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Generic submanifolds of quaternion Kaehler manifolds and Wintgen
type inequality

Amine Yilmaz?

?Ministry of Education, 35100, Izmir, Turkey

Abstract. We define and study generic submanifolds of a quaternion Kaehler manifolds, give examples
and obtain integrability conditions for distributions and investigate the geometry of their leaves. Further,
we investigate the main properties of both, totally umbilical and totally geodesic generic submanifolds and
we study mixed foliate generic submanifolds. Finally, we obtain generalized Wintgen type inequality for
generic submanifolds in a quaternionic space form.

1. Introduction

The theory of submanifolds of an almost Hermitian manifold is one of the most interesting topics in
differential geometry. We note that submanifolds of a Kaehler manifold are determined by the behaviour of
its tangent bundle under the action of the almost complex structure | of the ambient manifold. There are two
well-known classes of submanifolds, namely, holomorphic(invariant) submanifolds and totally real(anti-
invariant) submanifolds. In the first case the tangent space of the submanifold remains invariant under the
action of the almost complex structure | where as in the second case it is mapped into the normal space.
In 1978, A Bejancu [5] introduced the notion of CR-submanifold, which is a generalization of holomorphic
submanifolds, and totally real submanifolds. The first detailed research on this subject was investigated by
Chen in [8] and [9]. This topic is still a very active field of research in the submanifold theory [16]. On the
other hand, the topology of CR-submanifolds was also studied, see: [7], [28], [29] and [30]. Quaternion CR-
submanifolds were defined by Barros, Chen and Urbano [3] as an analog of CR-submanifolds in quaternion
Kaehler manifolds. A submanifold M of a quaternion Kaehler manifold M is called a quaternion CR-
submanifold if there exist two orthogonal complementary distributions D and D+ such that D is invariant
under quaternion structure, thatis, [,D = D,i = 1,2,3 and D" is totally real, thatis, [,(D*) c TM*,i=1,2,3.
Such submanifolds have been studied by many authors (see, [1], [6], [18], [19], [21], [22], [23], [27], [26], [25],
[34]). Generic submanifold was defined as generalization of the concept of CR-submanifold [11]. These
submanifolds are known by relaxing the condition on the complementary distribution of holomorphic
distribution. More precisely, if the maximal complex subspaces D, = T,M N J(T,M) determine on M a
distribution D : D, C T,M , the M is called a generic submanifold of M. Generic submanifolds have been
studied widely by many authors, see[12], [14], [15], [20], [31], for recent papers on this topic.

The present paper is organized as follows: In section 2, we recall basic notions and results of quaternion
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Kaehler manifolds. In section 3, we introduce and study generic submanifolds, a new submanifold that also
includes quaternion totally real and quaternion CR-submanifolds, give examples and obtain integrability
condition for two distributions. In section 4, we obtain some basic lemmas for later use and for totally
umbilical generic submanifold of a quaternion Kaehler manifold, we investigate integrability conditions for
distributions and we show that there exist no proper totally umbilical generic submanifolds in positively or
negatively curved quaternion Kaehler manifold. In section 5, we study mixed foliate generic submanifolds.
The classical Wintgen inequality is a geometric inequality established in [32]. Later, this inequality was
extended independently by Rouxel [24] and Gaudalupe and Rodriguez [17]. It was conjectured by P.J.De
Smet, E. Dillen, L.Vestraelen and L.Vrancken [13] that the following inequality holds at every point of an
n-dimensional Riemann submanifold M" into a real space form M"*™(c) of constant sectional curvature c:

p+pt <|HI?+c

In section 6, we obtain generalized Wintgen type inequality for generic submanifolds in a quaternionic
space form.

2. Preliminaries

In this section we recall some basic notions from [4], [5] and [33] for later sections. Let M be a 4m-
dimensional manifold with the Riemann metric <,> on M, m > 1. Then M is called quaternion Kaehler
manifold if there exist a 3-dimensional vector bundle o of type (1,1) with local basis of almost Hermitian
structures [1, , J3 (thatis,< [,X, ;Y >=< X, Y >,a =1, 2, 3) satisfying

Jioa==hoJ1=]s. (1)

Also, for a quaternionic Kaehler manifold, we have

3
Vxda =Y Qu(X)]p,a =1,2,3,YX € (TM), 2)
b=1

where Qg are certain 1-forms locally defined on M such that Qg + Qp, = 0.

Let M be a Riemann manifold and M a Riemann submanifold of M with the Riemann metric induced by
the metric of M. Let V and V be the covariant differentiations on M and M, respectively. We denote by
TM and TM* the tangent and normal bundle respectively. The Gauss and Weingarten formulae are given,
respectively by

VxY = VxY + h(X,Y), 3)
Vx& = —AcX + V& (4)

for any vector fields X, Y tangent to M and any vector field £ normal to M, where h denotes the second
fundamental form, V5 is the normal connection on the TM+ and A¢ is the fundamental tensor of Weingarten
with respect to the normal section. We also have the relation

<h(X,Y),E>=<A: X, Y > . ®)

Let X be a unit vector in M. Then the 4-plane spanned by {X, 1 X, JoX, J3X} denoted by Q(X) is called
a quaternionic 4-plane. Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature of
a quaternionic plane is a quaternionic sectional curvature. A quaternionic Kaehler manifold is called a
quaternionic space form if its quaternionic sectional curvature is constant and a quaternionic space form is
denoted by M(c). In this case, the curvature tensor of M(c) is given by

3
RX,YVZ = i{< YZ>X-<XZ>Y+Y <ZLY>]X ©)
a=1

—<Z, . X>L,Y+2<X],Y > ].,Z}
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VX, Y, Z € I(TM), [33].For give a space the second fundamental form #, the covariant derivation is defined
by

(Vxh)(Y, Z) = Vxh(Y, Z) = h(VxY, Z) = h(Y, VxZ) (7)

and the Gauss, Codazzi and Ricci equations of M are then given by

R(X,Y,Z,W) = R(X, Y, Z, W)+ < h(X, W), h(Y, Z) > — < h(X, Z), h(Y, W) >, ®)
RX,V)Z)" = (Vxh)(Y, Z) - (Vyh)(X, Z) ©)
R(X,Y, &) = R*X, Y, &)+ < [As, Ay X, Y >, (10)

VX, Y,Z, W e TI(TM) and &, 1 € T(TM)*.
The mean curvature vector H of M in M is defined by H = (%)trace h,where n denotes the dimension of M.
If we have

h(X,Y)=<X,Y>H (11)
for any X, Y € I'(TM), M is called totally umbilical submanifold. Finally M is called totally geodesic if
h(X,Y) = 0 identically on M.

3. Generic Submanifolds and Integrability of the Distributions

In this section, we introduce generic submanifolds and investigate the integrability of the totally real
distribution D and the quaternion distribution D.

Definition 3.1. Let M be a real submanifold of a quaternion Kaehler manifold M and TM the tangent bundle of M.
Suppose there are two subbundles D and D with constant ranks on M such that

D=J],TMNTM (12)
and D is complementary orthogonal to D, then M is called generic submanifold of M.
From definition, we have

TM=D@&D, J,(D)=D, a€{1,2,3}.
For X € I'(D), we have

JoX =T, X+ F,X (13)

where T,X € T'(D) and F,X € I'(84).
On the other hand, we denote the complementary orthogonal distribution to 9+ by 9 then we have
J.(8) = 3.For V € T'(9+), we have

LV=tV+fV (14)

where £,X € T(TM) and f,X € T(9+).
Now we give some examples of generic submanifolds.

Example 3.2. Every holomorphic submanifold M of a quaternion Kaehler manifold is generic with D = {0} and
D=TM.

Example 3.3. Every totally real submanifold M of a quaternion Kaehler manifold is generic with D = {0} and
D=TM.
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Example 3.4. Every real hypersurface of a quaternion Kaehler manifold is generic submanifold with § = {0} and
D = Sp{].N}, where N is the unit normal vector field of the hypersurface.

Example 3.5. Every CR-submanifold [3] of a quaternion Kaehler manifold is generic submanifold such that D and
D is orthogonal.

We now present an elementary example of generic submanifolds.
Example 3.6. Forany o € (0, g), let M be a submanifold of R'® given by
X1 = Xp = X3 = X4 = const,

X5 = Up — U3 COS (¥ — Uy SIN ¥
X¢ = —Uq + Uz sina — Uy cos o
X7 = U1 COS X — Up SIN ¥ — Uy
Xg = Uy Sina + Uy cosa + Uz
X9 = Us + Ug + Uy
X10 = Us — Ue + U7
X11 = Us + Ug — Uy
X12 = —Us + Ug + U7
X13 = —Ug SIN @ — Uy COS A + Uy COS ¥ — U1y SIN &
X14 = Ug COS QX — Uy SIN X — Ug SIN (¥ + U7 COS ¥
X15 = —uUgsina
X16 = —Ug COS .

Then TM is spanned by
71 = —0xg + cOs adxy + sin adxg

Z> = dxs — sinadxy + cos adxg
Z3 = —cos adxs + sin adxg + dxg
Z4 = —sin adxs — cos adxg — 0x7
Zs = aX9 + 8x10 + 89(711 — &xlz
Ze = 0xg — dx19 + dx11 + 9x12 — sin adx13 + COS wdx14
Z7 = 0x9 + dx19 — 0x11 + dX12 — COS adX13 — Sin Adx14.
Zg = —sin adx1s — cos adxig

Z9 = cOs adxi3 — Sin adxi4

Z10 = —sin adx13 + cos adxy4.
And TM* is spanned by
V1= —0dx3 —dxy
Vo =0dxz —dxy
V3 = dx1 — dxy

V4 = 8x1 + &xz
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V5 = 8x9 - 8x10 - 83(11 - 8x12
Ve = —cos adxis + sin adxye.

We have J1(Z1) = Z, J2(Z1) = Z3 and J3(Z1) = Zy, thus D = Span{Zi,Z,, Z3, Z4} is an invariant distribution in
TM and

JWZs)=-Vs,  JolZs)=-Z7-2Zo,  J5(Zs) = Ze — Zno,
J1(Ze) =Z7,  Jo(Ze) ==Vs+Zs,  J3(Ze) =—Z5— Vs,
h(Z7)==2Ze,  Jo(Z7)=Z5+ Ve,  J3(Z7) =—-Vs5+Zs,
J1(Zs) ==Ve,  Jo(Zs) =—Zr0,  J3(Zs) = Zo,
J1(Zo) =Z1o,  Jo(Zo) =—=Vs,  J3(Zo) = —Zs,
J1(Zw) ==2o,  Jo(Zi0) =Zs,  J3(Z10) = —Vs,
that is D = Span{Zs, Zs, Z7, Zs, Z9, Z10}.Also, we have
JW(Vs)=2Zs,  Jo(Vs) =Ze—Zro,  J3(Vs) =Zy + Zo,
J1(Ve) = Zs, J2(Ve) = Zo, J3(Ve) = Z1o.
Hence M is generic submanifold of R'® with 8 = Span{V1,V,, V3, Va} and 8+ = Span{Vs, V).
We now give the following definition by adjusting notion in [5].

Definition 3.7. Let M be generic submanifold of a quaternion Kaehler manifold. M is called D-geodesicif h(X,Y) = 0,
VX, Y eI'(D)

We now investigate the integrability of distributions on a generic submanifold M.

Theorem 3.8. Let M be a generic submanifold of a quaternion Kaehler manifold M. The the following assertions are
equivalent:
(i) the second fundamental form of M satisfies

(X, JaY) = h(Y, J.X) (15)
forany X,Y e I'(D) and a € {1,2,3},
(ii)M is D-geodesic,
(iii) the distribution D is integrable.
Proof. (i) = (ii) By (1) and (15) we obtain
h(J3X,Y) = i(X, 3Y) = h(X, (J1 0 ]2)Y) = h(J1 X, ]2Y) = —h(J3X, Y). (16)

From (16), M is D-geodesic.
(if) = (iii) The distribution D is integrable if and only if

J. <X Y,Z>=0
for any X, Y € I'(D), Z € T(9+). By (2) and (3) we have
<h(X, oY) = h(Y, JoX), Z >=< [J[X, Y], Z > . (17)

Since M is D-geodesic, we find
<X, Y], Z>=0,

which implies [X, Y] € I'(D). Thus D is integrable.
(iif) = (i) This implication follows from (17). O
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Theorem 3.9. Let M be a generic submanifold of a quaternion Kaehler manifold M. The distribution D is integrable
if and only if

VuT,V = VyT,U - Ap,yU + Ar,yV € T(D"), (18)
forall U,V € T(D).
Proof. By (2), (3), (4) and (13) we obtain
VuT,V + WU, T,V) = ApvU + ViiFaV = Qu(U)]V + Que(U)]V + Jo(VuV + h(U, V).
For any X € I'(D) we have
<VuT,V-VyT,U—-ArvU+ Ap,yV, X >=<T,[U V], X >=0

where T,V, T,U (resp., F,V, F,U) are the tangential (resp. the normal) component of ],V and J,U. Thus
proof is completes. [

4. Totally Umbilical Generic Submanifolds

We first give several lemmas for later use in this section and other section.
Lemma 4.1. Let M be a generic submanifold of a quaternion Kaehler manifold M. Then we have
()
< h(][lX/ Z)/é >=< V;(FIZZ/E >+ < h(X/ TaZ)ré >=< ][lh(Xl Z)/é >/ (19)

(ii)

<h(D,D),9 >=0 (20)
for any X € T(D), Z € T(D) and & € T(9).
Proof. (i) From (2) we obtain

QX)W Z + Que(X)]Z = VxJaZ = [aVxZ. (21)
From (3), (4) and (13) we have
QuX)WZ + Que(X)]Z = VxT.Z + WX, ToZ) — Ar,zX + Vi FoZ (22)
-1.(VxZ + (X, 2)).

For any & € I'(9) we get

< Jh(X,Z), & >=< VxF,Z, &>+ < WX, T,Z),& > . (23)
In a similar way, for X € T(D), Z € I'(D) by using (3), we obtain

<h(J,X,Z),& >=< WX, Z),&E > . (24)

From (23) and (24) we obtain (i).
(ii) By using (2) and (3) we have

Qu(X)pY + Que(X)]Y = Vx oY + (X, [oY) = Ja(VxY + (X, Y)).
For & € T'(9), we obtain
<h(X,Y), . >=—-<hX],Y),&>. (25)
Replacing X by J; X, from (1) and (25), we have
<nXY),J.£>=0.
Thus proof is completed. [
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For any X, Y € I'(D) we put
VxY = VxY + (X, Y), (26)
where VyxY and (X, Y) are D and D components of VxY respectively.

Lemma 4.2. Let M be a generic submanifold of a quaternion Kaehler manifold M. The distribution D is integrable if
and only if . '
h(X, JaY) = h(Y, J.X)

forall X,Y € I'(D).
Proof. From (2) and (3) we have
QuX)pY + Que(X)]Y = Vx oY + (X, [oY) = Ja(VxY + (X, Y)).
For Z € T(D), by using (13), we obtain
-<VxY, T,Z>—-<hWXY),F,Z>=<Vx],Y,Z > .
From (26), we get
<VxY,T,Z >= - <X, J,Y),Z> - <h(X,Y),F.Z > . (27)
By interchanging X and Y in (27) we obtain
<[X Y], TZ >=< (Y, .X) - i(X, ].Y), Z >
which proves the assertion. [

Lemma 4.3. Let M be a generic submanifold of a quaternion Kaehler manifold M. If D is integrable and its leaves
are totally geodesic in M, then we have

<D, D),F,D >=0. (28)
Proof. Under the hypothesis, for X e I'(D) and Z € I'(D) we have VX € I'(D). From (2) and (3) we have
Qub (D)o X + Que(2)]eX = Vz]o X + W(Z, [oX) = Jo(VZX + W(Z, X)).
For W € I'(D), we obtain
< VzX, W >=< V[, X, T,W >+ < h(Z, ], X), F,W >

<h(Z, ].X),F,W >=0.
Thus the proof is completed. [

Lemma 4.4. Let M be a generic submanifold of a quaternion Kaehler manifold M. If D is integrable and its leaves
are totally geodesic in M, then we have

<h(D,D),E,D >=0. (29)
Proof. Similar to proof of the Lemma 4.3 by using (2), (3), (4) we obtain the assertion. [J

Definition 4.5. A real submanifold M of a quaternion Kaehler manifold is called a generic product if it is locally the
Riemann product MT x M+ where M (resp.M*) is a leaf of D(resp.D) if and only if both distributions D and D are
integrable and their leaves are totally geodesic in M [11].
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Lemma 4.6. Let M be a generic submanifold of a quaternion Kaehler manifold M. If M is a generic product
submanifold of a quaternion Kaehler manifold M, then we have

AppD =0. (30)
Proof. From Lemma 4.3 and Lemma 4.4 we proves assertion of the Lemma 4.6. [J
We now start to examine the geometry of totally umbilical generic submanifolds.

Theorem 4.7. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. Then we have
(i) the distribution D is involutive if and only if

VuT,V - VyT,U € T(D), 31)

forall U,V € T(D)
(ii) the distribution D is involutive if and only if M is totally geodesic.

Proof. From Theorem 3.8, Theorem 3.9 and by using (11), we obtain the assertion. [

Lemma 4.8. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. Then we have
the following expression;

VXZ = Qab(X)TCZ - QHC(X)TbZ - TaVXTaZ - tav§FaZ + ]aAF,,ZX (32)
X € I(D) and Z € T(D).

Proof. From (2), we have
vX]aZ = Quh(X)]bZ + Quc(x)]cz + IaVXZ-

By (3), (4) and (13) we obtain
VxToZ + W(X, TaZ) — Ar,zX + ViFaZ = Qu(X)Z — Quc(X)]Z + Jo(VXZ + W(X, Z)).
Since M is totally umbilical we find
VxToZ = Ap,zX + VyFaZ = Qu(X) 1 Z — Qac(X)]Z + J.VxZ.
Thus using quaternion structures ], and taking the tangential parts, we obtain
VxZ = Qu(X)TeZ = Que(X)THZ — T,VxToZ — t;V5FoZ + JoAp,zX.
|

For a quaternionic space form, we have the following result.

Theorem 4.9. Let M be a totally umbilical generic submanifold of a quaternionic space form with ¢ # 0. Then we
have

(i) M is totally geodesic,

(ii) M is generic product.

Proof. (i)For VX, Y € (D) and Z € T(D) from (6), (7) and (9) we get

(Vih)(Y,2) = (Veh)(X, Z) = 59X, JiY)FoZ.

VER(Y, Z) - VER(X, Z) - h(X, Y], Z) — h(Y, VxZ) + h(X, Vv Z)
= % 9(X, JoY)E.Z.
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Since M is totally umbilical we have
c
_g([X/ Y]r Z)H - g(Y/ VXZ)H + g(Xr VYZ)H = Eg(Xr IaY)FuZ'

From (32) we obtain
SIXINEZ = ~g(X, YL DH + g TVXT.Z)H - (Y, JuAr. X)H
-9(X, T,VyT,Z)H + 9(X, |,Ar,zY)H.
Then by direct calculations we get
—g(VXL.Y, T2)H + g(Vy]uX, T.Z)H = g(JaY, VX T, Z)H
+9(1iX, VY T2H = 59(X, JiY)F.Z.
Hence, for X = [,Y we have
—9(VxX, ToZ)H + g(V_j,xJoX, TLZ)H - 9(X, VxT.Z)H
490X, V- xTaZ)H = £9(X, X)H.
This implies
0= 59X X)H.

Hence we have H = 0, that is, M is totally geodesic in M.
(ii) If M is a proper generic quaternion submanifold and M is totally umbilical, then we have

(X, Y)=<X,Y>H.
Thus from (20), < H, & >= 0, that is, H € 9+ for any vector X, Y tangent to M. From (11), we have
<h(D,D),F,D >=<D,D ><H,F,D>=0. (33)
Since M is totally geodesic, from Theorem 4.7 (ii) we obtain
<h(D,D),F,D >=0. (34)
From (33) and (34) proof is completed. [

In the sequel, we show that there are some restrictions for the existence of totally umbilical generic sub-
manifolds. we first present the following general expression.

Theorem 4.10. Let M be a totally umbilical generic submanifold of a quaternionic space form with ¢ = 0. Then we
have
Ku(X AY) = [HI?

for any unit vectors X € T(D), Y € T(D).

Proof. From (6) and (8) we have

3
R(X, Y, Z, W) = £{< YZ><XW>-<X7Z>< Y,W>+Z <Z .Y ><],X,W>
a=1

—<Z, [ X><,YW>+2< X, [,Y >< [,Z, W >}
+ <h(X,W),h(Y,Z) > - < h(X,Z),h(Y, W) > .
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For X = Z € T(D), Y = W € I'(D) we obtain

RX, v, X, Y)= —i <X, X><Y,Y>+<hXY),hY,X)>-<hXX),h(Y,Y)>.

From (11) and for ¢ = 0 we get
Ku(X AY) = [HI?.
From Theorem 4.10 we have

Corollary 4.11. There exist no proper totally umbilical negatively curved generic submanifold of a quaternion space
form.

Corollary 4.12. Let M be a totally umbilical generic submanifold of a quaternionic Euclidean space form. Then any
proper totally geodesic generic submanifold of constant sectional curvature is flat.

Theorem 4.13. There exist no proper totally umbilical generic submanifolds in positively or negatively curved
quaternion Kaehler manifolds.

Proof. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifolds. Thus (7) and
(11) implies

Vxh(Y,Z) = Vi(<Y,Z>H)-<VxY,Z>H-<Y,VxZ>H (35)
= Vy<YZ>H+<Y,Z>VyH-<VxY,Z>H-<Y,VxZ>H
= <YZ>ViH (36)

For any X, Y € (D) and Z, W € I'(D), by using the equation (36) in (9), we obtain
R(XY,Z,F,W) =< Y,Z >< VyH,F,W > - < X,Z >< VyH,F,IW >=0,

which is a contradiction.

Lemma 4.14. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. If the distribution
Dis integrable, then we have

ArwX = Ap,xW (37)
for all X, W € T(D).

Proof. From (2) we have

(VxJogW = VxJ,W -], VxW
QuX)oW + Que(X)JW = VxJW = [iVxW.
By using (3), (4), (13), we have
VxT.W + WX, T,W) — Ap,wX + V3 E,W (38)

= Qu(X) W + Que(X)JW + Jo(VXW + h(X, W)).
By interchanging X and W in (38) and for J,Y € I'(D), we obtain

<ApwX = ApxW, oY >=< VxT,W - VT, X, .Y > = < [X, W], Y >.
From Theorem 4.7 this completes proof. [

Theorem 4.15. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. If the
distribution D is integrable, then we have

(i)VyH € I'(9), Y € I(D) and ],VyH = h(Y, T,H) + VyF,H.

(ii) the totally real distribution is one dimensional, that is,dim(D) = 1 or HLF,X, X € T(D).
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Proof. (i) We take Y € T(D), V € I'(8+). Since M is a totally umbilical generic submanifold, from (9), we have

R(WY, LY, 5V, V) =< LY, J3Y >< V3 H V > = < 1Y, 5Y ><V; H V >=0 (39)
and
R(WY Y, Y, V) = <R(GY,V)hY, Y > (40)
= - <R, V)Y Y >
=<R(Y,V)3Y,Y >
=R(3Y, Y, 5V, V)
=-R(Y, 3Y, 5, V).
From (9) and (11) we get
RY,BY, Y, V) = =<BY,Y><VyH V>+ <Y ;Y ><Vy HV>

=— IYIP<ViH,V >.

From (39) and (41) we obtain Vi H € T'(8), Ye I'(D).
From (2), for H € T(84)

VyT,H + h(Y, T,H) — A,y Y + ViE,H
= Qab(Y)]bH + Qac(Y)]cH + ]u(_AHX + V;EH)

For J,£ € T(9), we obtain
<h(Y,T,H) + V#FaH, Jo& >=<,VxH, J.& > .

Thus, we have
J.VyH = h(Y, T,H) + VyF,H.

(i1) From Lemma 4.14 we have
ApwX = ApxW.

For X € (D) we get
<ApxW X >=<ArwX, X >.

Since M is a totally umbilical generic submanifold, we obtain

<WX><HF,X><XX><HFW>. (41)
By interchanging X and W in (41), we have

<X, W><HF,W>=<WW><H,F,X> (42)
This together with (41) gives

<X, X><WW >
<X, W >2

<H F,X >= <HF,X>.

Thus the distribution D is one dimensional or HLF,X. O
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5. Mixed Foliate Generic Submanifolds
Definition 5.1. Let M be generic submanifold of a quaternion Kaehler manifold. Then we say that
i) M is mixed geodesic if (X, Y) = 0, YX € T(D), Y € T(D)
ii) M is mixed foliated if M is mixed geodesic and D is integrable[5].

In this section we study an important class of generic submanifolds of a quaternion Kaehler manifolds. We
give the following preparatory lemma.

Lemma 5.2. Let M be a foliate generic submanifold of a quaternion Kaehler manifold M. If the leaves of the
distribution D are totally geodesic, then we have

Ar,zJaX = =JaAF,zX (43)
for any X € T(D), Z € T(D).

Proof. Lemma 4.3 gives
< h(D,D),F,D >=0.

Thus, we have
Ap pD € T(D).

Since the distribution D is foliate, we have
X, 1Y) = k(J.X, Y).
For Z € T(D), from (13) we find
<h(X, ].Y), F.Z >=<h(],X,Y),F.Z >

< Apﬂzx, ]aY >=< AFaZ]aX/ Y >
< Ar,zJoX + JiAp,zX, Y >= 0.
[

Let M be a mixed foliate generic submanifold of a quaternion Kaehler manifold M and the leaves of the
distribution D are totally geodesic. From Lemma 4.3 we have

AppD € T(D), Ap 5D € T(D). (44)

By the equation of Codazzi, for any X, Y € I'(D) and Z, W € (D)

R(X,Y, Z,F,W) =< VEh(Y, Z) — h(VxY, Z) — h(Y, VxZ), E,W > (45)
— < VEW(X, Z) = h(VyX, Z) = i(X, VY Z), F,W > .

By using (2), (3), (4), Lemma 4.3 and Lemma 4.1, we find
< Vxh(Y, Z), E;W >=< (Y, Z), (X, W) > + < h(Y, Z), (T, Z, X) > .
Hence, for Y = [, X and W = Z, we have
< Vxh(J.X, Z),F.Z >= —|Ih(X, DI+ < Jh(X, Z), (T Z, X) > . (46)
Similarly we may also prove that

< Vixh(X,2),FoZ >= WX, D) = < J(X, Z), (ToZ, X) > . (47)
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By using (2), (3), (4), (5) and Lemma 5.2, we obtain
<h(Y,VxZ), F;W >=< J;Ap,wY, VxToaZ > — < [LAr,wY, Ar,zX > .
Thus, for Y = [, X and W = Z, from Lemma 5.2 we have
< W(JuX,VxZ),F.Z >= — ||ApﬂZX||2 + < Ap X, VxT.Z > . (48)
Similarly we may also prove that
<X, V)xZ), FaZ >= |Ar2 X[ + < JeAr,2X, VixTaZ > (49)
On the other hand, from (44) < [,Ar,zX, T,Z >=0,
< JlArzX, Vi xToZ > + < Vi xJ4Ar,zX, T,Z >= 0.
By using (2) and (3), we find
<[ArzX, X],ToZ > + < VxAr,zX, T,Z >= 0.
Hence, we obtain
< JolAr,zX, Vi xToZ >= — < Ap,zX, VxTaZ > . (50)

Substituting (50) equation into (49) we have

<X, VxZ), B >= |ArzX|[| - < ArzX, VxTaZ > . (1)
Combining (45), (46), (47), (48) and (51) we get
R(X, JuX, Z, FoZ) = =2 |I(X, Z)IP + 2 < Juh(X, Z), (T, Z, X) > (52)
2| ArzX|[ -2 < Ap2X, VXT.Z > .

Thus we have the following result.

Theorem 5.3. Let M be a mixed foliate generic submanifold of a quaternionic space form M(c). If the leaves of D are
totally geodesic in M, then we have

3
c 2 2
-2 YIEZIP = [JArzX]
a=1
Proof. If M is quaternionic space form , then, by (6), we find

3
Z <X X><FEZFEZ> (53)

a=1

R(X/ ]llX/ Z/ Fﬂz) ==

NI o

for any unit vector X € I'(D).
Since M is mixed geodesic, from equation (52) thus gives

_ 2
R(X, JuX, Z,FoZ) = 2||Ar,zX]|- (54)
Substituting (53) equation into (54) this completes proof. [J

From Theorem 5.3 we have

Corollary 5.4. Let M be a mixed foliate generic submanifold of a quaternionic space form with ¢ = 0. If the leaves of
D are totally geodesic in M, then M is generic product.
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Corollary 5.5. Let M be a mixed foliate generic submanifold of a quaternionic space form with c # 0. If the leaves of

D are totally geodesic in M, then there exist no holomorphic submanifold in M.

Let QP™(4) be the quaternion projective space of quaternion sectional curvature 4. If M is mixed foliate
generic submanifold of QP™(4) such that the leaves of D are totally geodesic in M, then (6) and (52) imply

(X, 2)IP + < A,z X, VxT.Z >=1 + || Ar X"
Since M is mixed foliate, we have

WX, 2P = 1+ |ArX|[ -

(55)

(56)

Theorem 5.6. Let M be the mixed foliate generic submanifold in QP™(4). If the leaves of D are totally geodesic in

M, then for any unit vectors X € T(D) and Z € T(D) we have
K(X,Z) <0.
The equality sign holds if and only if M is a generic product.
Proof. From the Gauss equation we get
K(X,Z) = 1+ < h(X, X), h(Z, Z) > — |Ih(X, Z)|[* .
Thus by (56) we have
K(X,Z) =< W(X, X),h(Z,2) > - |Ar2 X"
Since the distribution D is integrable, we obtain
K(X,2) = - |Ar.X|] <0.
Therefore the equality of (57) holds if and only if the M is a Riemann product. [

Theorem 5.7. Let M be a generic product in QP™(4). Then we have
(i) (X, Z)|| = 1, for any unit vectors X € T(D), Z € T(D),
(i) m > h + p + hp, where h = dimD, p = dimD.

Proof. From the equation of Gauss and (19), we have
RX, J.X,Z,T,Z) = R(X, .X, Z, T,Z) - 2 < [,h(X, Z), (X, T.Z) > .

Combining (52) and (58) we obtain

R(X, [.X,Z,T.Z) = R(X, [.X, Z, T.Z) - 2 (X, Z)|I* + 2 HAFHZX||2 —2 < ApzX,VxT,Z > .

By the Lemma 4.6, this gives
R(X, J.X, Z,T.Z) = R(X, J.X, Z, T.Z) = 2 ||n(X, Z)|*.

Since M is the Riemann product of MT and M+, R(X, ].X,Z,T,Z) = 0. This gives
1h(X, 2)|| =< h(X, Z), (X, Z) >= 1.

Thus by linearity we obtain

<X, Z), (X}, Z) >=0,i # ],

(57)

(58)

(59)

(60)

(61)

(62)
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where X, ..., Xy, and Zy, ..., Z, are orthonormal bases for D and D respectively. We see that for any X, Y €
I(D), Z,W € T(D),

<X, Z),h(Y, W) >+ < (X, W),h(Y,Z) >= 0. (63)
On the other hand, by (6) and (8) we obtain
<X, Z), (Y, W) > - < (X, W),h(Y, Z) >= 0. (64)
From (61), (62), (63) and (64), we see that
{h(xi, Zp)li =1,..., 41, = 1,..,p)

are orthonormal vectors in 3. From Lemma 4.3, these vectors are perpendicular to EF,D,a=1,2,3. Thus we
conclude that the quatenion dimension of QP"(4) is greater than or equaltoh +p + hp. O

6. Generalized Wintgen Inequality for Generic Submanifolds of Quaternionic Space Form

A generalized Wintgen inequality for quaternionic CR-submanifolds obtained in [2]. In this section, we
obtain generalized Wintgen type inequality for generic submanifolds in a quaternionic space form.
Let M be a generic submanifold of real dimension # in quaternionic space form M(c) of quaternion dimension
m + n. In the following, let {ey, ...,e,} and {&1, ..., &n} are orthonormal bases of the tangent and the normal
bundle respectively.
The squared norm of T, in (13) is

n
ITP =), < Toei e >2, (65)
i,j=1

while the mean curvature vector field is given by

1 n
H= ; ;h(&', 6,‘). (66)

Hence we get

IHIP =< H,H >= — %" (}" i)’ (67)
h r=1 i=1
We also set
Wy =<h(ei,ep), & >,i,j=1,nr=1,.,m (68)
and
2 =" < hiei,e)), hiei,e) > (69)

ij=1

[10]. We finally recall the following normalized scalar normal curvature from [10].

2 n
PN =D J Y, DL Qs iR (70)

1<i<j<n 1<r<s<m k=1
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Let R be the curvature tensor of M, Rt is the normal curvature tensor of the immersion, {ey,...,e,} and
{&1, ..., &} are orthonormal bases of the tangent and the normal bundle respectively. If we denote by 7 the
scalar curvature, then the normalized scalar curvature p of M can be expressed as [2]

p= nn-1) nn

2_ S Z R(ei, e e e;). (71)

1<i<j<n

On the other hand, the normalized normal scalar curvature of M is given by [33]

ce 2 2 Y Y cRMes s o 72)

p = =
11(11 B 1) 1’1(1’1 h 1) 1<i<j<n 1<r<s<m

The following theorem is the main theorem of this section.

Theorem 6.1. Let M be a generic submanifold of real dimension n in a quaternionic space form M(c) of quaternion
dimension 4m. Then we have

c 9qc 9c
-+ +

4 nn-1) 4n(n-1)

p <IHI? - pn + ITalP, (73)

where
n

2 2
TP = ) <Taejei>
i,j=4q+1

Proof. Let {el, ceer €4, €4g41, oey en} be orthonormal frame on TM such that {el, ...,€4q} isin D, {€4q+1, ...,en} is in

D and let {&4, ..., Eap_n) be orthonormal frame on TM*.
From (6), (8) and (13) we derive

R(X,Y,Z,W)z2{<Y,Z><X,W>—<X,Z><Y,W> (74)

3
+Z <Z LY >< X, W >
a=1
—<Z, L X><LYW>+2< X, .Y >< [,Z, W >}
+ <h(X,W),h(Y,Z) > - < (X, Z),h(Y, W) > .
VX, Y, Z, W e I(TM).
Taking X = W =¢;, Y = Z = ¢; in (74) and summing over i and j from 1 to n, we get

c
R(ei,ej,ej,ei) = Z{< ej,ej><eje > —<eg,e ><e,e> (75)

3
+Z <ej, Jq.ej >< Jqei, € >
a=1

- < ej, ]gei >< ]ae]-,ei >+2 < 61',],16]‘ >< ]ae]-,ei >}
+ < h(ei, e), hiej ej) > — < hei, ej), hiei, e) >

n n 3
C
Z R(ei,ej ej,6) =2t = L—l[n(n -1)+3 E E < e;, Tae; > (76)
i,j=1 i,j=1 a=1
+ ) < hei,e), hiej e) > = Y < hiei,ep), hieie)) > .

ij=1 ij=1
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Taking now into account that T,e; = J,e; € D fori = 1,...,49 and T,e; € Dfori= 4q +1, ...,n and using (67)
and (69) in (76) we obtain

27 = in(n —1) +9qc + ch:ran2 + n2H? — 12 77)

where
n

2
TP = ) <e;Taej>

i,j=4q+1
Thus (71) and (77) implies
27 c 9qc 9c 2, & )
_._C ) T = (). 7
n(n-1) P=z" nn-1) " 4n(n — 1)”T I+ 1) ; 1<;<n[h”h11 (hlJ) ] (78)
Further, from [2], we have
4m-n
PIHIP =y = 2 Y Y g (1)) (79)
r=1 1<i<j<n
.Combining Equations (78) and (79),we find
9qc 9c

IT.IP] < n*H* — n*pn.

2[p 4 n(n -1 B dn(n—1)
|
For particular cases, we have the following results.
Corollary 6.2. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. Then

fov< St 9qc 9%
PrPN=7 nn—1) 4n(n 1)

Corollary 6.3. Let M" be a quaternionic generic submanifold of the quaternionic Euclidean space H™. Then

ITall?.

p+pn < HI.
Corollary 6.4. Let M" be a quaternionic generic submanifold of the quaternionic projective space HP™ of constant
quaternionic sectional curvature 4. Then
364 36
+pn—1- B
PPN nn-1 nn-1)

Corollary 6.5. Let M" be a quaternionic generic submanifold of the quaternionic hyperbolic space HH™ of constant
quaternionic sectional curvature -4. Then

Tl < 1HIP.

364 36 ) )
< .
p+pn+1+ n=1) " 0= 1)Ingll < |H]l

Theorem 6.6. Let M" be a generic submanifold of quaternionic space form M*"(c) with minimal codimension. Then

9gc 9 9q(q — 1)c? 27¢?
q HT ”2]2 + q\q

n(n — 1) dnin-1)""" 8n2(n — 1)2 + n2(n 1)2||T alPIIFA 1P (80)

(p5)* <3lIHIP - p + -

where
n 4m—-n

”Tu”2 = Z < Taejrei >2/||Fa”2 = Z < Ja&r, &s >?

i,j=4q+1 rs=1
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Proof. Let {el, eerr €4, C4q41, ey € = e4q+p} be orthonormal bases on TM such that {61, e e4q} isin D, {€4q+1, ey €4q+p}

isin D and let {1, ..., Egmen} of TM™*.
The Ricci equation implies

R*(ei,ej, ép/&5) = {< &, Jaej >< Jaei, & > — < &, Jaei >< Jaej, &5 > (81)

)
Il
—_

-'I\?) >0
A LD

ei/]ﬂef >< ]ﬂél’/ 55 >}_ < [AE A‘E\]eire]' >

3
Z (611’6]5 6156]7) +2< en]ue] >< ]agr/ 55 } < [Aé,/Aés]ei/ ej >
a=1

qsln

foralli,j€{1,..,n},rs€(l,..4m —n}. Then from (72) we have
@ = ), ), <RYeeps,&>? (82)

1<i<j<n 1<r<s<dm-n

3
Z Z [2 Z{_((Siréjs = 0is0jr) + 2 < i, Jaej >< Ja&y, &s >}

1<i<j<n 1<r<s<dm-n a=1
- < [Agy,A;s]ei,Ej >]2.
Using the (a + b + ¢)* < 3(a® + b + ¢?) inequality in (83)

2 2 2 2
1\2 n*(n—1y° , 3plp-1)c 9c” 201 112
(7)< 3( 1 PNt 0 n ITalI"l1Fall”) (83)
Ip(p — 1)c? 27¢?
1y2 2 2 |2
(0" <308+ g7 * e 1 Tl Il (84)
From (73), we have
1y2 2 . € 9qc 9p(p - DC 27¢? 211 112
(p)” <3[IHI" - p+ at T p— 4n(n )|| TP + 81201 = 1)2 2 1)2“Ta” IFall”.

O

Corollary 6.7. Let M be a totally umbilical generic submanifold of a quaternion Kaehler manifold M. Then

2
(PP <[-p+ 4 TR+ PP o

2 2
D BT s =17 e TlPIEIP
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