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Abstract. The aim of this paper is to study M-fuzzifying algebraic rough sets in a constructive approach.
For this purpose, the notion of M-fuzzifying algebraic relation is introduced and a pair of lower and upper
M-fuzzifying approximation operators are presented. Several conditions of M-fuzzifying algebraic relations
such as seriality, (resp., primitive, weak) symmetry, reflexivity and (resp., strong) transitivity are character-
ized by M-fuzzifying algebraic approximation operators. Then relationships among M-fuzzifying algebraic
rough sets, M-fuzzifying convex structures and M-fuzzifying rough sets are investigated. Specifically, the
category of reflexive and transitive M-fuzzifying algebraic rough spaces is isomorphic to the category of M-
fuzzifying convex spaces. The category of reflexive, symmetric and transitive M-fuzzifying algebraic rough
spaces is isomorphic to the category of reflexive, symmetric and transitive M-fuzzifying rough spaces. In
particular, the category of reflexive, weakly symmetric and transitive M-fuzzifying algebraic rough spaces
is isomorphic to the category of M-fuzzifying convex matroids.

1. Introduction

The notion of rough sets was originally proposed by Pawlak [19]. It is an effective mathematical tool for
handling uncertainty, imprecision, and vagueness presented by incomplete and insufficient information.
Its theory has been applied in many fields such as decision making [21, 25], machine learning [4, 5], pattern
recognition [11, 28], data mining [6, 9] and medical diagnosis [18].

In rough set theory, approximation operators are primary concepts. Generally, there are mainly two
approaches to develop rough set theory, namely the constructive approach and the axiomatic approach.
In the constructive approach, a primitive structure of rough set theory is proposed. It is usually an
approximation space consisting of a universe of discourse and the primitive notions imposed on it, such
as binary relations [39], coverings [10, 33], neighborhood systems [36, 37] and algebras [22]. Based on
the approximation space, a pair of concrete lower and upper approximation operators are constructed
and some special properties of the primitive notion are characterized. In the axiomatic approach, a pair
of abstract lower and upper approximation operators are proposed as the primitive notions. They are
set-theoretic operators mainly focus on the algebraic system for the theory of rough sets [8, 35, 36]. Based
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on the abstract lower and upper approximation operators, a notion similar to the primitive notion in the
constructive approach is induced. In turn, the lower and upper approximation operators induced by this
notion are the same as the abstract lower and upper approximation operators [8]. Rough set theory has
been applied in many fields, such as decision making [21, 25], machine learning [4, 5], data mining [6, 9],
pattern recognition [11, 28].

Since Zadeh introduced the concept of fuzzy sets [40], many concepts and theories have been extended
into fuzzy setting [1, 14-17, 23, 34]. The concept of rough sets has been extended into fuzzy settings.
In the framework of fuzzy rough set theory, based on some basic fuzzy notions including fuzzy binary
relations, fuzzy coverings and fuzzy neighborhood systems, lower and upper approximation operators
have been generalized into various forms via both the constructive approach and the axiomatic approach
[2,3,7,12-14, 27, 31, 38, 39]. As for fuzzy generalization of rough sets constructed by binary relations,
there are mainly three kinds of fuzzy rough sets, the most common kind is the one obtained by directly
replacing crisp relations and subsets with fuzzy corresponding ones. The second kind is composed by
using crisp relation and fuzzy approximation subsets. The third kind is composed by using fuzzy relation
and crisp approximation subsets. The common feature of these three kinds of fuzzy rough sets are based
on a crisp relation or a fuzzy relation which imposes on a pair of points or fuzzy points. In addition,
rough sets constructed by relations or fuzzy relations are usually point-to-point relations. As a result, the
corresponding approximation spaces are usually connected topological spaces or Alexander spaces [14, 20].

It is sometimes required to consider relation between a point and a subset and to consider connections
between approximations spaces and convex spaces. Motivated by this, we present this paper. The ar-
rangement of this paper is as follows. In Section 2, we present some basic notions and results. In Section
3, we introduce the notion of M-fuzzifying algebraic relations and present notions of lower M-fuzzifying
algebraic approximation operators and upper M-fuzzifying algebraic approximation operators. We study
M-fuzzifying algebraic rough sets constructed by one or more conditions of M-fuzzifying algebraic rela-
tions such as seriality, reflexivity, symmetry and transitivity. In Section 4, we prove that the category of
M-fuzzifying convex spaces is isomorphic to the category of reflexive and transitive M-fuzzifying algebraic
rough sets and M-fuzzifying convex spaces. In particular, we prove that the category of reflexive, weakly
symmetric and transitive M-fuzzifying algebraic rough spaces is isomorphic to the category of M-fuzzifying
convex matroids. In Section 5, we prove that there is a Galois’s connection between the category of M-
fuzzifying rough spaces and the category of M-fuzzifying algebraic rough spaces. In particular, we prove
that the category of reflexive, symmetric and transitive M-fuzzifying algebraic rough spaces is isomorphic
to the category of reflexive, symmetric and transitive M-fuzzifying rough spaces.

2. Preliminaries

In this paper, U and V are nonempty sets. The power set of U is denoted by P(U). The set of all finite
subsets of U is denoted by #;,,(U). The set of all nonempty finite subsets of U is denoted by P}in(ll). For

any A € P(U), the compliment of A is denoted by A°. For any x € U, we denote A\{x} = {y € A:y #x}. A
subset {A;}ier € P(U) is said to be directed, denoted by {Ai}fg C€ P(U), if any pair of index i, j € I yields an
index k € I such that A; U A; C Ay. In this case, | J;; A; will be denoted by Ufg A;. A subset {Bj}ier € P(U) is

said to be co-directed, denoted by {Bi}fgr C P(U), if any pair of index 7, j € I yields an index k € I such that

By C B; N B;. In this case, ;¢ B; will be denoted by ﬂfg}’ Bi.

M is a distributive lattice with an inverse involution ’. The smallest (resp. largest) element in M is
denoted by L (resp. T). An elementa € M is called a co-prime element, if for all b,c € M, a < bV ¢ implies
a < bora < c. The set of all co-prime elements in M\{L} is denoted by J(M). For any a € M, there is
M; C J(M) such thata = \/,cys, b. A binary relation < on M is defined by a < b iff foreach M; C M, b < \/ My
implies a d € M; with a < d. The mapping : M — P(M), defined by f(a) = {b € M : b < a} for any a € M,
satisfies B(\ iy ai) = U Bla;) for any {ailier € M. We denote p*(a) = f(a) N J(M) for any a € M. It is proved
thata =V B(a) = V B*(a), B(@) = Upep:a B(b) and B*(a) = Upep (@) B*(b). A binary relation <” on M is defined
by a <% b iff for each M, € M, AM, < b implies a d € M, with d < 4. The mapping a : M — P(M),
defined by a(a) = {b € M : b <% a} for any a € M, satisfies a(/\;; ;) = Uy a(a;) for any {a;}ier € M. For
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any a € M, we denote a*(a) = a(a) N P(M). Itis proved thata = A a(a) = A a*(a), a(@) = (\ex @) a(b) and
a*(@) = oo @' (D). For any a,b € M, it is clear thata < Biff b’ < a’ [23].

An M-fuzzy set on U is a mapping A : U — M. The set of all M-fuzzy sets is denoted by MY. For any
subset W € P(Ul), the characterization function of W is an M-fuzzy set xw defined by yw(x) = T for any
x € Wand yw(x) = L for any x ¢ W [23].

Definition 2.1. ([14]) An M-fuzzifying relation from U to V is a mapping R : U x V. — M. The triple
(U, V,R) is called an M-fuzzifying approximation space. In Particular, if U = V then R is simply called an
M-fuzzifying relation on U and (U, V, R) is simply denoted by (U, R).

Definition 2.2. ([14]) Let (U, V, R) be an M-fuzzifying approximation space. R is said to be
(1) serial, if \/er R(x, y) =T forany x € U.
If U = V then R is said to be
(2) reflexive, if R(x, x) = T for any x € U;
(3) symmetric, if R(x, y) = 7?(]/, x) forall x,y € U;
(4) transitive, if R(x,z) A R(z, y) < R(x, y) forallx,y,z e U.

Definition 2.3. ([14]) Let (U, V,R) be an M-fuzzifying approximation space. The lower approximation
operator and the upper approximation operator R : P(V) — MY and R : P(V) — MY, defined by

VAPV Vxell, RA® = \IR@y! and RA@ =\/Re ).
yEA yEA

Proposition 2.4. ([14]) Let (U, V, R) be an M-fuzzifying approximation space. The following statements are valid.
(1) R is serial iff R(V) = xu iff RO) = xo
(2) Ris reflexive iﬁ‘ﬁ(A)(x) = Tfor any xeAePV) iﬁ‘ﬁ(A) x) = 1 for any AePU)and any x ¢ A.
(3) R is symmetric zﬁ‘R Ny) = )(x)for allx,y e U 1]5‘7{ Ny) = RUy¥)(x) forall x,y € U.
(4) R is transitive zﬁ‘R(A) x) = /\Agc R(C)(x) V \/y¢C R(C)(y) for all A e P(V)yand x € U iffg(A)(x) =
Vca R() A A yep RB)(Y) for all A € P(U) and x € U.

Definition 2.5. ([23]) A mapping C : P(U) — M is called an M-fuzzifying convex structure on U and the
pair (U, C) is called an M-fuzzifying convex space, if C satisfies

MC1) c) =C@©) =

(MC2) Y{Ailiei € PU), C(Nier Ai) 2 Nier C(Ai);

(MC3) V{AlE; € PU), CUigi A) 2 Aver CAY).

Let (U3, C1) and (Uy, Cy) be M-fuzzifying convex spaces. A mapping f : Uy — U, is called an M-
fuzzifying convexity preserving mapping, if C2(B) < Ci(f~!(B)) for any B € P(U) [23]. The category
consisting of M-fuzzifying convex spaces as objects and M-fuzzifying convexity preserving mappings as
morphisms is denoted by M-CS.

Definition 2.6. ([23])An operator co : P(U) — MY is called an M- fuzzify'mg convex hull operator on U
and the pair (U, co) is an M -fuzzifying convex hull space, if for all A € P(U), (A d‘r CPU)and x e U,
(MCO1) co(@)(x) =
(MCQO2) co(A)(x) = T whenever X €A
(MCO3) co(A)(x) = Axgpoa V ygs cO(B)(y);
(

MCO4) co(Uh A)(x) = Ve co(Ad) ().
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Theorem 2.7. ([23]) (1) Let (U, C) be an M-fuzzifying convex space. Define an operator coc : P(U) — MY by

VAePU)Vxel, cocA)w) = /\ [CB.
x¢B2A

Then coc is an M-fuzzifying convex hull operator on U.
(2) Let (U, co) be an M-fuzzifying convex hull space. Define a mapping C, : P(U) — M by

VA€ PU), Culd) = /\[co)@)].
x¢A
Then C., is an M-fuzzifying convex structure on U.
(3) If (U, C) is an M-fuzzifying convex space then Ceo, = C.
(4) If (U, co) is an M-fuzzifying convex hull space then coc,, = co.

Definition 2.8. ([23]) An M-fuzzifying convex structure C on U is called an n-arity convex structure (n € IN),
if coc(A) = Vpep in(A)JFl<n coc(F) for any A € P(U) where |F| is the cardinality of F.

As the dual concept of M-fuzzifying convex hull operator, M-fuzzifying concave hull operator and its
relationship with M-fuzzifying convex structure are presented as follows.

Definition 2.9. An operator ca : P(U) — MY is called an M-fuzzifying concave hull operator on U and the
pair (U, ca) is an M-fuzzifying concave hull space, if for all A € P(U), {Ai}fgf CPU)and x € U,

(MCA1) ca(U)(x) =T;

(MCAZ2) ca(A)(x) = L whenever x ¢ A;

(MCAB3) ca(A)(x) = V yepea N yes ca(B)(y);

(MCA4) ca(ViEf A)X) = Nier ca(A)().

Theorem 2.10. (1) Let (U, C) be an M-fuzzifying convex space. Define an operator cac : P(U) — MY by
VAeP(U),Vxel, ccA)x)=\/ CB).
x€BCA

Then cac is an M-fuzzifying concave hull operator on U.
(2) Let (U, ca) be an M-fuzzifying concave hull space. Define a mapping Ce, : P(U) — M by

VA € P(U), CelA) = A ca(A%)(x).

XeAC

Then C, is an M-fuzzifying concave structure on U.
(3) If (U, C) is an M-fuzzifying convex space then Ce, = C.
(4) If (U, ca) is an M-fuzzifying concave hull space then cac,, = ca.

Definition 2.11. ([24]) An operator H : Py, (U) — MUY is called an M-fuzzifying restricted hull operator
on U and the pair (U, H) is called an M-fuzzifying restricted hull space, if H satisfies

(MRH1) H(D)(x) = L for any x € U;

(MRH2) H(F)(x) = T forall F € Py;,(U) and x € F;

(MRH3) H(G)(x) A A\ yec HE)(y) < H(F)(x) for all F, G € Py (U) and x € U.

Theorem 2.12. ([24]) (1) Let (U, C) be an M-fuzzifying convex space. Define an operator He : P fin(U) — MY by
VF € Prin(U),Vx € U, Hc(F)(x) = coc(F)(x).

Then He is an M-fuzzifying restricted hull operator on U.
(2) Let (U, H) be an M-fuzzifying restricted hull space. Define a mapping Cqy : P(U) — M by

VAePU), Cua)=/\ )\ [HET.

X¢A FEPﬂn(u)
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Then Cygy is an M-fuzzifying convex structure on U.
(3) If (U, C) is an M-fuzzifying convex space then Cqy, = C.
(4) If (U, H) is an M-fuzzifying restricted hull space then He,, = H.

Definition 2.13. ([29]) An M-fuzzifying convex space (U, C) is called an M-fuzzifying convex matroid, if for
allu,v e Uand A € P(U),

coc(A)(©) V coc(A U {v})(u) < coc(A)(u) V coc(A U {u})(v).

Definition 2.14. ([32]) A mapping 7 : U x U —> MY is called an M-fuzzifying interval operator on U and
the pair (U, 1) is called an M-fuzzifying interval space, if for all x, y € U,

(MIL) Z(x, y)(x) = T(x, y)(y) = T;

(MI2) I(x, y) = I(y, ).

Proposition 2.15. ([32]) Let I be an M-fuzzifying interval operator on U. Then the mapping Cr : 2X — M,
defined by C1(A) = Nzga NxyealZ (x, )@ for all A € P(U), is an M-fuzzifying convex structure on U.

Definition 2.16. ([23]) An M-fuzzifying vector space is a pair (V, u), where V is a vector space over a totally
ordered field K and y : V — M is a mapping satisfying u(kx + ly) > u(x) A u(y) forallx,y € Vand k,I € K.
If (V, p) is an M-fuzzifying vector space then pj, is a subspace of V for any a € M\{1}. Further, (V, ) is
called an M-fuzzifying affine vector space, if u, is an affine subspace of V for any a € M\{L} (i.e., A €
iffkv+lwe Aforallv,we Aand k,l € Kwithk+1=1).

Proposition 2.17. ([23, 29]) Let (V, u) is an M-fuzzifying vector space. Define a mapping C,, : P(V) — M by
Cu(A) = Via € M\{L} : A € ujq} for any A € P(V). Then C,, is an M-fuzzifying convex structure. In particular, if
(V, ) is an M-fuzzifying affine vector space then (V, u) is an M-fuzzifying convex matroid.

Definition 2.18. ([30]) An M-fuzzifying binary relation ¢ : P(U) x P(U) — M is called an M-fuzzifying
convex enclosed relation on U and the pair (U, ¢) is called an M-fuzzifying convex enclosed relation space,
if

(MCER1) ¢@,0) = T;
(MCER?2) €(A, B) # L implies A C B;
(MCER3) &(A, (i Bi) = Nier €(A, By);
(MCER4) (A, B) < Vcepu) €(A, C) A €(C, B);
(MCERS5) e(Ui; Ai, B) = Nieg £(Aj, B).
Proposition 2.19. ([30]) Let (U, €) be an M-fuzzifying convex enclosed relation space. Define co. : P(U) — MY
and ca, : P(U) — MY by

VA € P(U),Yue U, co.(A)u)= /\[e(A,B)]’ and  ca (A)(u) = v (A, BY).

u¢B ueB

Then co, is an M-fuzzifying convex hull operator and ca, is an M-fuzzifying concave hull operator.

3. Approximation operators via algebraic relations
Definition 3.1. An M-fuzzifying algebraic relation from U to V is a mapping R : U — M?7(") satisfying

Vxe UVF e Psn(V), R@F) = \/ R®(G).
GePy,, (F)

In particular, if U = V then R is called an M-fuzzifying algebraic relation on U.

For any x € U and F € P;,(V), the value R(x)(F) can be regarded as the degree that x is algebraic related
to F. Itis clear that R(x)(0) = L for any x € U.
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Definition 3.2. Let R be an M-fuzzifying algebraic relation from U to V. Define two operators R, R :
P(V) — MUby YA € P(V),¥x e U,

RAOW =/ [ROEG) and RA®= \/ RXG).

GEPf,’,, (A°) Ge?’ﬁy, (A)
The operators R and R are respectively called the lower M-fuzzifying algebraic approximation operator

and the upper M-fuzzifying algebraic approximation operator with respect to the M-fuzzifying algebraic

relation R. The pair (R(A), ﬁ(A)) is called an M-fuzzifying algebraic rough set and the triple (U, V,R) is
called an M-fuzzifying algebraic approximation space. In particular, (U, V,R) is simply denoted by (U, R)
when U = V.

The followings are some examples of M-fuzzifying algebraic relations.

Example 3.3. Let (U, H) be an M-fuzzifying restricted hull space. Define an M-fuzzifying relation Ry :
u —_ Mpfin(u) by

Vx € UVF € Priu(U), Ray(x)(F) = H(F)(x).
Then Ry, is an M-fuzzifying algebraic relation satisfying Ry(F) = H(F) for any F € P fin(U)-
Example 3.4. Let (U, ) be an M-fuzzifying interval space. Define a relation Ry : U — M7 by
Vx € U VF € Prin(U), Rr(x)(F) = /\ v v T(w,v)().

x¢B2F z¢B w,veB

It is clear that R (x)(F) = Hc,(F)(x) for any F € P;,(U) and x € U. Thus Ry is an M-fuzzifying algebraic
relation.

Example 3.5. Let (U, ¢) be an M-fuzzifying enclosed relation space. Define a mapping R, : U — M*#W by
Re(x)(F) = co:(F)(x) for any F € Py;,(U) and x € U. Then K. is an M-fuzzifying algebraic relation satisfying
ﬁe =co. and R, = ca,.

Example 3.6. Let (V, u) be an M-fuzzifying vector space over a totally ordered field K. Define Ry : V —
MPi¥) by

YE € Ppin(V),¥x €V, Rv(x)(F) = He, (F)(x).
Then Ry is an M-fuzzifying algebraic relation satisfying Ry = coc,-

As some further examples of M-fuzzifying algebraic relations, we will investigate relationships among
M-fuzzifying algebraic relation and M-fuzzifying convex structure in Sections 4 and 5.

Next, we investigate some basic properties of lower M-fuzzifying algebraic approximation operators
and upper M-fuzzifying algebraic approximation operators.

Proposition 3.7. Let (U, V, R) be an M-fuzzifying algebraic approximation space. For all A,B € P(V) and x € U,
(1) A € B implies R(A) < R(B) and R(A) < R(B),
(2) R(V) = yu and R(©) = xo
(3) RW(F) = [RFIW] = R(F)(x).
Proof. (1) and (2) are direct.
(3) It is clear that

ROEB) = \/ ROE =1 [\ [RQEIT = RE)E)]T

HePfin (F) HEPfiVl((F[)C)

and R()(F) = Vpep,,n R¥)(H) = R(F)x). O
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Proposition 3.8. Let (U, V,R) be an M-fuzzifying algebraic approximation space. For any {A;}%r, (B} C P(V)
and A € P(V),

(MRL1) R(A) = [RA)]';

(MRU1) R(A) = [R(A)];

(MRL2) R(OGE A)@) = Nieg RAN ),

(MRU2) R(UE B)(x) = Vg R(BI) ().

Proof. (MRL1) For any x € U and A € P(V),

[RAN @) = [RAY = \/ R@OGT = [\ R®OG] =RA)WX.

GEP fin (A°) GEPfin (A°)

This shows that R(A) = [R(A)]".
(MRU1) For any x € U, it follows that

[RANT ™) = [RAYI =1\ [ROOGIT= \/ R&)IG)=RA).

GEPfin((A)°) GePrin(A)

This shows that R(A) = [R(A)]".
(MRL2) For any x € U, it follows that

cdir

R(Am= A RoOr= A REr= A\ A ROET = /\ RA).

iel FeP (N Ai)) FeP i (Ui A9) i€l FePfin (A7) iel

Thus RN Ai) = Aier R(A).
(MRU2) For any u € U, it follows (MRU1) and (MRL2) that

dir cdir
R(_J A = R AD@T = [\ RAH@T = \/IRAD@] = \/ R(A)@).
i€l i€l i€l i€l i€l

Thus R(U% A) = Vig R(A). O

In the following subsections, we present notions of serial (resp. reflexive, transitive) M-fuzzifying
algebraic relations and study some characterizations of them.

3.1. Serial M-fuzzifying algebraic relations

Definition 3.9. An M-fuzzifying algebraic relation R from U to V is called serial, if \/rcp (V) Rx)F) =T
for any x € U.

Proposition 3.10. Let (U, V, R) be an M-fuzzifying algebraic approximation space. R is serial iff (MRL3) holds iff
(MRU3) holds.

(MRL3) R(®) = xo-.

(MRU3) R(V) = xu.

Proof. Tt is clear that R is serial iff R(V)(x) = Veep,, (i Rx)(G) = T for any x € U. Thus R is serial iff
ﬁ(V) = xu. Also, the equivalence between (MRL3) and (MRU3) follows from (MRL1) and (MRU1). O
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3.2. Reflexive M-fuzzifying algebraic relations

Definition 3.11. An M-fuzzifying algebraic relation R on U is called reflexive, if R(x)(F) = T forallx € F €
Prin(U).

Proposition 3.12. Let (U, R) be an M-fuzzifying algebraic approximation space. R is reflexive iff one of the following
conditions holds.

(MARL4) R(F°) < xr for any F € P, (U).

(MARU4) xr < R(F) for any F € P (U).

(MARL4") R(A) < xa forany A € P(U).

(MARU4') xa < R(A) for any A € P(U).

Proof. We prove that R is reflexive iff (MARL4) holds for R.

(=) If x € F € P, (U) then R(x)(F) = T. Thus R(F)(x) = [R(x)(F)]" = L. Therefore R(F°) < xr-.

(&) Forall x € F € Py, (U), (MARL4) implies R(x)(F) = [R(F°)(x)]" = T by Proposition 3.7(3). Therefore
R is reflexive.

Proofs of (MARL4) <= (MARU4) and (MARL4") <= (MARUY’) directly follow from (MARL1) and
(MARU1). It is trivial that (MARL4’) implies (MARL4). Conversely, assume that (MARL4) holds and let
A € P(U). Since the set p4 = {F € Piu(U) : FNA = 0} is a directed set satisfying A = ﬂ%‘é’; , F°, (MARL4)
and (MARL2) yield that

cdir cdir cdir
RA) =R([(|F)= N\ RE) < )\ xe = xa
Fepa Fepa Fepa

This shows that (MARL4’) holds. O

3.3. Symmetric M-fuzzifying algebraic relations

Definition 3.13. Let (U, R) be an M-fuzzifying algebraic approximation space. R is called
(1) symmetric, if R(x)(F) = Ve R(y)({x}) for all x € U and F € P;,(U);
(2) weakly symmetric, if R(x)(F U {y}) < R(x)(F) V R(y)(F U {x}) for all x, y € U and F € P;,,(U);
(3) primitively symmetric, if R(x)({y}) < R(y)({x}) for all x, y € U.

Proposition 3.14. Let (U, R) be an M-fuzzifying algebraic approximation space. The following statements are valid.
(1) Symmetry = weak symmetry = primitive symmetry.
(2) If R(x)(F) = \/yeFR x)({y}) for all x € U and F € Py, (U) then symmetry, weak symmetry and primitive
symmetry are equivalent.
(3) If Ris symmetric then R(x)(F) = V yep Rx){y}) for all F € Py (U) and x € UL

Proof. (1) Let R be symmetric. We check that R is both weakly symmetric and primitively symmetric.

(i) For all x, y € U, the symmetry of R directly yields that R(x)({y}) = \/ZE[y] R(z)({x}) = R(y)({x}). So Ris
primitively symmetric.

(ii) Let x,y € U and let F € P, (U). Leta € J(M) with a < R(y)(F) V R(x)(F U {y}). If a < R(y)(F) or
a < R(x)(F), then it is trivial that a < R(x)(F) V R(y)(F U {x}). Thus we assume that a £ R(y)(F) V R(x)(F).
Then a < R(x)(F U {y}) = V.eruy RE@)({x}). Since F U {y} is finite, there is z € F U {y} such that a < R(z)({x}).
We say that z = y. Otherwise, z € F and a < R(z)({x}) = R(x)({z}) < R(x)(F) by (i). It is a contradiction.
Hence z = y and a < R(y)({x}) < R(x)(F) V R(y)(F U {x}). It follows from the arbitrariness of a € J(M) that
R(W)(E) vV RE)(F U {yhHRx)(F) vV R(y)(F U {x}). Therefore R is weakly symmetric.

(iii) Let R be weakly symmetric. For all x, y € U, the weak symmetry of R yields that

Ry = R(y)@) v R@x)(@ U {y}) < Rx)(©@) v R(y)@ U {x}) = R(y)({x}).

So R is primitively symmetric.
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(2) By (1), it is sufficient to prove that the primitive symmetry implies symmetry upon the assumed
hypothesis. For all x € U and F € #y;,(U), the assumed hypothesis and the primitive symmetry of R yield
that R(X)(F) = V yer R){Y}) = Vyer R(y)({x}). This shows that R is symmetric.

(3) If R is symmetric then R is primitively symmetric by (1). For all F € P;,(U) and x € U, it s clear that
RE)E) = Vyer R(y)Ux}) = Vyer ROAYD. O

Remark 3.15. In general, primitive symmetry #= weak symmetry 7= symmetry.

(i) Let U = {x,y,z} and M = [0, 1] with @’ = 1 — a for any a € M. Define a mapping R : U — M”mU) by
R@)({y) = Ry)({ah) = 1, R@)({x, yh) = R@)({x, ) = RE)({x,2) = 5, REOU) = R(y)(U) = R)(U) = 1 and
other values are 0. Then R is a primitively weakly symmetric M-fuzzifying algebraic relation on U. Let
F = {z}. We have R(z)(F U {x}) = % £ 0 = R(z)(F) V R(x)(F U {z}). So R is not weakly symmetric.

(ii) Let U = {x,y,z} and M = [0,1] with a’ = 1 — a for any a € M. Define a mapping R : U — M”7=D by

1, F=U;
Yu € UYF € Ppn(U), Ru)E) =1 3, uefxyl &F¢{0{z),U);
0, otherwise.

Then R is a weakly symmetric M-fuzzifying algebraic relation on U. But R(z)(U) =1 # 0 = V ey R@)({z}).
So R is not symmetric.

Proposition 3.16. Let (U, R) be an M-fuzzifying algebraic approximation space. Then the following conditions are
equivalent.

(1) R is primitively symmetric.

(2)¥x,y € U, RAYI)®) = RAD)w)

(3)Vx, y € U, R({yH(x) = RAxN()-

Proof. (1)= (2) Letx, y € U. Then the primitive symmetry of R and Proposition 3.7(3) yield that R({y}°)(x) =

[ROUAyD] = [R(y{xD] = R({x})(y). Thus (2) holds.
(2) = (3) It directly follows from (MARU1).

(3) = (1) Let x, y € U. Proposition 3.7(3) yields R(x)({y}) = ﬁ({y})(x) = 7_€({x})(y) = R(y)({x}). Therefore
R is primitively symmetric. [

Proposition 3.17. Let (U, R) be an algebraic approximation space. Then the following conditions are equivalent.
(1) R is weakly symmetric.

(2)Vx € U, VF € Piu(U), R(F U {y)(x) < RF)(x) V R(F U {x})(y).
(3)Vx € U, YF € Ppin(U), R(F)(x) A RE\xH(y) < RE\yH(x).

(4) Vx € U, YA € P(U), R(A U {y})(x) < R(A)(X) V R(A U {x})(1).

(5)Vx € U, YA € P(U), R(A)(x) A RAxD(y) < RA{yH(x).

Proof. (1) < (2) It directly follows from Proposition 3.7(3). (2) & (3) and (4) < (5) are clear. (4) = (2)
is trivial. Thus we only need to prove (2) = (4). For all A € P(U) and x € U, (MARU2) implies that

RAVNE < RC () POVRC (] Fulyhw

Fepfin (A) Fepfin(A)

\/ RO VREUyHE)

FEP/,‘,, (A)

\/ RE VRE U )W)

FePyin(A)
= R(A)) VRA U {x)(y).

IA

Thus (4) holds. [
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Proposition 3.18. Let (U, R) be an M-fuzzifying algebraic approximation space. Then R is symmetric iff one of the
following conditions holds.

(MARL5) ¥x € U, YF € Pin(U), N yer RUx})NY) < RE) ).
(MARUS) Vx € U, YF € Ppiu(U), RE)) <V yer R({x)(W)-
(MARL5') Vx € U, YA € P(U), A yea RUXI)N(Y) < RA)R).
(MARUS5’) Vx € U, YA € P(U), RA)X) <V yea RUN ().

Proof. (MARLS5) = (MARUS5) and (MARL5") &= (MARUY’) directly follow from (MARL1) and (MARU1).
It directly follows from the symmetry of R and Proposition 3.7(3) that R is symmetric iff (MARU5) holds.
Also, (MARU5’) = (MARUSY) is clear. Thus it is sufficient to prove (MARU5) = (MARUY’).

Let A € P(U) and x € U. (MARU2) and (MARUS) imply

dir
RO =R | ] pew=\/ RO@= \/ VRhw =\/Rihw).
FEPfin(A) FEPfin(A) FePyin(A) yeF yeA

This shows that (MARU5) holds. O

Proposition 3.19. Let (U, R) be an M-fuzzifying algebraic approximation space. Then the following conditions are
equivalent.

(1) R is symmetric.

(2)VE € Prin(U), F S Macay RR(Ea))? for any a € a(M);
(3)VF € Pin(UD), Usepry RRE)) ey € F° for any a € BM);
(VA e PU), A C Nucaty RRA) ) for any a € a(M);
(5) YA € PU), Uepry RRA) )y € A for any a € BM).

Proof. We first prove that (1) < (5).

(=) Let A € P(U) and a € B(M). We check that ez, RIR(A) ) € A.

If x € Uepr) R(R(A)@))y; then there is b € M such that a € p(b) and x € RR(A) ). Soa < b <
R(R(A)))(x). Thus there is F € Py;y(R(A)@)) such that a < R(x)(F). The symmetry of R yields a y € F such
that a < R(y)({x}). Hence y € F € R(A)“@) which implies R(A)(y) £ a’.

Suppose that x ¢ A. Then {x} € P;,(A°). So /\Gepﬁn(Ac)[R(y)(G)]’ = R(A)y) £ a’ implies [R(y)({x})] £ a’.
This shows a £ R(y, {x}). It is a contradiction. Hence x € A must be true. Therefore (e RR(A) )y C A.

(&) Assume that (5) holds. We verify that R is symmetric.

Letx € Uand F € Py, (U). Leta € f(M) witha < R(x)(F). Forany a € (b), (5) yields ﬁ(g({u}c)(”'))[b] C {uje.

This shows x ¢ RR({x})®)y;. In particular, let b = R(x)(F). Then a € B(b) and x € R(F). This implies
F ¢ R({x}9)®). Thus there is a z € F such that z ¢ R({x}°)@). This indicates that

[RE@{xD) = /\ [R@G) = R({x))(2) < a’.

GePin({x})

Hence a < R()({x}) < V,ep RW)({x}). So R(x)(F) <V yer R(y)({x}). Therefore R is symmetric.
Proofs of (2) & (3) and (4) < (5) directly follow from (ARL1) and (ARU1). Also, (5) = (3) is trivial.
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We next verify that (3) = (5). Let A € P(U) and a € f(M). Since A = ﬂfpdei;) in(A°) F¢, (3) and (MARL2) imply

cdir

U RRAOm < [ JRC () RE) )y

ap(b) aef(b)  FePpin(A%)

) RRE) )
FePrin(AC) acp(b)

F¢ = A.
FEPf,'y,(A")

Therefore (5) holds for R. O

N

N

3.4. Transitive M-fuzzifying algebraic relations

Definition 3.20. Let (U, R) be an M-fuzzifying algebraic approximation space. R is called
(1) transitive, if R(x)(F) > R(x)(G) A /\yeG R(y)(F) for all x € U and F, G € Py, (U);
(2) strongly transitive, if Apcy \/yez 4 Vcep in(A) Rx)(G) V R(y)(G) < R(x)(F) for all F € P, (U) and x € U.

Proposition 3.21. Let (U, R) be an M-fuzzifying algebraic approximation space. The following conditions are
equivalent.

(1) R is transitive. _

(2) RAR(F)apia) € R(F)yq) for any F € Py, (U) and any a € M.

(3) RIR(A)a)ia] € R(A)q) for any A € P(U) and any a € M.

(4) R(F)® € R(R(F) )@ for any F € Pin(U) and any a € M.

(5) R(A)@ € RR(A)ND for any A € P(U) and any a € M.

Proof. (1) = (2) Assume that R is transitive. Let F € $;,(U) and leta € M. If x € ﬁ(ﬁ(l—“)[a])[a] then
a < R(R(F)ja))(x). For any b € B(a), it follows that
b<a<RREV)0) = \/ RO

GEP fin(R(F)(a))

Then there is a finite set G € Py, (ﬁ(F)[a]) such that b < R(x)(G). Since G C ﬁ(F)[a], itis clear thata < ﬁ(l—")(y) =
R(y)(F). Thus the transitivity of R implies that

b <RW(G) A \ RY)EF) < RE)(F).
yeG
This_ shows that b < R(x)iF)_z ﬁ(P)(x)._It follows from arbitrariness of b € f(a) that a < ﬁ(F)(x). Hence
x € R(F)[q) which impliei 71(72(13)[,1])[“] € R(F)a)- L
(2) = (3) Let x € R(R(A)a)ia) and b € B(a). Then b < a < R(R(A))(x). Thus there is a finite set
FePrin (ﬁ(A)[u]) such that b < R(x)(F) = R(F)(x). Further, for any y € F, it is clear that
b<a<RAW= \/ R»G= \/ RO

GePfin(A) GePrin(A)
So there is a Gy € Pyis(A) such that b < R(G,)(y). Let H = U,cr Gy Then H € P;u(A) and F € R(H)y). So
X € ﬁ(F)[b] c ﬁ(ﬁ(H)[b])[h] c ﬁ(H)[b] - ﬁ(A)[b].

Hence x € (pep R(A)p = R(A)jq). Therefore RIR(A)a)im S R(A)jq)-
(3) = (1) Let LG € Py;y(U) and x € U. For any a € M with a < R(x)(G) A /\yEG R(y)(F), it is

clear that x € R(G)y and G € Pﬂn(ﬁ(P)[a]). Thus ¥ € R(G) € RRE)a)ig S R(F)g which implies
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a < 7_€(F)(x) = R(x)(F). It follows from the arbitrariness of 2 € M that R(x)(G) A A jec R(W(F) < RX)(F).
Therefore R is transitive.
Proofs of (2) &= (4) and (2) & (5) directly follow from (MRL1) and (MRU1). [

Proposition 3.22. Let (U, R) be an M-fuzzifying algebraic approximation space. Then R is transitive iff one of the
following conditions holds.

(MARL6) R(F)(x) < VpculRB)(x) A g R(F)(2)] for all F € Pyiy(U) and x € U.

(MARUG) R(F)(x) = AcculRC)(x) V \gc REF)2)] for all F € P rin(U) and x € U.

(MARL6") R(A)(x) < VpculRB)(x) A ALep R(A)(2)] for all A € P(U) and x € U.

(MARUG') R(A)(x) = Accul RCO)X) V V.oc RA)(2)] for all A € P(U) and x € U.

Proof. We firstly prove that R is transitive iff (MARL6) holds for R.
(&) Let F € Py, (U) and x € U. For any a € M with x € R(F)@, R(F°)(x) £ a. (MARL6) implies that

\/ RBY@ A [\ RE)E)] £ a.

BeP(U) zeB

Thus there is B € P(U) such that R(B)(x) A A.cp R(F)(z) £ a. This implies that x € R(B)@ and z € R(F)@
for any z € B. Hence B € R(F)@ and x € R(B)@ C R(R(F°)@)@. Therefore R(F )@ C R(R(F))@. It follows
from Proposition 3.21(3) that R is transitive.

(=) Let R(F)(x) £ a. Then there is b € a(a) such that R(F)(x) £ b. So x € R(F)® ¢ RR(F)®)®. Thus

RR(F)(b))(x) £ b. For any z € R(F)®), it is clear that R(F°)(z) £ b. Thus

RREN@ A N RE)) 2a.

ZER(F)O

Hence \gepy[R(B)(x) A A\.ep R(F)(2)] £ a. From the arbitrariness of a € M,

REY < \/ [RBYD) A [\ RE))]
BeP(U) z€B
Therefore (MARL6) holds for R.
By replacing the set F° by A in the above proof, we can directly prove that R is transitive iff (MARL6)

holds for R. Thus (MARL6) and (MARLE6’) are equivalent. Finally, proofs of (MARL6) <= (MARUS6) and
(MARL6") <= (MARU¢’) directly follow from (MARL1) and (MARU1). O

Proposition 3.23. Let (U, R) be an M-fuzzifying algebraic approximation space. Then R is strongly transitive iff
one of the following conditions holds.

(MARLE") R(F)(x) = \/ e [RB)@) A Ayes RBY)] for all F € Py (U) and x € U.

(MARUG6*) R(F)(x) = N\pcclROX) V V yec RO)W)] for all F € Pyiy(U) and x € U.

(MARLE") RAY®) = V pea RBY®) A Ayes RB)W)] for all A € PU) and x € UL

(MARUG*) R(A)(x) = A accRONX) V V yge RC)W)] for all A € P(U) and x € UL

Proof. We verify that R is strongly transitive iff (MARU6*) holds. Indeed, for all F € #y;,,(U) and x € U, it
follows from (MARU2) that

AV V R&EG) VRHEG) = A\ \/ RO VRO = /\ RO® v \/RO®).

FCC y#C GePjin(C) FcC yeC FcC y#C

Thus R is strongly transitive iff (MARU6*) holds.
Proofs of MARL6*) <= (MARU6*) and (MARL6*) &< (MARU6") follow from (MARL1) and (MARU1).
Also, it is clear that (MARU6*) implies (MARU6%). We next prove (MARU6*) implies (MARU6).
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Let A € P(U) and x € U. It is clear that
RA)® < \ RO < \[ROE v \/ RO

AcC AcC z¢C

Conversely, leta € (M) witha < A Agc[ﬁ(C)(x) V' Ve ﬁ(C)(z)]. Suppose thata £ 7_€(A)(x). Then b £ ﬁ(A)(x)
for some b € f(a). Again, there is d € f(b) such thatd £ R(A)(x) = V rep in(A) R(F)(x). LetF € P in(A). Since

d£ROE = \ROE v \/RO),

FcC 2¢C

there is a C 2 F such that d £ R(C)(x) V V/.¢c R(C)(2). Let Cr = N ¢, where
¢@=me¢wypgadf§@mnWV§@m»
z¢D

Since P, (A) is directed, the set {Cr : F € P;,(A)} is also directed. Thus A = \/?erpm( aFC \/?Z;Dﬂn( ) Cr. Let

E = Vrep,, ) Cr. Forany z ¢ E, it is clear that z ¢ Cr for any F € $f;,(A). Hence thereisa D € lj)lb: such that
z ¢ D. So

d £ R(D)(x) V R(D)(2) = R(C)(x) V R(CE)(2).

This implies that d £ R(Cr)(x) V R(Cr)(z). From the arbitrariness of z ¢ Cr, we conclude that b £ R(Cr)(x) V
V .¢e R(CF)(2). Hence

dir

2
A

[RCH() v \/ RCE)]

FEPﬁn (A) z¢E

= REV\/RE))

z¢E

> A\RO®V\/ROEI

AcC z¢C

This contradicts a < A Agc[ﬁ(C)(x) V Ve ﬁ(C)(z)]. Therefore a < ﬁ(A)(x). So
AROE v \/RCO)@)] < RA)E).

AcC z#C
This shows that (MARU6*) holds for R. [

Proposition 3.24. Let (U, R) be an M-fuzzifying algebraic approximation space. Then the following results holds.
(1) Strong transitivity implies transitivity.
(2) If R(x)(F) = R(y)(F) for all x,y € U and F € Py;,(U) with x € Fand y ¢ F, then R is transitive iff R is
strongly transitive.
(3) If R is reflexive then R is transitive iff it is strongly transitive.

Proof. (1) Let R be strongly transitive. For all F € #f;,(U) and x € U, it follows from (MARU6%) that
AROE Vv \/RE)@] < \RCO@® v \/ RO < RE)).
ccu 2¢C FeC ygC

This shows that (MARUS®6) holds for R. That is, R is transitive.
(2) It is sufficient to prove that if R is transitive then (MARU6%) holds for R.
Let R is transitive. Let F € P;,,(U) and x € U. It is clear that

RE)W < \[RO)® < \RC)®) vV \/ RO

FcC FcC z¢C
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Conversely, let a € f(M) with a < Arcc[RC)(¥) V V.o R(O)(z)]. Suppose that a ¢ R(F)(x). Since a <
R(F)(x) V V¢r R(F)(2), there is a z ¢ F such that a < R(F)(z). For any w € F, it follows from the hypothesis
thata < R(F)(2) = R(z, F) < R(w, F) = R(F)(w). This shows that w € R(F),). So F € R(F)js; which implies that

a<RREWE YV \/ RREW)E).
2¢R(E)ja

Thus a < R(R(F)a))(x) or a < R(R(F)a))(z) for some z ¢ R(F)y. If

dir
1<RROW® =R | ] ow= 1\ RGO,
GEPin(R(F)pa)) GEPin(R(F)pa))

there is a G € Py (R(F)ja) such that a < R(G)(x). The transitivity of R implies a < R(G)(x) A A e RE)(Y) <
R(F)(x). This shows that a < R(F)(x). It is a contradiction. If a < R(R(F)a)(z) for z ¢ R(F)[q), there is
H € Pfin(R(F)ja)) such that a < R(H)(z). The transitivity of R implies a < R(H)(z) A A jepy R(F)(y) < R(F)(2).
It contradicts z € R(F)[s- Thus a < R(F)(x) must hold. Hence

AROE v \/ROE] < RE)).

FcC z¢C

Therefore (MARU6%) holds for R.
(3) If R is reflexive then the hypothesis in (2) holds. Thus R is transitive iff it is strongly transitive. [

Remark 3.25. (1) Clearly, the reflexivity implies the hypothesis in Proposition 3.24 (i.e., R(x)(F) > R(y)(F)
forall x,y € Uand F € $y;,,(U) with x € F and y ¢ F). But the inverse implication is not true.

(2) Transitivity fails to imply strong transitivity without the hypothesis in Proposition 3.24(2).

Let U = {x,y,z} and let M = {1,4,b, T} be a diamond lattice with two incomparable elements a and b.
The inverse involution  on M is defined by 1.’ = T and @’ = b. Define a relation R : U — M”77 by

1, F=10,
a, weF#U,
b, weF+0,
T, F=U

Yw € U, VF € Pin(U), R(w)(F) =

It is clear that R is an M-fuzzifying algebraic relation. We check the following results.

(i) R has the transitive property.

Letw € U and F, G € Py, (U). We verify that R(w)(G) A A ,ec R(©)(F) < R(w)(F).

If one of the cases F = U, F = 0, G = 0 or w € G holds, then the desired result is clear. Assume thatF # 0,
F+U G#0and w ¢ G. If w ¢ F then the desired result is also clear since w ¢ G. Thus we further assume
that w € F. If G C F, then R(w)(G) = R(w)(F). If G € F, then there is a point v € G such that v ¢ F. Thus
R(@)(F) = R(w)(F). In either case, the desired result is true. Therefore R has the transitive property.

(ii) The presupposition fails. In fact, R(x)({x, y}) = a 2 b = R(z)({x, y}).

(iii) R fails to satisfy (MARL6*). That is, R is not strongly transitive.

In fact, let F = {x}. Then Vpcp[R(B)(x) A Apep R(B)(@)] = L and R(F°)(x) = b. So (MARL6*) fails for R.

(3) The hypothesis is independent with transitivity and strong transitivity.

Let U = {x,y} and let M = {L,a,b, T} be a diamond lattice with two incomparable elements a and b.
The inverse involution  on M is defined by L’ = T and ’ = b. Define a relation R : U — M)
by R = R@({y) = L, R@)({x) = RAU) = a and Ry)(Ix) = RG)({y) = RG)U) = b. Then R
satisfies (MARU6*). This is, R is strongly transitive. But R(x,x) = a # b = R(y, x). Therefore R fails for the
hypothesis.
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Proposition 3.26. Let (U, R) be an M-fuzzifying algebraic approximation space. Then R is reflexive and transitive
iff one of the following conditions holds.

(MRL7) RE)(x) = Vsepcre Ayep RBYW) for all F € Piy(U) and x € UL,

(MRU7) RF)(x) = Agcar V yec ROOY) for all F € Py (U) and x € UL

(MRL7) RA)®) = V renca Ayes RB)(Y) for all A € PU) and x € U.

(MRU7’) R(A)(x) = Nxgcan Vyec ﬁ(C)(y)for all A € P(U) and x € U.

Proof. Tt directly follows from (1) of Remark 3.25 and Propositions 3.12 and 3.23. O

Remark 3.27. (1) If an M-fuzzifying restricted hull operator H : P;,,(U) — MPM) satisfies H(0)(x) = L and
H(F)(x) = Tforanyx € Uand F € P*ﬁn(ll) (or, H(F)(x) = T whenever x € F, and H(F)(x) = L otherwise),
then Ry, is serial, symmetric, reflexive and transitive.

(2) M-fuzzifying algebraic relations in Examples 3.3-3.5 are serial, reflexive and transitive. M-fuzzifying
algebraic relations in Examples 3.6 and 3.5 are primitively symmetric. The M-fuzzifying algebraic relation
in Example 3.5 is weakly symmetric.

4. Relationships between M-fuzzifying algebraic rough spaces and M-fuzzifying convex spaces

In this section, we discuss relationships between M-fuzzifying algebraic approximation spaces and
M-fuzzifying convex structures.

Proposition 4.1. Let (U, R) be an M-fuzzifying algebraic approximation space. Then the following conditions are
equivalent:

(1) R is reflexive and transitive;

(2) the operator Hg : Prin(U) — MY, defined by Hg(F)(x) = R(x)(F) for all F € Piy(U) and x € X, is an
M-fuzzifying restricted hull operator.

(3) R is an M-fuzzifying convex hull operator;

(4) R is an M-fuzzifying concave hull operator.

Proof. (1) = (2) We check that Hyg is an M-fuzzifying restricted hull operator.
(MRH1) It is clear that Hg(0)(x) = R(x)(@) = L.
(MRH2) For all F € Py;,(U) and x € F, the reflexivity of R directly implies that Hz(F)(x) = R(x)(F) = T.
(MRH3) For all F, G € y;,(U) and x € U, the transitivity of R directly implies

Hz(G)(x) A /\ Hr(F)(y) < Hr(F)(x).

yeG

Therefore Hg is an M-fuzzifying restricted hull operator.
(2) = (3) For any A € P(U) and any x € X, it is clear that

ROH@=\/ R@E=\/ HeE).

FePin(A) FePyin(A)

Thus R is an M-fuzzifying convex hull operator.
(3) = (1) Since R is an M-fuzzifying convex hull operator, (MCO3) directly implies that (MARU?) holds

for R. Thus R is reflexive and transitive.
(3) = (4) Since M-fuzzifying convex hull operator and M-fuzzifying concave hull operator are dual
concepts are dual concepts, the equivalence is clear. [

Proposition 4.2. Let (U, C) be an M-fuzzifying convex space. Define a mapping Re : U —> M5 by Re(x)(F) =
Hc(F)(x) for all F € Pyin(U) and x € U. Then R is a reflexive and transitive M-fuzzifying algebraic relation
satisfying Re = cac and Re = coc. In addition, if (U,C) is an M-fuzzifying convex matroid then Re is weakly
symmetric.
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Proof. 1t is clear that R¢ is an M-fuzzifying algebraic relation. For all A € P(U) and x € U, (MCOA4) yields

Re@ = \/ HoB@) = \/ coc(P)x)=coc(A)).

FePyin(A) FePyin(A)

Thus &(A)(x) = [R_C(A"')(x)]’ = [coc(A)(x)]" = cac(A)(x). So & = cac and R_c = coc.
For all {A,‘}fg;’ C P(U) and x € U, (MCA3) implies that

cdir
Re(( A0 = /\ cac(A)()
iel i€l

= AV AcacBy)

i€l xeB;CA; yeB;

AV A\ RB®).

iel xeB;CA; yeB;

Hence (MARL?) holds for & Therefore R is reflexive and transitive.
Also, if (U,C) is an M-fuzzifying convex matroid then it directly follows from Definition 2.13 and
Proposition 3.7(3) that R¢ is weakly symmetric. [

Proposition 4.3. Let (U, R) be a reflexive and transitive M-fuzzifying algebraic approximation space. Define a
mapping Cg : P(U) — M by

VA ePU), Cr(A)= [\ RAY) = /\[RAX].

x€A° X¢A

Then Cy is an M-fuzzifying convex structure on U satisfying cac, = R and coc, = R. In addition, if R is also weakly
symmetric then (LLCg) is an M-fuzzifying convex matroid.

Proof. We check that Cg satisfies (MC1)-(MC3).
(MC1) Clearly, Cer(U) = A0 = T. Also, Cr(0) = A ey Xu(x) = T by Proposition 3.7(2).
(MC2) For any {A;}ier € P(U), Proposition 3.7(1) yields that

cr((a =\ R{UJH®= A A\ RO = /\ cra).

iel x€Ujer A4S iel i€l xeAf i€l

(MC3) For any {A;}4" C P(U), the set {A¢ : i € I} is co-directed. Thus

iel

dir cdir
cr(_Jan="/\ R =2 A\ A\ RAHE = /\ Cr(d).
i€l xeﬂ?ﬁf" A iel i€l x€AS iel

Therefore Cy is an M-fuzzifying convex structure.
Further, for all A € P(U) and x € U, (MCA3) and (MARL7?’) implies that

cac (M@ = \/ \RB) = RAR).

xeBCA yeB

This implies that coc, (A) = [R(A%)]" = R(A). Therefore cac, = R and coc, = R.
If R is weakly symmetric then directly follows from Definition 2.13 and Proposition 3.7(3) and 3.17(3)
that Cg is an M-fuzzifying convex matroid. [

Proposition 4.4. Let (U, R) be a reflexive and transitive M-fuzzifying algebraic approximation space. Then Re, = R.
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Proof. For all x € U and F € P;,(U), Proposition 4.3 yields that

Ree(N(F) = Ho,(F)() = cogy (F)) = [cac, (F)®)]' = [RE)®)] = RE)(F).

Thus Re, = R. O

Theorem 4.5. Let (U, C) be an M-fuzzifying convex space. Then Cg, = C.

Proof. For any A € P(U), Proposition 4.3 and Theorem 2.10(4) imply that
Cro(A) = [\ Re(A)w) = /\ cac(A)(x) = Curc(A) = C(A).

XeA° xeAC

This shows that Cg, =C. O

In order to discuss categorical relationships between M-fuzzifying convex structures and reflexive and
transitive M-fuzzifying algebraic relations, we present the following notion.

Definition 4.6. Let (Uj, V1,R1) and (U, Vo, Ry) be M-fuzzifying algebraic approximation spaces. Let f :
Uy — Uy and g : Vi — V; be mappings. The pairwise mapping (f,g) : U1 X Vi — U, X V; is called
a pairwise M-fuzzifying algebraic relation preserving mapping, if R;(x)(F) < Ro(f(x))(g(F)) for any x € U,
and F € me(Vl).

In particular, if U; = V; (i = 1,2) and f = g then (f, g) reduces to a single mapping f which is simply
called an M-fuzzifying algebraic relation preserving mapping.

Proposition 4.7. Let (U3, V1, Ry) and (Uz, V2, Ro) be M-fuzzifying algebraic approximation spaces. For a pairwise
mapping (f,g) : Uy X V1 — Uy X V3, the following conditions are equivalent.

(1) (f, 9) is a pairwise M-fuzzifying algebraic relation preserving mapping;

(2) Ri(A)(x) < Ra(g(A))(f(x)) forall A € P(V1) and x € Uy;

(3) R1(F)(x) < Ra(g(E))(f(x)) for any F € Pin(V1) and x € Uy;

(4) Ra(g(F))(f (x)) < Ru(F)(x) for any F € Pin(V1) and x € Uy.

(5) Ra(g(A))(f (x)) < Ri(A)(x) for any A € P(V1) and x € U;.

Proof. (1)= (2) ForallA e P(V)and x € U,
R = \/ REE <\ RE)GE) < Ra(gA) ().
FePrin(A) FePrin(A)
(2) = (3) It is clear.
(3) = (4) Let F € Pf;,(V) and x € U. (MARL1) implies that
Ra(9(FY)(f() = [Ra(gEN(FEN] < [RiB)X)] = Ru(F)(w).

Hence (4) holds. '
(4) = (5) Let A e P(V) and x € U. Since g(A) = UgZPfin(g(A)) F, (MARL2) yields

R@ANfN = [\ REF< [\ RGI) = RiA)E).
FePin(9(A)) GePin(A)
(5) = (1) For all F € Py;,(V) and x € U,
R1()(F) = [Ru(F)D)] < [Ra(g(FY)f ()] = Ra(f ())(9(F))-
Therefore (f, g) is a pairwise M-fuzzifying algebraic relation preserving mappings. [
Proposition 4.8. Let (U, Cy) and (V,Cy) be M-fuzzifying convex spaces. If f : U — V is an M-fuzzifying

convexity preserving mapping with respect to (U, Cy) and (V, Cv), then f : (U, Re,) — (V,Re,) is an M-fuzzifying
algebraic relation preserving mapping.
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Proof. For all F € P;,,(U) and x € U, Proposition 4.2 implies
Ru(0)(F) = Rey (F)(x) = coc, (F)(x) < coe, (FB)f(0) = Re, (FEN(f() = Ry (FE)F(F)).

Thus f is an M-fuzzifying algebraic relation preserving mapping. [

Proposition 4.9. Let (U, Ry) and (V, Ry) be M-fuzzifying algebraic approximation spaces. If f : U — V is an M-
fuzzifying algebraic relation preserving mapping with respect to (U, Ry) and (V,Rv), then f : (U,Cg,) — (V,Cg,)
is an M-fuzzifying convexity preserving mapping.

Proof. For all A € P(U) and x € U, Proposition 4.7(2) implies that
c0cq, (A)(X) = Ru(A)(x) < Rv(FIAN(F()) = cocy, (FAN(F()-
Thus f is an M-fuzzifying convexity preserving mapping. [J

The category consisting of reflexive and transitive M-fuzzifying algebraic approximation spaces (U, R)
as objects and M-fuzzifying algebraic relation preserving mappings as morphisms is denoted by M-RTAAS.
Based on Propositions 4.2 and 4.8, we get a functor [F :M-CS— M-RTAAS by

F(U,C) = (URe) and F(f) = f.

From Propositions 4.2-4.9, we find that IF is isomorphic. Thus we have the following result.
Theorem 4.10. The category M-RTAAS is isomorphic to the category M-CS.

The category of reflexive, weakly symmetric and transitive algebraic approximation spaces with the
form (U, R) as objects and algebraic relation preserving mappings as morphisms is denoted by RWSTAAS.
The category of convex matroids as objects and convexity preserving mappings as morphisms is denoted
by M-CMS. Based on Propositions 4.2 and 4.3 and Theorem 4.10, we have the following result.

Theorem 4.11. M-RWSTAAS is isomorphic to M-CMS.

Proposition 4.12. If (U, C) is a 1-arity M-fuzzifying convex matroid then R is symmetric.

Proof. By Proposition 4.2, R¢ is weakly symmetric. In addition, for any A € P(l), R_C(A) = coc(A) =
Voea c0c({v}) = Vyea Re({0)). It follows from Proposition 3.14(2) that R¢ is symmetric. O

Proposition 4.13. If (U, R) is a symmetric M-fuzzifying algebraic approximation space then (U, Cg) is a 1-arity
M-fuzzifying convex matriod.

Proof. For any A € P(Ul), it follows from Propositions 3.14(3) and 4.2 that coc,(A) = R(A) = Vopen R} =
V vea €0c,(19}). So Cg is 1-arity. It follows from Propositions 3.14(1) and 4.3 that (U, Cg) is an M-fuzzifying
convex matroid. [

The category of reflexive, symmetric and transitive algebraic approximation spaces with the form
(U, R) as objects and algebraic relation preserving mappings as morphisms is denoted by M-RSTAAS. The
category 1-arity convex matroids as objects and convexity preserving mappings as morphisms is denoted
by M—ClMS.

Based on Propositions 4.12 and 4.13 and Theorem 4.10, we have the following result.

Theorem 4.14. M-RSTAAS is isomorphic to M-C;MS.

Next, we present some examples to show relationships among M-fuzzifying convex structure, M-
fuzzifying convex matroid and M-fuzzifying algebraic relation.
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Example 4.15. Let U = {x, y, z} and let M = [0, 1] with an involution ’ defined by a’ =1 —a for any a € M.
(1) Let C : P(I) — M be shown in Table 1. Then C is an M-fuzzifying convex structure. In addition,
Re : U — M”’n is a reflexive and transitive M-fuzzifying algebraic relation shown in Table 2.

Re|0 {x) {y) {z) vy} {2} {y,2) U
AlD ) (y) {2} oyl iz {y,2) U xlo1 L1111
cltri ot 4 0o o0 1 yjor 145 1 1 1 1
z|03 1 3 1 1 1

Table 1: The definition of C
Table 2: The calculation of R¢
Since coc({x})(z) = % and coc({z})(x) = %, (U, C) is not an M-fuzzifying convex matroid. As a result, R¢ is
not weakly symmetric. since Re({x})(z) = % and Re({zh)(x) = %, it is clear that R¢ is not primitive symmetric.
(2) Let C : P(U) — M be shown in Table 3. Then (U, C) is an M-fuzzifying convex matroid. Ro: U —
M7 is a reflexive, weakly symmetric and transitive M-fuzzifying algebraic relation shown in Table 4.

Re|0 {x) {y} {2} (v y) {xz2) (y,2) U

AlD {x} {y) {2} (o) (2 {y,2) U xlo1 11 o1 1 %o
cii 1 1 1 1 ylod 111 2 1
zlo 3 21 32 1 1 1

Table 3: The definition of C
Table 4: The calculation of R¢

Since Re({y, z))(x) # Re({y))(x) V Re({z))(x), Re is not symmetric.
(3) Let C : P(U) — M be shown in Table 5. Then (U, C) is a 1-arity M-fuzzifying convex matroid.
Re : U — M”’n is a reflexive, symmetric and transitive M-fuzzifying algebraic relation shown in Table 6.

Re |0 {x} {y} {2} (xvy) iz {y,2h U

Al0 {x) () (2} (xy) {2 (y,2) U xo1 L1 1 1 11
chii 11 1 1 11 N O A A T S
zlo 4 21 4 1 1 1

Table 5: The definition of C
Table 6: The calculation of R¢

5. Relationships between M-fuzzifying approximation spaces and M-fuzzifying algebraic approxima-
tion spaces

In this section, we discuss relationships between M-fuzzifying approximation spaces and M-fuzzifying
algebraic approximation spaces.

Proposition 5.1. Let (U, V, R) be an M-fuzzifying approximation space. Define a mapping Ry : U — MPV) py

Vx € UVF € Prn(ll), Rp@)(F) = \/ Rx,y).

yeF

Then Ry, is an M-fuzzifying algebraic relation satisfying Ry, = R and R_@ =R

Proof. It is clear that Ry is an M-fuzzifying algebraic relation from U to V. Let A € P(V) and x € U. Then

Re @ =\ Rew®= \/ /Ry =\/Rey)=RA)

FePin(A) FePfin(A) yeF yeA

and &(A) = [R_ﬁ(AC)]C = [%(AC)]C = g(A) Therefore & = 7_? and R_'R = % |
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Proposition 5.2. Let (U, V,R) be an M-fuzzifying approximation space. Then the following statements are valid.
(1) Ry, is serial & R is serial.
(2) Ry is reflexive & R is reflexive.
(3) R is symmetric &= Ry, is symmetric &= Ry, is weakly symmetric.
(4) R is transitive = Ry, is transitive & Ry, is strongly transitive.

Proof. It follows from Propositions 2.4 and 5.1 that R is serial (resp. reflexive, symmetric, transitive) iff Ry,
is serial (resp. reflexive, weakly symmetric, strongly transitive).
We prove that R is symmetric iff R, is symmetric.

If R;, is symmetric then it is weakly symmetric. Thus R is symmetric. Conversely, assume that R is
symmetric. Let x € U and F € P;,(U). Then

Ra(F)(x) = Rp(@)(F) = \/ Rx, ) = \/ RAyH@) = \/ R = \/ Rellah ).
yeF yeF yeF yeF

This shows that (MARUD5) holds for Ry,. Therefore R is symmetric.

We verify that R is transitive iff Ry, is transitive.

If R is transitive then Ry, is strongly transitive. Thus Ry, is transitive. Conversely, we assume that Ry is
transitive. Let x, y,z € U. Then the transitivity of R; yields that

R, y) ARy, 2) = Re®)(y) A Re()({z) < Rp(0)(f2) = R(x, 2).
Thus R is transitive. [

Proposition 5.3. Let (U, V, R) be an M-fuzzifying algebraic approximation space. Define a mapping Rg : UXV —
M by

V(x,y) e UxV, Rr(x,y)=R@){y).

Then Rg is an M-fuzzifying relation from U to V satisfying R < & and Rg < R.
Proof. 1t is clear that Ry is a relation. Let A € P(U) and x € U. Then

Re(A)®) = \/ Rer, 1) = \/ RO </ REE) = R(A)@)

y€A yEA FEme (A)
and R(A) = [RA)] < [Re(A)] = Rr(A). Therefore R < Rg and Rg <R 0O

Proposition 5.4. Let (U, V,R) be an M-fuzzifying algebraic approximation space. The following statements are
valid.

(1) 7:27g is serial = R is serial.

(2) Ry is reflexive <= R is reflexive.

(3) R is symmetric & R is weakly symmetric.

(4) R is transitive = Ry is transitive.

Proof. (1) It directly follows from (ARU3), Propositions 2.4 and 5.3.

(2) If R is reflexive then Rg(x, x) = R(x)({x}) = T for any x € U. Thus Ry is reflexive. Conversely, we
assume that Ry is reflexive. For any x € F € Py, (U), it is clear that R(x)(F) > R(x)({x}) = Rg(x,x) = T. Thus
R is reflexive.

(3) The result is clear since Rz(x, y) = R(x)({y}) for any x, y € U.

(4) Let R be transitive and let x, y,z € U. Then

Re(x, y) A Rr(y,2) = ROy A R@)({2)) < RO((2)) = Re(x, 2).

Therefore Ry is transitive. [
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Proposition 5.5. If (U, R) is an M-fuzzifying approximation space then 7?&? =R
Proof. Letx,y € U. Then @Rk (x, v) = Ra(){y}) = R(x, y). Thus 7A€fkﬁ =R 0O
Proposition 5.6. If (U, R) is an M-fuzzifying algebraic approximation space then Ry < R.

Proof. Let F € Pr;y(U) and x € U. Then

Rie @(F) = \/ Re(x,y) = \/ R@)({yh) < RE(E).

yeF yeF

Therefore RRR <R 0O

In order to discuss categorical relationships between convex structures and reflexive and transitive
algebraic relations, we present the following notions.

Definition 5.7. Let (U, V1,7A€1) and (Ua, V2,7A€2) be M-fuzzifying approximation spaces. Let f : U; — U,
and g : Vi — V,. The pairwise mapping (f, g) : U; X Vi — U, X V; is called a pairwise relation preserving
mapping, if Ri(x, y) < Ra(f(x), 9(y)) for all x € U; and y € V.

Proposition 5.8. Let (Uj, V1, @1) and (Ua, V2,7€2) be M-fuzzifying approximation spaces. For a pairwise mapping
(f,9) : Uy x V1 — Uy X Vy, the following conditions are equivalent.
(1) (f,g)isa pairwise relation preserving mappings;

(2) 721( Wu) < Rz(g(A)) f@u)) forall A€ P(Vy)and u € Uy;

(3) Ri(foh)(w) < Ra(g({o ))(f(u))fm’ any v € Vyand u € Uy;
(4) Rz(g( NI(f(w)) < R1( Yu) forany v € Vi and u € Uy;

(5) &(g(A Nf(u)) < &(AC)(u)for any A € P(V1) and u € U.

Proof. 1t is similar to Proposition 4.7. [

Proposition 5.9. Lef (Ul,Vl,le) and (U, Vz,fiz) be M- fuzzzﬁ/ing approximation spaces. If (f,g) is an M-
fuzzifying approxzmatzon preservmg mapping from (Ul,Vl,Rl) to (Uy, V2,7€2 then (f,g) is an M-fuzzifying
algebraic relation preserving mapping with respect to (U, V1, Ry ) and (Uz, V2, Ry,)-

Proof. Let x € Uy and F € Py, (V7). Then

Re, )(F) = \/ Rix,y) < \/ Ra(F1), 90) = Re, (F))(g(F).

yeF yeF
Thus (f, ) is an M-fuzzifying algebraic relation preserving mapping. [
Proposition 5.10. Let (Uj, Vi, R1) and (Uy, V2, Ra) be M-fuzzifying algebraic approximation spaces. If (f,g) is
an M-fuzzifying algebraic approximation preserving mapping from (Uq, V1, Ry) to (LIZ, Va,Ry), then (f,g) is an
M-fuzzifying relation preserving mapping with respect to (U, V1, Rr,) and (Ua, Va, Rg,).
Proof. Letx € Uy and y € V5. Then
R, (11, 0) = Ri(u)({0}) < Ro(f () ({g(0)}) = R, (f(w), 9(0)).

Thus (f, g) is an M-fuzzifying relation preserving mapping. [
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The category consisting of M-fuzzifying approximation spaces with the form (U, V,R) as objects and
pairwise M-fuzzifying relation preserving mappings as morphisms is denoted by M-PAS. The category
consisting of M-fuzzifying algebraic approximation spaces with the form (U, V,R) as objects and pairwise
M-fuzzitying algebraic relation preserving mappings as morphisms is denoted by M-PAAS.

Based on Propositions 5.1 and 5.9, we obtain a functor [F :M-PAAS— M-PAS defined by

Similarly, based on Propositions 5.3 and 5.12, we obtain a functor G :M-PAS— M-PAAS defined by
G(U,R) = UL Rg), G(f) = f.
From Propositions 5.1, 5.3, 5.5, 5.6, 5.9 and 5.12, we have the following result.
Theorem 5.11. (IF, G) is a Galois’s connection, where IF is a left inverse of G.
Proposition 5.12. If (U, R) is a symmetric M-fuzzifying algebraic approximation space then R = R. Thus 7A€_qg =R
and & =R
Proof. Let F € Py, (U) and x € U. Since R is symmetric, Proposition 3.14(3) yields that
Rin @(F) = \/ Re()(®) = \/ RE)({0) = RE)(E).

yeF yeF
So R@R = R. In addition,

RE)) = RE)E) = \/ REO(y) = \/ Rr(x, y) = Re(F)).
yeF yeF
Thus 7?_73(1-") = R(F). Therefore 7?_7@ =R and & =R O
Based on Proposition 5.12, results in Proposition 5.2 and Theorem 5.11 can be enhanced as follows.

Corollary 5.13. Let (U, R) be a symmetric M-fuzzifying algebraic approximation space. Then Ry is symmetric. In
addition, Rg is serial (resp., reflexive, transitive) iff R is serial (resp., reflexive, transitive).

The category consisting of reflexive, symmetric and transitive M-fuzzifying approximation spaces as
objects and M-fuzzifying relation preserving mappings as morphisms is denoted by M-RSTAS. The category
consisting of reflexive, symmetric and transitive M-fuzzifying algebraic approximation spaces as objects
and pM-fuzzifying algebraic relation preserving mappings as morphisms is denoted by M-RSTAAS.

Corollary 5.14. M-RSTAS is isomorphic to M-RSTAAS.

Next, we present a specific example to show relationship between reflexive, symmetric and transitive
M-fuzzifying relations and reflexive, symmetric and transitive M-fuzzifying algebraic relations.

Example 5.15. Let U = {x, y,z} and let M = [0, 1] with an involution * defined by @’ =1 —a for any a € M.
Let R : U — M”’n be defined in Table 7. It is a reflexive, symmetric and transitive M-fuzzifying algebraic
relation. Thus Rg is a reflexive, symmetric and transitive relation.

D

R0 (¥} {y} {2} {xy) {2z} {y,2) U R|x vz
xfo1 311 1 1o x |1 3 3

1 1
ylo 3 1 5 1 1 1 1 yl3 12
zjo 2 414 1 11 z 13 3 1

Table 7: The definition of R Table 8: The calculation of Rg
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6. Conclusions

We developed a framework of M-fuzzifying algebraic rough sets in a constructive approach. For this
purpose, the notion of M-fuzzifying algebraic relation is introduced and lower and upper M-fuzzifying
approximation operators are constructed. In the viewpoint of category aspect, relationships among M-
fuzzifying algebraic approximation space, M-fuzzifying approximation space and M-fuzzifying convex
structures are discussed. It is proved that the category of reflexive and transitive M-fuzzifying algebraic
rough spaces is isomorphic to the category of M-fuzzifying convex spaces. In particular, it is proved that the
category of reflexive, weakly symmetric and transitive M-fuzzifying algebraic rough spaces is isomorphic
to the category of M-fuzzifying convex matroids. It is also proved that the category of reflexive, symmetric
and transitive M-fuzzifying algebraic rough spaces is isomorphic to the category of reflexive, symmetric
and transitive M-fuzzifying rough spaces. Unlike classic relation or M-fuzzifying relation, M-fuzzifying
algebraic relation focuses on establishing relationships between a point and a finite subset. In addition,
conditions ofM-fuzzifying algebraic relations such as (resp., weak, primitive) symmetry, transitivity and
(resp., strong) transitivity can be characterized by M-fuzzifying algebraic approximation operators either
via finite subsets or arbitrary subsets. In [26], the condition that turns an M-fuzzifying convex space to an
M-fuzzifying convex matroid is the exchange law. We find in Section 4 that the exchange law is actual a
kind of new symmetry of M-fuzzifying algebraic rough sets (i.e., weak symmetry) which is weaker than
the symmetry of M-fuzzifying algebraic rough sets and is stronger than the primitive symmetry. In turn,
the symmetry and the primitive symmetry of M-fuzzifying algebraic rough sets can be abstracted into
M-fuzzifying convex structures to construct strong and weak forms of M-fuzzifying convex matroids. The
strong form of M-fuzzifying convex matroids may enhance some results of M-fuzzifying convex invariants
while the weak form of M-fuzzifying convex matroids is more likely to reveal essential properties of
M-fuzzifying convex invariants.
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