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Strong convergence of the balanced Euler method for neutral stochastic
differential delay equations with Markovian switching

Wei Zhang?, Meiyu Cheng?

#School of Mathematical Sciences, Heilongjiang University, Harbin, Heilongjiang, China

Abstract. In this paper, the strong convergence of the balanced Euler method for neutral stochastic
differential delay equations with Markovian switching (NSDDEs-MS) without the linear growth condition
is concerned. We present the balanced Euler method of NSDDEs-MS and consider its moment boundedness
under polynomial growth condition plus Khasminskii-type condition. We also study its strong convergence
order. A numerical example is given to support the theoretical results.

1. Introduction

As we know, stochastic differential equations (SDEs) and stochastic differential delay equations (SDDEs)
are used widely and efficiently to model the phenomena in dynamical systems recently. In order to model
the practical systems (see in [4, 15] and the references therein) which may be change abruptly due to
environmental disturbances etc, we use the continuous-time Markovian chain r(t) (see in [3]) to model such
abrupt changes.

Neutral stochastic differential delay equations (NSDDESs), as a special case of SDDEs, get more and more

attention. In this paper, we consider the following NSDDE with Markovian switching (MS), abbreviated as
NSDDE-MS

d[X(t) = D(X(t — 1), r(t))] = F(X(#), X(t — ), r(t)) dt + G (X(#), X(t — 7), r(£)) dw(t).

Analytic theories of SDDEs-Ms (see [10] and references there in) are investigated extensively. Due to
most SDEs-MS and SDDEs-MS have no explicit solutions generally, plenty of attention has been focused on
numerical methods to approximate the analytic solutions (seee.g.,[5, 6, 8,17, 18, 21, 22]). Stability of SDDEs-
Ms and NSDDEs-MS were studied (see [7, 16, 23]). Strong convergence theory of numerical methods which
is regarded as a cruel property was generally considered under the global Lipschitz condition or the local
Lipschitz condition and the linear growth condition (see [19] and references there in). It is known that Euler
method of SDEs (even without delay or Markovian switching) can not converge with the super-linearly
growing drift coefficients (see [1]). Later, Hutzethaler et al. developed the tamed Euler method which
can solve such problem (see [2]). Mao proposed the truncated Euler-Maruyama method for SDEs and
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its convergence rate in 2015 and 2016, respectively (see [12, 13]). In 2017, Zhang developed the balanced
Euler method for SDEs with coefficients of super-linearly growth (see [24]). Recently, the truncated Euler-
Maruyama method and other explicit numerical methods are studied by many authors (see [14],[20] and the
references cited therein). However, numerical theories on NSDDEs-MS under polynomial growth condition
and Khasminskii-type condition are still limited.

Due to cheap computational cost, explicit numerical methods are indeed to be considered. Inspired
by the fact that the balanced methods for SDEs with coefficients of superlinearly growth satisfying a
global monotone condition is of order half in the mean-square sense in [24], and in [21] I considered the
truncated Euler-Maruyama method of NSDDEs which is of order closely to 1/2. In order to obtain a higher
order explicit numerical method, we present the balanced Euler method of NSDDEs-MS under polynomial
growth condition and Khasminskii-type condition. For the convenience, we will, in Section 3, present the
balanced Euler method. We will consider the moment boundedness, one-step error and the convergence
order of the balanced Euler method in Section 4. A numerical example is shown in Section 5.

2. Preliminary

Throughout this paper, let (O, {F ;}i»0, IP) denote a complete probability space with a filtration {F}i>0
satisfying the usual conditions (i.e, it is right continuous and increasing while %y contains all IP-null sets).
Assume E is the expectation corresponding to IP. Let w(t) = (w1(t), wa(t), -+ , wn(t))T be an m-dimensional
Brownian motion defined on the probability space. Both Euclidean norm in R” and the trace norm in R
are denoted by | - |. Denote by C([-7, 0], R") the family of continuous functions from [-7, 0] to R" with the
norm |p| = sup |p(u)]. Fora,b € R, we use a V b is used for max{a, b} and a A b is used for and min{a, b}. If

—7<u<0
D is a set of Q), let 1p be its indicator function. | x| denotes the biggest integer which is not bigger than x.

A right-continuous Markovian chain on the probability space (Q,% {7 ;}1>0, P) is denoted by r(t) (f > 0).

Taking values in a finite state space S = {1,2,--- ,Q} with I' = (y;j)gx, we define

. ‘ yijh +o(h), if i#],
P{(r(t + h)) = jlr(t) = 1
(¢ +1) = jir) = i {1 eyl oy, if in ] M
where h > 0. Here y;; > 0 is the transition from i to j if i # j, while y; = =} y;.
j#i

Assume that the Markovian chain r(f) and the Brownian motion w(t) are independent. Almost every
sample path of r(f) is a right-continuous step function with a finite number of simple jumps in any finite
subinterval of IR,. Moreover, there exists a sequence of stopping times 0 = 79 < 71 < --+ < Ty — o0 almost
surely such that

[

H(t) = ) M) gy, (8),

k=0
r(t) is a constant on every interval [k, Tx+1), for every k > 0
r(t) = r(tx), on T <t < Tgy1.
Consider an n-dimensional NSDDE-MS
d[X(t) - D(X(t — 1), r(t))] = F(X(#), X(t — 1), r(t)) dt + G (X(}), X(t — 1), r(t)) dw(t) (2)

for t > 0 with initial data & € C([-7,0], R") and E|&[*° = E ( sup Ié(u)lzm) < oo which is independent of w(t),
—1<u<0
po=landr(0)=rp€S. Heret>0,D:R"XS — R", F: R"xR"XS — R"and G : R" X R" X § — R™™".
We impose the following four assumptions as hypotheses:
(A1) There is a pair of constants y > 1 and K; > 0 such that

|F(x,y,i) — F(%, 7,0l VIG(x, y,1i) — G(%, 7, )|
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< K (T+ R P () (- - ),
wherex, y %, y, 7 € R"and i € S.
Remark 2.1. Due to (A1), using the Young inequality and the elementary inequality
la + b < (1+ )~ (lal* + c'<|bf%), ©)]
where ¢ 21, ¢ > 0, for c = 1, we have
IF(x, v, DIV IGCx, y, )l < Ky (1+ I3 + [yl7), (4)

K- Ky +2)
Y
(A2) There is a pair of constants py > 1 and K, > 0 such that

where x, y, %, j € R" and i € S, where Ky = V [F(0,0,)| V |G(0,0, ).

Zpo—l
2

[x = D(y, ) =%+ D(@,)]" [F(x, y,i) = F(x,7,)] + G, 1) = G )P < Ko (lx =22 + Iy - ),

wherex, %, y, 7€ R"and i € S.
(A3) There is a constant Ky > 0 such that

|E(H) = E(s)] < Kolt —51'/2,

where s, t € [-1,0].
(A4) Assume that D(0, i) = 0 and there exists a positive « € (0, 1) such that

ID(x, 1) = D(y, )l < xlx -y, (5)

where x,y € R" and i € S.
From (5), we can see that

ID(x, )] < xlx|. (6)

Remark 2.2. Let (A2), (A4) hold with sufficiently large po. Let po > %, applying the elementary inequality (3) for

2
¢ = ——, one has
Zpo -3

. L. 2po—3 .

[ = DOy, DITFCe, i) + 221Gy, P

S[x - D(yrl) -0+ D(O,Z)]T [F(x/yrl) - F(O/OII)] + [x - D(y/l) -0+ D(O/l)]TF(O/O/I)

2p0—3 Zpo—l 2]?0—1
T2 \2p-3 2

IG(x, y,i) = G(0,0, ) + IG(0,0, i)

(2po = 3)2po — 1)
4

IG(0,0, i)

IG(0,0, 1)

1 1
<K, (|x|2 + |y|2) + 5k =Dy, i) - 0+ D, i + 5IF(0,0, D+

2. (2po —3)(2po — 1)
1
<Ks (1+ [ + [yP?), 7)

. 1 .
<K (I + [yF) + i +ID(y, ) + 5IF(©,0,)]

(Zpo —3)(2po — 1)
4

where K3 = (K, +1) vV (%lF(O, 0,1 + IG(0,0,0)?), forall x, %, y, y € R" and i € S.

Using this approach to get (7), we need py > %, but which is not necessary.
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Let X; 4 (t + h) be the solution of NSDDE-MS (2). Define

Xt/(p(t + ”l)

Xio(t) + D(Xip(t + h — 1), 7(t + h)) = D(X; (t — 7), 7(t))

t+h t+h
+ f F(X1¢(8), Xi,0(s — 1), 7(s))ds + f G(X1¢(8), Xi,9(s — 1), 7(s))dw(s)
t t
= Q(t) + D(Xip(t + h =), 7(t + h)) = D(X; (t — 1), 7(t))

t+h t+h
+ f F(X0(), Xiols — 1), r(s))ds + f G(Xip(6), Xip(5 — 1), H(s))dew(s), ®)
t t

where ¢ = {¢(s) : t =7 < s < t}, E|p|*0 = ]E( sup |¢(u)|2po) < ocoandt € [0,T]. It is easy to show the
—1<u<0
following lemma by the similar way of Theorem 3.1 in [9] and Theorem 2.4 in [11].

Lemma 2.3. Assume that (A1), (A4) and (7) hold with sufficiently large po. For 1 < p < pg —1, NSDDE-MS (2)
has a unique global solution X (t) and, moreover,

ElXos (O < K(1+ElE)

forall t € [0, T], where K stands for a generic positive real constant (but independent of h later) and its value may
change between occurrences.

Remark 2.4. Assume that (A1), (A4) and (7) hold with sufficiently large po. Due to the flow property of NSDDE-MS
(2), for 1 < p <po — 1, NSDDE-MS (2) has a unique global solution X; (s) = Xo(s) and, moreover,

ElXys6)” <K(1+ElpP), Vse[tT],

where o = {¢p(s) = Xoe(s) : t =7 < s <}, E|pJ* = ]E( sup |¢(u)|P0) < oo,

—1<u<0

3. The balanced Euler method

Lemma 3.1. Forh>0andn =0,1,2,---, let r, = r(nh), then {r,,n =0,1,2,-- -} is discrete Markovian chain with
the one-step transition probability matrix

P(h) = (]Pij(h))QXQ =T,

Due to the the independence of y;; and x, the paths of r can be generated independently of x before
computing x.

Let the step size h € (0,1), t/h = M where M € IN. The discrete Markovian chain {r,,n =0,1,2,---} are
simulated as follows: a random number 7; is generated by computing the one-step transition probability
matrix P(h) and r = iy, which is uniformly distributed in [0, 1]. Define

11—1 il
i, if i1 €S—1{Q} such that Z Pyy(h) < m < Z Py,i(h),
j=1 j=1
r =

0-1
Q, if Z]Pioj(h) <m,
j=1
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0

where )’ IP;i(h) = 0. A new random number 7, which is uniformly distributed in [0,1] is generated
=1

independently and define

-1 i
b,ﬁizeS—uysmhtmtEZEgﬂasnz<§:Pmm»

j=1 j=1
Ty =

Q-1
Q if Y Piih) <.
j=1

Repeating this procedure, the trajectory {r,,n =0,1,2,---} can be generated. The procedure can also be
carried out independently to get more trajectories.

Now we will concern NSDDE-MS (2). The discrete-time balanced Euler numerical solutions can be
formed. From now on, let the step size h € (0,1), T = Nh, t, =nh,n =1,2,--- ,N and N € N*. Motivated
by [24], for the solution X;,(t + h), which depends on the initial data ¢ = {¢(s) : t —7 < s < t} and
Aw’ = Aw(t) := w(t + h) — w(t), the one-step approximation Y, (¢ + h) is defined as follows

Voot + 1) =X 5(8) + DXt + 1 = T), 7(E + b)) = DXy (t = 7), 7(8))
+ Y(F(Xep (1), Xt = 1), HOW) + Y (G(Xp (1), Xt = T, 7(H) Aw) .

We propose the following balanced Euler scheme

Y(tu1) =Yo,e(tne1) = Xoe(tn1) = E(tusr), n=-M—-1,-M,--- -1,
Y(tus1) =Y, p(tu1) = Y(tn) + DY (tns1-pm1), ) = DOY (Fup), )
+ Y(F(Y(tn), Y(tu-m), 1)) + Y (G(Y(tn), Y(tu-m), 1n)Awy) ,
n=01,--,N-1

where ¢ = {i(tx) = Y(t) = Yoe(ty) : n — M < k < n}, Y(-) is either the hyperbolic tangent function or the sine
function and Aw,, = w(t,+1) — w(t,).

Remark 3.2. Because of the similarity between the proofs of Y(-) = sin(-) and Y(-) = tanh(-), in the following section,
we only consider the following balanced Euler scheme

Y(tp41) =E(twn), n=-M-1,-M,---, -1,
Y(tu+1) =Y(tn) + DY (tns1-m), 7n) — DY (tn-m1), 70)
+ SIN(F(Y(tn41), Y(tu-m), Tn)h) + sin (G(Y (tr11), Y(En-m), 10)At0y) ,
n=0,1,--- ,N—-1.

4. Convergence of the balanced Euler method

4.1. Moment boundedness of the balanced Euler method

Using a stopping time technique, we show the Moment boundedness of the balanced Euler method (9).

2p + 1G(y)

2 , we have

Lemma 4.1. Assume (4), (6) and (7) hold with sufficiently large po. There exists § > 1 +

EY(t)P? < K(1+EEPP),n=0,1, N,

po-1 1) ( Pzl 1
wherelSPS( )/\(12(7/_1) 5

22y-1) 2 )and G(y) = max{2y — 1, xp>16(y — 1)}.
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Proof. We only concern the case y > 1 because the case of y = 1 can be proved similarly. Define
QR/” = {(L) : |Y(tk)| S R(h)/k = 0/ 1/ e /n}/

where R (h) < 1/h. y
Let Ag , be the compliments of Qg ,,.
Define

Va1 = Y(tns1) = DY (tn1-m), Ts1)- (10)

By the elementary inequality and (6), one has

Vi1l <[Vl +2
<I€(0) = D(E(=7), r(O)] + 2(n + 1)
<A +x)&l+2(n+1), n=0,1,--- ,N-1. (11)

Using the elementary inequality, (6), (10) and (11), we obtain

Y (£l <[Vl + IDY (Enr1-m), 7(Fre1))]
< +1)lEl+2(n + 1) + Y (Enr1-m)l
<A+ +2m+1)+x sup [Y(t)
—-M<u<n+1
<A+ w)El+2(m+1)+x sup [Y(t,) + xIE]

0<us<n+1

Hence, one has

sup [Y(t) <A +x)E[+2(n+1)+x sup [Y(t)| + xIé

0<u<n+1 0<u<n+1

1+2 2n+ 1
AP 20D o, N
1-x 1-x

Consequently, we can show

1+ 2« 2m+1
R P e R R I ¥ (12)

For any integer p > 1, we get

E X0y, @Vii?] < E[xa,, @)IVial?]
= E [XOR,,, (@) (Vg1 = Vi) + Vn|2p]

= E[Xa,, @IV.]+E[xa,, @)ViP 4]
2p
+K Y E X, @IVal Vs = V], (13)
1=3
where A = XORJ,E[ZFKVVU Vn+1 - Vn) + P(ZP - 1)|Vn+1 - Vn|2|7:t,,]-
Since Aw, are independent of ¥, one obtains

IA

XOR,n (w)]E [G(Y(tn)/ Y(tnfM)/ rn)AZUn 7_-1,‘,1] = 0/

Xow, (w)E [Sin (G(Y(tn), Y(tu-m), rn)Awy)

an



W. Zhang, M. Cheng / Filomat 38:12 (2024), 40574086 4063

and

Xow, (W)E [IG(Y(tn), Y(tn-m), 7H)Awn|2

ﬁn} = X0, (@) GO (t), Y (tara), 7o) P

Using | sin x| < |x], and then we can have the following estimate

sin(%)
2

By (3), (9),(14) and the elementary inequality, one derives

2

|x — sinx| = |(1 — cos(6x))x| < 2|x]| , for some O €[0,1]. (14)

2p-1

A 2

ZPXQR,,, (w)]E [(Vn/ Vn+1 - Vn> + |Vn+1 - anz

/

2]9() -3
2

= ZPXQM (w)]E[(<Vn/ F(Y(tn), Y(tu-m), rn)h) + sin (G(Y (t4), Y(tu-m), rn)Awn)lz )

L @p=1D@po-3)

1 2
4(PO —p- 1) |Sln(F(Y(tn)/ Y(tn—M)/ rn)h)|

-

+2pXa,, (@) [(Vn, —F(Y(£4), Y(tu-m), r)h + sin(E(Y (£,), Y (tu-m), 1))

7:1‘71:|

2po—3 2
ZPXOM (@)E [V (t,), F(Y(tn), Y (tn-pm), Ta))h + T IG(Y(tn), Y(tn-m), rn)Aw,|

p2p-1)2p-3) ]
e —p =) X0 @ (), Y(Ern) )l 12

+4px 0y, (@) Vil IFQY (80), Y (ta), 1) P 12

Using (10), (6), (4) and the Young inequality, one obtains

IN

ﬁn:|

X, @IVl IFCY (), Y (bnma), ) 2

<R3 X, (@) (1Y (bul + 1] Y (bnopal) U+ Y + Y (bnopa)

<K Xy, (@) (14 [Y ()P + Y (b)) + Y ()P + 1Y (b)) (15)
Applying (4), (7) and (15), we have

A < Ko, (@) (1+ Y ()P + 1Y (tapg) P+ Y0P+ 1Yt R). (16)
By (9), the elementary inequality and (4), one gets
E [Xoy, @NVa# Vi1 = Vil ]
KE [ Xy, @IVal ™ (RIFQC(E), Ytipa), )l + IGOY k), Y (bn), 7l 1A, )]
272K + 0)E [xay,, (@)ValP B2 (14 1Y@ + Y ()] (17)

IA

IA

Substituting (16) and (17) into (13), using the elementary inequality and the Young inequality, we obtain

2p

E X @NVaa?] < E[xo,, @IVEP]+Kh Y E g, @Y1
1=3

2,
+KKE [xg,, (@)Y (5P + K Zp: E [Xay, @)V ()P H"?]
1=2
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+KHE [Xay,, (@)Y (ta-s)? | + KHE [xqy, (@)Y (t) P*2 1]
+KIE [ X, @)V ()P ] + KHE [ Xy, (@)Y (bropg) 72 1]
2p
+Ki Y E [0, @)Y (taag P10 DR,
1=3
Choose R = R(h) = h™"/¢0), where G(y) = max{2y — 1, x,»16(y — 1)}, one has,
Yo, @ EP2 < xo @I E,
Xon, @Y (Eopn) P27 X v, @Y tuepn) I,
X, @Y E)FPHODRET <y (@)Y ()P,
Xr,, (@Y (topg) PPHODR2 Xere, (@)Y (bapg) .
Thus, by the Young inequality, we get

E ]:XQR/VH-l (W) V1 |2p]

IA

IA

)
)
)
)

IA

IA

IE [XQR,N (w)anIZP] + KhE [XORM (a))IV,,|2F’] + Kh
+KIE [, (@)Y (0P| + KHE [xay,, @)Y (o) |

2p 2
+K ) E [ @I G I] + K ) E [, @)Y a0
=1 =

E [Xoy,,, (@)Val® ] + KHE [xqy,, (@)IVa? | + Kt
+KKE [xqy,, (@)Y () P?] + KHE [ gy, (@)Y (baar) 7]
Applying the elementary inequality (3), (10) and (6), we get

Yt < (1= 51)" IVl + KDY (tiema), 1)
< (1= ©)7E Vil + kY (fuem) I (18)

IA

Using (18), we get
E X, @IVaal] < E[xa,, @)IVal?] + KHE [xa,, (@)IVal] + Kit + KHE [xq,, @)Y (ta-a)?]
Since T < ({%J + 1) 7, we consider n € [kM, (k + 1)M — 1], where k =0,1,-- -, {%J
If n € [0,M — 1], one has
E [ Xorg, @)Y (toa)P] = E [xar,, (@)IEEa) ] < EIEP?. (19)
Hence, we obtain
E[Xop, @Vaia?] < E|xa,, @)IVa?] + KHE [xo, (@) Ve ] + KHEIEP + Kh.
By the Gronwall inequality, we obtain
E [ Xog, @) Vit ¥ ] < K (1+EIEP?). (20)
Using (18), (20) and (19), one has

E [Xay, @) Yna ¥ | <1 =107 X, @)Vaa ¥ | + <E [xq,, @)Y (ta-m)? |
<K (l + ]E|c§|2p) . 1)

We claim that for k > 0, if n € [kM, (k + 1)M — 1], (20) holds. By induction, we need to show that (20) and
(21) still hold for k + 1.
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Ifnel(k+1)M,---,(k+2)M —1], one gets

E [Xo, @)Y ()| < K(1+ EIEP), (22)
and

E Xy, @IVii?] < E[xa,, @IVal?] + KHE [xa,, @)Val* |
+KI (1 + E|EP) + Kh. (23)

The well-known Gronwall inequality yield that (17) holds for any k € [O, {%H

By (18), (22) and (23), we obtain (21).
Since

X;\R/y, :1 - XQRm
=1 = Xa, . Xivt)i<r

=XAgpa T XQg,a XIY(E)I>R

n
2 XOR,k—1 X|Y(t)I>R~
k=0

where we put x, , =1, using (12) and (21), Holder’s inequality, Markov’s inequality and Jensen’s inequal-
ity, one obtains

12 4 ATV 2
e @] < |B(Lt2 s 205D P & (B X, , @Y (E)PEDE0])
X Ag, \ W En = 1_« 1= e R(1)@r+DG0)

4

< K[ 1 + 21< 2(n + 1)) ] (1 + ]Elaz(zpn)c(y))l/z nh2+1

1-x
< K(1+ lEIEIZPﬁ)
@p + DG(y)

where > 1+ . The proof is complete. [J

2p

Remark 4.2. Due to the flow property of the NSDDE-MS (2), let (4), (6) and (7) hold with sufficiently large po.

2v +1)G
There exists p > 1 + W/ we have
EJY(t)¥ = EIY;, (t)? < K(1+EPF),n<u<N, (24)

_ -1
where Y = {YP(t) = Y(t) = Yoelty) :n—1-M <k <n-1}with E[Yf* < coand 1 <p < (% - %) A

po—1
(12()/_ 0 Z)und G(y) = max{2y — 1, x;>16(y — 1)}
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4.2. One-step error of the balanced Euler method

We present the following four lemmas to show the estimate for the one-step error of the balanced Euler
method (9).

Lemma 4.3. Under (4), (6) and (7) with sufficiently large po. Let the function f(x,y, i) satisfy
[fCoy, Dl < Co(L+ 2 +[y), (25)

where x, y € R" and i € S and C; > 0. Thenforulll<l<p0 and 0 <t <5 < T, we have

| £ (X1,0(8), Xt - — [ (), Xeot =0, 7N < K(1+Ip@ + 1t = D) [(s = £) + o((s = )],
where ¢ = {P(s) = Xo,e(s) : t — 7 < 5 < t} with E|p[* < co.
Proof. Using the elementary inequality, (1), (4), Lemma 2.3 and Remark 2.4, we get
Elf(Xep(8), Xip(t = 1), 7(5)) = f(Xe0(8), Xep(t = ), i)
E [1f(Xe (1), Xop (t = 1), 7(5)) = f(Kep(8), Xt = T), HON Ty
2HE [(I F(Xio (), Xio(t = 1), 7D+ |f Ko (), Xig(t — 1), T(f))ll) 1[r(s>¢r<t):]
CL2'E[(1+ X (O + Xeo(t = DI ) Liyerion ]

K(1+ 1M + 16t = D ) E(Lpyern)

L+ o))" + 1t — o) Z Ly P(r(s) # ilr(t) = i)

ieS

= K(1+1p®" +19t = D) Y Ty Y [yifts =D +o(s = 1)]

i€S j#i

K( )
( )
K(L+ 1@ +1p(¢ = 0l) max [=yis = ) + o((s = )] ), T
( )
( )

IN NN

IA

ieS

IA
~ XN

L+1oMI +1p(t = 0" ) max [=yis —£) + o((s = 1)]

IA

1+1pM +1p(t = DI ) [(s = ) + (s = D).
O

Po—

1
Lemma 4.4. Under (A1), (A3), (6) and (7) with sufficiently large pg. Then forall 1 <[ < and 0<t<s<T,

we have

EID(X;(t = 1), 7(5)) = DXyt =), ) < Klp(t = I [(s = £) + o((s = £))],
where ¢ = {P(s) = Xoe(s) : £ — T < s < t} with E|pPo < 0.
Proof. Using the elementary inequality, (1), (6), Lemma 2.3 and Remark 2.4, we get
EID(Xp(t = 7), 7(5)) = D(X1,6(t = 1), 1))l
E[ID(X 5t = ), 7(5)) = D(Xep(t = 1), 1) Lirsyency |

< 27 [(ID(Xeg(t - 0, HE)I + DKot = 1), ON) Lyeyercr
< 2'E [(Kl Xy0(t = DI') 1[r(s>¢r<t):]
< Kool Z Loy P(r(s) # ilr(t) = 1)

ieS
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= Kip(t =01 Y Lpren Y [7iss =)+ o(s = )]
ieS j#i

Klo(t - 1)l max [—Vii(s = t) + o((s = 1))] Z Liroyei)

ieS

Klg(t — 1)/ max [=ii(s — ) + o((s — 1))]

Kig(t =)' [(s = £) + o((s = D)].

IA

IA

IA

O
Lemma 4.5. Under (A1), (A3), (A4) and (7) with sufficiently large po. Let the function f(x, y, i) satisfy
G, 1) = £ 5 < K (14 ™ 1807+ Q= + 1907 (e = £+ 1 — 90), (26)

po—1

wherex, y %, y, 7€ R"andi € S. Then forall 1 <[ < and 0 <t < s < T, we have

EID(X;,5(s = 1), 1(s)) = DXt =), i) < K(1+ 1t = D) [ = 1) + o(s = )], (27)
where ¢ = {P(s) = Xo,e(s) : t — 1 < 5 < t} with E|glP* < co.
Proof. Using the elementary inequality and Lemma 4.4, we get
EID(X;,0(5 = 7, 7(5)) = D(Xi0(t = 1), 1(E)]
27'E [lD(Xt,¢>(t —1),1(5)) = D(Xs,9(t = ), (O +ID(X16(5 = 1), 7(5)) = D(Xs(t = 1), V(S))Il]
Klg(t = O [(s = £) + o((s = )] + 2By, (28)

IA

IN

where

By := EID(X; (s — 1), 7(8)) — D(X,6(t = ), 1(s))]'.
Applying (A4), one has

Bi < K'E[Xi (s — 7) — Xpo(t — 7).

Now we consider s € [k, (k + 1)t], where k =0,1,-- -, {%J

Ifse€[0,7], thatis -t <t -1 <s—1 <0, we obtain
ID(Xy0(s = 1), 7(5)) = D(Xy0(t — 1), 7(5))| <xclé(s — 1) = &t = 7).

Therefore, applying (A3), we have By < x'E |&(s — 7) — &(t — T)|l < KlKé(s — )12 < K(s - 1)/,
One claims for k > 0, s € [kt, (k + 1)7],

By < K(s — )? (29)
and
EID(Xt¢(s — 1), 7(5)) — DX 6(t — 7), )l < K(l +|o(t - T)Il) [(s=1t) +o((s —1)]. (30)

Next we only should show that (29) holds for k + 1.

If s € [(k + 1)7, (k + 2)7], we divided the following into two cases.

Case (D Ifkt <t<(k+1)t <s<(k+2)t,wehaves—1 € [kt,(k+ 1)t]and t — T € [(k — 1)7, k7].
Case(IDIf (k+1)t <t<s<(k+2)t,wehaves—rt € [kt,(k+1)r] and t — 7 € [kr, (k + 1)7].
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Applying the elementary inequality, by (8) and (A4), one gets
!
By <i! [Xyo(s = 1) = Xi(t = 7)|

SBHKI[IE DX, (5 = 27), 765 = 1) = D(Xy(t — 20, 7(t = )|

1

+E ft F(Xu0(61), X101 — ), r(s1)dsy
+E ft G50, Xs51 = 0, sl ] (31)
By hypothesis, we have
E|D(Xyy5(s — 22), (s = 7)) = D(Xyp(t = 20), 1(t = )| <K (1419t = D) [s = ) + o((s = )] (32)

Due to the properties of It6 integral, (4), Remark 2.1 and Remark 2.4, we obtian

I
E

f F(Xi,p(s1), Xep(s1 — 1), 7(51))ds1
t

IN

S
K(s - ! f (1+ ElXyo(s0)l” + ElXig(s1 — DI dsy
t

K(s—t) (33)

IA

and
I
E

f KXoy (51), Xisp (61 — 1), H(s1))do(sr)
t

S
< K(s— )22 1+ EX;6(s1)" + E|X; (51 — 7)) dsy
, P ¢

< K(s-1". (34)

Substituting (32) - (34) into (31), one gets (29).
Hence, for any k, we have (29). Consequently, substituting (29) into (28), we have (27).
0

Lemma 4.6. Under (A1), (A3), (A4) and (7) with sufficiently large po. Let the function f(x,y,i) satisfy (26). Then
-1
foralll1 <1< Po

and 0 <t <s < T, we have

EIf (X;,6(5), Xt.0(s — 1), 7(5) — f(Xio(t), Xio(t — 7), ()
< K(1+1p0" + 1ot - D7) [ -0V (s -t} v (s - 1), )
where ¢ = {((s) = Xog(s) : t — T < s < t} with Bl < oo.

po—1

Proof. Forall1<I< and 0 <t <s < T, applying Lemma 4.3, we have

Elf(X1,6(5), Xi0(5 = 0), 7(5)) = f(Xe (), Xe (£ = 1), 7DD
27VEIF(Xi0(5), Xep(s = 7),7(5)) = F(Xep(), Xio(t = 1), 7(S)I
+2 V| f (X (1), Xop (t = 1), 7(5)) = f(Ke(t), Xt = 1), 7(E)]
271By + K (1+ 10 +lp(t = 1)I7) [(s = ) +o((s = £)],

IN

IN
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where
By :=IE|f(X1(5), Xt(5 = 1), 7(5)) = f(Xpp(t), Xt = T), 7(5)I-
By (26), one gets
By < KIE[(1+Xig@)P ™" + [Xegls = DP ! + Xy (OF " + Xt — D) (36)

: (1xt,¢(s) — Xio (O] + [ Xt (s = 7) = Xpo(t — T)|) ]l.

We consider s € [kt, (k + 1)t], where k =0,1,---, V%J

If s €[0,7],let 0 < t < 5 < 7, applying (A3), we have
[Xeo(s = 1) = Xig(t = )| =IE(s — 1) = E(t — D) < Ko(s — £)'/2

Hence, by Lemma 2.3 and Lemma 4.5, substituting the estimate above into (36), using Cauchy-Schwarz
inequality, one obtain

B, < K[(l+|q>(t)|210'-1>+|¢<t—T)FZW-”)”Z((D(xf,Ms—m(s»—D(X,,(p(t—ﬂ,r(t))l”

21
+E

f F(Xo,p(s1), Xo,p(51 — 7),7(51))ds1
t

21 1/2

+E

f G(Xo,p(51), Xo,p(51 — 7), 7(s1))dw(s1)| + K(s — t)l)
t

|

< K[ (1+IOPD + [t - P0-D)” (K(s — 1) (1 + It - DP) + K(s - 1)

21
+E

f F(X(),(P(Sl), Xol(f)(sl - T), r(sl))dsl
t

21 )1/ 2
Due to the properties of It6 integral, (4), Remark 2.1 and Remark 2.4, we get
21\1/2

S 1/2
((s ~ P f IF(Xo,0(51), Xo(s1 = 0, rs))| dsl)
t

+]E'f G(Xo,¢(s1), Xo,p(81 — 1), 7(51))dw(s1) ] (37)
t

f F(Xo,¢(s1), Xo,¢(s1 — 1), 7(51))ds1
¢

IA

IA

S 1/2
K((S — 1?1 f (1 + E|Xoo )P + ElXoe(s1 — T)|2I‘V)d51)
t

K(s—t) (38)

o\1/2

S 1/2
((S — t)(21—2)/2]Ef ‘G(Xo/(/)(sl), X(),q/)(sl - 1), T(Sl))|2l dSl)
t

IA

and

f GXop(51), Xoo(s1 — 1), rs)dw(sr)
t

IN
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s 1/2
< K ((s -1 f (1+ ElXo(s0) + ElXog(s1 = T>|2ly>ds1)
t
< K(s—t)"2
Applying Remark 2.4 and substituting (38) and (39) to (37), we get

By < K(1+Ip®)” +lo¢t—7)[s =0V (s -7 v (s-1)].

4070

(39)

(40)

We claim that for n > 0, if s € [n7, (1 + 1)1], (40) hold. Using induction, we should prove that (40) still holds

forn +1.
If s € [(n + 1)7, (n + 2)7], we divide the following proof into two cases.

Case(DIfnt<t<(m+1)t1<s<(m+2)t,wehaves—r1€[nt,(n+)t]and t — 7 € [(n — 1)1, n1].
Case(I)If(n+ 1)t <t<s<(n+2)t, wehaves—t€[nt,(n+1)t]and t — 7 € [n7,(n + 1)1].
Hence, using the Holder inequality, Lemma 4.5 and Remark 2.4, we have

B, < K[(1+|¢<t>|2’<y—1>+|q><t—T>|2I<V-1>)”2()D(xt,¢(s—7:>,r<s>>—D(Xt,q)(t—q:),r(t))lz’

21
+E

+E f E(Xpo(s1), Xo(51 1), r(s1))ds1
t

21

+E f F(Xiy0(s1), Xopls1 — ), rls1))dsy
t

=T

2 )1 /2]
By the properties of It6 integral, (4), Remark 2.1 and Remark 2.4, we have
2172

S—T 1/2
< ((s—t)ZHIE f )F(Xt,(p(sl),xt,(p(sl—T),r(sl»lz’dsl)

—T

+E f G(Xip(s1), Xols1 — ), rls)dw(sr)
t

=T

f EXpo(s1), Xoo(o1 — 1), r(s)ds:
t—1

IA

S—T 1/2
K| -pF1 1+ EX; (1) + E|X; (51 — 7)) dsy
t ,(P ,¢

—T

IN

K(s—t)

an\1/2

S—T 1/2
((s _ pe-2g f IG(Xep(s1), Xso(51 = 1), 15[ dsl)

t—1

and

f  G(Xpo(s1), Xo(s1 = 1), r(s1)duvlsr)
t

=T

IA

S—T 1/2
< K|(s—t)@2/2 1+ E[X; 6(s1)P + E|X; (51 — 7)*) ds;
t ,4) :

=T

< K(s -1t

Using Lemma 4.5 and substituting (38), (42), (39), (43) to (41), we get (40).
Consequently, one shows that (40) holds for any n.

f (KXo (61), X1 — 1), rls1))dav(sr)

21

(41)

(42)

(43)



W. Zhang, M. Cheng / Filomat 38:12 (2024), 4057-4086 4071

Therefore, one derives

E|f(X1,(5), Xeg(s = 1), 7(5)) = (X (), Xt = 7), 1)

K(1+10@ + 1t = DI ) [(s = £) + (s — )] + K (1 + g +Ip(t = ") (s = "2 v (s - 1))
K(1+1o@ + 1t = DI )[(s = ) v (s = )2 v (s = B)]. (44)
Hence, we obtain (35). O

IA

IN

In the following theorem, we can obtain the local truncation error of the one-step method.
-1
Theorem 4.7. Suppose (A1), (A3), (A4) and (7) hold with sufficiently large pp. For 1 < p < (Po_) A

2y
-1 -1
(Po— - 1)/\(7[)0— 1)andt+h € [0, T, we have

2y-1) 2] \120-1) 2
[ (Xt + ) = Vil + 1)]| < K2 (1+ 10 + It - 0F) (45)
and
E [Xio(t + 1) = Vit + h)|2” < K1+ 6O + lp(t - 1)I*). (46)

where E|p|° < oo.
Proof. We divided the proof into to three steps.

Step 1: The one-step approximation to the explicit Euler scheme is given as the following:

Ryt +h) =Xy 0(t) + DXyt + b — 1), 7(t + 1)) = D(Xy (t — T), 7(1))
+ F(X10(8), Xeo(t = 1), () + G(Xi (), oot — 1), () A

Define
Pt +h) = Xyt + 1) — Xy ot + h). (47)
By (47) and Lemma 4.6, we have

IA

IEA(t + h)

t+h
#f [F(Xi0(5), X195 = 1), 7(5)) = F(X (), ot = 7), 7(8))| s
t

IN

t+h
E f IF(X1,6(5), Xpp(s — 1), 7(5)) = F(Xe,6(8), X1 (t — ), 1(E))Ids
t

K2 (1+ ) + 1ot - 1)) (48)

IA

and
2p

IN

Elp(t + h)[*

t+h
Eu‘kmma&w—mm»4amu&w—mmﬂﬁ

2p
+KE

t+h
ﬁ [G(Xe5(8), Xep(s = 1), 7(5)) = G(Xip(8), Xt = 7, 7(8))] do(s)

IN

t+h
Kn?~! f EIF(X:,(5), Xt,6(s = 1), 7(5)) = F(Xe,0(8), X1 (¢ = ), 7(1)) [ s
t
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t+h
+Kh ! f EIG(X1,6(5), Xt.6(s = 1), 7(5)) = F(Xp,0(8), X (t = 7), (1)) P ds
t

IA

K2 (1 + [P + |t — D ) + KR (1+ 1P + (¢ — 1))
< KL+ O + lp(t - D).

A

Step 2: The one-step approximation to the balanced Euler scheme is defined as the following
Yig(t+h) =X;6(t) + DXyt + b — 1), 7(t + h)) = DX (t — 1), 7(1))
+ sin(F(Xp (1), Xpo(t = 7), r(#)) + sin (G(Xy0(8), X ot — T, 7(H)) Aw).
Define

pt+h) = Xyp(t+h)—Yie(t+h)
= F(Xio(t), Xi,p(t — 1), r(t))h — sin(F(Xp (), Xe(t — 7), 7(H)h)
+G(Xep (1), Xig(t = 1), 7(£) A — sin (G(Xy0(), Xyt — T), 1(H)Aw).

Using (14) and (50), we get

Bp(t+ ) = [ [FX00(0), Xi(t = 0, O = Sin(F (Ko, Xst = ), 1))
< KE|[F(Xip(), Xi0(t = 1), r(E)H]
< KB (1+1p@P + ot - )
and
Elp(t + WP < KE |F(X,,0(0), Xyt = 1), r(E) = Sin(E(Xy(8), Xt = 1), r(O))| "
+KE |G(X,,¢,(t), Xyt = 1), 1) Aw — sin (G(X (1), Xyt — 1), r(t))Aw)rp
< KE[E(Xy(8), Xig(t — 1), )| + KEIG(Xy5(8), X0t — 7), (D)) A|?
< KHY (1+10@) +1o(t - 7).
Step 3. Define
plt+h) = Xyt +h) = Yig(t+h) = p(t+h) — p(t +h).

Using (48), (52) and (54), it is easy to see that

[Ep(t + h) [Ep(t + h)l + [Ep(t + )l

<
< KRR (1+1pMF + 1ot - 1)P).
Using (49), (53) and (54), one has

Elp(t + h)[* KE|p(t + h)[* + KE|p(t + h)[*

<
< KL+ g + lp(t - 1)I%).

4072

(49)

(50)

(51)

(52)

(53)

(54)
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4.3. Convergence order of the balanced Euler method
To show the convergence theorem of the balanced Euler method (9), we uses the following lemma.

Lemma 4.8. Suppose (A1) — (A4) hold with sufficiently large po. Define

Vip(8) == Xig(5) = D(Xp(s — 1), 7(5)), (55)

Viy(s) := Xiy(s) = DXty (s — 1), 7(5)), (56)

ADt,(/),l,U(S) = D(Xt,gb(s - 7'—)/ T’(S)) - D(Xt,l,b(s - T)r T’(S)), (57)

Stgp(8) 1= 5(8) 1= Xip(8) = Xiy(s), S(t) := @(t) = ¢(#), (58)

Viop(s) 1= V(s) 1= Vi(s) = Viy(s) = 5(s) = ADpg,u(s), V(E) := Vig,y(t) = S() — ADpg,u(t), (59)
and

Zipp(8) := Z(s) := V(s) = V(t) = S(s) — S(t) — ADy¢,y(8) + ADy g 4 (1), (60)

for 0 € [0,h], where ¢ = {Pp(s) : t—1 < s < tP(s) € R, P = {Y(s) : t —1 <5 < t,YP(s) € R"} and
p—yP = sup |¢p(s)—P(s) < oo Forlépﬁ(po_l)/\(zpo_l 1)A(M 1)andt+he[0,T],

f—r<s<t 2y Q-1 2) \120-1) 2
we have
|Vt + b < (|¢(t) — PO + 1ot — 1) — P(t - T)FP) (1 +Kh), (61)
EISy0(t + WP < (Ip(8) — O + It — 1) — (e = T)PF) (1 + Kh), (62)

E\Zugu(t+ P < K(1+160P™ + 00D + 19— 0P~ + it — )P

(Ip(®) = WO + Ip(t = 1) — (e = T)P?) . (63)
Proof. Define
AFy0,4(5) 1= F(X1.9(5), X (s = 1), 7(5)) = F(Xe(8), Xo (s = 1), 7(6)) (64)
and
AGi,p(5) = G(X19(5), Xip(5 = 1), 7(5)) = G(Xyp(5), X (s = 7),7(5)) (65)

We consider t + h € [kt, (k + 1)t], where k=0,1,---, {%J

Ift+hel0,7],namely0<t<s<t+h<t,wehave —1<t-1<s—-1<t+h-7<0.
By (58), (3) and the elementary inequality, one has
1S(s = D) =IX10(5 = ) = Xpp(s = D
=lp(s =) = (s — O
< sup  p(s) — Y

t—1<s<t+h—t

<lp — I, (66)

ISP = () — P> (67)
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and

ISt =D = 1p(t — 1) — Pt — D). (68)
Applying (57), (6), one can see

|ADy,p(S)IF =ID(Xi0(s = 7), 7(5) = D(X1 (5 = 7), 7($)I?
<xk*|S(s — 1) (69)

and

IAD: g, ()PP =ID(Xy 0t = 7), 7(8) = D(Xe p(t = 1), 1B
<k¥|S(t — )%
=k |p(t — 1) — Pt — D). (70)
Using (3), (59) and (70), we get
VO <(1 = x)'2ISOP + 12 |ADy 6,5 (B
<1 - ®)"ISOP + xlp(t — 1) — Pt - DI, (71)

ISE)P <(1 = 1) V(S + 17 IADy g, ()

<1 =) |VE)IF + Klp(s — 1) — P(s — )% (72)
=(1 - 1) |VEP +xISis — D (73)
and
V)P <1 = 1) " ISE)P + 1" |ADy g, ()
<1 = )"ISE)P + k(s — 1) — (s — )
=(1— 1) |S(s) + x1S(s — ). (74)
By (63) and (3), one has

IZG)PF =IV(s) - V(O
<1 =) FWVOP + V), (75)

and

IV(s)I? =IZ(s) + V(DI
<1 =1 )PV + 1172P|1Z(s)*P. (76)

Using the It6 formula, (A2), (66), (68), (71), (72), Remark 3.2 and the Young inequality, for 6 > 0, one
obtains

t+0 2p—1
E[V(t+0)* < [Vt +2pE f |V(S)|2p_2(VT(S)AFt,fP,¢(S)"" p2 |AGt,q5rLP(S)|2)d5
t
t+0
< VP +2pKaE f IV(S)IZP‘Z(IS(S)IZ+IS(S—T)IZ)ds
t
t+6
< V() +22p - 2)K,E f [V(s)[*Pds
t
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t+0 t+60
+2K,E f 1S(s)|*ds + 2K, E f 1S(s — 7)|*ds
t t

< (1 =1)"lp) = PO + klp(t — 1) — Pt = ) + KE f " [V (s)IPds
+KOlp — vl t
Applying the Gronwall inequality, we get
E[V(tE+h)P < (1+Kh) (o) — O + It — 1) = (e = 1)?).
By (72) and (3), we has
EIS¢t+hm)% < (1-wx)"ZEV(E+h)? +«E|S(t+h—1)[*
< (@ +Kn) (1o - pOP + ot - 1) - p(t - D).
Noting (58), (60), (64), (65), by the Itd formula and (A2), for 6 > 0, one has

t+0 zp -1
E|IZ(t+0)* < 2pE f |Z(s)|2P—2(ZT(S)AFt,¢,¢(S)ds + =
t

IAGt,¢,p (S)I2)d5

t+0 zp -1
< ZPIEI |Z(S)|2p_2(VT(S)AFt,¢,¢(S)dS + > |AGt,¢,¢(S)|2)dS

t+60
—2pE f 1Z(s)P 2V (1) AF 4 (5)ds
t

IN

t+0
IGE [ 2P (SO + 156 - 0P ds
t

t+60
—2pE f |Z(s)P 2V (£)AF 4 (s)ds.
t

Using the Young inequality, (66), (72), (76) and (71), we derive

t+6
iGE [ 2P (SO + 156 - 0P ds
t

IN

t+6 t+6 t+6
2(2p - 2)K,E f |Z(s)|*ds + 2K, E f 1S(s)|*ds + 2K, E f IS(s — 7)|*ds
t t t

IN

t+0
202p - 2)K, f E|Z(s)P¥ds + KO(1 + Ki) (Ip(t) = p() + Ip(t — 1) — (¢ = D).
t

Noting (58), (60), (64), using the Holder inequality, (A1) and Lemma 4.6, one obtains

t+6
-2pE f 1Z(s)P 2V (1) AF ,4(5)ds
t

IN

f+0
29 [ ZEPP21(E) — Y(EIIAF s ()lds

IN

£40 i
Kl - () f (Biz@P) " (BIAF,, 4 ©F) " ds
t

IN

t+0 N ) 1
ko -y [ (5z6P)" " ([ + X+ 65 - 0
t

X O+ Xopls =P Y (5@ + 186 = 0 ]) s
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o 2p\P-DIP 1
< Kig(t) - ()l f (EIZ&)P)" " (EBISGF + EIS@s - 1))
X (B 1+ 1X30(6)P0™ + 1Xpp(s = PO + Xy g (6)P0™ + Xy (s T))I”(’"l)])l/p ds
< K(1o® = pOP + It — 1) — it = OP?) (1 +1pOP ™ + [P " + bt — D ™ + lp(t = 7)) )

t+6 _
. f (E1zes))" " ds.
t

Hence, we derive
t+60
E|lZ(t+0)” < K f E|Z(s)P?ds + KO(1 + KIt) (|6() = WO + It — 1) = (¢ = D))
+K (1p(t) = pOF + lo(t = 7) = v(t - DY)
+o (p-D/p
(1 + 1P+ [P + 1t = TP + (e = TP f (EiZ@e)P)" " ds.

Using the Young inequality and the Gronwall inequality, we get (63).

We claim that for n > 0, if t + h € [n7, (n + 1)7], (62) and (63) hold. Applying induction, we need to show
that (62) and (63) still hold for n + 1.

Ift +h e [(n+ 1)7, (n + 2)7], one divides the following proof into three cases.

Case(DIf(n+ )t <t<s<t+h<(n+2)t,wehaves—r1e[nt,(n+1)1].

Case(I)Ifnt<t<(n+ D)t <s<t+h<m+2)tr,wehaves—1 € [nt,(n+ 1)1].

Case (Il If nt<t<s<m+1)r<t+h<(n+2)t,wehaves— 1 €[(n-1)t,ntl.

Using the It6 formula, (A2), (58), (66), (72), Remark 3.2 and the Young inequality, for 6 > 0, one obtains

E|V(t + 6)[

IA

t+0
EIVP + 2p - DKE f V(s)Pds
t

t+0 t+60
+2K>E f 1S(s)|*ds + 2K, E f IS(s — 7)|*ds
t t

IA

(1= )" lp() = PO + xlp(t —7) = Y(t = 1) + KE f - V(s)PPds
+KOlp — P> t
Applying the Gronwall inequality, we has

E[V(t+n)P < (1+Kh) (o) — O + 1t — 1) — ¢t — 1)P?).

Hence, using (72), (74), one gets (62).
By the It6 formula, (58), (60), (64), (65) and (A2), for 6 > 0, one has

t+0
E|Z(t+ )% < 2pK;E f ZE)P2(ISE)R +1S(s - 1)) ds
t

t+0
2 [ 1ZOP 00 - YOI AF (5.
t
Using (66), (72), (76) and the Young inequality, we derive

t+6
i [ 2P (SO + 156 - 0P ds
t

t+60

t+0 t+6
< 2(2p -2)K;E f |Z(s)|*ds + 2K, E f 1S(s)|*ds + 2K, E f IS(s — 7)|*ds
t t t
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t+0
< 202p-2)K, f EIZ()ds + KO(1 + Kh) (I6(t) = p(OF +I(t - 1) = it = D).

Applying (64), (A2), the Holder inequality and Lemma 4.6, one obtains

t+0
—2pE f IZG)PP2(V (1) AF 6,4(s)ds
t
< K(Ipt) = p@P + ot - 1) - gt — D)
o p-1)/p
(T +1@OP T+ [P + 1t = TP + (e = TP ) f (ElZ@e)P)" " ds.
Hence, we have
t+60
E|Z(t+ 0% < Kj“ E|Z(s)P¥ds + KO + Ki) (|p(t) — (&) + lp(t — ) = ¢t = ¥
t
+K (1) = WP + It = 1) — ¢t = D)
o p-1/p
(1100 pOr ot - o - or) [ (EzeR) s
t

Using the Young inequality and the Gronwall inequality, we get (63).
That is, (61), (62) and (63) hold for any n. The proof is complete. [J

The following theorem follows from Lemma 4.1, Theorem 4.7 and Lemma 4.8, and we can see the
balanced Euler method (9) has a mean-square convergence order half.

. . po—1 po-1 1
Theorem 4.9. Suppose (A1) — (A4) hold with sufficiently large po. For 1 < p < ( 2 ) A (2(27/ ) 2) A

po—1 1 3
(12(y—1) z)andn =0,1,---,N, we have

E|Xo(tn) = Yoe(ta)? < K(1+EIEPPT D) p. (77)
Proof. Forn =0,1,--- ,N — 1, define

Fust == Xp,w(tnr1) = Ve, p(Fns1), (78)

v = DXy, p(bui-m), 1(tns1)) = DOY4, p(tns1-m), 7(Ens1)), (79)

Rt = [ X1, (t1) = DX, g (tus1-aa), 7(ts1))] = [ Vo0 (tus1) = DVt p(tnr-aa), (tnsn))|

=Tl = T, (80)
Noting (58), we define
Sus1 = Spou(tnr1) = X, o (tna1) — X, p(tnr1), (81)
By (54), define
pust = Xog(tnr1) = Yoe(tns)

= Xio(tns1) = Y, p(tus1)

= [Xt,,,q)(tn+1) - Xt,1,¢(tn+1)] + [th,lp(trwl) - Yt,,,lp(trﬁl)]
(= Spp1 + Tus1. (82)
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Using (57), we obtain

ADypy1 :=  ADy, op(tns1) = D(Xy, 0 (tne1-m), 1(tnr1)) — DXy, (Fnr1-m), 7(Ens1))-
Recalling (60), one has

Zps1 = Zt,oyp(tns1) = Spe1 — pn — ADpy1 + AD,,.

Consequently, one has
Spe1 = Pn + Zus1 + ADyy1 — AD,,.
Applying (59), we define
V, = pu—AD,
and
Vit 3=Vt,,,<p,1p(tn+1)
=Xi,,0(tne1) — D(Xt, 0 (tn1-m), 7(tne1)) — Xi, 0 (Fas1) + DX, (Brs1-m), 7(Ens1))
=5441 — ADyn1
:VTL + Z1’H—1'
Hence, one gets
Vil = Pn — ADy + Z 1.
Then, we define
Qus1 = [Xog(tns1) = D(Xoe(tus1-m), 1(tns1))] = [Yo,e(tns1) = D(Yo.e(tur1-m), 7(tns1))]
=[Xi,.0(tu41) = DX (ts1-m), 7(601)| = [ Vo p(tnsn) = DV p(nst-ma), 7))
=Pn+1 — 7’;1+1
=[Xu,.0(tus1) = DX b1 -m), 7(is1)] = X bren) = DKoy baia ), 7(Es1))]
+ [th,q;(fnﬂ) = D(X4, p(tns1-m), F(fn+1))] - [Ytn,np(fnﬂ) = D(Yy, y(tas1-m), f’(fn+1))]
=V + Ry
If n € [0,M — 1], we have p,_pm = 0, AD,, = 0 and AD,,,1 = 0. Hence, by (86) and (87), one gets
Vis1 =Sp41 = Pn t+ Zys1-

By (89) and (82), we get
1E|,0n+1|2;7 = IE:|Sn+1 + rn+1|2p
E[(Sn+1, Sna1) + 2(Sps1, Fus1) + Fust, Tus)

IA

2p
ElS ¥ + 2pE 117 X pu + Zut, 1) + K Y E [ISwea P ]
1=2

Using Lemma 4.8, we have
ElSial < (Eloa + Elp,ml) (1 + Kh)
Elpa* (1 + Kh).

By the elementary inequality, one gets

E [|Sn+1|2p_2<Pn + Zn+1/ rn+1>]

4078

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

1)
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= E[lpaP" X pu rue)] + E[1Sua ¥ 2 Zusa, )] + B[ 1Sus1 P72 = 10uP 2 Kpn, rasn)] - (92)
See from (78) and Theorem 4.7, for [ > 2, we have
Elrpl < KK/ (1 + Yo e(ta)P? + |YO,£(tn—M)|31y) (93)
and
Elrgal < KR (1+ [Yoe(t)™ + [Yo(tim)®). (94)

Due to F;,-measurability of p,, by the elementary inequality, the Young inequality and (94), one gets
E{lonP X pn,rar)| < B[lpa? 7 E (rullF,)]

KE[lpu™ (14 Yo et + Vo, (tamm)) [

KRE|p,[* + K(1 + E[£[%P")R*, (95)

IA

IA

IA

By Lemma 2.3, Lemma 4.1, Lemma 4.8, (89), (94) and the Young inequality, we have
E[(1Sn41 272 = 10aP"2) (o, 7us1)]

<E

2p-3
Zusallpallrasal Y |sn+1|zf’-3-’|pn|ll
1=0
2p-3
<K Z IE[|Pn|2p_1 (1 + |X0,6(tn+1)|y_1 + |Y0,£(tn)|y_1 + |XO,£(tn—M)|y_1 + |Y0,§(tn—M)|y_1
=0

)(217*2*1)/ 2

(L + Yot + Yoe(tu-an) )Y 2]

<KKE|p,[* + K (1 + E|EPPTr-D) 1, (96)

E|Sy+1 |2p—2 (Zys1,Tns1)

<E[E(1S,ml"17,) " E(Z0al7) B (ratti) |

) - Y - - c \1/4
SK]E[|P71|2P 1(1 + |X0,£(tn)|2(}/ Dy |YO,§(t”)|2(7 D+ |X0,5(tn_M)|2(V 4 |Y0,§(tn_M)|2() 1))
1+ ot + |Yo,é<tn_M>|1ZY)1/4h3/z]
SKhlE|Pn|2p + K (1 + ]E|§|Pl3(7)’—1)) s o
and
2p 2p i o
KY Bl sl < KYB[B (S0l 217) B (i) ]
=2 =
2p
< KZ E [|Pn|2p—l(1 + Kh)(1 + |Y0,£(tn)|6l)/ + |YO/£(tniM)lély)l/Zhl/2+1]
1=2
< KEh|p,/* + K(l + ]E|§|6Pﬁ}’)hp+1' 8)

Substituting (91), (95)-(98) into (90), we have
Elpua® < Elpa/* + KiElp, [ + K (1 + EISPPO ) .
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Applying the Gronwall inequality, we get (77).

We claim that for k > 0, if n € [kM, (k + 1)M — 1], (77) holds. By induction, we need to show that (77) still
holds for k + 1.

If n € [(k+ 1)M, (k + 2)M — 1], for [ > 1, applying (A4), (79) and (93), one gets

Elr I < «EIX;,p(teei-m) = Y, p(turi-m)l
= «Elrp1-ml
< KR (14 Yo s(taa)P + Yo (tuam)). (99)

By (85), (99), and (3), one gets
EIV,l' <(1 = 1) Elpal' + &' 'EIAD, |
<(1 - )" Elpa| + €EIS,-ml'- (100)
Using (3), (80), (93) and (99), we have

EIR,11l' <(1 = €)' " Elrya| + 1 Elr) ., [
<KHP (14 [Yoe(ta) P + Yoe(tu-a)P) + K2 (14 Yo e(tam)? + [Yos(tuam)™)
<KH2 (14 Yo, (t)P + Yot + Yoz (b)) (101)
By (80), (94), and (99), one gets
ElRp1| SElryal + Bl |

<K (1 + Yo, (t) + Yot + Yoz (buam) ). (102)

By (81), (80), and (88), we get

]E|Qn+1 |2p = E|Vy1 +Run |2p
= E[Vui1, Vi) + 2{Vis1, Rus1) + (Rus1, Rusa >]p
2p
< BV + 29 [[Vaat PV + Zut, Rust)] + K ) B[Vt P Ryl ]. (103)
1=2

Applying Lemma 4.8 and the elementary inequality, we have
E[Vial? < (Elpa® + Elpa-um) (1 + Kh). (104)

E [Vt P2V + Zust, Rustd| = E[IVaPP XV, Rustd] + E [[Vid P (Zisr, Rusn) ]
FE [Vt P72 = (Va2 2V, Ry (105)

Due to ¥;,-measurability of p,, by the elementary inequality, the Young inequality, (101) and (99), one gets

A

E[IVaP XV, Rui)| < E[IVaP " [ERpal|Fs,]
KE [V~ [1+ Yo, (t)P + Vo.etum)™ + Vo e (buamn)™ | 1772)
KE|V, [ + KHE|V, % + K (1 + E|E% ) 1, (106)

IA

IA

E{(IVia P72 = VP 2) (Viy, Ryt
2p-3

<E [1Zna IVl Ryal Y IV P31V
1=0
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2p-3

<K Z IE[|Vn|2p_1 (1 + IXO,S(tn)ly_l + |Y0,5(tn)|y_l + IXO,S(tn—M)P/_l + |Y0,§(tn—M)|V_1)
1=0

. (1 + Yo,e(tn)P” + [Yoe(tap)®” + |Y0,5(tn—21v1)|37) h3/2]
<KE|V,|¥ + KhE|V,|* + K (1 + ]E|5|V5(7V‘1)) sy

IEJ|Vn+1 |2P—2 <Zn+1/ Rn+1>

<E[E (Vi 417) " B (Zua17,) B (Ruat7,) |

_ - Y B - v 174
SK]E[|V;1|2P 1 (1 + |X0,g(tn+1)|2() D4 |YO,<§(tn)|2(y Dy |X0,<§(tn7M)|2(y 4 |YO,£(tn7M)|2(} 1))

_ _ _ 1/4
: (1 + 1Yo, (tI™ + 1Yo, (tuopn)'? + |YO,§(tn—2M)|12y) h3/2]

<KE|V,|% + KhE|V,[% + K (1 + ]E|(E|7’ﬁ<77/‘1>) s
and
1/2

2p 2p
_ _ 1/2
KY BV PRyl <K Y B [B (Vi 2175,) B (Rua175,) |
1=2 1=2

2p
<K Z JE[|V,,|2P’ 1 + Kh)
1=2

— , _ — 1/2
1+ V0 (B + Vo e(tuat)l™ + Vo (tran)) h“”)”]

<KE|V, P + KER|V, [ + K (1+ E|E[*") .
Substituting (104)-(109) into (103), we have
EIQual? < K(Elpul® + Elpus-ml) (1 + Kh) + K (1+ EJEPPOr-D) g+,
By (104) and (110), one gets
E|Q 417

IA

K(Elpul® + Elpps1-ml?) (1 + Kh) + K (1 + E|gPP77-D) pp+!
< K(1+EEPPO)m.
Applying (88), (101) and (111), one obtains

A

E[Vyl? <(1 - 1) EQuu[* + &' E[R, 1 [*
<K(1+EJEPPOr D) p.
Using (3) , (88), (99) and (111), we has

1E|Pn+1|2p S(1 - K)1_2pE|Qn+1|2p + Kl—ZPIE|r;+1|2P
<(1 = )" FEV,a? + KElSu-ml?

s1<(1 + ]E|5|Pﬁ<7}'*1>) .

Hence, one proves that (77) holds for any k. O

4081

(107)

(108)

(109)

(110)

(111)

(112)

(113)
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5. Numerical experiments

In this section, to illustrate the theoretical results, we present two numerical examples.

We use discrete Brownian paths over [0, 1] with A = 2712, We take the numerical solution with i = A
to be a approximation X, of the exact solution and compare this with the numerical approximation using
h=2%A,h=27A,h =28A and h = 2°A over M = 500 sample paths. Here the mean-square error is denoted
as follows:

LM 1/2
Erron, = | 71 ), [Yi(D) = X\(D) (114)
i=1
where Yi(T) denotes the numerical solution along the ith sample path at t = T with step size h, and the
strong convergence order is defined numerically by

Errory,
Errory,

Order = log /log(2).

Example 5.1. Consider the NSDDE-MS
dlx(t) = 0.1sin(x(t —1))] = —a(r())x>(H)dt + [x(t) — 0.1x(t — 1)]dw(t), (115)

on t > 0 with initial data {y(t) = 1 : —7 < t < 0}. where w(t) is a 1-dimension Brownian motion, r(t) is a Markovian
chain on the state space S = {1,2} and they are independent. Let the generator of Markovain chain that

o (116)
T\ 2-2
Moreover, a(1) =2,a(2) = 1.

Here D(y,i) = 0.1siny, F(x,y,i) = —a(r(t))x® and G(x,y,i) = x — 0.1y. It is obvious that (A1), (A3) and
(A4) are satisfied.
If a(1) = 2, by the elementary inequality (3), for ¢ = 1, and the Young inequality, we have

2po—1
b = DAy, ) = £ = D@, )T IF, 1) = B3, 9,01+ 51600, ) = G, 9,

Zpo—l
2

= [x-0.1siny—(x—0.1sin7)]"2 [—x3 + x?’] + lx — 0.1y — % + 0.1

< 2x -z [—x2 - - xi] +2|=0.1siny+0.1siny|| - X3+ 2
+(2po — 1) (Ix - 22 + 0,01y — 7?)
< 2 —xP [—xz . xf] +0.4]x — x||x? + 7% + xx|
+(2po = 1) (Ix - 22 + 0.01ly - 7)
< 2w -2 [—? - 2 - x%| + 0.4fx - Fl(x — 2)? + x|
+(2po = 1) (lx - 2 + 0.01]y - 7P)
< 2w -2 [-? - B - xx]| + 0.4l - Fi(x - 2 + %(x — %)
+(2po — 1) (Ix — % + 0.01ly — 71?)
< - P[P - B - xx+ v — 2| + (2po - 1) (v - 22 + 0.01ly — 7?)
< 20— %P [-0.5x2 — 052 + x| + || + (2po — 1) (1x — %2 + 0.01ly - 7)
< 2 - %P+ 2po - 1) (lx — %P + 0.01]y - 7
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< @po+1)(x—22+1ly-7P).
Similarly, we can prove that (A2) is also fulfilled if a(2) = 1.
Next we define the balanced Euler method
Y(tp1)=1, n=-M-1,-M,--- ,-1,
Y(tu1) = Y(tn) + 0.1sin(Y (tp41-m)) — 0.1 sin(Y (t1-m1))
+ sin (=a(r) Y (t)) + sin([Y () — 0.1Y (t-m)Awy), n=0,1,-++ ,N - 1.

Table 1: Mean-square convergence order of balanced Euler method for NSDDE-MS (115)
balanced Euler

stepsize Error order
At 0.1267 -

25At 0.1579 0.3174
27At 0.2064 0.3862
25At 0.2751 0.4146

strong convergence

10 T
—*— Mean square errors of balanced Euler method
— — — Reference line with order 1/2
2 107} 1
]
10-2 3 \_3 S
10 10 10

At
Figure 1: Strong convergence of the balanced Euler method for NSDDE-MS (115).

The strong convergence results of the balanced Euler method for Example 5.1 are shown in Table 1 and
Figure 1. From this table, we can see that the smaller the step size, the smaller the error, we also found that
the balanced Euler method of NSDDE-MS is convergent of order 1/2.

Example 5.2. Consider the NSDDE-MS
d(x(t) - 01x(t=1)) = a(r(t)) [x(t) = 0.1x(t = 1) — (x(t) - 0.1x(t — 1))*| dt
+b(r(t))x(t) — 0.1x(t — 1)P2dw(t), (117)

on t > 0 with initial data {y(t) = 1 : —t < t < 0}, where w(t) is a 1-dimension Brownian motion, r(t) is a Markovian
chain on the state space S = {1,2} and they are independent. Let the generator of Markovain chain that

N 118
—(2_2) (118)
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Moreover, a(1) =2, b(1) =1, a(2) = 1 and b(2) = 2.
Here D(y, i) = 0.1y, F(x, y,i) = a(r(t))[x — 0.1y — (x — 0.1y)*] and G(x, v, i) = b(r(t))lx — 0.1y>/2.
If a(1) = 2 and b(1) = 1, using the elementary inequality and the Young inequality, it is easy to check that
|P(xr Yy, 1) - F(X/ gr l)l
2|x = 0.1y - (x - 0.1y)* - (x - 0.17) + (x — 0.17)°|
2[1 - (x = 0.1y)* - (% - 0.19)* — (x — 0.1y)(% - 0.19)| (Ix — &/ + 0.1]y — 7))

IN

(lx — x|+ 0.1ly — 7I)

1 2 1 = —\2
2'1 2(x 0.1y) 2(x 0.17)

IA

2(1+ 2 + 0.01fy + %2 + 0.01|7P) (i — & + 0.1l — 71)

IA

21+ e + Iy + 12 + [712) (e — 2+ ly - 7)

and

IG(x, y,1) - G, 7,i)| = |Ix - 0.1yP"% - |z - 0.17"|

llx = 0.1y[*2 % = 01712 (Ix - 0.1y| + |¥ - 0.17] + x — 0.1y|"|z - 0.17"/2)

IN

lhe = 01912 % - 01712 (jx — 0.1y2 + 2 - 0.171"2)"
llx — 0.1y| — |% — 0.17]| (|x —0.1y"? +|x - 0.1y|1/2)

IN A

IA

(02 + Iy + 112 + (1) b — 0.1y — % + 0.17]

IA

(Rl2 + Ty 4 1212+ 171) (= 2+ 1y = 9D

IA

31+ el + yP + 122 + 17) (1 — 2 + |y - 7).
Therefore, (A1) is satisfied with y = 3.
Applying the elementary inequality and the Young inequality, one has

3(po — 1
[~ DAy, )~ %~ DG, DV TP, 1)~ FE 5,01+ 021601, - GG, 7,

[x— 0.1y - (£ - 019)]"2[x - 0.1y - (x - 0.1y)* - (T - 0.17) + (T - 0.17)°

3(po—1)
2
[x— 0.1y — (x - 0.19)P [2 - ((x — 0.1y)* + (x - 0.19)?)

3(po—1)
T

2
+ |Ix = 0.1y - |z — 0.17°]

IA

e = 0191 - 1% = 017 (e = 01912 + % - 0.171)’

IN

[x = 0.1y - (= 019 (2 - [(x - 0.1y)* + (* = 0.17)%] + 3(po — 1) [Ix - 0.1y] + | - 0.17]])
2 [2 N %(po - 1)2] (ke =52 +1y - 7P).

So (A2) is also fulfilled.
Similarly, we can prove that (A1) and (A2) are fulfilled if 4(2) = 1 and b(2) = 2.
Now we define the balanced Euler method

Y(tps)=1, n=-M—-1,-M,--- 1,
Y(tu+1) = Y(tn) + 0.1Y (tr41-m) — 0.1Y (£1-m1)

+ sin (a(ry) [Y(tn) —0.1Y (Fy_mt) — (Y(ty) — O.lY(tn_M))3] )

+ sin (b(ro)| Y (ta) = 0.1Y (ty-pr) P2 Aw,), n=0,1,-++ N -1,

IA
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Then we define the truncated EM method which was developed in [21]. Let ¢)(s) = 25 such that

sup (IF(, v, )V IF(xr,y,i)) = sup (2 v 2u?) <28, Vs> 1.

[x|VIyl<s [xIVIyl<s

Let Y(A) = A~Y/10 for any A* € (0, 1]. Now we define the truncated functions as follows:

Fa(x,v,i) =F ((|x| AATYY (1 A a0) L i),

|x| lyl
Gatx, 1,7) =G [(Ix] A A7) 2 (jy] A A-1/30 l,i).
NCA) ((II ) o (1w )Iyl

Then, define the truncated EM method
Y(tys1) =1 n=-M-1,-M,--- ,-1,
Y(tps1) = Y(ta) + +D(Y(tns1-m), 70) — DY (tpm1), 1)
+ FA(Y(tn), Y(tuem), r)h + GA(Y (), Y(tiem), 1) Aw,, n=0,1,--- ,N - 1.

Table 2: Mean-square convergence order of balanced Euler method and truncated Euler-Maruyama method for NSDDE-MS (117)
balanced Euler  truncated Euler-Maruyama

stepsize  Error  order  Error order
N 0.1720 - 0.1495 -
25At 0.2102 0.2891 0.1886 0.3348
27At 0.2680  0.3507  0.2458 0.3819
28At 0.3680 0.4574 0.3204 0.3825
. strongconvergence

10

—*— Mean square errors of balanced Euler method
—%— Mean square errors of truncated EM method
— — — Reference line with order 1/2

Error

10 1

-2

10 ‘_3 ”
10 10 10

Figure 2: Mean-square convergence order of balanced Euler method and truncated Euler-Maruyama method for NSDDE-MS (117).

The strong convergence order of balanced Euler for NSDDE-MS (117) is shown in Table (2) and Figure
(2). From this, we can see that mean-square convergence order of balanced Euler method for NSDDE-MS

(117) is 1/2 while mean-square convergence order of truncated EM method for NSDDE-MS (117) is close to
1/2 which was considered in [21].
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