—a>(a+1f5)]X[(f"(“)| +|f7 @) ‘)[( é) (i)”dé

By calculating the above integrals, we have the desired result. This completes the proof.
Theorem 3.2. Let f : (0,00) — R be a twice differentiable mapping on [2,b] with 0 < a < b < co and

144

holds:
20-1T(q) (@20 (@20 ]_ (a+b)'
(b- ) [(n+17) f®)+7 (12t _I f@|-Tepa) (@, 1) f
b- b
< ! [[fﬂ(a)| fu(b)”w[ (2 )‘+ fﬂ(ﬁ)H
with > 0,a > 0, m € (0, l)Where(p fo ;“(:a) ( )déandw fo Cn;a)h(%)dé.

24717 ()
(b —a)"
- a)z

[(Wrb) I(a ZC)f b+ (u+b) I(EKZC)f(a ] _IC(b a) a,l)f( b)'

e

f[£1c<ba)(a€)—1c<ba)(a+15 [f”( “+_b) (

i
f [5 Leo-a) (@, &) = Igp-a) (@ + 1, 5)] [[ ! a)| If” (b ( )]

+ U _Sa fo |ETc-0) (@) = Loy (@ + 1,8)] X H f! (%)' ( b )Hh( 2 é)] *

By taking into account the followings in the resulting inequality, o= fol f;"l h (%) déandw = fol - ‘EH (T‘E) g,

3 (b—a) 3 (mb—a)

(b—a

IA

we obtain

&r(?[( aZC)f ) + M)I(“zof(a)]—lcb 2 (a, 1)f(a+b)|

G-ar |)7
ekl Gl

P [[f"( )| +

This Completes the proof.

+|f” )|]<P+[

4. Conclusion

In this paper, we have investigated some novel Hermite Hadamard-type inequalities in the context of
tempered fractional integrals in the light of the incomplete gamma function. Through our work, we have
tried to advance the theoretical foundations of fractional analysis, improve our understanding of convex
functions in the framework of fractional analysis, and inspire further study.

Integral inequalities form a very important branch of analysis and are combined with various types of
fractional integrals, but the main motivation of this study is to provide new integral inequalities involving
different types of convex functions via tempered fractional integrals.
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