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Viscosity approximation with generalized contractions for fixed point
problems and split fixed point problems of nonlinear operators

Qingqing Cheng?®

*Department of Science, Tianjin University of Commerce, Tianjin, 300134, P. R. China

Abstract. In this paper, we construct the hybrid viscosity iterative algorithms with generalized contraction
to approximate the fixed point of nonlinear operators such as demicontractive operators. Under appropriate
conditions, we establish the corresponding strong convergence theorems. Moreover, we apply our results
to approximating the common fixed points of nonlinear operators and solving the split common fixed point

problems of nonlinear operators. Finally, we present numerical examples to demonstrate the convergence
of our algorithm.

1. Introduction

Let H be an infinite dimensional real Hilbert space with inner product and norm denoted by (-, -) and
Il - I, respectively. Let C be a nonempty closed convex subset of H, Pc be the metric projection from H onto

C (see, e.g., [16] for more details on the metric projection). Let T : H — H be a mapping, the set of fixed
points of T is denoted by F(T), that is, F(T) = {x € H : Tx = x}.

In what follows, we recall some definitions of classes of operators often used in fixed point theory.
Definition 1.1. Let T : H — H be a mapping, for Vx,y € H, then

(i) T is firmly nonexpansive if
ITx = Tyl < llx = ylP = I = T)x = (L= Dyl
(ii) T is nonexpansive if
ITx = Tyll < llx = yli;
(iii) T is k-strictly pseudocontractive with x € [0,1) if
ITx = Tyl < llx = yI? + &Il = T)x = (I = Dyl;

Definition 1.2. Let T : H — H be a mapping with F(T) # 0, for Vw € F(T), x € H, then
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(i) T is directed if
ITx = wl? < Ilx = wl* = llx = Txll;
(ii) T is a-strongly quasi-nonexpansive with o > 0 if
ITx — @l < llx = wl? - allx = Tx;
(iii) T is quasi-nonexpansive if
ITx — wll < [lx - wll;
(iv) T is f-demicontractive with g < 1 if
ITx ~ @l < llx - wl* + Bllx — Txl.

It is easily observed that

(i) a firmly nonexpansive operator with nonempty fixed points is a directed operator; a nonexpansive
operator with nonempty fixed points is a quasi-nonexpansive operator; a directed operator or a
a-strongly quasi-nonexpansive operator is a quasi-nonexpansive operator;

(ii) the class of demicontractive operators contains important classes of operators: directed operator
for B = -1, quasi-nonexpansive operator for § = 0, and strictly pseudocontractive operator with
nonempty fixed points for g € (0,1).

(iif) firmly nonexpansive operators, nonexpansive operators and strictly pseudocontractive operators
are continuous; directed operators, (strongly) quasi-nonexpansive operators and demicontractive
operators are discontinuous.

In this paper, we consider the computation of fixed point of general operators T by means of the so-called
viscosity approximation method, which formally consists of the sequence {x,} given by the iteration (see
[4, 6,13, 18, 19])

Xn+1 = anf(xn) + (1 = an)Tx, Vn > 0. 1)

where f is a contraction on H. The above method was first considered with regard to the special case when
f = u (u being any given element), in 1967 by Halpern [4] (for u=0) and in 1977 by Lions [6]. It is worth
noting that this procedure can be regarded as a regularization process for fixed point iterations which is
supposed to induce the convergence in norm of the iterates. Moreover, it allows one to select a particular
fixed point of T which satisfies some variational inequality.

There is an extensive literature regarding the convergence analysis of (1), with several types of operator T,
in the setting of Hilbert spaces and Banach spaces. For instance, one of the main convergence results related
to (1) goes back to Moudafi [13] in 2000 (see in 2004 [19])regarding the case when T is a nonexpansive
operator with nonempty fixed points, under additional conditions on parameters a,, the sequence {x,}
generated by (1) converges strongly to a point x* € F(T), which is also the unique solution of the following
variational inequality

(- fx',x=x"y =20, Vx e F(T). (2)
In 2010, P. E. Maing [9] proposed the following viscosity-type approximation method:
X1 = n f () + (1 = @) TooXn, Y12 2 0, )

where f is a contraction on H, T is a quasi-nonexpansive operator(while this kind of operators appears
naturally when using sub-gradient projection operator techniques in solving convexly constrained problems
[8,20,21]), T, = (1 — w) + wT, w € (0,1], where T, is a %—strongly quasi-nonexpansive operator and

F(T) = F(T,). Under appropriate conditions, the sequence {x,} generated by (3) converges strongly to
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a point x* € F(T), which is also the unique solution of the variational inequality problem (2). In [9],
the author also applied the result to demicontractive operators. Obviously, strongly quasi-nonexpansive
operators play an the important role in researching fixed points of quasi-nonexpansive operators and
demicontractive operators. Very recently, D. V. Thong [17] presented the convergence results of the method
(1) with operator T which belongs to the class of strongly quasi-nonexpansive operators, and applied the
main results to approximating the common fixed points of demicontractive operators.

Motivated by the above related results, we construct hybrid viscosity algorithms with generalized
contraction (Meir-Keeler type mappings or (i, L)-contractions) to approximate the fixed point of strongly
quasi-nonexpansive operators, quasi-nonexpansive operators and demicontractive operators. Moreover,
we apply our results to approximating the common fixed points of nonlinear operators and solving the
split fixed point problems of nonlinear operators.

This paper is organized as follows: In Section 2, we give some basic definitions, propositions and
lemmas which will be used in proving our main results; In Section 3, we present hybrid viscosity iterative
algorithms with generalized contraction for approximating the fixed pont of strongly quasi-nonexpansive
operators, quasi-nonexpansive operators and demicontractive operators; In Section 4, we apply our main
results to approximating the common fixed points of nonlinear operators and solving the split common
fixed point problems of nonlinear operators. In Section 5, we present numerical examples to demonstrate
the convergence of our algorithm.

2. Preliminaries

Throughout the paper, let the symbol — and — denote the strong convergence and weak convergence,
respectively. In addition, wy(x,) denote the weak w-limit set of {x,}, that is, wq(x,) = {u : Ix,;, — u}. To
prove our main results, we recall some basic definitions and lemmas, which will be needed in the sequel.

It is well-known that in a real Hilbert space H, the following equality holds:

IAx + (1= Ayl = Al + (1= Dyl = A0 = A)llx = yl?, Vx,y € H. (4)

Recall that P is the metric projection from H into C, then for each point x € H, the unique point Pcx € C
satisfies the property:
llx = Pexl| = inf[lx — yl| =: d(x, C).
yeC

Lemma 2.1. ([16]) For a given x € H:
(i) z=Pcxifandonly if (x —z,z—y) 2 0,VYy € C;
(ii) z = Pexifand only if |x — z|* < llx — ylP* — |ly — zI/%;
(iii) (Pcx — Pcy,x —y) > ||[Pcx — Pcyl*,¥x,y € H.

A linear bounded operator A : H — H is called strongly positive if and only if there exists > 0 such that
(Ax,x) > y||x||* for all x € H. and we call such A a strongly positive operator with coefficient 7.

Lemma 2.2. ([10]) Let H be a Hilbert space and let A be a strongly positive bounded linear self-adjoint operator on
H with coefficient y > 0. If 0 < 6 < ||Al|™}, then ||l - 6A|| < 1 - &Y.

A mapping ¢ : R* — R” is said to be a L-function if /(0) = 0, Y(t) > 0 for each t > 0 and for every s > 0,
there exists u > s such that {(t) < s for each t € [s, u]. As a consequence, every L-function v satisfies ¢ (t) < ¢
for each t > 0.

Definition 2.3. Let (X, d) be a metric space. A mapping f : X — X is said to be

(i) a (¢, L)-contraction if ¢ : R — R* is said to be a L-function and d(f(x), f(y)) < Y(d(x,y)), forall x,y € X,
X#+Y
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(ii) a Meir-Keeler type mapping if for each € > 0 there exists 6 = O(€) > 0 such that for each x,y € X, with
€ <d(x,y) <€+ 06, we have d(f(x), f(y)) <e.

Proposition 2.4. ([5]) Let (X,d) be a metric space and f : X — X be a mapping. The following assertions are
equivalent:

(i) f is a Meir-Keeler type mapping;

(ii) there exists a L-function { : R* — R* such that f is a (y, L)-contraction.

Proposition 2.5. ([15]) Let C be a convex subset of a Banach space X and f : C — C be a Meir-Keeler type mapping.
Then, for each € > 0O there exists k € (0,1) such that

llxx = yll > € implies || f(x) = f(W)Il < kllx = ylI.
Lemma 2.6. ([12]) A Meir-Keeler contraction defined on a complete metric space has a unique fixed point.

Lemma 2.7. ([15]) Let C be a convex subset of a Banach space E. Let T be a nonexpansive mapping on C, and let f
be a Meir-Keeler contraction on C. Then the following hold:

(i) Tfis a Meir-Keeler contraction on C;
(ii) foreach a € (0,1), (1 — a)T + af is a Meir-Keeler contraction on C.

Lemma 2.8. ([2]) Suppose that T : H — H is f-demicontractive mapping. Then the fixed point set F(T) of T is
closed and convex.

Definition 2.9. ([3]) Assume that T : H — H is a nonlinear operator, then I — T is said to be demiclosed at zero if
for any sequence {x,} in H, the following implication holds:

X, = xand (I-T)x, - 0= x € F(T).

Lemma 2.10. ([11]) Let C be a nonempty closed convex subset of a real Hilbert space H, and let T : C — C be a
B-strict pseudo-contractive. Then I — T is demiclosed at 0.

Lemma 2.11. ([1]) Assume C is a closed convex subset of a Hilbert space H.

(i) Given an integer N > 1, assume, for each 1 < i < N, T; : C — C is a ki-strict pseudo-contraction for
some 0 < k; < 1. Assume {/\i}ﬁ | is a positive sequence such that Zﬁil A = 1. Then Zfil AiT; is a k-strict
pseudo-contraction, with k = max{k; : 1 <i < N}.

(ii) Let {Tl-}fi1 and {)\i}fil be given as in (i) above. Suppose that Zfil AiT; has a common fixed point. Then

N N
F(O)Y AT = () E(T).
i=1 i=1

Lemma 2.12. ([17]) Let U : H — H be a p-demicontractive operator and T : H — H be a ay-strongly quasi-
cjl_ﬁﬁ demicontractive and F(U) (" F(T) = F(UT).

a

nonexpansive operator with p < ay. Then, the operator UT is

Lemma 2.13. ([17]) Let U : H — H be a B-demicontractive operator with F(U) # 0 and set Uy = (1 - A)I + AU,
A €(0,1—p) then

(1) F(U) = F(U,);
(ii) IUpx =2l < [lx = 2I? = $(1 = B = I = U, Yz € FU);
(iii) F(U) is a closed convex subset of H.

Lemma 2.14. ([17]) Let T : H, — H, be a u-demicontractive operator, A : Hi — H, be a linear bounded operator
with L = ||A*All. For a positive real number vy, define the operator V : Hi — Hy by V =1+ yA*(T — I)A. Then
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(i) forall x € Hy and z € A~ (Fix(T)),
1
Vx =zl < |lx - z|* - )/_L(l — = yL)II - V)xIP;

(i) forall x € Hy and z € A™\(Fix(T)),
IVx —z|* < llx = zl* — y(1 — u — YD) - T)Ax]|P;
(iii) x € F(V) if Ax € F(T) provided that y € (0, 7).

Lemma 2.15. ([8]) Let {x,} be a sequence of non-negative real numbers, such that there exists a subsequence {x,}
of {xn}, such that Xn; < Xnj+1 for all j € N. Then, there exists a nondecreasing sequence {my} of N, such that
limy_,o, 1y = o0, and the following properties are satisfied by all (sufficiently large) number k € N:

X < Xpyes1 ANA X < Xy 11,
In fact, my is the largest number n in the set {1,2,--- ,k}, such that x, < X41.
Lemma 2.16. ([19]) Assume that {a,} is a sequence of nonnegative real numbers such that
an1 < (1 = bp)ay +cp,

where by, is a sequence in (0,1) and {c,} is a sequence such that
(i) Z:lozl b, = oo;
(i) limsup, ., 3 <0o0r ¥;l; leql < oo.

Then lim, . a, = 0.

3. Main results

In this section, we first give the properties of demicontractive operator (supplement with the content in
[17]), and then present the main results of the paper.

The following Lemma supplements with the content of Lemma 2.12.

Lemma 3.1. Let U : H — H be a p-demicontractive operator and T : H — H be a a-strongly quasi-nonexpansive
operator with B < a. Then, the operator TU is % demicontractive and F(U) (" F(T) = F(TU).

Proof. First, we show that F(U) (" F(T) = F(TU).
It is suffices to show that F(TU) € F(U) (" F(T). Letp € F(TU), itis enough to show that p € F(U). Picking
g € F(U) M F(T), from the definition of U and T, we have that

llp = qI* = ITUp ~ g1

< ltp - qI* - allup — TUpI?
< llp —ql* + pliip - pII* - alltlp - TUp|?
= llp = qll* + lltp - pl* = alltp - pl®
= lIp =4l = (@ = p)lltp - pl.

It follows from the condition < a that Up = p, that is, p € F(U). Then Tp = TUp = p, that is, p € F(T).

Therefore, F(U) ( F(T) = F(TU).

Next, we show that the operator TU is % demicontractive.
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Picking x € H and q € F(TU). Leta = x—g,b = Ux — g, c = TUx — g, then we have thata — b = x — Ux,
a—c=x-TUx, b—c=Ux— TUx. From the definition of U and T, we obtain that

IBII* < llal* + Blla — b
and

llcl? < 11BI* = allb = cIP?,
which imply that

2B(a, by < (1 + P)llall* = (1 - p)lIbl*
and

~2a(b,¢) < (1= a)llbIP* — (1 + a)llell*.
Moreover, we have that

0 < llac = (o = p)b = Ball* = &?|lcll + (a = BYIIbI + Bllall® — 2a(cx = B)(b, €)

+ 2B(a — )b, a) — 2ap<a, c)

< @lel + (@ = BPIBIP + Blall® + (@ = B)[(1 = )lIbI* = (1 + a)llcl’]
+ (a = B)I(1 + B)llall* = (1 = B)IIBIP] - 2ap(a, c)

= [@? = (a = B)(1 + )]llcIP + [B* + (a = P)(1 + P)lllal* — 2aa, c)

= (ap + B = a)lclP* + (aB + a = B)llal* — 2aa, c)

= (ap + B = a)lclP* + (aB + a = B)llall* + aB(lla — cl* = llall* = l|cl?)

= (B - a)llcl® + (& = B)llall* + aBlla - clP?,

then
(@ = PBlicl* < (@ = B)llall* + aBlla — cli?,

hence

ap
a-p

2 2 2
llell”™ < flall” + lla —cll”.

That is,

ap

— TUx|]*.
a_ﬁllx Ux|

ITUx — gl < Il — gl +

|
The following Lemma modifies Lemma 2.11 from strict pseudo-contraction to demicontractive operator.

Lemma 3.2. Let U; : H — H be a pj-demicontractive operator. Let V = ZL AU, {)\i}ﬁ L €l0,1] and ZL Ai=1.
Let B = maxy<i<n{Bi}. Then the operator V is B demicontractive and (;;<y F(U;) = F(V).

Proof. Obviously, We only need to prove the case A; € (0,1) for 1 < i < N, and it is suffices to prove the
Lemma for N = 2 and the method can easily be applied to the general case.
First, we show that F(U) " F(T) = F(V).
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It is suffices to show that F(V) € F(U) () F(T). Let p € F(V), it is enough to show that p € F(U). Picking
g € F(U) N E(T), from (4) and the definition of U and T, we have that

lp — gl = IVp — gl = IIAU + (1 = )Tlp — qlI*
= IAUp = q) + (1 = A)(Tp = I
= Allup =gl + (1 = MIITp = qI* = A1 = MlUp - Tpl?
< Alllp = 4l + Ballp = UplP] + (1 = Dlllp = I + Ballp = Tpl*] = A(L = DliUp - TplP?
=lp — gl + Apallp — UplP* + (1 = A)Ballp — Tpl> = AL = D)liUp — Tpl*.

Sincep = Vp=AlUp+ (1 - A)Tp,let Up = a, then Tp = %. We have

lIp = gl < llp = ql* + ABallp = Upl* + (1 = MBallp = Tpl* = AL = A)lUp - TplP?
—Aa - Aa
=lp—qlP* + Aillp — all* + (1 = A)Ballp - pl__ 3 > =A@ = A)lla - pl—_ 1 I
AlB1 =1+ A(B2 - p1)l 2
T llp —all”.

=lp—ql* +

It is easy to vertify that §; — 1 + A(8> — p1) < 0 always holds, so we have p = g, that is, p € F(U). Therefore
F(V) € F(U) N E(T).

Next, we show that the operator V is f-demicontractive.

Picking x € H and g € F(V), from (4) and the definition of U and T, we have that

IVx =gl = AU + (1 = )T]x - g|?
= [IA(Ux = q) + (1 = A)(Tx =9I
= AllUx —gl* + (1 = A)IITx = g* = A(1 = A)[|Ux — Tx|?
< Alllx = gli* + Ballx = UxIP] + (1 = Alllx = glI* + Ballx = Tx|*] = A(1 = A)[|Ux — Tx|[?
= [lx = glP* + ABallx — Ux|* + (1 = A)Ballx — Tl = A(1 = A)||Ux — Tx||?
< |lx = gl* + ABllx — Ux|* + (1 = A)Bllx — Tx||* = A(1 = A)||Ux — Tx|[?
= |lx — glI* + BlAlIx = Ux| + (1 = A)llx — Tx|* = A(1 = A)||Ux — Tx*]
+ BA(L = V)||Ux — Tx|* = A(1 = A)||Ux — Tx|]?
= [lx — glP* + BlIVx — I = (1 = B)A(L — D)[|Ux — Tx|[?
<llx = gl* + BlIVx — x|

That is, V is f-demicontractive. [

Lemma 3.3. Let H is an infinite dimensional real Hilbert space, f : H — H be a Meir-Keeler-type contraction and
A be a strongly positive bounded linear self-adjoint operator on H with coefficient y > 0. For any nonempty closed
convex subset D of H, if ||All < 1 and constant y < y, then Pp(I — A + yf) has a unique fixed point in D. Or
equivalently, the following variational inequality:

(A-yf)x,z—=x)>0, YzeD.
has a unique solution in D.

Proof. Since f is a Meir-Keeler-type contraction, then, for any [|x — y|| < € + 6, we have that || f(x) — f(y)l| < e.
Observe that

Id=A+yfx—I-A+y Hyl <IT-A)x = I+ YIf ()= fWl-
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Case 1. |lx — yll < €, from Lemma 2.2, we have

II-A+yfx—T-A+yHyll < I =Allllx = yll + yi(lx = yll)
<@ =Plx =yl + yllx = yll
=1 =7+lx-yl
Slx-yll<e.

Case 2. € +6 > ||x — yl| > €, from Lemma 2.2 and Proposition 2.5, we have

II-A+yf)x—UT-A+yHyl <l - Allllx = yll + ykellx — yli
< @ =Pllx = yll + ykellx = yli
=1 -7+ yk)llx -yl
< (1 -7+ yke)(e +9).

Taking 6 = Y_;)_/:;il)f, we obtain that

II-A+yflx—(I-A+yfiyll <e.

Therefore, I — A + y f is a Meir-Keeler-type contraction on H. From Lemma 2.7, we have Pp(I — A + yf)isa
Meir-Keeler-type contraction from H onto D. It follows from Lemma 2.6 that Pp(I — A + v f) has a unique
fixed point in D. By Lemma 2.1, we have that the variational inequality:

(A-yf)x,z=x)>0, YzeD.
has a unique solutionin D. [

Lemma 3.4. Let H be an infinite dimensional real Hilbert space, A be a strongly positive bounded linear self-adjoint
operator on H with coefficient y > 0, Asumme that {B,} € (0,1) and a, < (1 - ﬁn)||A||‘1,for Vn > 1, then the
following inequality holds:

(1= Bu)l —a,All <1-8,—a,y, Vn=>1.
Proof. From condition o, < (1 — B,)l|AlI™}, for Yx € H, we have
(1= BT = ayA)x, xy = (1 = B)lIxl* = an(Ax, x)
> (1= By — aullAlDIxI
> 0.

This is, (1 — p.)I — a,A is positive operator on H. Again since A be a strongly positive bounded linear
self-adjoint operator on H with coefficient ¥ > 0, we have

(X = Bl = anAll = sup{{((1 = Bu)] — anA)x, x) : x € H, |lxl| = 1}
=sup{l — B, — an(Ax,x) : x € H,||x|| = 1}
<1-B,—ayy.

|
In what follows, we state and prove the main results of this paper.

Theorem 3.5. Let H bean infinite dimensional real Hilbert space. Let T : H — H be a a-strongly quasi-nonexpansive
operator such that I — T is demiclosed at zero. Suppose that f : H — H is a Meir-Keeler-type contraction and A is
a strongly positive bounded linear self-adjoint operator on H with coefficient y > 0. Assume that ||Al| < 1, constant
y < yand F(T) # 0. For an arbitrary x1 € H, let {x,} be a sequence generated by the following algorithm:

Xna1 = Ay f(Xn) + Py + [(1 = Bu)] — Al Tx,,. (5)
Asumme that {a,} and {B,} satisfying the following conditions:
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(i) {an} C 0,1), lim;, 00 vy = 0, Zn Qp = 09,

(ii) {B.} € [0,1), limsup,_,  Bn <1
Then sequence {x,} converges strongly to a point x* € F(T) which is also the unique solution of the variational
inequality

(A=yf)x',x—x") 20, VYx € F(T). (6)
or equivalently, x* = Pry(I — A+ yf)x".
Proof. First, we show that the variational inequality (6) has a unique solution. Indeed, from Lemma 2.8, we
know that F(T) is closed and convex set of H. Then it follows from 3.3 that the variational inequality (6) has
a unique solution, denoted by x*. That is, x* = Pr)(I — A + y f)x".
Next, we show that {x,} is bounded.

From the condition lim,_,. @, = 0, we may assume, without loss of generality, that o, < (1 — ﬁn)llAII‘l,
by Lemma 3.4, we know that

(1 = B)] — awAll € 1= Py — vy, Y > 1.

Suppose that ¥p € F(T), fixed €, for ¥n > 1.
Case 1. |lx, — pll < €. It is obvious that {x,} is bounded.
Case 2. |lx, — pll = eo. By Proposition 2.5, there exists k¢, € (0, 1) such that ||f(x,) — f(P)Il < ke, llxn —plI.
From (5) and Lemma 3.4, we have
1 = pll = llany f(xn) + Buxn + (1 = Bu)l — anA)Txy = pli
= llany f(xn) = any f(p) + BuXn = up + [(1 = Bu)] — anAl(Txn — p)
+any f(p) + Bup + [(1 = Bu)] — anAlp — pl
< apykeyllxn = pll + Ballxn — pll + I(1 = Bu)I = anAlllTx, — pll + aully f(p) — Apll
< anykeln = pll + Bullxn = pll + (1 = Bu = an))llxn = pll + aully f(p) = Apll
< (1= any + anyke)llxn = pll + aully f(p) — Apll

_ _ 1
< =an(y = ykeDllxn = pll + an(y - ykeo)#llyf(p) - Apll.
Y — VKeo

Set M = max{l||x; —pll, ﬁllyf(p)—Apll}. Assume that ||x, —p|| < M, By induction, we have ||x,+1—pl| < M.
€0

Hence {x,} is bounded and {f(x,)}, {Tx,}, {Ax,} and {A(Tx,)} are also bounded.
Observe that

lIXp1 — xn”2 = ”anyf(xn) + BnXn + [(a- ﬁn)l — 0, AlTx, — xn||2
= ”an()/f(xn) - Ax,) +[(1 - ,Bn)l - a, Al(Tx, — xn)”z
= ai”yf(xn) - Axn||2 +I[(1 - ﬁn)l - a, Al(Tx, — xn)||2
+ 20‘n<7/f(xn) —Ax,, [(1— ﬁn)l = a,Al(Tx, — xn))
< apllyf(xn) = Axall® + (1 = By — an )11 T — x4l
+ Z(Xn<)/f(xn) —Ax,, [(1— ﬁn)l — a,Al(Tx, = x))-
and
1 = pIP = 11xn = pIP = 11Xns1 = Xull® = 2(X041 = X, X0 — p)
= Aan(yf(xn) — Axy) + [(1 = )] — anAl(Txy — Xn), X — p)
= 2a,(y f(xn) = Axu, X0 — p) + 2[(1 = )] — anAl(Txn — Xu), X — p)
= 2a7i<yf(xn) - Axn/ Xn — P) + 2(1 - ﬁn)(Txn — Xn, Xn — P>
— 20, {A(Txy — X4), X — P)
< 200, (y f (xn) = Ax, X — py = (1 = Bu)(@ + DI Tx, — x4l
= 2a,(A(Txy = Xy), Xn — P)-
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Therefore

et = PIP = llxn = pIP < 2y f(xn) = Axp, X — p) = (1 = Bu)(@ + DI Tx, — x4l
— 20, (A(Txy — Xn), X — ) + QAN F(xn) = Axall* + (1 = B — V)T — Xl
+ 20,y f(xn) = Axy, [(1 = B)] — an Al(Txy, = X))
=20, (Y f(xn) = Axp, X — p) — [(1 = Bu)(@ + 1) = (1 = B — @) W Txy — xall?
— 20, (A(Txy — X), X — pY + A3l f(xn) — Ax,ll?
+ 20,y f(xn) — Axy, [(1 = B)] — an Al(Txy — X))

Let A = (1-Bu)(@+1)— (1 - B, — a,))? itis easy to vertify that liminf,_,.o A > 0. Then we can obtain that

ATy = x4l* < 20,y £ () — Ax, X = pY = 20 (AT Xy — X), X — P + @2y f(x0) — Axyl?
+ 20, (y f (xn) = Ax, [(1 = Bu)] = 4y AN(Tx = x0)) + 10 = pI* = [Pxns1 — pI?
< 2a,lly f(xn) = Axallllxn = pll + 2alIA(Tx, = xa)llllxn = pll + ally f(xn) — Axyl?
+1xn = pIP = llxsr = pIP + 20(1 = B — an)lly f(xn) — Axullll T2ty — x4]l-

Next, We analyze the inequality (7) by considering the following two cases.

Case 1. Assume that there exists 7y large enough such that ||x,+1 — pI? < |lx, — pll? for all n > ny. Since
llx, — pll* is bounded, we have that lim,_,« ||x, — p||* exists. Since liminf, e A > 0, lim,— a, = 0 and {x,},
{f(xe)}, {T(xn)}, {A(xy)} and {A(Tx,,)} are bounded, we can obtain

ITx, — xpll = 0 (n — o0).

Forany g € w,(x,), there exists some subsequence {x,,} of {x,} such thatx,, = gas! — oco. Since||Tx,—x,|| = 0
and I — T is demiclosed at zero, it follows from Definition 2.9 that g € F(T), that is, w,(x,) € F(T).
Next, we show that

lim sup{(A —rf)x",x, —x") > 0, (8)

n—oo

Indeed, taking a subsequence {x,,} of {x,} such that

lim sup{(A — rf)x", x, — x*) = im((A — rf)x", xp, — x).

n—oo

Since {x,} is bounded, without loss of generality, we may assume that x,,, — g € F(T). From Lemma 3.3, we
have
limsup{((A —rf)x", x, —x") = (A —rf)x", g —x") > 0.

n—oo

Again from ||Tx, — x,|| = 0, (n — o0), we have that

limsup{(A —rf)x", Tx, —x") =((A—-rf)x",g—x") > 0. )

n—oo

Finally, we show that x, — x* asn — co.

Assume that the sequence {x,} does not converge strongly to x* € F(T), then there exists € > 0 and a
subsequence {x,,} of {x,} such that [|x,, — x*|| > ¢, for all i > 0. From Proposition 2.5, for this € there exists
ke € (0,1) such that

If () = fFOON < kelln, — 7).
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Then we have

1 = 271 = e,y £ @) + B, + (1= Bu)] = 0, ATy, — 7|2

= Nl (7 f () = Ax") + B, (6, = %) + (1= B = @, A) (T, — )P

= ay |1y f () = AXIP + 1B, (0, = %) + (1 = )] = @, A) (T, — x|
+ 2, (Y f () = AX"), B, (0, = X°) + (1 = Bu)] — an, A)(Txy, — x7))

< ag lly f(n) = AXIP + [Bullxu, — X7l + (1 = B, — an PITxy, — X711
+ 200, B (Y f (X)) — AXT, X, — X7 + 200,y f(2,) — AX", (1 = Bu)] — an,A)(Txy, — X7))

< ap lly f(x) = AXIP + (1 = a 7)llxn, = X1 + 200, B0, 0 f () = Y F(X7), X, = x7)
+ 20, B (Y f(X7) = AX", 2, = X7) + 200, (y f () = Y f (), (1 = Bu)] = an, A)(Txn, — x7)) (10)
+ 20, (Y f(x7) = Ax™, (1 = Bu )] = a, A)(Txp, — X7))

< [(1 = ) + 20, Bu, ke + 20, yke(1 = By, — @ P)llxn, — I
+ a1y f () = AXIP + 200, B (y f(X) = AX", X, — X°)
+ 20, (1 = Bu Xy f(X") — Ax™, Txp, — x*) — Zafh(yf(x*) - Ax", A(Tx,,, — x7))

< [1 = 200, (7 = k) + 27PN, — 31 + a2 lly f () = AXIP + 200 o (y F(&) = AX', Xy, = X°)
+ 20, (1= B ) (&) = AX', Ty, = x°) + 202 Iy f(°) = AX AT, — 3°)I|

<1 =20, (7 = yke)lllxy, — | + @,

where

Eny = Tl = X + anlly F) — AXIP + 2B, (y F(K) = AX', x5, = X°)
+ 200, [y F() = AR AT, — )| + 2L = Bu )y f(x°) = Ax’, Ty, — ).

Set by, = 20, (¥ — yke), Cn, = A, &p,- then (10) reduces to formula
1 = XN < (1 = by)llxw, — X717 + c,-

From condition ), a, = o0, we know that }_° b,, = co. Also from condition lim,, a, = 0, (8) and (9), we
have that limsup,_, ZTZ‘, = limsup,_, % < 0, then it follows form Lemma 2.16 that x,, — x" asi — oo.
The contradiction permits us to conclude that sequence {x,} converges strongly to x* € F(T).

Case 2. Assume that there exists a subsequence {||x,; — plI*} of {[lx, — pl?} such that [lx,, = pl* < [|lx,;+1 = pl®
for all j € N. Then it follows from Lemma 2.15 that there exists a nondecreasing sequence {rmy} of N, such

that limy_,., my = 00, and the following inequalities hold for all k € N:

e = pIP < 1 = pIP and Nl = pl? < lxmen = pl*. (11)
Similarly, we get

1T, = X, |l = 0 (2 — o).

Following an argument similar to that in Case 1 we have w,,(x,;,) € F(T). Also, we can obtain that

lim sup{(A — rf)x", %, —x*) > 0, (12)
and
lim sup{((A —rf)x", Txy, —x") ={((A—-rf)x",g—x") 2 0. (13)

n—o0
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Assume that the sequence {x,,} does not converge strongly to x* € F(T), then there exists € > 0 and a
subsequence {xmk,-} of {x,, } such that ||xmk,. —x*| > ¢, for all i > 0. From Proposition 2.5, for this € there exists
ke € (0,1) such that
I1f Cm,,) = FOON < kellm,, — 2.
Similarly, we get
[ 41 = %P < (1= by ¥, = X1 + Co -

where bmk,. = Zamki ¥ —vke), Comy, = Uy, 5mk,»

Em, = O T, = %I+ g [l F ) = AXIP + 2, (Y () = AX' 2, =X
+ 20, I F) = AX AT, = 3|+ 21 = B Ky F(&) = AX, Ty, = 3°).

From condition ), a, = oo, we know that };°, bmki = o0. Also from condition lim,,_, a,, = 0, (12) and

Cimy,. ém )
(13), we have that limsup,_, b—k’ = limsup,_, F;k) < 0, then it follows form Lemma 2.16 that x,,, — x*
Y‘Vlk‘ € 1

as i — oo. The contradiction permits us to conclude that sequence {x,, } converges strongly to x* € F(T). By
(11), we get |lxx — x*|| < |lxp, — x*|I, Yk € N. Therefore, xy — x*ask — co. [

4. Applications

4.1. Applications to approximating the common fixed points of nonlinear operators
Theorem 4.1. Let H be an infinite dimensional real Hilbert space. Let T : H — H be a B-demicontractive such that
I — T is demiclosed at zero. Suppose that f : H — H is a Meir-Keeler-type contraction and A is a strongly positive
bounded linear self-adjoint operator on H with coefficient y > 0. Assume that ||Al| < 1, constant y < 7 and F(T) # 0.
For an arbitrary x1 € H, let {x,} be a sequence generated by the following algorithm:

Xna1 = An Y f(Xn) + Prxy + [(1 = Bu)] — @, AlTaxy. (14)

where Ty = (1 = A)I + AT. Assume that the parameter A and the sequence {a,} and {B,} satisfying the following
conditions:

(i) Ae€(0,1-p);
(ii) {an} € (0,1), limyeo ay =0, X, aty = 00;
(iii) {Bu} € [0,1), limsup, B, <1

Then sequence {x,} converges strongly to a point x* € F(T) which is also the unique solution of the variational
inequality (6), or equivalently, x* = Pry(I — A+ yf)x".

Proof. From Lemma 2.13 and the condition (i), we have that T, is 1_§_A -strongly quasi- nonexpansive and
F(T) = F(T), and from A(I-T) = I -T),, it is obvious that I — T, is demiclosed at zero. The remaining of the
proof is followed from Theorem 3.5. O

Theorem 4.2. Let H be an infinite dimensional real Hilbert space. Let T; : H — H be a t;-demicontractive such that
I —T; are demiclosed at zero, for 1 < i < N. Suppose that f : H — H is a Meir-Keeler-type contraction and A is a
strongly positive bounded linear self-adjoint operator on H with coefficient y > 0. Assume that ||A|| < 1, constant

y <yandT = N, F(T;) # 0. For an arbitrary x; € H, let {x,,} be a sequence generated by the following algorithm:
Xne1 = Y f(Xn) + Budn + [(1 = )] — anAJTpx,.

where Ty = (1= D)+ A YN, w;Ti. Assume that the parameter A and the sequence {i;}, {ev,} and {B,) satisfying the
following conditions:

(i) A€(0,1-1), T =maxy<n{Ti};
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(i) pi€0,1), T pi=1
(iii) {a,} € (0,1), limy ey, =0, Y,y = 00;
(iv) {Bs} € [0,1), limsup, , Pun <1

Then sequence {x,} converges strongly to a point x* € I which is also the unique solution of the variational inequality
(6), or equivalently, x* = Pr(I — A+ y f)x*.

Proof. Set T = Zf\:fl uiTi. It follows from Lemma 3.2 that T is t-demicontractive and F(T) = (<;<n F(T}).
From Lemma 2.13 and the condition (i), we have that T is :=%=2-strongly quasi-nonexpansive and F(T;) =
F(T), and from I - T) = A(I-T) = A Zfil ui(I = T;), it is obvious that I — T, is demiclosed at zero. The
remaining of the proof is followed from Theorem 3.5. [

Remark 4.3. Since the class of quasi-nonexpansive operators and the class of strictly pseudocontractive operators
with nonempty fixed points belong to the class of demicontractive, then we can apply the results of Theorem 4.1 and
Theorem 4.2 to quasi-nonexpansive operators and strictly pseudocontractive operators (Lemma 2.11 and Lemma 2.10
to be used).

Theorem 4.4. Let H be an infinite dimensional real Hilbert space. Let U : H — H be a p-demicontractive operator
and T : H — H be a a-strongly quasi-nonexpansive operator with p < a such that I — U and I — T are demiclosed
at zero. Suppose that f : H — H is a Meir-Keeler-type contraction and A is a strongly positive bounded linear
self-adjoint operator on H with coefficient y > 0. Assume that ||A|| < 1, constant y < y and I = F(S) (" F(T) # 0.
For an arbitrary x1 € H, let {x,} be a sequence generated by the following algorithm:

Xn+1l = anyf(xn) + Buxy + [(1- ,Bn)l — a, A]Sx,.

where S = (1 = A)I+ AUT or S = (1 = A)I + ATU. Assume that the parameter A and the sequence {a,} and {B,}
satisfying the following conditions:

(i) Ae(0,1- %),-
(i) {an} € (0,1), im0y, =0, Y, ay = 00;
(iii) {B,} [0,1), limsup, . pn <1

Then sequence {x,} converges strongly to a point x* € I which is also the unique solution of the variational inequality
(6), or equivalently, x* = Pr(I — A+ y f)x*.

Proof. It follows from Lemma 2.12 and 3.1 that UT and TU is %—demicontractive and F(UT) = F(TU) =
ap
F(U) N F(T). From Lemma 2.13 and the condition (i), we have that S is —5*—-strongly quasi-nonexpansive
and F(S) = F(UT) = F(TU),
Next, we show that the operator I — S is demiclosed at zero, whereS = (1 — A)[ + AUT. Let {x,} be a
sequence such that x, — Sx, — 0 and x, — x. Since x, — Sx,, = A(x, — UTx,), we have that x, — UTx, — 0.
Picking any p € F(S), we have that

IUTx, = pll < ITxy = plla + BlITx, — UTx,|?
< |lxn = pll2 = allxy = Txull* + BlITx, — UTx,]2
= [lxy — pllz = allxy — Txall® + BIITx, — X + x5 — UT |17
= |lxn = pllz = allxy = Txall® + BIITx, — xall* + 2B¢Tx — X, X5 — UT2,) + Bllxy — UT I

Then we get that

(@ = PITxy — xul* = llxy = plla = IUTx, = pllo + 28{T X0 — X, X — UT) + Bllxy — UT
= |lx, — PHZ - [UTx, — P”Z + zﬁ“Txn — Xpllllx, = UTx,|| + ﬁ”xn - UTanZ-
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From the condition & > g, we can obtain that Tx, — x, — 0. Since x, — x and the demiclosedness of I — T,
we get x € F(T).
Observe that

IUTx, — Txpll < [UTxy = x4l + X = Tyl — O.

Since Tx, — x and the demiclosedness of I — U, we get x € F(U). Therefore, x € F(S). Thatis, I - S is
demiclosed at zero. When the case S = (1 — A)I + ATU, The method of proof is similar to that of the above
case. The remaining of the proof is followed from Theorem 3.5. [

4.2, Applications to solving the split common fixed point problems of nonlinear operators

Theorem 4.5. Let Hy and Hy be an infinite dimensional real Hilbert space. Let U : Hy — H; be a B-demicontractive
operator and T : Hy — H, be a a-demicontractive operator such that I — U and I — T are demiclosed at zero. Suppose
that f : Hi — H; is a Meir-Keeler-type contraction, B : Hi — Hj be a bounded linear operator with L = ||B*B||,
and A is a strongly positive bounded linear self-adjoint operator on Hy with coefficient y > 0. Assume that ||A|| < 1,
constant y < yand I' = {x € F(T) : Bx € F(U)} # 0. For an arbitrary x; € Hy, let {x,} be a sequence generated by
the following algorithm:

Xn+1 = Othf(xn) + Buxn + (- ,BH)I — a,AlS)x,.

where Sy = (1 —=A)[+ AS, S = T[I + EB*(U — I)B). Assume that the parameter &, A and the sequence {a,} and {B,}
satisfying the following conditions:
(i) & e (0, F95R),
(ii) A €(0,1— 2%, where ay = “LL;
(iii) {an} C (0,1), im0y, =0, Y, ay = 00;
(iv) {B,} € [0,1), limsup,_,  fBn <1

Then sequence {x,} converges strongly to a point x* € I which is also the unique solution of the variational inequality
(6), or equivalently, x* = Pr(I — A + y f)x".

Proof. Let V = [+&B*(U~1)B. From Lemma 2.14, we have that V is a a;-strongly quasi-nonexpansive. From

the condition (i), we know a < aj, and from Lemma 2.12, we get S is t;‘l_";—demicontractive operator. From
(’(1“

ap-a

Lemma 2.13 and the condition (ii), we have that S} is —5——-strongly quasi-nonexpansive. Also, we have

I'={xeH,:xeF(T)and Bx € F(U)}
={x e Hy:x€F(T)and x € F(V)}
= F(TV) = F(S) = F(S,).

Next, we show that the operator I — S, is demiclosed at zero, that is, we need to show that the operator I — S
is demiclosed at zero. Let {x,} be a sequence such that x,, — Sx, — 0 and x, — x. By the method similar to
Theorem 4.4, we can obtain that Vx, — x, — 0, then, we have ||(U — I)Bx,|| — 0. Since Bx, — Bx and the
demiclosedness of I — U, we get Bx € F(U).

Observe that

ITVxy — Vau|l < ITVxy — xull + [l — Vx|l = 0.
From Vx, —x, — 0 and x, — x, we have Vx, — x, and by the demiclosedness of I — T, we get x € F(T).

Therefore, x € F(S) = F(S,). Thatis, I — S, is demiclosed at zero. The remaining of the proof is followed by
Theorem 3.5. O
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Theorem 4.6. Let Hy and H; be an infinite dimensional real Hilbert space. Let U; : Hy — Hj be a t;-demicontractive
operator, for 1 <i < Ny and T; : Hi — Hj be a oj-demicontractive operator, for 1 < j < Np such that I — U; and
I—T; are demiclosed at zero. Suppose that f : Hi — Hy is a Meir-Keeler-type contraction, B : Hy — Ha be a bounded
linear operator with L = ||B*B||, and A is a strongly positive bounded linear self-adjoint operator on H with coefficient
Y > 0. Assume that ||A|| < 1, constant y < yand T = {x € ﬂ;izl F(Tj): Bx € ﬂffl F(U;)} # 0. For an arbitrary
x1 € Hy, let {x,,} be a sequence generated by the following algorithm:

Xn+l = anyf(xn) + ﬁnxn + [(1 - ,Bn)l - anA]S/\xn'

where Sy = (1= M+ AS, S = T+ &B(U-DB], U = L wll;, T = 2;\21 viTj. Set T = maxi<i<n {1il,
0 = maxi<j<n,{0;}. Assume that the parameter &, A and the sequence {u;}, {v;}, {an} and {B,} satisfying the following
conditions:

(i) & € (0, ==y,

(ii)) A €(0,1— (Zl_"g), where a = 1—2Z5L;

(i) i € 0,1, L wi=1,v,€ 01, L2 vi=1;

(iv) {a,} € (0,1), limy oo vy =0, ¥, vy = 00;

(v) {Ba} € [0,1), limsup, , Bn <1
Then sequence {x,} converges strongly to a point x* € I which is also the unique solution of the variational inequality
(6), or equivalently, x* = Pr(I — A+ yf)x".

Proof. The method of the proof is the same as Theorem 4.5, and we omitit. [

5. Numerical examples

In this section, we give a numerical example of Theorem 4.1 to illustrate the implementation of the
algorithm (14). All codes were written in Matlab 2010b and run on Dell i - 5 Dual-Core laptop.

Example 5.1. Let H = R. For each x € R, define the mappings T and f as follows:

c ( 0) 0/ X € (_OO/ 0)/
X, x € (—09,0),
e {—Zx, x € [0, c0). and - f@) =135 xe(01]

‘/TE, x € (1, +00).

we have that T is }-demicontractive mapping(for details, see [14]). Also we define Ax = 3x, puty = 1, a, = =5
and B, = % - 4%1. Obviously, T, A, f, v ay, Bn satisfy all the conditions of Theorem 4.1. Then we have the following
algorithm:

Y = Zor gy ) + G = g+ G+ g — oy Tt (15)

Next, we will analyze the convergence of the algorithm (15) from two aspects.

First, we take three initial points randomly generated with parameter A = 3, then we have the following numerical
results in Figure 1. We can observe that the sequence {x,} generated by the algorithm (15) converges to the same
solution 0 € F(T).

In addition, we take different parameter A with x1 = 1 to test the convergence of this algorithm (15), Figure 2
presents the behaviour of x,, by choosing three different values A = 3, A = 3, A = 1.

Remark 5.2. In fact, we can easily observe that the mapping f is a contraction in the above example. Because the
Meir-Keeler-type contraction is not easy to find, and the class of contraction belongs to the class of Meir-Keeler-type
contraction, so, we use a contraction to demonstrate the convergence of our algorithm. In addition, for the contraction,
the research results in this paper are novel and have not been studied before from a theoretical point of view.



x _-Values

n

x _-Values

n

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Q. Cheng / Filomat 38:12 (2024), 3991-4007

Number of lterations (n)

Figure 2: Behaviours of x,, with three different parameter A

T
X, =-0.5
)<1 =1
x, =10 | ]
s s s s s s s s s
0 5 10 15 20 25 30 35 40 45 50
Number of lterations (n)
Figure 1: Behaviours of x,, with three random initial point x;
:
A=1/2
A=1/3] ]
A=1/4
s ; ‘ ‘ . .
0 2 4 6 8 10 12 14 16 18 20

4006



Q. Cheng / Filomat 38:12 (2024), 39914007 4007

Acknowledgments

We would like to thank the handling editor and the referees for valuable suggestions to improve the
manuscript. This article was funded by the Research Program Project of Tianjin Municipal Education
Commission (2023K]J211).

References

(1]
[2]

[3]
[4]
[5]
[6]
[7]

(8]
191

[10]
[11]

[12]
[13]
[14]

[15]
[16]
[17]

[18]
[19]
[20]

[21]

G. L. Acedo, H. K. Xu, Iterative methods for strict pseudo-contractions in Hilbert spaces, Nonlinear Anal. 67 (2007), 2258-2271.

C. E. Chidume, S. Maruster, Iterative methods for the computation of fixed points of demicontractive mappings, J. Comput. Appl. Math.
234 (2010), 861-882.

K. Goebel, S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, Marcel Dekker, New York, 1984.

B. Halpern, Fixed points of nonexpanding maps, B. Am. Math. Soc. 73 (1967), 957-961.

T. C. Lim, On characterizations of Meir-Keeler contractive maps, Nonlinear Anal. 46(1) (2001), 113-120.

P. L. Lions, Approximation de points fixes de contractions, C. R. Acad. Sci. Ser. A-B Paris 284 (1977), 1357-1359.

P.E. Maingé, A hybrid extragradient-viscosity method for monotone operators and fixed point problems, SLAM J. Control Optim. 47 (2008),
1499-1515.

P. E. Maingg, Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex minimization, Set-Valued Anal.
16 (7-8) (2008), 899-912.

P. E. Maingg¢, The viscosity approximation process for quasi-nonexpansive mappings in Hilbert spaces, Comput. Math. Appl. 59 (2010),
74-79.

G. Marino, H. K. Xu, A general iterative method for nonexpansive mappings in Hilbert spaces, ]. Math. Anal. Appl. 318 (2006), 43-52.
G. Marino, H. K. Xu, Weak and strong convergence theorems for strictly pseudo-contractions in Hilbert spaces, ]. Math. Anal. Appl 329
(2007), 336-349.

A. Meir, E. Keeler, A theorem on contraction mappings, ]. Math. Anal. Appl. 28(2) (1969), 326-329.

A. Moudafi, Viscosity approximations methods for fixed point problems, J. Math. Anal. Appl. 241 (2000), 46-55.

M. O. Osilike, F. O. Isiogugu, Weak and strong convergence theorems for nonspreading-type mappings in Hilbert space, Nonlinear Anal.
74 (2011), 1814-1822.

T. Suzuki, Moudafi's viscosity approximations with Meir-Keeler contractions, ]. Math. Anal. Appl. 325(1) (2007), 342-352.

W. Takahashi, Nonlinear functional analysis. Fixed point theory and its applications, Yokohama Publishers, Yokohama, 2000.

D. V. Thong, Viscosity approximation methods for solving fixed-point problems and split common fixed-point problems, J. Fix. Point Theory
A.19 (2017), 1481-1499.

R. Wittman, Approximation of fixed points of nonexpansive mappings, Arch. Math. 58 (1992), 486—491.

H. K. Xu, Viscosity approximations methods for nonexpansive mappings, ]. Math. Anal. Appl. 298 (2004), 279-291.

I. Yamada, N. Ogura, Hybrid steepest descent method for the variational inequality problem over the fixed point set of certain quasi-
nonexpansive mappings, Numer. Func. Anal. Opt. 25 (7-8) (2004), 619-655.

I. Yamada, N. Ogura, N. Shirakawa, A numerically robust hybrid steepest descent method for the convexly constrained generalized inverse
problems, in: Z. Nashed, O. Scherzer (Eds.), Inverse Problems, Image Analysis and Medical Imaging, Contemp. Math. 313 (2002),
269-305.



