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On solvability of dynamic equation in Banach space of continuous
functions over time scales

Abdul Awal Hadi Ahmed?, Bipan Hazarika®”

?Department of Mathematics, Gauhati University, Guwahati 781014, Assam, India

Abstract. We investigate existence of solution of local dynamic initial value problem in the Banach space
of continuous function from an interval in time scale to an arbitrary Banach space. We use the concept
of measure of noncompactness and Meir-Keeler condensing operator involving L-function to obtain the
existence of solutions of the problem. We also give an example to illustrate our result.

1. Introduction

In 1988, German Mathematician Stefan Hilger introduced the concept of time scale for the first time in
the field of Mathematics through his Ph.D. thesis. After that, Hilger published two interesting articles on
this topic [16, 17]. By a time scale, we mean any nonempty closed subset of IR. Time scale basically unifies the
discrete and continuous calculi, to study them simultaneously rather separately. In recent times researchers
are quiet actively working on dynamic equations to merge results from both differential and difference
calculi. Dynamic equations are associated with several real-world phenomenon involving discrete as well
as continuous variables, for example, we refer for population dynamics [19, 35], optimization theory [34],
economics [3, 4], economic modelling [32], etc. Various aspects like qualitative and quantitative properties,
stability of solution, applicability of a dynamic equation can be studied. Santos [26, 27], discussed about
discontinuous dynamic equations and dynamic equations of first order, respectively, on time scales (also
one can see [18, 31]). Bohner et al. [9] were studied on nonlinear dynamic initial value problems of first-
order. The existence of solutions of the dynamic Cauchy problem in Banach spaces was studied by Cichon
et al. [10], Kubiaczyk and Sikorska-Nowak [20]. Shen [29] investigated the stability of dynamic equations
on time scales. For details on time scale calculus one can see the monographs [7, 8].

For solvability of differential equations and integral equations in Banach spaces the concept of measure
of noncompactness have play a significant role, because it has relaxed the domain of the operator to be
compact. Kuratowski [21] was the first person to introduce this concept in the year 1930. In the year
1955, Darbo [12] introduced a fixed point theorem with the help of MNC, which is a generalization of both
Banach contraction principle and Schauder’s fixed point theorem. Recently many researchers apply this
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concept to solve different types of integral equations, differential equations, integro-differential equations,
fractions differential equations, fractional integral equations, functional integral equations, etc (one can see
the articles [1, 2, 5, 6, 11, 13-15, 24, 25, 28] and references therein).

Recently, Sanket et al. [30] were discussed the existence of solution of nonlocal initial value problem

v +p(0)y (1) = f(ry), T LF
y(T0) = Yo

using the fixed point theorem by Sadovskii.

The characterization of Meir-Keeler condensing operator using L-function discussed by Lim [22] (also
see [23]), we are motivated to search for a solution of the following form of dynamic first order nonlocal
initial value problem (IVP)

yA (1) = (D)) + f(ty), T LF

1)
¥(0) = Yo,
where v is some fixed element in Y.
Here, T is a time scale and 79, S € T with ¢ > 0.
I = L\ (p(supL),sup L) if sup L < o0 ?
~ | L, otherwise

where £ = [19, Tly = [10, TIUT ={te€eT:19 <7 <S}.
Throughout the article, we consider
Y is an arbitrary Banach space.
C(L,Y) is the family of continuous function from £ into Y.
y is the unknown function to be determined.
My denotes the collection of all nonempty and bounded subsets of Y.
y represents the delta derivative of y.
f: L XY — Yis anon-linear function.
I': £ — Ris a function which is both regressive and rd-continuous.

2. Preliminaries and definitions

We recall few existing definitions along with a few associated results for development of our primary
result.

Definition 2.1. [8, Definition 1.58] Let there be function v : T — Y which is continuous at every right dense
point of T, and also ensures the existence of its limits at all left dense points in T, then the function v is called a
rd-continuous function. We denote by C,q (T,Y), the collection of all rd-continuous functions f : T — Y.

Definition 2.2. [19, Definition 5] Similarly as above, a function f : T XY — Y which is continuous on Y for
each t € T is called a rd-continuous function on T X Y if f is rd-continuous on T for every y € Y. We denote by
Cra (T XY, Y), the collection of all rd-continuous functions f : TXY — Y.

Definition 2.3. [8, Definition 2.25] A function | : T — R is called a regressive function if for all T € T¥, the
quantity 1 + p(7)l(t) is always a nonzero quantity, where u : T — R is the graininess function on T, defined as
u(t) = o(t) — 7. We denote by R (T, IR), the collection of all regressive functions I : T — IR.

Definition 2.4. [8, Definition 2.30] On a time scale T, exponential function denoted by e; (-, To) is the unique solution
of the dynamic initial value problem

yA(1) =1(1)y, y(to)=1, 1€ T, 1€ T* and I: T — Ris a regressive function.

Forl,m € R(T, R) we define

lom:=1+m+ulm, ol := ﬁ ,lem:=1l®e(m),e©l) =1
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Theorem 2.5. [8, Theorem 2.36]If [, m : T — R are functions both of which is regressive and rd-continuous
simultaneously, for t,u, s € T, the following properties

i. e(t,u)=1 and ¢ (1,7)=1;

ii. e(o(t),u)=0+pu(r)l(1))e (T, u);
iii. e(t,u) = qé_m =eg (T,1);
iv. e(t,s)ei(s, u) = e/(t, u);

v. e)(t,u),en(T,u) = een (T, u);
vi. e/(t, u)/en (T, 1) = elom(T, u)

hold.

Throughout the articl, we denote E := max {sup le; (7, )|, sup le; (T, 0 (u))l} .
T UL Tuel
By C(L,Y), we denote the family of all continuous functions from L to Y, where (Y, - |ly) is a Banach

space. Also to note here is that C (£, Y) is a Banach space with the norm || - || defined as ||yl := sup |ly(7)Il,-
el

Definition 2.6. Let G be a subset of M. (L,Y). For ¢ > 0and g € G, denote w (g, €) as the modulus of continuity
of g, defined as

wg = w(g,¢) =sup{lg(t1) — g(t2)| : 11,72 € L, |11 — 12| < €}. 3)
Furthermore let w (G, €) and wo(G) be defined by

w (G, ) =sup{w(g,¢): g€ G} 4)
@o(G) = lim w(G, ). ®)

Using Arzela-Ascoli theorem we can show that lirr}) wy = 0, whenever g is uniformly continuous and wy(G) = 0,

E—

when G is an equicontinuous family.

Definition 2.7. [21] For a nonempty bounded subset B of Y, the Kuratowski MINC of B is denoted as x(B) which is
defined as the smallest possible € > 0 so that B is covered by a finitely many sets of measures < €. i.e.,

X (B) :=inf{e > 0 : finite number of sets of diameter < & completely covers B}.

Theorem 2.8. [33, Proposition 11.3] Let I and ] be bounded subsets of a Banach space Y and x be an arbitrary MNC
in My, then the properties

(i) If 1 C ] then x(I) < x(J);

(ii) x(I) = x(I), where I denotes the closure of ;

(iit) x(I) = 0 iff I is relatively compact;

(iv) x(IN]) =max{x(), x())};

(v) x(al) = lalx() (a €R);

(i) x(I+]) <x(D)+ x(J;
(vii) x(conv I) = x(I), where conv(l) denotes the convex extension of I;
(viii) x(I) < diam(I), where diam(I) is the diameter of I

hold.

The following lemma stated in reference to time scale in [20, Lemma 2.7] is an essential tool for development
of MNC in our proposed Banach space C(L, Y) with the help of any arbitrary MNC in the space Y.
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Lemma 2.9. [20, Lemma 2.7] Let G € C(L, Y) consisting equicontinuous functions in C(L,Y) and let
G(r):={g(r)eY:g9€G}, 1€L

6L = Jew.
el
Then xc (G) = sup x (G(t)), where x.(G) is the MNC in C(L,Y) and the function t — x (G(t)) is continuous.
el

Theorem 2.10. [10, MVT] For an rd-continuous function f : L — Y, then

[ 10 eu s ,
I
forany I C L with its Lebesgue delta measure pip (I).

3. Auxiliary results

This section will be comprised of few results for Meir-Keeler condensing operators associated with a
L-function. We will consider y as the MNC.

Definition 3.1. [1, Definition 2.1] An operator T on a nonempty bounded subset M of Y is said to be a Meir-Keeler
condensing operator if for any € > 0, there exists a 6 > 0 such that x (T (Q)) < &, whenever ¢ < x(Q) < € + 0.

Theorem 3.2. [1, Theorem 2.2] Let M be a nonempty, bounded, closed and convex subset of Y and F : M — M is
a continuous and Meir-Keeler operator, then F has at least one fixed point and the set of all fixed points of F in M is
compact.

Definition 3.3. [22, Definition 2] A function 1 : [0, c0) — [0, oo) satisfying
i ¥(0)=0, ¥ (w)>0,¥Ywe(0,c0)
ii. foreveryz € (0,00),36 > 0 such that (s) <z,Vs €[z,z+0]

and is called a L-function.

Theorem 3.4. [1, Theorem 2.6] A continuous operator T on a nonempty bounded subset M of Y is a Meir-Keeler
condensing operator if and only if there exists an L-function 1 for which x (T (Q)) <  (x (Q)) for every subset Q of
M with x(Q) # 0.

As a consequence of above two theorems, we can establish the following theorem, which will be our base
theorem to achieve our desired result.

Theorem 3.5. Let G be a continuous operator on a nonempty bounded, closed and convex subset M of Y. Then F has
fixed point if and only if there exists a L-function 1 such that x (G (Q)) < ¢ (x(Q)) for all Q € Myt with x (Q) # 0.

4. Main results

The following Lemma [9, Lemma 3.1] is important to state here which converts the given differential
equation into an integral equation.

Lemma4.1. Let yo € Yandl € R(L,Y). Assume that f € C,qg (LXY,Y). Then y is a solution of (1) if and only if
y satisfies the integral equation

t

y(7) = ¢ (1, 70) + fel (t,o (W) f(u, y (u)) Au. (6)

7o
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Proof. Let y be a solution of (1). We have from time scale calculus,

H(@ Yy =y (0) -y ().
So,

y (1) =y (0 (1) — u ) y (0.

Now from (1), we have

¥ (1) = (D)y(0) + f (T, y)
= (Dly (0 (1) = w(O)y (@] + f (1, y)
= (0)y (0 (1) = 1(0) u (1) y*(7) + f (T, y)
ie, [1+1(0)p(D]y* (1) = (1) y (0 (1)) + f (T, )

@ f(Ty)
=2 (1) = T i@’ O T o
A —1(7) f(ny)
=y (1) = _my(d(ﬂ) * 1+u(@i(r)
Sy

=>yA(T)=—ely(o(’c))+ eI

Comparing (8) with

vA (1) = =l(0)y (o () + f(z,y), Te L
y(t0) = yo

the only solution is
§(7) = e (1, 70) + f ar (45) £ (5, (5)) As.

So (8) also has a unique solution y, given by

f(u,y )

y(7) = ecer (T, T0) Yo + feeel (7,5) W

o

flyw) o

= e (7,70) Yo + fel Ok p(u)l(u)

To

) g f(uw,y ()
= e (7,70) Yo + f er (1, 7) (1 + p(u)l(u))
fuw,y ) Au

e (o (u), )

=¢, (T, 70) Yo +
To
t

= ¢ (T, 70) Yo + feu (t,0 (W) f (1, y (w)Au.

To

This proofs the lemma. O

4039

(7)

(10)
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Now we establish our main theorem.
Theorem 4.2. Let f : LXY — Y be a rd-continuous function. Assume that
(i) there exist N, M € [0, o) for which |f (1, y (u))| < M + Nllyll,,

(ii) there is a continuous L-function 1, for which

X(eq L,o)u(T, Q)) < %gb()( (Q (1)), for each and every nonempty, bounded subset Q of Y, where I =
[TOI T]L'

Then the IVP (1) has a solution, whenever EN (T — 19) < 1.

Proof. We take r > 0 and the ball B, such that

Ellyolly + EMT__ 4 B, = {y e C(£, V) Iyll < 7}
(I-EN(T-1)) YT

Clearly, the ball B, ¢ C(L,Y) is closed and bounded. Now we examine B, to be an equicontinuous family
of functions.
Consider 11,1, € £ with 7, > 71. Then from (6)

ly (72) =y (t1) Ily

2 1

61 (12, 70) Yo + f 61 (22,0 () £ (1, y () Ast — e (1, 70) o + f 61 (21,0 ) £ (v () Au]

To To

Y
3t

< ller (2, 70) yo — &1 (1, 70) yolly + H f 61 (12,0 () f (ut, y (1)) Aut - f 61 (21,0 (1)) f (1, y (1)) A

o To

Y

< le (T2, T0) — €1 (1, 70) | lyolly +

e (12, 70) f e (to, 0 () f (u, y (u))Au

o

+ e (2, 70) f 61 (20,6 () f (1, y (W)Att = e (71, 70) f 61 (10,0 (1)) f (1t y (1)) Au

Y
T1

< ler (T2, 70) — €1 (T1, T0) | lyolly + ler (T2, T0) — & (TllTo)lflel (to, 0 ) 1IIf (u, y )llyAu

o
T2

+ley (12, o)l f 1 (20,0 ) 1 oty )l A (1)

1

A similar result will occur when we take 7, < 71. As ¢; (-, 79) is continuous, we can clearly see that right
hand side of (11) tends to zero as ¢, approaches 71. Thus equicontinuity of the set B, is established. Now
consider the mapping G : B, — C (L, Y) defined by

t

G(y)(t) :=¢ (1, 70) + fel (t,o (W) f(u, y(u) Au. (12)

To

We claim that G is invariant of B, and is also continuous.
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Now for y € B,, we have

T

IGW)(@ly = ller (7, T0) yo + fez (0 () f (u, y (u))Aully

7o

Y

< ller (5, 70) woly + H f e (1,0 () f (u, y (w)Au
< e (5, 7o) | lyolly + f 12,0 ) 11 (u, y (1))l A

< EllYolly + E f(M + Nllylly)Au
To

< Ellyolly + E(M + Nr) (T — 79)

<r

which shows that G is bounded by r,i.e., G : B, — B,.
Next to show G is continuous in B,. For this let € > 0 be arbitrary such that ||x — y|| < € for y,z € B,,. We
have

T

IGW)() - G = ller (5, 70) o + f 61 (2,0 () f (u, y (1))

7o
T

et )z + f 61 (2,0 () £ (1,2 (W) Al

7o

< f 1 (o0 ) L 1F oty 00)) — F ot 2 ()l A

<E f 1F Gty () = F (a2 )y s

<E(T-1)wp(Le), (13)

where w, (L, &) = {llf (w,y () — f(u,zW))l| : u € L,y,z € Bywith |ly — z|| < ¢}.

Since f : L x B, — Y is rd-continuous, so f (u.:) is continuous on B, for each u € L. Also B, being
closed and bounded subset of C(L,Y), f(u,-) is equicontinuous on B,. Thus by equicontinuity of f (u,-)
and Arezela-Ascoli theorem ensures that w;, — 0 as ¢ — 0 and hence the RHS of (13) tends to zero as
& —> 0. This shows that G is continuous on B,.

Now for any 7 € £ and any nonempty subset Q C B,, we have

x(GQ) (1) =x

e (T, 7o) Yo + f er(t,o(w)) f(u,yW)Au; ye Q]

7o

< x (e (7, 70) yo) + X[ f e (t,o () f (u, Q(u))Au]

To
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< X{ f e (t,0 () f (M,Q(u))Au]

< x (ual@)eon (e (v, 0 (1)) f (L, Q1)) ; I = [10,1]
< (T - 7o) x(conv (e, (7,0 (1)) u (I, Q1))
< (T = o) x(er (r,0 (1)) f (X, Q)))

<(T=10) 9 (1 QW) T€ £

U _TTO) ¥ (suP x(Q (T)))

el
< T2 (. ).
So for any 7 € L we get that
16 < T2 @),
So,
sup (G (Q)(9) < T (v @)
= 1. 6@ = L2y (k. 0@

= 1. (G(Q)) < IP(XC (0 (f[))), as (T T’L’O) <1.

Thus G has a fixed point, given by Theorem 3.5.

5. Examples

Here we validate our result with an example. We take R as our Banach space Y to simplify our results.

Example 5.1. Let T :=[0.5,1] U [1.5,2] be the time scale and consider the local [VP

V'@ =1@y@+f(ry), TeT :=[052]

(14)
y(TO) = AO/
where f (7,y) = cos (3+Sm T) 2y, (1) =-1, Ap e R.
We see that
If (t,y)| < cos( ! ) |2y|
3+sin’t

<1+ 2|yl ie., assumption (i) of Theorem 4.2 holds good.

We take any continuous L-function y, then %gb()( (Q(1))) > 0 for each and every t € L.
Now we take Q = [0.5,1], then

e (1,0 (W) f(t,y) <5e(t,0(u))
5
(o)1)
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5
[1+p@)w)]e(u, 1)
_ 5eq(u,1)
[T+ w)]
_ 5 €o(-1) (u, T)
ST+ W]

forte Loue Tandy € Qasinthatcase f (u,y) < 5. But x (ee(_l) (s, T)) = Qand hence x (ee(_1) (Lo@)fIx D)) =
0. So assumption (ii) of Theorem 4.2 is also satisfied, hence Theorem 4.2 ensures a solution for the problem (14).

6. Conclusion

In this manuscript we focused on finding a continuous solution of the dynamic equation (1), but taking
few restrictions on the functions involved as well as on the domain. For examples we took the function /
to be both regressive and rd-continuous. But there occurs several occasions where the function ! does not
behave to be a regressive one. Also the function f instead on depending on the current situations sometimes
becomes vulnerable to some previous state. In that case we need to deal those problem taking delay factor
into consideration. In future we keep an scope of analyzing such dynamic equation taking those above
mentioned situations under consideration and likely using the concept of Meir-Keeler condensing operator.
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