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Abstract. In this paper, we study generalized metric properties at a subset on the hyperspace ¥ (X) of
finite subsets of a space X endowed with the Vietoris topology. We prove that X has the covering property
y at A if and only if ¥ (X) has the covering property y at (A)#(x) for each A C X and some y. By these results,

we obtain some results related to the images of metric spaces under some kinds of continuous mappings at
a subset on the Vietoris hyperspace 7 (X).

1. Introduction and preliminaries

Recently, the generalized metric properties on hyperspaces with the Vietoris topology have been studied
by many authors ([3, 4, 9-11, 13-18]).

In 2020 and 2022, covering concepts such as external bases, so-networks, sn-networks, cs-networks, cs*-
networks, point-regular covers, point-finite covers, point-countable covers at a subset A for a space X were
introduced and studied by S. Lin, X.W. Ling, Y. Ge and W. He ([5, 6]). They obtained some good results.
In this paper, we also introduce some more covering concepts like cn-networks, ck-networks, compact-
finite covers, compact-countable covers, locally finite covers, locally countable covers at a subset A for a
space X and study them on the Vietoris hyperspace ¥ (X) at a subset (A)#x) for F(X). Throughout this
paper, (P) is assumed to be one of the following properties: point-finite, point-countable, compact-finite,
compact-countable, locally finite, locally countable. Moreover, all spaces are assumed to be T; and regular,
IN denotes the set of all positive integers. For A C X, we prove that

1. X has a sequence of open covers (resp., so-covers, cs-covers, c¢s*-covers) at A which is a point-star
network at A for X if and only if ¥(X) has a sequence of open covers (resp., so-covers, cs-covers,
cs*-covers) at (A)s(x) which is a point-star network at (A)sx) for ¥ (X);
. X has a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) with property (P) at A which
is a point-star network at A for X if and only if ¥ (X) has a sequence of open covers (resp., so-covers,
cs-covers, cs*-covers) with property (P) at (A)#(x) which is a point-star network at (A)#(x) for F(X);
X has an external base (resp., an so-network, an sn-network, a cs-network, a cs*-network, a cn-network,
a ck-network) with property o-(P) at A for X if and only if #(X) has an external base (resp., an so-

network, an sn-network, a cs-network, a cs*-network, a cn-network, a ck-network) with property o-(P)
at <A>7—‘(X) for ?(X)
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By these results, we obtain that

1. X has a point-regular external base (resp., so-network, sn-network, cs-network, cs*-network) at A for
X if and only if #(X) has a point-regular external base (resp., so-network, sn-network, cs-network,
cs*-network) at (A)#(x) for F(X);

2. X has a point-countable external base (resp., so-network, sn-network, cs-network, cs*-network, cn-
network, ck-network) at A for X if and only if #(X) has a point-countable external base (resp.,
so-network, sn-network, cs-network, cs*-network, cn-network, ck-network) at (A)#x) for F(X).

On the other hand, we also get some results about the images of metric spaces under some kinds of
continuous mappings at a subset on the Vietoris hyperspace ¥ (X). Moreover, if A = X, then (A)¢x) = F(X),
we get some new results and get back some known results (for example, [4, Theorem 4.7], [14, Theorems
37,41], [18, Theorem 2.6], [18, Corollaries 2.7, 2.8]) on the Vietoris hyperspace 7 (X).

For a sequence {x,},en converging to x, we say that {x,},en is eventually in P if {x} U {x, : n > m} C P for
some m € IN, and {x,},en is frequently in P if some subsequence of {x,},en is eventually in P. Furthermore,
if P is a family of subsets of a space X and A C X, then

St(A,P)=U{PeP:PNA =0}
(P)a={PeP:PNA=+0.

For x € X, we use the notation St(x, £) instead of St({x}, P).
Given a space X, we define its hyperspaces as the following sets:

1. CL(X) = {A Cc X : Ais closed and nonempty};
2. K(X) =1{A € CL(X) : A is compact};

3. Fau(X) ={A € CL(X) : |A| < n}, where n € IN;
4. F(X) = {A € CL(X) : A is finite}.

The set CL(X) is topologized by the Vietoris topology defined as the topology generated by
B={U,..., U : Uy,..., U are open subsets of X, k € IN},

where

(Uy,..., Uy = {A e CL(X): A c Uige U;, AN U; # 0 for each i < k}.

Note that, by definition, K(X), #,(X) and ¥ (X) are subspaces of CL(X). Hence, they are topologized with
the appropriate restriction of the Vietoris topology. Moreover,

1. CL(X) is called the hyperspace of nonempty closed subsets of X;
2. K(X) is called the hyperspace of nonempty compact subsets of X;
3. Fu(X) is called the n-fold symmetric product of X;

4. F(X) is called the hyperspace of finite subsets of X.

On the other hand, it is obvious that 7 (X) = U, F1(X) and F,(X) C F,.41(X) for each n € IN.

Remark 1.1. ([15]) Let X be a space and let n € IN.

1. F,(X) is closed in F(X).
2. fi : X » F1(X) given by fi(x) = {x} is a homeomorphism.
3. Every ¥,,(X) is a closed subset of #,(X) for each m,n € IN, m < n.

Notation 1.2. ([14]) If Uy, ..., U are open subsets of a space X, then (U, ..., Us)y(x) denotes the intersection of
the open set (Uy, ..., Us) of the Vietoris topology, with ¥ (X).

Notation 1.3. ([17]) Let X be a space. If {x1, ..., x,} is a point of F(X) and {x1, ..., %} € (Uy, ..., Us)F(x), then for
each j < r, we let
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Uy, = U e {Uy,..., U} : xj € U}

Observe that (le, ey uxy>7:(x) c(Uy,..., us>¢(x).

Definition 1.4. Let A C X and ¥ be a family of subsets of a space X.

1.
. A s called sequentially open [5], if A is a sequential neighborhood of each point in A.

10.

A is called a sequential neighborhood of x € X [5], if each sequence L converging to x is eventually in A.

P is called a network at x € X [5], if x € (P, and for each neighborhood U of x in X, there is P €
such that P c U.

. Pis called a cs-cover [5] (resp., cs*-cover [6]) at A for X, if every sequence L converging to x € A in X is

eventually (resp., frequently) in some P € P.

P is called an open cover (resp., so-cover) at A for X [5], if each element of # is an open (resp., a
sequentially open) setin X and A c |JP.

P is called a cs-network (resp., cs*-network) at A for X [5], if for each x € A, any sequence L converging
to x € U with U open in X, then L is eventually (resp., frequently) in P C U for some P € P.

P is called an sn-network at a point x € X [5], if the following are satisfied: (i) # is a network at x in X;
(if)if U,V € P, then W Cc UNV for some W € P; (iii) each element of P is a sequential neighborhood
of xin X.

P = Uqyea Px is called an external base (resp., sn-network, so-network) at A for X [5], if Py is a local base
(resp., an sn-network, an sn-network consisting of sequentially open sets) at x in X for each x € A.

P is called a cn-network at x € X [2], if for each neighborhood O, of x, the set [ JIP € P: x € P C Oy} is
a neighborhood of x; P is a cn-network at A for X, if P is a cn-network at each point x € A.

P is called a ck-network at x € X [2], if for any neighborhood Oy of x, there is a neighborhood U, c O,
of x such that for each compact subset K C U,, there exists a finite subfamily ¥ C P satisfyingx € (| F
and K c |JF c Oy; P is a ck-network at A for X, if P is a ck-network at each point x € A.

Remark 1.5. 1. External base (at A) = so-network (at A) = sn-network (at A) = cs-network (at A) =

2.

cs*-network (at A).
External base (at A) = ck-network (at A) = cn-network (at A).

Definition 1.6. Let A C X and % be a family of subsets of a space X.

1.

P is said to be point-finite (resp., point-countable) at A [5], if the family (P), is finite (resp., countable)
for each x € A.

P is said to be compact-finite (resp., compact-countable) at A, if for each compact subset K in the subspace
A of X, the family (P)x is finite (resp., countable).

P is said to be locally finite (resp., locally countable) at A, if for each x € A, there exists an open
neighborhood V of x such that the family (#)y is finite (resp., countable).

. Pis said to be point-regular at A [5], if for each x € A and x € U with U openin X, {P € (P), : P ¢ U} is

finite.

Definition 1.7. For a cover P of a subset A of a space X. We say that ¥ has property o-(P) at A, if P can be
expressed as P = ,,en P, Where each P, has property (P) at A, and P, C P41 for each n € IN.

Definition 1.8. ([5]) Let X be a space and A C X. A sequence {P,},en of families of subsets in X is called a
point-star network at A for X, if {St(x, Pp)}uen is a network at x in X for each x € A.

Remark 1.9. ([5]) Point-star networks for a space are also called o-strong networks.

For some undefined or related concepts, we refer the reader to [2, 5-8, 18].
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2. Main results

Let X be a space. We say that a sequence {A,},en consisting of subsets of X converges to a subset A C X,
if for each open set U in X with A C U, there exists k € IN such that A, C U for each n > k.

Notation 2.1. Let Py, ..., Ps be subsets of a space X. Then, we denote
(P1,..., Poygxy = (P1,..., Py N F(X)and (Py, ..., Ps)kx) = (P1,...,Ps) NK(X),
where

(Py,...,Py={A€CL(X): AC Ui P, ANP; # 0 foreachi <s).

Lemma 2.2. ([18, Lemma 2.1]) Let X be a space and {F,,}uen be a sequence of points of F(X). If {Fu}men converges
toF ={xy,...,x} in F(X) and {Uy, ..., U,} is a family of pairwise disjoint open subsets of X such that x; € U; for
each j < r, then {F,, N Uj}nen converges to {x;} in X for each j <r.

Lemma 2.3. ([16, Lemma 2.1]) Let (Uy,...,Us), (V1,...,V,) € CL(X). If there exists iy < s such that U;, N
(U]-S, V]) = @, then <ll1,. .oy Us) N <V1,. v ey Vr> = 0

Lemma 2.4. Let X be a space and A C X. If K is compact in the subspace (A)kx) of K(X), then \J K is compact in
the subspace A of X.

Proof. Let U be an open cover of | J K in the subspace A of X. Then, for each U € U, there exists an open
subset V; in X such that U = Vy N A. Take any E € K, we have that E ¢ |JK c Uyey Vu. Since E is
a compact subset of X, there exists a finite subcover {Vy,,..., Vu,,} of E such that E N Vy, # 0 for each
i< l’l(E) Thus, E € <VU1, ceey Vun(E) >]K(X)- Now, if we put

U= {(Vu“ ey VU,,(E)>]K(X) :E € 7(},

then U is an open cover of K in IK(X). Hence, {H N (A)kx) : H € U} is an open cover of K in the subspace
(A)kx) of K(X). Since K is compact in the subspace (A)kx) of K(X), there exists a finite subfamily 2l of U
such that K C Ugey, (H N (A)kx))- Put

Uy = {OE/ = <VU1(£]-)' ., Vun(Ej) >]K(X) 1j < m},
V= {ul(E/-), ey Un(E/-) : ] < m}.

Then, YV is a finite subfamily of U. Moreover, | JK C |JV. Indeed, let z € | J K. Then, there exists E € K
such that z € E. Since E € K, there exists j < m such that

E € O, N{A)kx) = (Vul(Ej), o Vi, YK N (AYK)-
This implies that there exists 1 < i < n such that
zZ € Vu,-(gj) NA= Uik, C U(V.
Therefore, | J K is compact in the subspace A of X. [
Lemma 2.5. Let X be a space, A C X and {Pn}nen be a sequence of families of subsets in X. For each n € N, put
B = [PV, ..., PDyr - P, PP € Py, s € N

1. If {Pulnen is a point-star network at A for X, then {B,}nen is a point-star network at (A)gx) for F(X).
2. Foreachn € N, if P,, is an open cover (resp., an so-cover, a cs-covet, a cs*-cover) at A for X, then B, is an open
cover (resp., an so-cover, a cs-cover, a cs*-cover) at (A)gx) for F (X).
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Proof. We can assume that $,,,1 refines P, for each n € N. Let F = {x1,...,x,} € (A)#x) and U be an open
neighborhood of F in #(X). Then, F C A and there exist open subsets Uj, ..., U; of X such that

Fe <U1,...,us>(f(x) cU.

Because X is Hausdorff, it follows from Notation 1.3 that we can find pairwise disjoint open subsets
Uy,, ..., Uy, of X such that x; € Uy, foreach j <rand

Fe (le,.. -/Ux,>77(X) C (Ul,...,Us)¢(X) cU.

(1) For each j < r, since {#,},en is a point-star network at A for X, {St(xj, #,)}nen is a network at x; in
X for each x; € A. Thus, there exists m; € IN such that x; € St(x;,$,) C Uy, whenever n > m;. If we put
m =max{m; : j < r}, then

F € <St(x1/ Pﬂ)/ cecy St(xi’/ p1’l)>7:(X) - <UX1 7y UX,A>7:(X)
for every n > m. Moreover, it is easy to see that
St(F/ sBl’l) c <St(x1/ P71)/ ceey St(xrr PVl))?’-(x)

Hence, F € St(F,*B,) C U for every n > m. Therefore, {St(F, B,)}lqen is a network at F in F(X) for each
F € (A)¢(x)- This shows that {8,,},en is a point-star network at (A)#(x) for ¥ (X).

(2) Case 1. P, is an open cover (resp., so-cover) at A for X. Let A C |JP,. Then, foreach j < r, since x; € A,
there exists P§") € P, such that x; € Pj.”). This implies that F € (P(ln), ... ,Pi”)ﬁ(x). Thus, (A)gx) € U By

If each element of P, is open in X, then it is obvious that each element of B, is open in ¥ (X). Therefore,
B, is an open cover at (A)s(x) for F (X).

If each element of P, is a sequentially open set in X, then each element of B, is a sequentially open set
in ¥(X). Indeed, take any W = <P§"), ... ,Pgn)>¢(x) € B, we only need to prove that W is a sequentially
open set in ¥ (X). Assume that B = {y;, ..., yu} € W and the sequence {Bi}ren converges to B in F (X).

Claim. There exists N € IN such that By, C |, Pgm foreach k> N.

Otherwise, then there exists a subsequence {By, }ien such that By, ¢ ;< PE”) for each I € IN and {k;};cn is
strictly increasing. For each ! € IN, take z; € By, \ U<, Pl(."). Since the sequence {B}xen converges to B in 7 (X),
it is obvious that {B} U {By : k € IN} is a compact subset in F(X) = (X)#(x). This implies that {B} U {By : k € IN}
is a compact subset in (X)kx) = K(X). It follows from Lemma 2.4 that B U J;ox B is a compact subset
in X. Moreover, since B U |y B is countable, B U | Jien Bx has a countable network. This implies that
B U Ugen Bk is metrizable since a Hausdorff compact space (i.e., compactum) with a countable network is
metrizable [1]. Thus, B U ey Bk is a compact metrizable subspace of X. Therefore, {z;};en must have a
subsequence {zlp }pen converges to z. Then, z, € Bk,p for each p € N. Now, we prove that z € B. If not, since
X is Hausdorff, there exist an open neighborhood U of z and an open neighborhood V of B in X such that
U NV = 0. Because the sequence {Bi}teny converges to B in ¥ (X), the subsequence {Bk,p }pen converges to
B in F(X). Moreover, since U is an open neighborhood of z in X and (V)#(x) is an open neighborhood of
B in F(X), there exist pg,p1 € IN such that z, €U for each p > py and Bklﬁ C V for each p > p;. If we put
p2 = max{pg, p1}, then z, € Uand z, € Bklp C V for each p > p;. This implies that U NV # @, which is a

contradiction. Since z € B, there exist g < m and i < s such thatz = y, € Pl(.n). Since PE”) is a sequentially
open set in X, there exists N € N such that z;, € PE”) for each p > N. This is a contradiction.

By Claim, without loss of generality, we may assume that By C | J;<, Pf”) for each k € IN. Next, we prove
that there exists p € IN such that By € ‘W for each k > p. Suppose not, there exist a subsequence {By,};en and
i < s such that By, ¢ ‘W and By, N Pg") = ( for each | € IN. Moreover, since B € ‘W, there exists t < m such
that y; € Pl(.”). Since the sequence {By}ren converges to B in ¥ (X), the subsequence {By, };en converges to B in
¥ (X). Let O be an open neighborhood of B in ¥ (X). Similar to the above proof, there exist pairwise disjoint
open subsets Uy, ..., U, of X such that y; € Uy, for each t < m, and

Be(Uy,..., Uy, )rx) CO.
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By Lemma 2.2, the sequence {By, N Uy, };en converges to {y;} in X. Moreover, since Pf”) is a sequentially open

setin X and y; € Pl(."), there exists N € IN such that By, N u, c Pf”) for each | > N, which is a contradiction.
Hence, W is a sequentially open set in #(X). This implies that B, is an so-cover at (A)#(x) for F (X).

Case 2. P, is a cs-cover (resp., cs*-cover) at A for X. Let {F,,}uen be a sequence converging to F in F (X).
Then, for each j < r, the sequence {F;, N Uy, }men converges to {x;} in X by Lemma 2.2.

If P, is a cs-cover at A for X, then there exist P;”) € P, and k; € IN such that
(i} U (U N U; m 2 kjh) < P,
If we put k = max{k; : j <}, then (Pg”), ... ,Pi")>¢(x) € B, and

{FYU{Fy :m >k (P, .., P™)r .

This shows that ‘B, is a cs-cover at (A)¢(x) for F(X).
If P, is a cs*-cover at A for X, by induction on 7, then there exist P;") € P, and a subsequence {my}reN of
IN such that

. (1)
() U (UFw, N U; -k € N}) c P,
This implies that (P(ln), .., Pi"))ﬂx) € B, and

{FYU (Fuy, - ke N} < (P, ..., Pz
Therefore, *B,, is a cs*-cover at (A)#(x) for F(X). O

Let P be a family of subsets of a space X. If we put
gB = {<P1,...,PS>7-'(X) :Py,...,Ps € P,S S N},

then observe that *B is a family of subsets of ¥ (X).

Lemma 2.6. Let X be a space and A C X. If P has property (P) at A for X, then B has property (P) at (A)sx) for
F(X).

Proof. LetF = {xy,...,x} € (A)Fx). Then, F C A.

Case 1. (P) is point-finite (resp., point-countable). Then, for each j < r, since P is point-finite (resp.,
point-countable) at A for X, P; = {P € P : x; € P} is finite (resp., countable). If we put Py = J j<r P;, then Py
is finite (resp., countable). Therefore, to prove that ‘B is point-finite (resp., point-countable) at (A)#x) for
F (X), we only need to show that

[Wep:FeW|c{(P,...,PYrx) : P,...,Ps € Po,5 € NJ.

In fact, take any (Eq,.. -/Ek>7-"(X) ¢ {(Pl,. . '/PS>T(X) :Py,...,Ps € Py,s € N} with k € IN. Then, Eio ¢ Py for
some ip < k. This implies that x; ¢ E;, for every j < r. Thus, F ¢ (Ey, ..., Ex)#x). Hence, (Ey,..., Ex)rx) ¢
(WePB:FeW)

Case 2. (P) is compact-finite (resp., compact-countable). Let K be compact in the subspace (A)#(x) of
7 (X). Then, K is compact in the subspace (A)kx) of K(X). It follows from Lemma 2.4 that K = |J K is
compact in the subspace A of X. Moreover, since K C (K)#(x), we claim that

{(WE“B:(WQW?&@}C{(WEgB:"Wﬂ(K);L‘(X)i@}.

Since P is compact-finite (resp., compact-countable) at A for X, Py = {P € P : PN K # 0} is finite (resp.,
countable). On the other hand,

{W ep :(W0<K>7-'(X) #0} C {<P1/---,PS>T(X) :Pq,...,Ps € Py, se N}



L. Q. Tuyen, O. V. Tuyen / Filomat 38:12 (2024), 42914301 4297

In fact, let k € N and (Ey, ..., Ex)yx) € ((P1, ..., Ps)exy : P1,...,Ps € Py, s € N}. Then, there exists ip < k
such that E;; ¢ Po. This implies that E;; N K = 0. By Lemma 2.3, (E;, ..., Ep)¢x) N (K)Fxy = 0. Thus,
(Et, ..., EpFx) ¢ {W € B : WN{(K)ex) # 0}

Hence, {W € B : W N K # 0} is finite (resp., countable). This shows that P is compact-finite (resp.,
compact-countable) at (A)#(x) for F(X).

Case 3. (P) is locally finite (resp., locally countable). Then, for each i < r, there exists an open neighbor-
hood W; of x; such that (P)w, is finite (resp., countable). If we put

Vi=Wi\{Xj:jST,j¢i},
then V; is open in X for every i < r, and (Vy,...,V,)#(x) is an open neighborhood of F in #(X). On

the other hand, {W € B : W N (Vy,...,V,)gx) # 0} is finite (resp., countable). In fact, for each i < 7,
since P is locally finite (resp., locally countable) at A in X, ; = {P € P : PN V; # 0} is finite (resp.,
countable). If we put Py = U, Pi, then Py is finite (resp., countable). Now, take any (Ey, ..., Ex)rx) €
{(Pl,...,PS);c(X) :Pq,...,Ps € Py,s € IN} with k € IN. Then, there exists iy < k such that E;, ¢ $y. Thus,
Ei, N V; =0 for every i < r. It follows from Lemma 2.3 that (Ey, ..., Ex)Fx) N (V1,..., Vi)ex) = 0. Hence,
(Eq,..., Ek>7’(X) g{WeB:Wn(Vy,..., Vr>7-"(x) # 0}. This implies that

{W e Z(Wr](Vl,...,Vy)T(X) + 0} C {<P1/--~/PS>T(X) :P1,...,Ps € Py, se N}

Therefore, we claim that {W € P : W N (V,..., V,)#x) # 0} is finite (resp., countable). Hence, 8 is locally
finite (resp., locally countable) at (A)#(x) for ¥ (X). O

Theorem 2.7. Let X be a space and A C X.

1. X has a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) at A which is a point-star network at A
for X if and only if F(X) has a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) at (A)gx) which
is a point-star network at (A)gx) for F(X).

2. X has a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) with property (P) at A which is a
point-star network at A for X if and only if ¥ (X) has a sequence of open covers (resp., so-covers, cs-covers,
cs*-covers) with property (P) at {(A)¢(x) which is a point-star network at (A)¢x) for F (X).

Proof. Necessity. By Lemmas 2.5 and 2.6.
Sufficiency. Assume that {¥,},en is a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) at
(A)7(x), and a point-star network at (A)s(x) for F(X). For each n € N, we put

Qn = {(Wﬂﬂ(X) We an}

Then, {Q,}.en is a sequence of open covers (resp., so-covers, cs-covers, cs*-covers) at {(A)r x) = (A) N F1(X),
and a point-star network at (A)#x) = (A) N F1(X) for F1(X). On the other hand, for each n € N, if ‘B, has
property (P) at (A)#x) for F(X), then Q, has property (P) at (A)#x) = (A) N F1(X) for F1(X). By Remark
1.1, the proof of sufficiency is completed. [

In Theorem 2.7, if (P) is point-finite, then by [5, Theorems 3.3, 3.4] and [6, Theorem 3.4], we obtain the
following corollary.

Corollary 2.8. Let X be a space and A C X. Then, X has a point-regular external base (resp., so-network, sn-
network, cs-network, cs*-network) at A for X if and only if ¥ (X) has a point-regular external base (resp., so-network,
sn-network, cs-network, cs*-network) at (A)s(x) for F(X).

By Corollary 2.8, [6, Theorems 3.4, 3.10] and [8, Theorem 5.3], we obtain the following corollary.

Corollary 2.9. Let X be a space and A C X. Then, X is the image of a metric space under an almost-open (resp.,
a strictly countably bi-quotient, a sequence-covering, a 1-sequence-covering, sequentially quotient) and compact
mapping at A for X if and only if F (X) is the image of a metric space under an almost-open (resp., a strictly countably
bi-quotient, a sequence-covering, a 1-sequence-covering, sequentially quotient) and compact mapping at (A)sx) for
F(X).
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Lemma 2.10. Let X be a space and A € X. Then, P is an external base (resp., an so-network, an sn-network, a
cs-network, a cs*-network, a cn-network, a ck-network) at A for X, then *B is an external base (resp., an so-network,
an sn-network, a cs-network, a cs*-network, a cn-network, a ck-network) at (A)s(x) for F(X).

Proof. Suppose that F = {x1,...,x,} € (A)rx) and U is an open neighborhood of F in (X). Then, F C A and
by the proof of Lemma 2.5, there exist pairwise disjoint open subsets Uy,, ..., Uy, of X such that x; € U, for
each j <r,and

Fe (le, ey ny)ﬂx) cU.

Case 1. Assume that P = (J,cq Px is an external base (resp., so-network, sn-network) at A for X, where
each P is a local base (resp., an sn-network consisting of sequentially open sets, an sn-network) at x in X
for each x € A. Put

PBp = {<Px1/ coe s Pe)rx) P, € Py Py NPy # 0,0 # i, j < r}.

If P, is a local base at x in X for each x € A, then it is easy to check that ®Br is a local base at F in ¥ (X).

If P, is an sn-network (resp., an sn-network consisting of sequentially open sets) at x in X for each x € 4,
then it is obvious that Br is a network at F in #(X) and if ‘W1, W, € P, then W c W; N W, for some
W € PBr. Now, take any W € Br. Then, W = (Py,, ..., Py, )5x), where each Py, € Py, and Py, N Py, # 0 if
i#j.

If each element of P is a sequentially open set in X, then by the proof of Case 1 of Lemma 2.5(2), we
claim that ‘W is a sequentially open set in ¥ (X). This implies that each element of ‘B is a sequentially open
set in F(X).

If each element of P is a sequential neighborhood of x in X, then ‘W is a sequential neighborhood of
Fin ¥(X). In fact, let {F,},en be a sequence converging to F in ¥ (X). By the proof of Case 1 of Lemma
2.5(2), we claim that there exists m € IN such that F,, € ‘W for each n > m. This shows that ‘W is a sequential
neighborhood of F in #(X). Therefore, each element of ‘B is a sequential neighborhood of F in ¥ (X).

Finally, since B = (Jre(ay oo Br, P is an external base (resp., so-network, sn-network) at (A)#x) for 7 (X).

Case 2. P is a cs-network (resp., cs*-network) at A for X. Suppose that {F,;}men is a sequence converging
to F in #(X). For each j <, it follows from Lemma 2.2 that the sequence {F,, N Uy, }nen converges to {x;} in
X.

If P is a cs-network at A for X, then there exist P; € # and k; € N such that

() U(UIEn N Uy, :m 2 k) € Py € U,
Put k = maxik; : j < r}. Then, (P1,..., Py)#x) € P and
{FYUA{F,, :m >k} Cc(Pq,.. .,P«,)(]r(x) c(Uy,..., U,,r)(,r(x) cU.

Therefore, P is a cs-network at (A)#(x) for 7 (X).
If # is a cs*™-network at A for X, by induction on r, then there exist P; €  and a subsequence {nn}en of
IN such that

(2} U(UfFw, N Uy, sk € N}) € Pj € Uy,
This implies that (Py, ..., P;)#x) € B and
{F} U {ka : k € N} - <P1/"-/P1’>7:(X) - <ux1/- --/ux,>7"(X) - w

Hence, P is a cs™-network at (A)#x) for F(X).

Case 3.  is a cn-network at A for X. For each j <7, if we putP; = {P € P : x; € P C Uy}, then UPjisa
neighborhood of x; in X for each j < r. This implies that for each j < 7, there exists an open subset V; in X
such that x; € V; ¢ [J#;. Moreover, if we put R = U, P;, then
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F e (Vl,...,Vr>¢(X) C <UP11-'-/UPT>7_.(X)
c U{(Pl,...,Ps)ﬂX) :Fe(Py,...,P)rx0,P1,..., P €R, s €N}
CU{"WG‘B:FG‘WC%I}.

On the other hand, since (V1, ..., V,)#x) is open in ¥ (X), we claim that ({W € P : Fe W C U}isa
neighborhood of F in #(X). This shows that ‘B is a cn-network at (A)#x) for ¥ (X).

Case 4. P is a ck-network at A for X. For each j <, there is a neighborhood V; of x; in X such that
Vy; € Uy, and for each compact subset A; C Vy,, there exists a finite subfamily A; of # satisfying x; € N A,
and A; ¢ JA; C Uy;. Next, for each j < 7, since X is regular, there exists an open subset Wy, in X such
that x; € Wy, C Wx/. C Vy,. Now, if we put Vi = (Wy,, ..., Wy, )#(x), then for each compact subset K C V,
UK cU j<r Wx/. Since K is compact in ¥ (X), K is compact in (X)kx) = K(X). It follow from Lemma 2.4

that [ K is compact in X. Hence, we claim that K; = (U K) N ij is compact in X and K; C V. Thus, there
exists a finite subfamily #; C # such that x; € (¥ and K; € UF; C Uy,. Lastly, if we put R = [, ¥ and

F ={P1,...,Po)rx) : FE€(Py, ..., Ps)Fx), P1,...,Ps €R, s €N},

then ¥ is finite, F € ¥ and UF < (Uy,..., Uy )sx). Furthermore, K c JF. In fact, take any
{yi,...,yp} € K. Then, {y1,...,y,} € UK. For each k < p, since UK = U]-g Kj, there exists jo < r such that
yx € Kj, € U Fj,. This implies that {y1,...,y,} € UF. Thus, K c UF C(Uy,,..., Uy, )5 x). Therefore, Pisa
ck-network at (A)s(x) for F(X). O

Theorem 2.11. Let X be a space and A C X. Then, X has an external base (resp., an so-network, an sn-network,
a cs-network, a cs*-network, a cn-network, a ck-network) with property o-(P) at A for X if and only if ¥ (X) has an
external base (resp., an so-network, an sn-network, a cs-network, a cs*-network, a cn-network, a ck-network) with
property o-(P) at {A)s(x) for F (X).

Proof. Necessity. Assume that P = |J,en Pr is an external base (resp., an so-network, an sn-network, a
cs-network, a cs*-network, a cn-network, a ck-network) at A for X, where each #, has property (P) at A for
X and P, C P41 for each n € IN. It follows from Lemma 2.6 that

<Bn={<P1/"°/PS>7:(X):Pll"'/PSEPH/ SEN}

has property (P) at (A)#(x) for F(X), and B, C B,,41 for each n € IN. If we put P = |, B then it is easy
to see that

gB C {<P1,...,PS>7:()Q :Pq,..., P EP, EXS N}

Now, let W € {(Py,...,Ps)Fx) : P1,...,Ps € P, s € N}J. Then, there exist Py,...,Ps € P such that
W =(Py,...,Ps)gx). Since P = J,cn Pr, there exists n; € N such that P; € P, for each i < s. If we put
m =max{n; : i < s}, then Py,...,Ps € P,, and m € IN. This implies that W € B, C B. Thus, we claim that

B = {<P1,...,Ps>¢(x) :Pq,...,P,€P, s€ N}

It follows from Lemma 2.10 that ‘P is an external base (resp., an so-network, an sn-network, a cs-network, a
cs*-network, a cn-network, a ck-network) at (A)#(x) for F(X).

Sufficiency. Let P = U,en Pr be an external base (resp., an so-network, an sn-network, a cs-network, a
cs*-network, a cn-network, a ck-network) with property o-(P) at (A)#x) for ¥ (X). For each n € IN, we put

Qn = {(Wm?dl(X) We an}

Then, Q = U,en 2 is an external base (resp., an so-network, an sn-network, a cs-network, a cs*-network, a
cn-network, a ck-network) with property o-(P) at (A)#,x) = (A) N F1(X) for F1(X). Thus, X has an external
base (resp., an so-network, an sn-network, a cs-network, a cs*-network, a cn-network, a ck-network) with
property o-(P) at A for X by Remark 1.1. O
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In Theorem 2.11, if (P) is point-countable, then we obtain the following corollary.

Corollary 2.12. Let X be a space and A C X. Then, X has a point-countable external base (resp., so-network,
sn-network, cs-network, cs*-network, cn-network, ck-network) at A for X if and only if (X) has a point-countable
external base (resp., so-network, sn-network, cs-network, cs*-network, cn-network, ck-network) at (A)sx) for F(X).

By Corollary 2.12, [6, Theorem 4.6] and [8, Theorems 3.2, 3.6, 3.9], we obtain the following corollary.

Corollary 2.13. Let X be a space and A C X. Then, X is the image of a metric space under an open (resp.,
a strictly countably bi-quotient, a pseudo-sequence-covering, a sequentially quotient, a sequence-covering, a 1-
sequence-covering) and s-mapping at A for X if and only if F(X) is the image of a metric space under an open
(resp., a strictly countably bi-quotient, a pseudo-sequence-covering, a sequentially quotient, a sequence-covering, a
1-sequence-covering) and s-mapping at (A)¢(x) for F (X).

In Theorems 2.7, 2.11 and Corollaries 2.8, 2.12, if A = X, then (A)#x) = ¥ (X), we obtain the following
corollary.

Corollary 2.14. Let X be a space.

1. X has a sequence of open covers (resp., s0-covers, cs-covers, cs*-covers) which is a point-star network for X if
and only if so does F (X);

2. X has a sequence of open covers (resp., s0-covers, cs-covers, cs*-covers) with property (P) which is a point-star
network for X if and only if so does F (X);

3. X has a point-regular base (resp., so-network, sn-network, cs-network, cs*-network) if and only if so does F (X);

4. X has a base (resp., an so-network, an sn-network, a cs-network, a cs*-network, a cn-network, a ck-network)
with property o-(P) if and only if so does F (X);

5. X has a point-countable base (resp., so-network, sn-network, cs-network, cs*-network, cn-network, ck-network)
if and only if so does ¥ (X).

In Corollary 2.14(2), if (P) is locally finite, then we get the following corollary.

Corollary 2.15. Let X be a space. Then, X is so-metrizable (resp., strict a-space, strict N-space) if and only if so does
F(X).

Remark 2.16. By Corollary 2.14 and Remark 1.9, we get back the following known results in [4, Theorem
4.7], [14, Theorems 37, 41], [18, Theorem 2.6] and [18, Corollaries 2.7, 2.8].

1. X has a o-strong network consisting of cs*-covers (cs-covers) if and only if so does 7 (X);

X has a 0-(P)-strong network consisting of cs*-covers (cs-covers) if and only if so does ¥ (X);

X has a point-regular base (resp., sn-network, cs-network, cs*-network) if and only if so does 7 (X);

X has a point-countable base (resp., cs-network) if and only if so does ¥ (X);

X is an sn-metrizable space (resp., an sn-developable space, a strongly sn-developable space) if and

only if so is 7 (X);

X is a weak Cauchy sn-symmetric space (resp., Cauchy sn-symmetric space) if and only if so is 7 (X);

7. X is a Cauchy sn-symmetric space with a o-(P)-property cs*-network (resp., cs-network, sn-network)
if and only if so is ¥ (X);

8. X has property y if and only if so does ¥ (X), where property y is one of the images of metric spaces
under some kinds of continuous mappings, which is determined in [18, Corollary 2.8].

Gk N
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