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Abstract. In this article, using the reproducing kernel and Berezin symbol techniques we prove that a
sequence is Cesaro convergent, then it is Abel convergent. We prove criteria for Borel convergence of some
sequences and series of complex numbers. Also, we answer if the Berezin transform of a bounded operator

on the Dirichlet space O and the Fock space ¥ (C) have radial limits almost everywhere. Moreover, we
give an approximation problem for inner function by Berezin number of operators.

1. Introduction and background

By a reproducing kernel Hilbert space (RKHS) we mean a Hilbert space H = H(®) of complex-valued

functions on a (nonempty) set ®, which has the property that point evaluations f — f (u) are continuous in
H for all 1 € ©. Then the Riesz representation theorem guarantees that there is a unique element kg, € H

for every u € © such that f(u) = < f kqw> for all f € H. The function kg, is called the reproducing kernel
of H.

Let the sequence (e,),»1 be an orthonormal basis (e,),»1 of H. Then, the reproducing kernel ks, of H is
given by (see Aronzajn [1])

k(H,y = Z en ([u)en (Z) .

1)

The Berezin symbol A of a bounded linear operator on H (shortly, A € B(H)) is defined by (see Zhu
[22])

Ap) = ( Ak, Ky} (1 € ©),

-~ "
whereky, = Tt

= o be the normalized reproducing kernel of H. Important applications related with Berezin
-
symbols can be found in [13, 14].
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The RKHS H is standard if the underlying set © is a subset of a topological space and the boundary of

O is non-empty and has the property that {k\y”} is weakly convergent to 0 whenever {1, } is a sequence in
O that is convergent to a point in boundary of ® (see Nordgren and Rosenthal [16]). For example, Hardy,
Bergman and Fock spaces are standard RKHS.

It is obvious that 31_%10 I?(lun) = 0 for a compact operator K on the standard RKHS H, whenever {u,}

is convergent to a point of JO (since compact operators send weakly convergent sequences into strongly
convergent ones). So, the Berezin symbol of a compact operator on a standard RKHS vanishes on the
boundary.

The Berezin set and the Berezin number of operator A are defined by (see Karaev [10])

Ber (A) := {g(y) IS @}
and
ber (A) := sup {‘g(y)’ tUE @},

respectively.
Recently, remarkable results for Berezin number of operators have been obtained by authors [2, 3, 6, 8,21].
Let (a4),59 be any sequence of complex numbers. The diagonal operator D, on H for any bounded
sequence (1,),sq is defined by the formula Dy,,e, (z) := ae, (z), n > 0, with respect to the orthonormal basis
(en (2))50 of H. A simple calculus shows [12] that the Berezin symbol of diagonal operator is

(e8]

5(ﬂn) (W) = ; Z an )en (1)

- > 2 , LeEB. )
Zn:() |en (H)| n=0

Recall that [15] the Dirichlet space D is the Hilbert space of analytic functions f = ), 4,z" on the unit
n=0
disk ID with f | f (z)|2 dA/m = Y (n+1)a,f* < oo, where dA denotes the usual Lebesgue measure on D.
D n=0

Since the sequence {z” /Vn+1l:n> 0} is an orthonormal basis of Dirichlet space, the reproducing kernel of
D is given by formula (1)

Lo=) B L, 1

M+l pz 1-pz

Following by [19], note that the Fock space (or Segal-Bargmann space) is the space of entire functions

that are square-integrable with respect to Gaussian measure on the complex plane, that is, the space of all
22

analytic functions f on C for which f (f (z)|2 du(z) < co,wheredy(z) =e” = d@. Since {z”/ m2MV? . n > 0}
C

is an orthonormal basis in ¥, the reproducing kernel in # by formula (1) is given by kg, (z) = e=/2.

LetL? = L2 (D) represent the Bergman space of all analytic functions on D satisfying || f Hiz = f | f (z)|2 dA (z) <
‘D

oo, where dA (z) represent Lebesgue area measure on the unit disc ID, normalized so that the measure of ID
is equal to 1. It is well known (see Zhu [22]) that since { Vn + 12”}

space L2, the reproducing kernel of Bergman space is kizu(z) =1/(1- ﬁz)2 , 4,z €D.

In this article, using the reproducing kernel and Berezin symbol techniques we prove that a sequence
(@n),50 is Cesaro convergent to L, then (a,),,5( is Abel convergent to L. We give criteria for Borel convergence
of some sequences and series of complex numbers. Also, we answer if the Berezin transform of a bounded
operator on the Dirichlet space D and the Fock space ¥ (C) have radial limits almost everywhere. Moreover,
we give an approximation problem for inner function by Berezin number of operators.

Lo isan orthonormal basis of the Bergman
nz
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2. A new proof for a relationship between Cesaro and Abel convergences

Recall [17] that a sequence (a,),5o of complex numbers a,, is said to be Cesaro convergent (written (C, 1)
convergent) to a finite number L if the limit

1y
1}1—{{}0 n+1 Zak =L
k=0
It is Abel convergent (written (A) convergent) to L if the limit
. B -
xlg{[ 1-x) 1;1 ayx" = L.

The following theorem was proved in [17]. But, we here give a different proof using the Berezin symbol
technique.

Theorem 2.1. If the sequence (a,),sq is (C, 1) convergent to L, then (ay),q is (A) convergent to L.

1 n
Proof. Let (a,,),50 be (C,1) convergent to L and s,, = mZuk. Then we have
k=0
n n—-1
n+1)s, = Zak and ns,_1 = Zak.
k=0 k=0
From above equations, we obtain
ap = (k+ 1) sx — ksg_1. 3)

Now, we calculate the Berezin symbol of diagonal operator with (s,,),,»o on the Bergman space using formula
(2) for all 4 € D that

(e8]

— B 1 AT
D, (1) = o e (|y|2)n nZ:‘S Sp(n+1) (|u| )

= (1 - |y(2)2 i sp(n+1) ()y|2)n

n=0

and therefore, Dy, is a radial function on ID, that is D(s,) (1) = Dgs,) (| y|) .
Let |‘u|2 = x. Then

(o)

Dioy (V) = (=27 ) s, (n + D", ()

n=0

Expanding the formula (4), we have that

Doy (V) = (1 =2) Y [(n+ )5, — 5,1 2"
n=0

o)

=(1- x)Zanx”. by (3))

n=0
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Then, we get from above formula

(1—x)ianx" = (1—x)i(an—L)x”+L(1—x)ix"
n=0 n=0 n=0
= 5sy,—L(\/})'i'L

Since s, —L — 0 asn — oo, we have that D,, | is a compact operator. Therefore, its Berezin symbol vanishes
on the boundary, that is,

D () 0.

Then we conclude from the last equality

(o8]

n=0

which shows that (a,),5 is (A) convergentto L. [

3. Boundary behavior of Berezin symbols of operators

Zorboska in [23] formulated the following natural and fundamental problem: it is not known if the
Berezin transform of a bounded operator on L? must have radial limits almost everywhere on the unit
circle. Some authors tried to answer this question. Motivated by this question, one can ask this question:
does the Berezin transform of a bounded operator on Dirichlet space D have radial limits almost everywhere
on the unit circle? Is similar question also valid in case of the Fock space ¥ (C) over the complex plane? In
this section, we try to answer these questions.

Definition 3.1. The sequence (a,),s of complex numbers a,, is Borel summable (written (B)-summable) to | if the
limit

exists.

Definition 3.2. The sequence (a,),so of complex numbers (a,),q is said to be summable to a finite number C by the
logarithmic method (L) (or (L)-summable to C) if the limit

. 1 -
1 _ n+l _ .
Fat 1og(1—x);5n+1x ¢

exists.

Let K* and K2 denote the set of all bounded non-Borel summable sequences and the set of all bounded
non-(L) summable sequences, respectively (see [9, 18] for Borel and logarithmic type summability).

The following result shows that there exist linear bounded operators on the Dirichlet space D such that
their Berezin symbols have no radial boundary values on a unit circle.

n

Theorem 3.3. Let (a,),59 € K& be any sequence. Then the Berezin symbol of the diagonal operator Dy, -
n+

n

Vn+1
Dirichlet space D.

a, has no radial limits anywhere on the unit circle T, where {z"/ Vn+1l:n> 0} is an orthonormal basis of
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Proof. The Berezin symbol of the diaoganal operator on the Dirichlet space D is as following for all u € ID
(see [20]):

Dia,) (1) = <D{un}7€y/’kiz>

and so, Dy, is a radial function on D, that is Dy, (n) = Dia,) (|y|) .
In view of the fact that (a,),, is not (L) convergent sequence, we get from above equation that 5{,,”] has
radial limits nowhere on a unit circle, which gives the desired result. [

Next result proves that there exist linear bounded operators on the Fock space # (C) such that their
Berezin symbols have no radial boundary values on the complex plane C.

Theorem 3.4. Let (a,),59 € K® be any sequence, and let Dy,,) be a diagonal operator with respect to the standard
orthonormal basis ey, (z) = {z” / (n12m)" 2}n>0 of the Fock space F (C). Then the Berezin symbol Dy, has no radial
limits anywhere on the complex plane C.

Proof. By calculating the Berezin symbol of the diaoganal operator on the Fock space # (C), we have (see
[5])

s (|#| /2)

— oIl i a, M

n=0

for all 4 € C and hence, 5[u”} is a radial function on C, that is 5{ﬂn1 (n) = 5[u”} <| y|) .
Since by condition of theorem, (a,),s is not (B)-summable, it follows from above equation that the
Berezin symbol Dy, of the operator Dy, has radial limits nowhere on the complex plane C. O

4. Berezin symbols and Borel convergence of sequences and series
In this section, we give in terms of Berezin symbols of weighted shift operator Wj,
P L+l

Mz T ey

>0, 5)

on the Fock space ¥ some criterion for Borel convergence of sequences and series of complex numbers.

Recall that { n> O} is an orthonormal basis in .

_z
(n12m'?

Theorem 4.1. Let {a,},5o be a bounded sequence of complex numbers, and W, be an associated weighted shift operator
acting on the Fock space 7—' by the formula (5) . Then

(a) the series Z
V2n +2

o] (V21)
V2t

is Borel convergent if and only if

= O(e‘t) ast — oo;
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(b) the sequence ( ) is Borel convergent if and only if
n=0

VZnn+2
|Wa((\/ﬂ) = O(\/E) ast — oo.

First let us give the following.

Lemma 4.2. For any operator A € B(F) we obtain

A(y)—e |y| /ZZ n,€m>ﬁn}i

/(127 (m!2m)

n

z
for u € C, where e, (z) = { —_—
(12 12

Proof. Actually,

A0 = (AR, E) = <AL "_ﬂ>

- b2 e, ), T e @)

n>0 n>0
2 = -
= e_|P| /2 Z [ (‘U)em (/J) <AenreH1>
n,m=0
— 2 —— (A )
=e €, Em
n;o \ nt2n mi2m
ey 1 (Aey, ey " u"
=e €, €m 7
n,mZ=0 (n12m) (m!12m) o

which proves (6). O

} is the orthonormal basis for the space ¥ .

4360

Proof. [Proof of Theorem 4.1]Let W, be a weighted shift operator on 7. Then it follows from formula (5)

that

—~ _ _| |2/2 . ;
W, (}l) e n,mZ:O (n!2m) (m!2m)

| |2n

/2 n
= ue ~|uf Z Nores AT

]

= pe Il /22 e

(Anens1, ey "

or

(2]

Von+2

Wa () = el /ZZ (e,

)
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As a result,

g (|“| /2)

=0

e |H| /2

and

(2]

el 72
Z‘ V2n+ n!

‘w ()] _

forallp e C. Lett = |[J|2 /2. Then (8) and (9) has the form

o an "
Z‘ 2n+2 nt

=0

|W1

and

|W1

oo a, ¢
etz ()|
= V2n+2 1

4361

(10)

(11)

for all t € R*. It follows now immediately from (10) and (11) the assertions (a) and (b) of the theorem. [J

Corollary 4.3. We have:

= 7|:u| /2 y
(a) Ber (W,) = { e EO —— pecC
2 n
(b) ber (W,) e b2 |y, = (1 ) C
er =su e RS
’ P n=0 V2n + 2 n! :

|ax|
(c) If su < +o00, then ber (W,) does not have an upper bound.
f n>%)) V2n + 2 PP

Proof. The proofs of (a) and (b) are clear from the formula (7) . Now we prove (c). Actually, it follows from

.. a
the condition sup ——— < +o0, n > 0, that
n>0 V2n+2

ber (W,) < ] ‘|H|2/Zi(|#‘2 /2) ||
R L N RS

|a, ( N
<su su e uf 12l /2)
nZIO3 V21’1 +2 yeg |‘u|
= sup sup
n=0 VZTl +2 pueC (| )

for all u € C. This shows that ber (W,) does not have an upper bound. 0O
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5. Approximation of inner functions and Berezin number

In this section, we give an approximation problem for inner function by Berezin number of operators,
which improves the results in [11, Theorem 5.1].
Theorem 5.1. Let @ be an inner function. For any A € {T(p}/ = {L € B(Hz) LTy = Tq)L}, we set Npa =
To (I - ATq;TZD). Let Ko = {z€ D : |®(2)| < €}, where 0 < € < 1, be a level set of D for every €. Then
2 2\1/2
(ber (A2) +11417)

)S €.

V2

Proof. Calculating in the same manner as in Theorem 5.1 of [11], we have

[© = Noall,«(x.,
Noa(A) = (Noaki, ki) = @ (1) (1 - AQ) (@ (1))
from which we have that
[© (1) = Noa| = [A)| 10 )P
for A € D. It is known that following inequality was obtained in a different way earlier by Buzano in [4]:
1
Ka, e) ¢e, b)l < 5 (Ka, )] + lall 111} (12)
Putting the e :/k\/\, a= Aic\;\, b= Aﬁc} in (12), we have that
[© (1) = Noa| = [A)| 10 )P
() + e
<
V2
(ber (A7) + 1ai?)
< e
V2

forall A € D and 0 < € < 1. Particularly,

1/2
3

A7)

2 n1/2
@WWMSWMZW)@

for all A € K¢, and therefore

1/2
< (ber (AZ) + ||A||2)
L=(Kew) = \2

which gives the desired result. [J

[ - Noa| e0<e<1
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