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On the A, spectral radius of generalized weighted digraphs

Weige Xi**, Heshun Song?, Feifan Lei?, Jingyu Chen®

?College of Science, Northwest A&F University, Yangling, Shaanxi 712100, China

Abstract. Let G = (V(G),E(G)) be a generalized weighted digraph without loops and multiple arcs,
where the weight of each arc is a nonnegative and symmetric matrix of same order p. For v; € V(G), let

w! = Y, wj;, where wj; is the weight of the arc (v;, v;), and N is the set of out-neighbors of the vertex v;.
v/-eNl.‘r

Let A,(G) = aD(G) + (1 — a)A(G), where 0 < a < 1, A(G) is the adjacency matrix of the generalized weighted
digraph G, and D(G) = diag(wy,wy, ..., w;). The spectral radius of A,(G) is called the A, spectral radius of
G. In this paper, we give some upper bounds on the A, spectral radius of generalized weighted digraphs,

and characterize the digraphs achieving the upper bounds. As application, we obtain some upper bounds
on the A, spectral radius of weighted digraphs and unweighted digraphs.

1. Introduction

Let G = (V(G), E(G)) be a digraph with vertex set V(G) = {v1, vy, ...,v,} and arc set E(G). If (v;, v;) € E(G),
then v; is called the tail and v; is called the head of the arc (v;,v;). A digraph G is strongly connected if for
every order pair of vertices v;, v; € V(G), there exists a directed path from v; to v; and a directed path from
v;j to v;. For any vertex v; € V(G), let NI = N;(G) = {v; : (v;,v)) € E(G)} denote the set of out-neighbors of
the vertex v;. Throughout this paper, we only consider the digraphs without loops and multiple arcs.

A generalized weighted digraph is a digraph in which each arc is assigned a square matrix, called the
weight of the arc. All the weight matrices will be assumed to be nonnegative and symmetric matrices with
the same order. A generalized weighted digraph can be view as weighted digraph if the weight of each arc
is a positive number, and an unweighted digraph if each arc bearing weight 1.

Let G be a generalized weighted digraph with n vertices, denote by w;; the weight of the arc (v;, v;),
which is a nonnegative and symmetric matrix of order p. For v; € V(G), let w/ = }. wj;. Clearly, w;

vjENS
is a nonnegative and symmetric matrix, we use p(w;’) to denote the spectral radius of w. A generalized
weighted digraph G is a generalized weight-semiregular bipartite digraph if it is a strongly connected
digraph whose vertex set can be partitioned into two disjoint nonempty subsets V1 and V; such that p(w})

2020 Mathematics Subject Classification. Primary 05C50; Secondary 15A18.
Keywords. weighted digraph, A, spectral radius, upper bounds.
Received: 17 August 2022; Accepted: 04 December 2023

Communicated by Paola Bonacini

Research supported by the National Natural Science Foundation of China (Nos. 12001434 and 12271439), the Natural Science

Basic Research Program of Shaanxi Province (No. 2022]JM-006) and Chinese Universities Scientific Fund (No. 2452020021).
* Corresponding author: Weige Xi

Email addresses: xiyanxwg@163.com (Weige Xi), shs15275297159@163. com (Heshun Song), feifan20001227@nwafu.edu.cn
(Feifan Lei), cjy1137368725@163. com (Jingyu Chen)



W. Xi et al. / Filomat 38:12 (2024), 4303—4314 4304

is a constant for every vertex v; in V1, and p(w]f) is a constant for every vertex v; in V. If p(w) is a constant
for every vertex vy in G, then G is called a generalized weight-regular digraph.

The adjacency matrix A(G) of a generalized weighted digraph G is a block matrix, where the matrix
block a;; of order p is defined by

o wij (or wi,]-), if (v;, Z)]') € E(G),
g 0, otherwise.

The signless Laplacian matrix of a generalized weighted digraph G is Q(G) = A(G) + D(G), where D(G) =
diag(wy,wy,...,wy). For any real number a € [0,1], the convex combinations A,(G) of D(G) and A(G)
defined by

Ay(G) = aD(G) + (1 — a)A(G).

Clearly,
Ao(G) = A(G), Ai(G) =D(G), and 24,(G) = Q(G).

In general, A,(G) is not symmetric and its eigenvalues can be complex numbers. The spectral radius of
A,(G)is called the A, spectral radius of G, denoted by 1, (G). Since A,(G) is a nonnegative matrix, it follows
from Perron Frobenius Theorem that u,(G) is an eigenvalue of A,(G) and there is a nonnegative eigenvector
corresponding to 1, (G). There has been some results on the A, spectral radius of unweighted digraphs, see
[3,9,16,17].

Since graphs in the design of networks and electronic circuits are usually weighted, the spectra of
weighted graphs are often used to solve problems. Fiedler [2] had introduced the following question:
What is the optimal distribution of nonnegative weights (with total sum 1) among the edges of a given
graph, so that the spectral radius of the resulting matrix is minimum? He himself proved that the optimum
solution is achieved. It is natural for us to consider the Fiedler’s problem on the largest spectral radius
of matrices associated with weighted graphs. In fact, the spectral radius, Laplacian spectral radius and
signless Laplacian spectral radius of weighted undirected graphs have been well treated in the literature
[4,5,8,10-14, 18]. However, there are a few of results for the generalized weighted digraphs. Recently, $.B.
Bozkurt and D. Bozkurt [1] obtained some upper bounds for the spectral radius of generalized weighted
digraphs and characterized the digraphs achieving the upper bounds. P. Li and Q.X. Huang [7] gave a
sharp upper bound for the spectral radius of generalized weighted digraphs, and if the digraph is strongly
connected, they also characterized the digraphs achieving the upper bound. W.G. Xi and L.G. Wang [15]
obtained an upper bound for the signless Laplacian spectral radius of generalized weighted digraphs, and
if the digraph is strongly connected, they also characterized the digraphs achieving the upper bound. In
this paper, we will give some upper bounds on the A, spectral radius of generalized weighted digraphs.
As application, we also obtain some upper bounds on the A, spectral radius of weighted digraphs and
unweighted digraphs.

2. Lemmas and Results

Lemma 2.1. ([6]) Let B be an n X n real nonnegative symmetric matrix, p(B) be the largest eigenvalue. Then for any
x€R"(x#0), ye R"(y #0),

IxTByI < p(B) \/xwalyTy. 1)

The equality holds in (1) if and only if x is an eigenvector of B corresponding to p(B) and y = ax for some a € R.

Lemma 2.2. ([6]) Let M be an n X n real symmetric matrix with eigenvalues Ay > Ay > --- > A,. Then for any
x € R"(x #0),

x"Mx > /\nxTx. )
The equality holds if and only if x is an eigenvector of M corresponding to the eigenvalue A,.
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Lemma 2.3. ([7]) Let G = (V(G), E(G)) be a generalized weighted digraph and w;; be a nonnegative symmetric
matrix of order p of the arc (v;,v;) € E(G) and wf = Y. wjj. Also let x be an eigenvector of w;; corresponding to the
'(]]'EN;'
largest eigenvalue p(wj;) for all i, j. Then x is also an eigenvector of w; corresponding to the largest eigenvalue p(w;")
foralli,and p(w) = Y. p(wi)).
U,’EN?'

In the following, we give some upper bounds for the A, spectral radius of generalized weighted
digraphs.

Theorem 2.4. Let G = (V(G), E(G)) be a strongly connected generalized weighted digraph with vertex set V(G) =
{v1,02,...,0,} and arc set E(G). Then

ap(aw?) + plaw?)) + \/aZ(p<w:)—p<w;»2+4<1—a)z L pwi) L p@y)

ZJ;(EI\]:r

4a(G) < max 3)

" (v;,0))€E(G) 2 ’

where wj; is the nonzero nonnegative symmetric matrix of order p of the arc (v;,v;) € E(G). Moreover, the equality
holds in (3) if and only if the following two conditions hold:

(i) w;; has a common eigenvector corresponding to the largest eigenvalue p(w;;) for all v;,v};

(ii) G is an weight-reqular digraph or G is an weight-semiregular bipartite digraph.

Proof. Let X = (xI,x],---,xI)T be a nonnegative eigenvector of A,(G) corresponding to the eigenvalue
ta(G) > 0, where x; > 0 is a column vector in R? corresponding to the vertex v; of G. Since A,(G)X = p,(G)X,

ta(G)x; = aw! x; + (1 — ) Z Wik Xk,

UkGNr
that is
(Ua(G)p — aw))xi = (1 - a) Z WikX. (4)
'I)kEN;'
By multiplying x] to (4), we get
X! (Ua(G)L, — aw))x; = (1 - a) Z X! Wiy
UkENr
<(-a) ) Ifwux
‘()kEN;r
<(1-a) Z p(wix) \JX] xi AJx X (using (1)).
Z)](EI\];r

From (2), we have
(1a(G) — ap(@! T x; < 2T (oG, — ot )x;.
Therefore
(1a(G) — ap@)lx; < x] (ua(G), - )

=(1-a) Z X} Wi

vkEN;

<(1-a) ) Kol

UkENI.J'

<-a) Y plw) 5z \ilx. )

Uk€Nl.+
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Let (v, ;) € E(G). Similarly, we have

(1a(G) = ap@D)Tx; < 2T (a(G), — awhy; < (1-a) Y, plawye) {[xTx; 2 xe (6)

vfeN‘“

Let a = max{x
1<k<n

. + .
vj, € N} satisfying xjoxjD = I{nai({x
i

Taking i = iy in (5), we get

kxk} > 0. We now choose x;,, the vector component of X such that x! ,Xip = a and there exists

T
k

X} > ma>+<{xtht} whenever xx; = a. Clearly, (v, vj,) € E(G).
vfeNx.

(1a(G) - ap@Nxlx;, < x! (1a(G), — aw))x;, @)
=(1-a) ) wux (8)

ZikEN;('J
<(-a) ) W wgxd 9)

Z)kENIB
<(U-a) Y plwig) \xTx, \Jxx (10)

Z)kENIg
< (1= a) (i, (g, Y p(wige). (11)

vkENig

Taking j = jo in (6), we get
(‘ua(G) - ap(w;)))x};x]o = ]O(HOC(G)I aw;))xj()
=(1-a) Z xjrowjokxk

UkENZJ

<(-a) ) il (12)
‘UkEN}I]

< (=) ) plwj) ] xj, T (13)
‘Z)kEN;;J

< (1= ) \Jxi, (g, Y plawj): (14)

Z);(EI\Fr
Jo

We now claim that x;, # 0. Indeed, by contradiction, we can suppose that x;, = 0. Then x; = 0 for all k with
Uk € N;g. Furthermore, by the (8), 0 < (ua(G) — oqo(w;(')))xiToxi0 < 0. That is (u4(G) — ap(w; ))x Xig = 0, and so
(4a(G) = ozp(w;ro)) = 0 since xgxio # 0, which is impossible. Thus by multiplying the two 51des of (11) and
(14), we have

(1a(G) = ap@))(a(G) = ap@?)) < (A= a)® Y plwiw) Y, plw;w).

vkEN+ vkEN*

Therefore,

vreN

al(p(wy) + p(w})) + \/az(P(wg) = pw}))* +4(1 - a)? Z P(wzok) Z P(w]ok)

Ha(G) < > ,

which leads to the result since (v;,, v},) € E(G).
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Now, we suppose that the equality holds in (3). Then all inequalities in the above argument must be
equalities. Then by the equality (7), x;, is an eigenvector of matrix w; corresponding to the eigenvalue
p(w;). By the equalities (10) and (11), for any vx € N, x;, is a common eigenvector of w; corresponding

]ijo Hence, for (v;,,v.) € E(G) and (v;,,v5) € E(G),
x, = xlxs = b2 X ' xi,, which implies b7 v = b2 Moreover, for any v € N7, x! wiykx, > 0 since

to the eigenvalue p(wix), X = bixx;, and xTxk =x
2 T T
lole
p(w;x) > 0. Furthermore, by the equality (9), b lokxlowiokxm xlow,okxk = leow,okxkl > 0. Hence bie > 0 for
any v € leo. So b = bj,s = b. Thus, for any vy € N;g, X = bx, and x;, is a common eigenvector of w;
corresponding to the eigenvalue p(wij).
For any vj € N/, x;j = bx;, = xj,. By replacing jo with j in the equality (14), for any x; with v; € N]JF,

Xiy = X5

(1a(©) = ap(@ )] x; = ] (1a(G)], — aw]

=(1-a) Z |xjrwjlx1|

v,el\l.+
(1-a) Y plews) \felx; |l
v1€N+
=1-a), /xix,'o \/% Z P(wjl)-

U[EI\/'/J.r

Hence, we have x; is an eigenvector of matrix w;f corresponding to the eigenvalue p(w;“), and for any
+ o i . i i . = Caxs Ty = xT .
v € N7, xjis a common eigenvector of wj corresponding to the eigenvalue p(wy), x; = cjixj and x; x; = x; X,

2.Tr _ T PRI ; 2 _ T _ T — T :
Then (cjib) X; Xig = xl.oxio,whlch implies (c;;b)* = 1. Moreover  CjIX; W)X} = XWX = |x wjix;| > 0. Noting that

j
ijwﬂxj > O since p(wj;) > 0, wehavecj > 0and thuscj = Therefore, forany v, € N , X = b Xj= bxi0 = Xj,.
Now let p = v;,v, ...v;, be a directed path in G. We have the following claim.
Claim: If 0 < t < ris even, then x;, = x;,, if 1 <t < ris odd, then x;, = bx;,.
Firstly, we know that v;, corresponding to x;,. Then the claim holds for t = 0,1,2 by the above proof.

Now let t = 2, we know that x;, = x;,. Let x/ x; = ?l%])f{xgxq} < x]TOx]-O. Since (v;,,vp,) € E(G) and x;, = x;,. As

<N,
similar as the inequality (11), we have
(1a(G) — ap@}))x] xi, < x] (ua(G)I, — aw})x;,

=(1-a) Z xizw,-quq
quNI.’;

<(1-aw 2 |xiT2w,-2qxq|
quNf'

<(1- oz) p(wiyg) xzlez xl 1 %q (using (1))
vqu*

SA-0a) Y plwgg) (3T, 1T
quN

<(=0a) Y| pig) [k, (3T, (15)
vqulfz

Noting that x; = x;j, = bx;,, then we have

(1a(G) = ap( Nz, < (1 =) Y plavg) 3T i (3T,

+
Uk ENil
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Therefore,
a(p(w}) + p(w})) + \/az(r)(w;) -p@P 4 -aP ¥ pwin) X pwi)
1a(G) < 5 - -
a(p(w;) + p(w;)) + \/az(p(wiﬂ = pw))* +4(1 - a)? UkEZN : p(wik) UkEZN : p(wjk)
: <vwnjl>21)s((c) 2
= ta(G),

which means

alp(w;) + p(wy)) + \/az(p(w;) —p@)) +4(1-a)? X pwi) L pwi)

Uk EN;; vkENiz

,Uoz(G) = )

Furthermore, we have (15) must be equality. Thus, we get x;, = xj, is an eigenvector of matrix w;

corresponding to the eigenvalue p(w;), and for any v, € N/, xgxq = x],TOxj0 = xgxi]. Again the equality (15)
means x;, = X;, is a common eigenvector of w;,; corresponding to the eigenvalue p(w,), x; = byx;, = byx;,
where b, > 0 similar as the proof of b > 0. Thus bf]xiTOxio = x}.;xjo = bzxgx,-o, and so b; = b. Hence,
xi, = bx;, = xj,. Noting that x;, = x;, and x;, = xj,. Regarding v;, as v;, and repeating the above process, we
will get the claim by induction since G is strongly connected. At last, x;, is a common eigenvector of w;;
corresponding to the eigenvalue p(w;;) for every arc (v;, v;) of G.

Now let Vi = {v; | x; = x;,} and V, = {v; | x; = bx;}. Since G is strongly connected digraph, then
V(G) = V1 U V; and the subdigraphs induced by V; and V) respectively are empty digraphs if b # 1, and
V(G) = V1 if b = 1. In the following, we consider the following two cases.

Case1: b=1.

In this case, for any 1 < k < n, xx = x;,, and x;, is a common eigenvector of w;; corresponding to the
eigenvalue p(w;;) for every arc (v, v;) of G. By Lemma 2.3, x;, is also an eigenvector of w; corresponding to

k
the largest eigenvalue p(w]) for all k, and p(w;) = ). p(wg;). Then, for any v, € V(G),
U/EN]:'

ta(G)xjy = awlx;, + (1 - a) Z wiiXi, = ap(w)x;, + (1 — a)pw)xi, = p(w;)xi,
v,eNk+

which implies that p(w]) = a(G). Therefore, G is a generalized weight-regular digraph.

Case2: b # 1.

Therefore, G is a bipartite digraph. For any vs € Vi, x; = xj,, and for any v; € V5, x; = bx;,. And
X;, is a common eigenvector of w;; corresponding to the eigenvalue p(w;;) for every arc (v;,v;) of G. By
Lemma 2.3, x;, is also an eigenvector of w; corresponding to the largest eigenvalue p(w)) for all k, and

pwi) = YL p(ws).

ZI/‘EN,:r
If vs € V4,
ta(G)xiy, = aw!xi) + (1 - @) Z wgebxi, = ap(wi)xi, + (1 — a)p(w?)bx;,,

ZJkENSJ'

,U(x(G)
a+(1-a)b*

which implies that 1,(G) = ap(w]) + (1 — @)p(w)b, that is p(w]) =
If v € V>,
ta(G)bxi, = aw] bx;, + (1 — a) Z wyxi, = ap(w])bxi, + (1 — a)p(w; )xi,,

ZJkEN;r
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1a(G)b
ab+(1-a) "

which implies that 1,(G)b = ap(w; )b + (1 — a)p(w;), that is p(w]) =
weight-semiregular bipartite digraph.

For converse, suppose that the conditions (i) — (if) shown in the second part of the theorem hold for the
digraph G. Then we must prove that

ap(w)) + pw?) + \/a2<p<w;>—p<w;>>2+4(1—a>2 L i) L plwy)

Therefore, G is a generalized

vreN

i

G) = max
Ha(G) (01,0)€E(G) 2

Let x be a common eigenvector of w;; corresponding to the largest eigenvalue p(w;;) for all v;,v;. By
Lemma 2.3, x is also an eigenvector of w; corresponding to the largest eigenvalue p(w]) for all i, and

p(w!)= 3. p(w;). Firstly, we suppose that G is an weight regular digraph. Let p (wl*) =y forallv; € V(G).

vjeN[+
Let X = {xT,xT,...,xT}T. Then the following equation can be easily seen A,(G)X = yX. Therefore y is an
eigenvalue of A,(G). So ¥ < 1x(G). On the other hand,

alp@]) + p(wy)) + \/a2<p<w,.+>—p<w;>>2+4<1—a>2 L pws) ¥ pwp)

UkEN;' Z}kEN;'
max = .
(i,0/)€E(G) 2 4
Thus
a(p(w;) + pw?)) + \/a2<p<w,.+>—p<w;>)2+4<1—a)z L pwi) L plwp)
ZJkEN;' ZJkEN;
«(G) £ max =9.
Ha(C) (01,0,)€E(G) 2 Y
Hence,

vkeNTF veNT
i j

a(p(;) + pw?)) + \/a%p(w,f)—p(w;))z+4(1—a>2 L pwr) X pwp)

«(G)=y= max
: (vi,0)eEG) 2

In the following, suppose G is an weight-semiregular bipartite digraph. Let U, W be the partite sets of G.
Let p(w) = y forany v; € U, and p(w;) = B for any v; € W. Without loss of generality, let U = {v1, v, ..., vt}
and W = {Ux41, Uksa, . . ., Us}. Therefore,

CKZU-{ e 0 1-a)wiger - (A—a@)wy,
AG) = 0 o aw; (1- a)fuk,kﬂ e (= a)wy,
(1 -d)wgn - (1 — @)Wk awy,, ... 0
I-aw,; - (1 —a)wyi 0 e aw?

Let X = (xT,xT,...,xT,0x7,0xT,...,0x")T, where

k n—k

_ B+ NPy~ +40 —aPyp

0 2(1 —a)y




Let

Since

Aa(G)X =

W. Xi et al. / Filomat 38:12 (2024), 4303—4314 4310

7 A F B+ VR~ ) +4(01 - aP)p
5 .

awix+(1-a) Z w1 10x

vfeNl+

awx+(1-a) Z Wy 10x

"
v,ENk

aw! Ox+(1-a) Z Wit 14X

+
vteNkH

awiox+ (1 -a) Z Wy tX

veN;

ap(w)x+ (1 -a) Z p(w1,)0x

vteNl*

ap@px+(1-a) Y. plwg)ox

vfeN;

ap(},)0x +(1=a) Y plwga,)x

<
U‘GNkﬂ

ap(w;)ox + (1 —a) Z p(wy, 1)x

veN;

ap(w)x + (1 - a)p(w;)Ox

ap(w;)x + (1'— a)p(w;)Ox
ap(w;, )0x + (1 — a)p(w,,)x

ap(w})0x + (1 - )p(wh)x
ayx + (1 - a)yox

ayx + (1'— a)yOx
afOx + (1 — a)px

~

apfOx + (.1 —a)px
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ay +(1-a)y0
- a(f—y)+ \Ja2(y — B2 +4(1 - a)2yp
=ay+(1-a)y =y
—ay + a(ﬁ - ')/) + \/()(2(7/ ;‘8)2 + 4(1 _ 0(2) Vﬁ
za()/ + ﬁ) + \/(12(‘)/ — ‘8)2 + 4(1 _ a)zyﬁ o
2 ’
and
TO —apl = (T — ap)o
_[al =B + a2y =P + 40 = aPyB|[a(B — ) + a2y = PP + 4(1 - aPyp
_ 2 20— a)y
_Py = pF + 401 - aPyp - Py - P
) 41 - a)y
=(1-a)p,
then

(1-a)p+apo=To.
Therefore, A,(G)X = TX. Hence, T is an eigenvalue of A,(G). Thus T < 1,(G). On the other hand, because
a(p(w)) + pw?) + \/oﬂ(p(w:) —p@N)?+4(l-aP? T p@wi) L pwj)

Z);(EI\];r Z)kEN;r
max = =T,
(01,0,)€E(G) 2

hence

alp(]) + p(w;)) + \/a2<p<w;>—p<w;>>2+4<1—a)z L plwi) T p(wp)

G) £ max
Ha(G) (v,0))€EG) 2

Thus

ukeN'

i

a(p(w]) + p(w7)) + \/a2(p(w;f) —p@?))* +4(1 -a)* ¥ p(wi) gv p(wje)

«(G)=T= max
[J (‘l),',?)/)EE(G) 2
This completes the proof. [J

From Theorem 2.4, we have the following two corollaries.

Corollary 2.5. Let G = (V(G), E(G)) be a strongly connected weighted digraph, where the weight w;; of each arc
(vi,vj) € E(G) is a positive number. Then

a(w} +w?) + \/az(w; + W +4(1 - 2a)w) w!

]
G) < max P
Ha(©) (0,0,)€E(G) 2

wherew! =}, Wi
Z)kEl\]i+
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Proof. For weighted digraph where the weight w;; of each arc is a positive number, we have p(w}) = w;,
p(w;j) = w;j for all v;, v;. Then by Theorem 2.4, we get the required result. [J

Corollary 2.6. Let G = (V(G), E(G)) be a strongly connected unweighted digraph. Then

a(df +db) + \/aZ(d; +d +4(1 - 2a)d; dt

G) £ max ’
Ha(G) (©,0,)€E(G) 2

where d is the outdegree of vertex v; in the unweighted digraph G.

Proof. For an unweighted digraph, we have w;; = 1 for (v;,v;) € E(G), w] = d. By Corollary 2.5, the result
follows. O

Theorem 2.7. Let G = (V(G), E(G)) be a strongly connected generalized weighted digraph with vertex set V(G) =
{v1,v2,...,v,} and arc set E(G). Then

H(G) < max dap( Y wi)+(1-a) Y plwi)t, (16)

- v;,0,)EE(G
(L ]) ( ) UkENr UkEN;'

where w;; is the nonzero nonnegative symmetric matrix of order p of the arc (v;,v;) € E(G). Moreover, if G is an
weight-regular digraph and w;; has a common eigenvector corresponding to the largest eigenvalue p(w;;) for all v;, v;,
then the equality holds.

Proof. Let M be a block diagonal matrix diag(B1l,, f2ly, ..., puly), where I, is the p X p identity matrix,

Bi= Y. p(wy). LetX = (xI,x],---,xI)T be a nonnegative eigenvector of M™'A,(G)M corresponding to the
121(61\71+

eigenvalue 11,(G) > 0, where x; > 0 is a column vector in R” corresponding to the vertex v; of G. Let x; is
the vector component of X such that xlxs = ml?x{xTxk} > 0. Since X is nonzero, so is x;. The (i, j)-th block of
1<ksn

k
M1AL(G)M is

aw?, ifi=j,
1- a)%wi]‘, if (vi, v)) € E(G),
0, otherwise.

Then we have M~ A,(G)MX = p1,(G)X. Furthermore, we get

HaOx, = awtx + (1 -0) Y, willx,,

D](EI\]S+ ﬁs
ie.,

(1a(G)ly — awl)rs = (1) Y wsk%xk,

'DkEN;'
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ie.,

xsT(ya(G)Ip —awHxs=(1-a) Z &xsTwskxk

S

Z);(El\]s+
<1-0 Y Pt
ZJ;\ENJr ‘BS
<(1-a Z p(wsk) xIx, x X, (using (1))
UEN+
< (1-aplx, Z “p(s) (17)
Uk EN+

From the inequality (17) and (2), we have

T +
() - apta) < LI <120y T Bptwa, (@safx >0
s oeN+ %

Thus

1a(G) < ap(?) + (1 - a)Z pws)

'l)]\EI\]+
max {Br)
<apw!)+(1- a)

(wsk)
ﬁs veNT b ‘

= ap(w?) + (1 - a) maX{ﬁk}

= ap(w?) + (1 - a) max Z p (W)}
N? o

< max {ap( Z wik) + (1 —a) Z pwjk)}-

)eE(G
@i0)<E©) okeN; oeN?

Then we complete the first part of the theorem.

Next, suppose that G is an weight-regular digraph and w;; has a common eigenvector corresponding
to the largest eigenvalue p(w;;) for all v;,v;. Let p(w;) = y for any v; € V(G), and x be a common
eigenvector of w;j; Corresponding to the largest eigenvalue p(w;;) for all v;,v;. Then by Lemma 2.3, x is
also an eigenvector of w; corresponding to the largest eigenvalue p(w;") for all 7, and p(w;) = ): p(wl])

vjeN
Hence, we can easily verified A,(G)X = yX, where X = {x Tl .., xT}T. Soy < ta(G). On the other hand,
ap( Y wx)+(1-a) X p(wj) =y. Since

UkENr UkEN;'

(G) < max fap( Y wi) +(1-a) Y pw) =

v;,0;)€E(G
( ) ( ) UkEN;' UkEN;'

Then
1(G)=y = max {ap( Z wir) + (1 -a) Z p(wji)}-

i, 0 )EE(G
(U U;) ( ) UkEN:' UkEN;'
Hence the theorem is proved. O

From Theorem 2.7, we have the following two corollaries.
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Corollary 2.8. Let G = (V(G), E(G)) be a strongly connected weighted digraph, where the weight w;; of each arc
(vi,v}) € E(G) is a positive number. Then

G) < aw’ + (1 - a)wty,
Ha(@) = max Haw] +(1- ]

where w! =}, Wi
UkE]\];r

Corollary 2.9. Let G = (V(G), E(G)) be a strongly connected unweighted digraph. Then

+ —a)d*
1a(G) < oD {ad; + (1 - a)d ] b

where d; is the outdegree of vertex v; in the digraph G.
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