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New mixed Herz-Hardy spaces and their applications
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Abstract. In this paper, Herz-Hardy spaces with mixed-norm are introduced, and some properties of these
spaces are established, such as the characterization of various maximal operators, including property and
some inequalities. Furthermore, we investigate atomic decomposition and molecular decomposition of
mixed-norm Herz-Hardy spaces. As an application, the authors obtain the boundedness of some operators
on these spaces by atomic decomposition.

1. Introduction

The study of Herz spaces originated from the work of Beurling [1]. Later, Herz spaces were system-
atically studied by Herz [2] to study the Fourier series and Fourier transform. In the 1990s, Lu and Yang
[3] introduced the homogeneous Herz spaces K̇α,p

q (Rn) and non-homogeneous Herz spaces Kα,p
q (Rn) and

extended the boundedness of a large class of operators to these spaces.
As is well known, Hardy spaces are proper substitutes of Lebesgue spaces in some situations. For exam-

ple, the Riesz transforms are bounded on the Hardy space Hp(Rn), but not bounded on the corresponding
Lebesgue space Lp(Rn) when 0 < p ⩽ 1. The theory of classical Hardy spaces was originally studied by
Stein and Weiss [4] and then systematically developed in [5]. Hardy spaces also have various real variable
characterizations, such as different maximal operators characterizations, atomic characterization [6] and
molecular characterization [7], and so on. These characterizations greatly facilitate the researchers to derive
the dual spaces of Hardy spaces and establish the boundedness of operators on these spaces, see [8] for
more details. As a variant of the classical real Hardy spaces, the Hardy spaces associated with the Beurling
algebras on the real line were first introduced by Chen and Lau [9], in which the dual spaces and the
maximal function characterizations of these spaces were established. Later, Garcı́a-Cuerva [10] extended
the results of Chen and Lau [9] to higher-dimensional case, and Garcı́a-Cuerva and Herrero [11] further
studied their maximal function and Littlewood-Paley function characterizations. In 1995, Lu and Yang [12]
systematically studied Herz-Hardy spaces with general indices and established their atomic and molecular
characterizations. For more studies of Herz-Hardy type spaces, the readers can refer to [13–17].
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Recently, mixed-norm Lebesgue spaces Lp⃗(Rn), as natural extensions of the classical Lebesgue spaces,
have attracted widespread attention. The theory of mixed-norm function spaces can be traced back to the
work of Benedek and Panzone [18], in which it was proved that Lp⃗(Rn) also possesses some basic properties
similar to the classical Lebesgue spaces, such as completeness, Hölder’s inequality, Minkowski’s inequality,
and so on. These properties provide the possibility to solve a series of subsequence problems. On the other
hand, since the study of partial differential equations (for example the heat equation and the wave equation)
always involves both space and time variables, mixed-norm spaces possess better structures than classical
spaces in the time-space estimates for PDEs. For these reasons, many researchers renewed the interest in
mixed-norm Lebesgue spaces and extended them to other mixed-norm function spaces. For instance, the
real variable characterizations and the atom characterization of mixed-norm Hardy spaces were established
in [19, 20]. In 2019, Nogayama [21] introduced mixed-norm Morrey spaces and gave some applications in
the operator theory.

Note that recently Herz spaces were also extended to the mixed-norm situation by Wei [22]. By
extending the extrapolation theory to mixed Herz spaces, Wei [22] established the boundedness of some
classical operators in harmonic analysis on these spaces. Moreover, the extrapolation theory can further
give boundedness results of some classical operators on mixed Herz spaces.

In this paper, we introduce mixed Herz-Hardy spaces and investigate some basic properties of these
spaces in this paper. Moreover, we will establish the atomic decomposition and molecular decomposition
for these spaces. As applications, the boundedness for a wide class of sublinear operators on mixed
Herz-Hardy spaces is obtained.

The organization of the remainder of this article is as follows. Some necessary definitions and lemmas
are given in section 2. The atomic decomposition and the molecular decomposition of mixed Herz-Hardy
spaces will be given in section 3 and section 4, respectively. Some applications of the atomic and molecular
decomposition are presented in section 5.

2. Preliminary

Throughout this paper, we use the following notations. The letter q⃗ will denote n-tuples of the numbers
in (0,∞] (n ⩾ 1), q⃗ =

(
q1, q2, . . . , qn

)
. By definition, the inequality 0 < q⃗ < ∞ means that 0 < qi < ∞ for

all i. For q⃗ =
(
q1, q2, . . . , qn

)
, we write 1/q⃗ = (1/q1, 1/q2, . . . , 1/qn). In addition, if q⃗ ∈ [1,∞]n, we denote by

q⃗′ = (q′1, q
′

2, . . . , q
′
n), where q′i = qi/(qi − 1) is conjugate exponent of qi. |B| denotes the volume of the ball B, χE

is the characteristic function of a set E. The notation A ≲ B means that A ⩽ CB with some positive constant
C independent of appropriate quantities, and, if A ≲ B ≲ A, then we write A ∼ B. [a] denotes take the
integer number for a. Let Bk = {x ∈ Rn : |x| ⩽ 2k

} and Ak = Bk\Bk−1 for any k ∈ Z. Denote χk = χAk
for any

k ∈ Z, and χ̃k = χk for any k ∈N, χ̃0 = χB0
.

Definition 2.1. (Mixed Lebesgue spaces)([18]) Let p⃗ =
(
p1, p2, . . . , pn

)
∈ (0,∞]n. Then the mixed Lebesgue space

Lp⃗(Rn) is defined to be the set of all measurable functions f such that

∥∥∥ f
∥∥∥

Lp⃗(Rn)
:=


∫
R

. . .

∫
R

(∫
R

| f (x1, x2, . . . , xn) |p1 dx1

) p2
p1

dx2


p3
p2

. . . dxn


1

pn

< ∞,

If p j = ∞, then we have to make appropriate modifications.

Definition 2.2. ([22]) Let α ∈ R, 0 < p ⩽ ∞, 0 < q⃗ ⩽ ∞. The mixed homogeneous Herz space K̇α,p
q⃗

(Rn) is defined
by

K̇α,p
q⃗

(Rn) :=

 f ∈ Lq⃗
loc(Rn/{0}) : ∥ f ∥K̇α,p

q⃗
(Rn) =

∑
k∈Z

2kαp
∥ fχk∥

p
Lq⃗(Rn)


1/p

< ∞

 .
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Definition 2.3. ([22]) Let α ∈ R, 0 < p ⩽ ∞, 0 < q⃗ ⩽ ∞. The non-homogeneous mixed Herz space Kα,p
q⃗

(Rn) is
defined by

Kα,p
q⃗

(Rn) :=

 f ∈ Lq⃗
loc(Rn) : ∥ f ∥Kα,p

q⃗
(Rn) =

 ∞∑
k=0

2kαp
∥ f χ̃k∥

p
Lq⃗(Rn)


1/p

< ∞

 .
Remark 2.4. (i) If 0 < q⃗ = (q1, q2, . . . , qn) ⩽ ∞ and q1 = q2 = · · · = qn = q, then K̇α,p

q⃗
(Rn) = K̇α,p

q (Rn) and

Kα,p
q⃗

(Rn) = Kα,p
q (Rn), where K̇α,p

q (Rn) and Kα,p
q (Rn) are classical Herz spaces.

(ii) The mixed homogeneous Herz space K̇α,p
q⃗

(Rn) and the non-homogeneous mixed Herz space Kα,p
q⃗

(Rn) are quasi-

Banach spaces. But, if q⃗, p ⩾ 1, they are Banach spaces. These can be inferred from definitions of mixed Lebesgue
spaces and classical Herz spaces.

To give the definition of mixed Herz-Hardy spaces HK̇α,p
q⃗

(Rn) and HKα,p
q⃗

(Rn), We first introduce some
maximal-type operators. Denote S (Rn) by the Schwartz space of all rapidly decreasing infinitely differen-
tiable functions on Rn, and S′ (Rn) by the dual space of S (Rn).
Let ϕ ∈ S (Rn) and ϕt(x) = t−nϕ(x/t), such that

∫
Rn ϕ(x)dx = 1. For t > 0, f ∈ S′ (Rn), define the smooth

maximal operator M
(

f ;ϕ
)

by

M
(

f ;ϕ
)

(x) = sup
t>0

∣∣∣∣( f ∗ ϕt

)
(x)

∣∣∣∣ .
Also, we define the non-tangential maximal operator M∗

a

(
f ;ϕ

)
(with a > 0) and the auxiliary maximal

operator M∗∗

b

(
f ;ϕ

)
(with b > 0 ) by

M∗

a

(
f ;ϕ

)
(x) = sup

t>0
sup
|x−y|<at

∣∣∣ f ∗ ϕt(x)
∣∣∣

and

M∗∗

b

(
f ;ϕ

)
(x) = sup

(y,t)∈Rn+1
+

∣∣∣ f ∗ ϕt(y)
∣∣∣(

|x−y|+t
t

)b
.

LetMN f (x) be the grand maximal function of f (x) defined by

MN f (x) = sup
ϕ∈AN

M∗

1( f ;ϕ)(x),

whereAN =
{
ϕ ∈ S (Rn) : sup

|α|,|β|⩽N

∣∣∣xαDβϕ(x)
∣∣∣ ⩽ 1

}
.

In 2017, anisotropic mixed-norm Hardy spaces are introduced by Cleanthous et al., particularly, who
also investigate isotropic mixed-norm Hardy spaces and a crucial theorem as follows.

Let p⃗ ∈ (0,∞)n we denote by p− := min
(
1, p1, . . . , pn

)
and

Np⃗ :=
[
n
(
1 +

1
p−

)
+ n + 2

]
+ 1

We will say that a distribution f ∈ S′ belongs to the isotropic mixed-norm Hardy space Hp⃗ (Rn) when
MNp⃗

f ∈ Lp⃗ (Rn). The map ∥ f ∥Hp⃗(Rn) :=
∥∥∥MNp⃗

f
∥∥∥

Lp⃗(Rn)
is the quasi-norm of Hp⃗ (Rn).

Lemma 2.5. ([19]) Let p⃗ ∈ (0,∞)n and 0 < θ < min
(
1, p1, . . . , pn

)
. Then for every a > 0, b > n/θ,N > 2n + b + 2

and
∫
Rn ϕ(x)dx = 1 we have for all f ∈ S′

∥M( f ;ϕ)∥Lp⃗(Rn) ∼
∥∥∥M∗

a( f ;ϕ)
∥∥∥

Lp⃗(Rn) ∼
∥∥∥M∗∗

b ( f ;ϕ)
∥∥∥

Lp⃗(Rn) ∼
∥∥∥MN f

∥∥∥
Lp⃗(Rn) .
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Definition 2.6. Let α ∈ R, 0 < p < ∞, 1 < q⃗ ⩽ ∞, and N > Nq⃗. The mixed homogeneous Herz-type Hardy space
HK̇α,p

q⃗
(Rn) is defined by

HK̇α,p
q⃗

(Rn) =
{

f ∈ S′ (Rn) : ∥ f ∥HK̇α,p
q⃗

(Rn) =
∥∥∥MN f

∥∥∥
K̇α,p

q⃗
(Rn) < ∞

}
.

Definition 2.7. Let α ∈ R, 0 < p < ∞, 1 < q⃗ ⩽ ∞, and N > Nq⃗. The mixed non-homogeneous Herz-type Hardy
space HKα,p

q⃗
(Rn) is defined by

HKα,p
q⃗

(Rn) =
{

f ∈ S′ (Rn) : ∥ f ∥HKα,p
q⃗

(Rn) =
∥∥∥MN f

∥∥∥
Kα,p

q⃗
(Rn) < ∞

}
.

Remark 2.8. (i) Notice that if p = 1, 1 < q⃗ < ∞, and α = n−
∑n

i=1
1
qi

, then the space HK̇α,1
q⃗

(Rn) is the space HAq⃗(Rn)
defined in [23], which can be inferred from the atom decomposition of mixed Herz-Hardy spaces (see section 3).

(ii) By the sublinearity of MN and the definition of mixed Herz-Hardy spaces, we can conclude that mixed
Herz-Hardy spaces are quasi-Banach spaces.

Now, we will give some necessary lemmas and basic properties of mixed Herz-Hardy spaces. The
following theorem tells us that besides the grand maximal operatorMN, the space HK̇α,p

q⃗
(Rn) can also be

characterized by some other maximal-type operators.

Theorem 2.9. Let 0 < α < ∞, 0 < p < ∞, 1 < q⃗ < ∞ and
∫
Rn ϕ(x)dx = 1. For f ∈ S′ (Rn), the following

statements are equivalent:

(i) f ∈ HK̇α,p
q⃗

(Rn).

(ii) There exists a function ϕ ∈ S (Rn), such that for some a ⩾ 1, M∗
a

(
f ;ϕ

)
∈ K̇α,p

q⃗
(Rn).

(iii) There exists a function ϕ ∈ S (Rn), such that M∗∗

b ( f ;ϕ) ∈ K̇α,p
q⃗

(Rn).

(iv) There exists a function ϕ ∈ S (Rn), such that M
(

f ;ϕ
)
∈ K̇α,p

q⃗
(Rn).

Proof. The proof of Theorem 2.9. By Lemma 2.5 and the definitions of mixed-norm Herz-Hardy spaces can
directly gain.

Lemma 2.10. Let 0 < p ⩽ ∞, 1 < q⃗ < ∞, and −
∑n

i=1
1
qi
< α < n(1 − 1

n
∑n

i=1
1
qi

). Suppose a sublinear operators T
satisfied that

(i) T is bounded on Lq⃗ (Rn) ;
(ii) for any f ∈ L1(Rn) with compact support have

∣∣∣T f (x)
∣∣∣ ⩽ C

∫
R

∣∣∣ f (x)
∣∣∣∣∣∣x − y
∣∣∣n , x < supp f . (1)

Then T is bounded on K̇α,p
q⃗

(Rn).

Proof. This proof is similar to that of ([22], Theorem 4.2), and the only difference is that we should take the size
condition into consideration. For simplification, we omit the details.

Proposition 2.11. Let 1 < q⃗ < ∞, 0 < θ < min
(
1, q1, . . . , qn

)
, β > n/θ, and N > 2n+ β+ 2. ThenMN is bounded

on Lq⃗(Rn).
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Proof. By Lemma 2.5, ∥M( f ;ϕ)∥Lq⃗(Rn) ∼
∥∥∥MN f

∥∥∥
Lq⃗(Rn) when

∫
Rn ϕ(x)dx = 1. We only need to consider the

boundedness of operators M( f ;ϕ) on Lq⃗(Rn). It is well known that ϕ ∈ L1(Rn), then

M( f ;ϕ)(x) ⩽ C∥ϕ∥L1(Rn)M f (x) ⩽ CM f (x),

where M f is Hardy-Littlewood maximal operators of f . Moreover, since the Hardy-Littlewood maximal
operator is bounded on Lq⃗ (Rn) (see [24]), we have∥∥∥MN f

∥∥∥
Lq⃗(Rn) ∼ ∥M( f ;ϕ)∥Lq⃗(Rn) ⩽ C∥ f ∥Lq⃗(Rn).

It implies the result of this proposition.

Proposition 2.12. Let 0 < p < ∞, 1 < q⃗ = (q1, q2, . . . , qn) < ∞ and N > Nq⃗. If −
∑m

i=1
1
qi
< α < n(1 − 1

n
∑m

i=1
1
qi

).
Then

HK̇α,p
q⃗

(Rn)
⋂

Lq⃗
loc (Rn

\{0}) = K̇α,p
q⃗

(Rn)

and
HKα,p

q⃗
(Rn)

⋂
Lq⃗

loc (Rn) = Kα,p
q⃗

(Rn) .

Proof. It suffices to prove homogeneous spaces. By using the trivial inequality | f (x)| ⩽ CMN( f )(x), we get

∥ f ∥K̇α,p
q⃗

(Rn) ≲

∑
k∈Z

2kαp
∥MN( f )(x)χk∥

p
Lq⃗(Rn)


p

= ∥MN( f )∥K̇α,p
q⃗

(Rn) = ∥ f ∥HK̇α,p
q⃗

(Rn),

which yields HK̇α,p
q⃗

(Rn)
⋂

Lq⃗
loc (Rn

\{0}) ⊂ K̇α,p
q⃗

(Rn).

From the boundedness of sublinear operators on mixed Herz spaces K̇α,p
q⃗

(Rn), we can check that K̇α,p
q⃗

(Rn) ⊂

HK̇α,p
q⃗

(Rn)
⋂

Lq⃗
loc (Rn

\{0}). We claim that when ϕ ∈ AN, the grand maximal functionMN( f ) satisfies

|MN( f )(x)| ⩽ C
∫
Rn

∣∣∣ f (x)
∣∣∣

|x − y|n
dy. (2)

In fact,

|MN( f )(x)| = sup
t>0

sup
|x−y|<t

∣∣∣ϕt ∗ f (y)
∣∣∣

≲ sup
t>0

sup
|x−y|<t

∫
Rn

∣∣∣∣∣∣t−n
(

t
y − x

)n∣∣∣∣∣∣ ∣∣∣ f (y)
∣∣∣ dy

≲

∫
Rn

∣∣∣ f (x)
∣∣∣∣∣∣y − x
∣∣∣n dy.

It follows from (2) and Lemma 2.10 that∥∥∥ f
∥∥∥

HK̇α,p
q⃗

(Rn) =
∥∥∥MN( f )

∥∥∥
K̇α,p

q⃗
(Rn) ⩽ C

∥∥∥ f
∥∥∥

K̇α,p
q⃗

(Rn) .

As a consequence, K̇α,p
q⃗

(Rn) ⊂ HK̇α,p
q⃗

(Rn)
⋂

Lq⃗
loc (Rn

\{0}).

In addition, we can obtain K̇α,p
q⃗

(Rn) ⊂ Lq⃗
loc (Rn) from the definition of mixed Herz spaces.

Remark 2.13. In view of Proposition 2.12, we will only consider the characterizations of the spaces HK̇α,p
q⃗

(Rn) and

HKα,p
q⃗

(Rn) in terms of central atom and molecular decomposition for α ⩾ n(1 − 1
n
∑m

i=1
1
qi

).
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Proposition 2.14. Let α ∈ R, 0 < p < ∞, 1 < q⃗ < ∞. Then

HKα,p
q⃗

(Rn) = Lq⃗ (Rn)
⋂

HK̇α,p
q⃗

(Rn) .

Proof. To prove this proposition we need the following assertion. For 0 < p, q⃗ ⩽ ∞, we have

Kα,p
q⃗

(Rn) = K̇α,p
q⃗

(Rn)
⋂

Lq⃗ (Rn) , (3)

and for all f ∈ K̇α,p
q⃗

(Rn)
⋂

Lq⃗ (Rn) , there holds

∥ f ∥Kα,p
q⃗

(Rn) = ∥ f ∥K̇α,p
q⃗

(Rn) + ∥ f ∥Lq⃗(Rn).

Note that

∥ f ∥p
Kα,p

q⃗
(Rn)
=

∞∑
k=0

2kαp
∥ f χ̃k∥

p
Lq⃗(Rn)

= ∥ f χ̃0∥
p
Lq⃗(Rn)

+

∞∑
k=1

2kαp
∥ fχk∥

p
Lq⃗(Rn)

⩽ ∥ f ∥p
Lq⃗(Rn)

+ ∥ f ∥p
K̇α,p

q⃗
(Rn)
−

0∑
k=−∞

2kαp
∥ fχk∥

p
Lq⃗(Rn)

.

We claim that the following estimation is correct:

0∑
k=−∞

2kαp
|| fχk||

p
Lq⃗(Rn)

⩽ C|| f ||p
Lq⃗(|x|⩽1)

.

When p ⩽ qn, by using the Hölder inequality and ∞∑
k=1

|ak|


r

⩽
∞∑

k=1

|ak|
r (0 < r ⩽ 1),

we obtain

0∑
k=−∞

2kαp
∥ fχk∥

p
Lq⃗(Rn)

⩽

 0∑
k=−∞

2kαp( qn
p )′


1

(
qn
p )′

 0∑
k=−∞

∥ fχk∥
p qn

p

Lq⃗(Rn)


p

qn

⩽ C
0∑

k=−∞

∥ fχk∥
p
Lq⃗(Rn)

⩽ C∥ f ∥p
Lq⃗(|x|⩽1)

.

When qn < p,

0∑
k=−∞

2kαp
∥ fχk∥

p
Lq⃗(Rn)

=

0∑
k=−∞

(
2kαqn∥ fχk∥

qn

Lq⃗(Rn)

) p
qn
⩽

 0∑
k=−∞

2kαqn∥ fχk∥
qn

Lq⃗(Rn)


p

qn

⩽ C∥ f ∥p
Lq⃗(|x|⩽1)

,

we also obtain ∥ f ∥Kα,p
q⃗

(Rn) ⩽ ∥ f ∥K̇α,p
q⃗

(Rn) + ∥ f ∥Lq⃗(Rn).

To finish the proof, we need to check ∥ f ∥K̇α,p
q⃗

(Rn) ⩽ C∥ f ∥Kα,p
q⃗

(Rn) and ∥ f ∥Lq⃗(Rn) ⩽ C∥ f ∥Kα,p
q⃗

(Rn).By a direct computation,

we have

∥ f ∥K̇α,p
q⃗

(Rn) ⩽
0∑

k=−∞

2kαp
∥ fχk∥

p
Lq⃗(Rn)

+

∞∑
k=1

2kαp
∥ fχk∥

p
Lq⃗(Rn)

⩽ C∥ f ∥p
Lq⃗(|x|⩽1)

+

∞∑
k=0

2kαp
∥ fχk∥

p
Lq⃗(Rn)

⩽ C∥ f ∥p
Lq⃗(|x|⩽1)

+ ∥ f ∥Kα,p
q⃗

(Rn).
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The result ∥ f ∥Lq⃗(|x|⩽1) ⩽ C∥ f ∥Kα,p
q⃗

(Rn) is evident.

Furthermore, to prove the other estimate, it suffices to show that

∥ f ∥Lq⃗(|x|>1) ⩽ C∥ f ∥Kα,p
q⃗

(Rn).

When 0 < qn ⩽ p, as a consequence of the Hölder inequality, there holds

∥ f ∥qn

Lq⃗(|x|>1)
⩽

 0∑
k=−∞

2−kαqn( p
qn

)′


1
(

p
qn )′

 0∑
k=−∞

2kαp
∥ fχk∥

qn
p

qn

Lq⃗(Rn)


qn
p

⩽ C∥ f ∥qn

Kα,p
q⃗

(Rn)
.

When qn > p, we also have

∥ f ∥qn

Lq⃗(|x|>1)
⩽
∞∑

k=1

∥ fχk∥
qn

Lq⃗(Rn)
⩽

 ∞∑
k=1

∥ fχk∥
p
Lq⃗(Rn)


qn
p

⩽ C∥ f ∥qn

Kα,p
q⃗

(Rn)
.

The above estimates indicate that Kα,p
q⃗

(Rn) = K̇α,p
q⃗

(Rn)
⋂

Lq⃗ (Rn) holds.

By using (3) and the boundedness ofMN on mixed spaces Lq⃗ (Rn) from Proposition 2.11, we can immediately show
this proposition.

3. Atom characterization of mixed Herz-Hardy spaces

We begin with the definition of central atoms.

Definition 3.1. Let 1 < q⃗ < ∞, n(1 − 1
n
∑m

i=1
1
qi

) ⩽ α < ∞, and non-negative integer s ⩾
[
α − n(1 − 1

n
∑m

i=1
1
qi

)
]
.

(i) A function a on Rn is said to be a central (α, q⃗)-atom, if it satisfies
(a) supp a ⊂ B(0, r) = {x ∈ Rn : |x| < r}.
(b) ∥a∥Lq⃗(Rn) ⩽ |B(0, r)|−α/n.
(c)

∫
Rn a(x)xβdx = 0, |β| ⩽ s.

(ii) A function a on Rn is said to be a central (α, q⃗)-atom of restricted type, if it satisfies the conditions (b), (c)
above and (a)′ supp a ⊂ B(0, r), r ⩾ 1.

Remark 3.2. If q⃗ = q is a constant, we recover the classical (α, q)-atom since 1 − 1
n
∑m

i=1
1
qi
= 1 − 1

q .

Theorem 3.3. Let 1 < q⃗ < ∞, 0 < p < ∞ and n(1 − 1
n
∑m

i=1
1
qi

) ⩽ α < ∞. Then
(i) f ∈ HK̇α,p

q⃗
(Rn) if and only if

f =
∞∑

k=−∞

λkak in the sense of S′ (Rn) ,

where each ak is a central (α, q⃗)-atom with support contained in Bk and
∑
∞

k=0 |λk|
p < ∞. Moreover,

∥ f ∥HK̇α,p
q⃗

(Rn) ≈ inf

 ∞∑
k=0

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .
(ii) f ∈ HKα,p

q⃗
(Rn) if and only if

f =
∞∑

k=0

λkak in the sense of S′ (Rn) ,
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where each ak is a central (α, q⃗)-atom of restricted type with support contained in Bk and
∑
∞

k=0 |λk|
p < ∞. Moreover,

∥ f ∥HKα,p
q⃗

(Rn) ≈ inf

 ∞∑
k=0

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .

Proof. We just need to show (i), and (ii) can be proved in the similar way.
Necessity: choose ϕ ∈ C∞0 (Rn) with ϕ ⩾ 0,

∫
Rn ϕ(x)dx = 1, suppϕ ⊂ {x : |x| ⩽ 1}. For j ∈ Z+, let

ϕ( j)(x) = 2 jnϕ
(
2 jx

)
.

For each f ∈ S′ (Rn), write
f ( j)(x) = f ∗ ϕ( j)(x).

It is easy to see that f ( j)
∈ C∞ (Rn) and lim j→∞ f ( j) = f in the sense of distribution.

Let ψ be a radial smooth function such that suppψ ⊂ {x : 1/2 − ε ⩽ |x| ⩽ 1 + ε} with 0 < ε < 1/4, ψ(x) = 1 for
1/2 ⩽ |x| ⩽ 1. Set ψk(x) = ψ

(
2−kx

)
for k ∈ Z and

Ãk,ε =
{
x : 2k−1

− 2kε ⩽ |x| ⩽ 2k + 2kε
}
.

From the conditions of ψ, we know that suppψk ⊂ Ãk,ε and ψk(x) = 1 for x ∈ Ak =
{
x : 2k−1 < |x| ⩽ 2k

}
.

Obviously, 1 ⩽
∑
∞

k=−∞ ψk(x) ⩽ 2, |x| > 0. Write

Φk(x) =
{
ψk(x)/

∑
∞

l=−∞ ψl(x), x , 0,
0, x = 0,

then,
∑
∞

k=−∞Φk(x) = 1 for x , 0. For some m ∈N, we denote the class of all the real polynomials with the degree less
than m by Pm (Rn). Let P( j)

k (x) = PÃk,ε

(
f ( j)Φk

)
(x)χÃk,ε

(x) ∈ Pm (Rn) be the unique polynomial satisfying

∫
Ãk,ε

(
f ( j)(x)Φk(x) − P( j)

k (x)
)

xβdx = 0, |β| ⩽ m =

α − n

1 −
1
n

n∑
i=1

1
qi


 .

Denote by

f ( j)(x) =
∞∑

k=−∞

(
f ( j)(x)Φk(x) − P( j)

k (x)
)
+

∞∑
k=−∞

P( j)
k (x) =

( j)∑
I

+

( j)∑
II

.

For the term
∑( j)

I , let 1( j)
k (x) = f ( j)(x)Φk(x) − P( j)

k (x). Now we deal with
∥∥∥∥1( j)

k

∥∥∥∥
Lq⃗(Rn)

. To do this, by the estimate in

[17, pp.1369], we know that ∣∣∣∣P( j)
k (x)

∣∣∣∣ ⩽ C∣∣∣Ãk,ε

∣∣∣
∫

Ãk,ε

∣∣∣ f ( j)(x)Φk(x)
∣∣∣ dx.

Moreover, by the Hölder inequality on mixed norm spaces, we have∣∣∣∣P( j)
k (x)

∣∣∣∣ ⩽ C∣∣∣Ãk,ε

∣∣∣ ∥∥∥ f ( j)Φk

∥∥∥
Lq⃗(Rn)

∥∥∥χÃk,ε

∥∥∥
Lq⃗′ (Rn)·

.
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Therefore, we have ∥∥∥∥1( j)
k

∥∥∥∥
Lq⃗(Rn)

⩽
∥∥∥ f ( j)Φk

∥∥∥
Lq⃗(Rn) +

∥∥∥∥P( j)
k

∥∥∥∥
Lq⃗(Rn)

⩽
∥∥∥ f ( j)Φk

∥∥∥
Lq⃗(Rn) + C

∥∥∥ f ( j)Φk

∥∥∥
Lq⃗(Rn)

⩽C
∥∥∥∥( f ∗ ϕ( j)

)
Φk

∥∥∥∥
Lq⃗(Rn)

⩽C′
k+1∑

l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn) .

Now write

∞∑
k=−∞

(
f ( j)(x)Φk(x) − P( j)

k (x)
)
=

∞∑
k=−∞

C′ |Bk+1|
α
n

k+1∑
l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn)

×
f ( j)(x)Φk(x) − P( j)

k (x)

C′ |Bk+1|
α
n

k+1∑
l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn)

=

∞∑
k=−∞

λka( j)
k .

Then,
∥∥∥∥a( j)

k

∥∥∥∥
Lq⃗(Rn)

⩽ |Bk+1|
−α/n and each a( j)

k is a central (α, q⃗)-atom with support contained in Bk+1.

∞∑
k=−∞

|λk|
p ⩽ C

∞∑
k=−∞

|Bk+1|
αp
n

k+1∑
l=k−1

∥∥∥(MN( f )χl
)∥∥∥p

Lq⃗(Rn)

⩽ C
∥∥∥MN f

∥∥∥p

K̇α,p
q⃗

(Rn) ⩽ C
∥∥∥ f

∥∥∥p

HK̇α,p
q⃗

(Rn) .

It remains to estimate
∑( j)

II . Let
{
ψk

d : |d| ⩽ m
}

be the dual basis of
{
xβ : |β| ⩽ m

}
with respect to the weight 1/

∣∣∣Ãk,ε

∣∣∣
on Ãk,ε, that is 〈

ψk
d, x

β
〉
=

1∣∣∣Ãk,ε

∣∣∣
∫

Ãk,ε

xβψk
d(x)dx = δβd.

Let

h( j)
k,d(x) =

k∑
l=−∞

ψk
d(x)χÃk,ε

(x)∣∣∣Ãk,ε

∣∣∣ −

ψk+1
d (x)χÃk+1,ε

(x)∣∣∣Ãk+1,ε

∣∣∣
 ∫
Rn

f ( j)(x)Φl(x)xddx.

We can write

( j)∑
II

=
∑
|d|⩽m

∞∑
k=−∞

αk,dh( j)
k,d(x)

αk,d
=

∑
|d|⩽m

∞∑
k=−∞

αk,da( j)
k,d(x),

where

αk,d = C′′
k+1∑

l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn) |Bk+2|

α
n .

Note that ∫
Rn

k∑
l=−∞

∣∣∣Φl(x)xd
∣∣∣ dx =

k∑
l=−∞

∫
Ãk,ε

∣∣∣Φl(x)xd
∣∣∣ dx ⩽ C2k(n+|d|).
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Furthermore, ∣∣∣∣∣∣∣
∫
Rn

f ( j)(y)
k∑

l=−∞

Φl(y)yddy

∣∣∣∣∣∣∣ ⩽ C2k(n+|d|)
MN f (x), x ∈ Bk+2. (4)

Inequality (4), together with the inequality thatψk
d(x)χÃk,ε

(x)∣∣∣Ãk,ε

∣∣∣ −

ψk+1
d (x)χÃk+1,ε

(x)∣∣∣Ãk+1,ε

∣∣∣
 ⩽ C2−k(n+|d|)

k+1∑
l=k−1

χl(x),

shows that ∥∥∥∥h( j)
k,d

∥∥∥∥
Lq⃗(Rn)

⩽ C1

k+1∑
l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn) ,

and ∥∥∥∥a( j)
k,d

∥∥∥∥
Lq⃗(Rn)

⩽

∥∥∥∥∥∥∥∥∥∥∥∥
h( j)

k,d

C
k+1∑

l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn) |Bk+2|

−
α
n

∥∥∥∥∥∥∥∥∥∥∥∥
Lq⃗(Rn)

⩽ C |Bk+2|
−
α
n .

It has been check that a( j)
k,d is a central (α, q⃗)-atom with support contained in Ãk,ε ∪ Ãk+1,ε ⊂ Bk+2, and C′′ = C1,

αk,d = C′′
∑k+2

l=k−1

∥∥∥(G f )χl

∥∥∥
Lq⃗(Rn) |Bk+2|

α/n. Moreover, we also can get

∑
k,d

∣∣∣αk,d

∣∣∣p ⩽ C
∞∑

k=−∞

|Bk+2|
αp
n

 k+1∑
l=k−1

∥∥∥(MN f
)
χl

∥∥∥
Lq⃗(Rn)


p

⩽ C
∥∥∥MN f

∥∥∥p

Kα,p
q⃗

(Rn)
< ∞.

Thus we obtain that

f ( j)(x) =
∞∑

d=−∞

λda( j)
d (x),

where each a( j)
d is a central (α, q⃗)-atom with support contained in Ãd,ε ∪ Ãd+1,ε ⊂ Bd+2, and ∞∑

d=−∞

|λd|
p


1/p

⩽ C
∥∥∥MN f

∥∥∥p

K̇α,p
q⃗

(Rn) < ∞.

Since sup j∈Z+

∥∥∥∥a( j)
0

∥∥∥∥
Lq⃗(Rn)

⩽ |B2|
−α/n , by the Banach-Alaoglu theorem we can obtain a subsequence

{
a( jn0 )

0

}
of

{
a( j)

0

}
converging in the weak∗ topology of Lq⃗ (Rn) to some a0 ∈ Lq⃗ (Rn) and a0 is a central (α, q⃗)-atom supported on B2.

Repeating the above procedure for each d ∈ Z, we can find a subsequence
{
a( jnd )

d

}
of

{
a( j)

d

}
converging weak∗ in Lq⃗ (Rn)

to some ad ∈ Lq⃗ (Rn) which is a central (α, q⃗)-atom supported on Bd+2. By the usual diagonal method we obtain a

subsequence
{
jν
}

of Z+ such that for each d ∈ Z, limν→∞ a( jν)
d = ad in the weak∗ topology of Lq⃗ (Rn) and in S′ (Rn).

Now our proof is reduced to proving that

f =
∞∑

d=−∞

λdad, in the sense of S′ (Rn) .

For each φ ∈ S (Rn), noting that supp a( jν)
d ⊂

(
Ãd,ε ∪ Ãd+1,ε

)
⊂ (Ad−1∪Ad ∪ Ad+1 ∪ Ad+2), we have

⟨ f , φ⟩ = lim
ν→∞

∞∑
d=−∞

λd

∫
Rn

a( jν)
d (x)φ(x)dx.
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Recall that m =
[
α −

∑n
i=1

1
q′i

]
. If d ⩽ 0, by using the Hölder inequality on mixed-norm spaces, then

∣∣∣∣∣∫
Rn

a( jν)
d (x)φ(x)dx

∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
∫
Rn

a( jν)
d (x)

φ(x) −
∑
|β|⩽m

Dβφ(0)
β!

xβ
 dx

∣∣∣∣∣∣∣∣
⩽ C

∫
Rn

∣∣∣∣∣a( jν)
d (x)

∣∣∣∣∣ · |x|m+1dx

⩽ C2d(m+1)
∥∥∥∥∥a( jν)

d

∥∥∥∥∥
Lq⃗(Rn)

∥∥∥χBd+2

∥∥∥
Lq⃗′ (Rn)

⩽ C2
d
(
m+1−α+

n∑
i=1

1
q′i

)
.

If d > 0, let k0 ∈ Z+ such that k0 ⩾
∑n

i=1
1
q′i
− α. Again by using Hölder’s inequality on mixed-norm spaces,

∣∣∣∣∣∫
Rn

a( jν)
d (x)φ(x)dx

∣∣∣∣∣ ⩽ C
∫
Rn

∣∣∣∣∣a( jν)
d (x)

∣∣∣∣∣ |x|−k0 dx ⩽ C2−dk0

∥∥∥∥∥a( jν)
d

∥∥∥∥∥
Lq⃗(Rn)

∥∥∥χBd+2

∥∥∥
Lq⃗′ (Rn) ⩽ C2

−d
(
k0+α−

n∑
i=1

1
q′i

)
.

Let

µd =

|λd| 2
d
(
m+1−α+

n∑
i=1

1
q′i

)
, d ⩽ 0,

|λd| 2
−d

(
k0+α−

n∑
i=1

1
q′i

)
, d > 0.

Then
∞∑

d=−∞

∣∣∣µd

∣∣∣ ⩽ C

 ∞∑
d=−∞

|λd|
p


1
p

⩽ C
∥∥∥MN f

∥∥∥
K̇α,p

q⃗
(Rn) < ∞

and
|λd|

∣∣∣∣∣∫
Rn

a( jν)
d (x)φ(x)dx

∣∣∣∣∣ ⩽ C
∣∣∣µd

∣∣∣ ,
which imply that

⟨ f , φ⟩ =
∞∑

d=−∞

lim
ν→∞

λd

∫
Rn

a( jν)
d (x)φ(x)dx =

∞∑
d=−∞

λd

∫
Rn

ad(x)φ(x)dx. (5)

This mean that f =
∑
∞

d=−∞ λdad in the sense of S′ (Rn).
Sufficiency: we will prove the conclusion for two different cases: 0 < p ⩽ 1 and 1 < p < ∞.
If 0 < p ⩽ 1, it suffices to show that for each central (α, q⃗)-atom a,

∥MNa∥K̇α,p
q⃗

(Rn) ⩽ C

with the constant C > 0 independent of a.
For a fixed central (α, q⃗) -atom a, with supp a(x) ⊂ B

(
0, 2k0

)
for some k0 ∈ Z. Write

∥MNa∥p
K̇α,p

q⃗
(Rn)
=

k0+3∑
k=−∞

2kαp
∥(MNa)χk∥

p
Lq⃗(Rn)

+

∞∑
k=k0+4

2kαp
∥(MNa)χk∥

p
Lq⃗(Rn)

= I + II.

By the Lq⃗ (Rn) boundedness of the grand maximal operatorMN from Proposition 2.11, we have

I ⩽
k0+3∑

k=−∞

2kαp
∥MNa∥p

Lq⃗(Rn)
⩽ C∥a∥p

Lq⃗(Rn)

k0+3∑
k=−∞

2kαp ⩽ C.



Y. Zhao et al. / Filomat 38:13 (2024), 4395–4415 4406

The next step is to consider II. We need a pointwise estimate forMNa(x) on Ak.
Let ϕ ∈ AN, m ∈ N such that α −

∑n
i=1

1
q′i
< m + 1. Denote by Pm the m-th order Taylor series expansion. If

|x − y| < t, then from the vanishing moment condition of a we can get∣∣∣a ∗ ϕt(y)
∣∣∣ = t−n

∣∣∣∣∣∫
Rn

a(z)
(
ϕ

( y − z
t

)
− Pm

( y
t

))
dz

∣∣∣∣∣
⩽ Ct−n

∫
Rn
|a(z)|

∣∣∣∣zt ∣∣∣∣m+1
(
1 +
|y − θz|

t

)−(n+m+1)

dz

⩽ C
∫
Rn
|a(z)||z|m+1(t + |y − θz|)−(n+m+1)dz,

where 0 < θ < 1.
Since x ∈ Ak for k ⩾ k0 + 4, we have |x| ⩾ 2 · 2k0+1. From |x − y| < t and |z| < 2k0+1, we have

t + |y − θz| ⩾ |x − y| + |y − θz| ⩾ |x| − |z| ⩾
|x|
2
.

Thus, by the Hölder inequality, we have∣∣∣a ∗ ϕt(y)
∣∣∣ ⩽ C

∫
Rn
|a(z)∥z|m+1(|x − y| + |y − θz|)−(n+m+1)dz

⩽ C2k0(m+1)
|x|−(n+m+1)

∫
Rn
|a(z)|dz

⩽ C2k0(m+1)
|x|−(n+m+1)

∣∣∣Bk0

∣∣∣− αn ∥∥∥χBk0

∥∥∥
Lq⃗′ (Rn)

.

Therefore, we have

MNa(x) ⩽ C2k0(m+1)−k(n+m+1)
∣∣∣Bk0

∣∣∣− αn ∥∥∥χBk0

∥∥∥
Lq⃗′ (Rn)

, x ∈ Ak k ⩾ k0 + 4.

As a consequence,

II ⩽ C
∞∑

k=k0+4

2kαp2k0(m+1)−k(n+m+1)2k0αp
∥∥∥χBk0

∥∥∥p

Lq⃗′ (Rn)

∥∥∥χBk

∥∥∥p

Lq⃗(Rn) ⩽ C
∞∑

k=k0+4

2
(k0−k)(m+1−α+

n∑
i=1

1
q′i

)
⩽ C.

If 1 < p < ∞, write

∥∥∥MN f
∥∥∥p

K̇α,p
q⃗

(Rn) ≲
∞∑

k=−∞

2kαp

 ∞∑
l=k−1

|λl| ∥al∥Lq⃗(Rn)


p

+

∞∑
k=−∞

2kαp

 k−2∑
l=−∞

|λl| ∥(MNal)χk∥Lq⃗(Rn)


p

= III + IV.

Using the Hölder inequality on mixed-norm spaces, we get

III ⩽ C
∞∑

k=−∞

2kαp

 ∞∑
l=k−1

|λl| |Bl|
α
n


p

⩽ C
∞∑

k=−∞

2kαp

 ∞∑
l=k−1

|λl|
p
|Bl|

−αp
2n


 ∞∑

l=k−1

|Bl|
−αp′

2n


p
p′

⩽ C
∞∑

k=−∞

2kαp/2
∞∑

l=k−1

|λl|
p
|Bl|

−αp
2n

⩽ C
∞∑

l=−∞

|λl|
p .
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Now suppose α −
∑n

i=1
1
q′i
< m + 1. As in the argument for II, we can obtain that

IV ⩽ C
∞∑

k=−∞

 k−2∑
l=−∞

|λl| 2l(m+1)−k(n+m+1)
(
|Bk|

|Bl|

) α
n ∥∥∥χBl

∥∥∥
Lq⃗′ (Rn)

∥∥∥χBk

∥∥∥
Lq⃗(Rn)


p

⩽ C
∞∑

k=−∞

 k−2∑
l=−∞

|λl| 2
(l−k)

(
m+1−α+

n∑
i=1

1
q′i

)p

⩽ C
∞∑

k=−∞

 k−2∑
l=−∞

|λl|
p 2

(l−k)
(
m+1−α+

n∑
i=1

1
q′i

)
p
2


 k−2∑
l=−∞

2
(l−k)

(
m+1−α+

n∑
i=1

1
q′i

)
p′

2


p
q′

⩽ C
∞∑

l=−∞

|λl|
p .

The proof is finished.

4. Molecular characterization of mixed Herz-Hardy spaces

In this section, we will obtain the molecular decomposition of mixed Herz-type Hardy spaces. We first
give the notation of central (α, q⃗; s, ε)l-molecule.

Definition 4.1. Let n−
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α−n+

∑n
i=1

1
qi

] be a non-negative integer.

Set ε > max{ s
n ,

α
n +

1
n
∑n

i=1
1
qi
− 1}, a = 1 − 1

n
∑n

i=1
1
qi
−

α
n + ε and b = 1 − 1

n
∑n

i=1
1
qi
+ ε. A function Ml ∈ Lq⃗ (Rn)

with l ∈ Z (or l ∈ N ) is said to be a dyadic central (α, q⃗; s, ε)l-molecule (or dyadic central (α, q⃗; s, ε)l
)
-molecule of

restricted type) if it satisfies
(d) ∥Ml∥Lq⃗(Rn) ⩽ 2−lα.

(e) Rq⃗ (Ml) = ∥Ml∥
a/b
Lq⃗(Rn)

∥∥∥| · |nbMl(·)
∥∥∥1−a/b

Lq⃗(Rn) < ∞.

(f)
∫
Rn Ml(x)xβdx = 0, for any β with |β| ⩽ s.

Definition 4.2. Let n −
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α − n +

∑n
i=1

1
qi

] be a non-negative
integer. Set ε > max{ s

n ,
α
n +

1
n
∑n

i=1
1
qi
− 1}, a = 1 − 1

n
∑n

i=1
1
qi
−

α
n + ε and b = 1 − 1

n
∑n

i=1
1
qi
+ ε.

(i) A function M ∈ Lq⃗ (Rn) is said to be a central (α, q⃗; s, ε)-molecule if it satisfies

(g) Rq⃗(M) = ∥M∥a/b
Lq⃗(Rn)

∥∥∥| · |nbM(·)
∥∥∥1−a/b

Lq⃗(Rn) < ∞.

(h)
∫
Rn M(x)xβdx = 0, for any β with |β| ⩽ s.

(ii) A function M ∈ Lq⃗ (Rn) is said to be a central (α, q⃗; s, ε)-molecule of restricted type if it satisfies (g),(h) in (i)
and (1)′ ∥M∥Lq⃗(Rn) ⩽ 1.

The following lemma implies that the molecule is a generalization of atom.

Lemma 4.3. Let n −
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α − n +

∑n
i=1

1
qi

] be a non-negative integer.
Set ε > max{ s

n ,
α
n +

1
n
∑n

i=1
1
qi
−1}, a = 1− 1

n
∑n

i=1
1
qi
−
α
n +ε and b = 1− 1

n
∑n

i=1
1
qi
+ε. If M is a central (α, q⃗)-atom (or

(α, q⃗)-atom of restricted type), then M is also a central (α, q⃗; s, ε)-molecule (or (α, q⃗; s, ε)-molecule of restricted type)
such that Rq⃗(M) ⩽ C with C independent of M.

Proof. We only need consider the case that a is a (α, q⃗)-atom with support on a ball B(0, r). A straightforward
computation leads to that

∥M∥Lq⃗(Rn) ⩽ 2−αl
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Furthermore,
∥M∥a/b

Lq⃗(Rn)

∥∥∥| · |nbM(·)
∥∥∥1−a/b

Lq⃗(Rn) ⩽ rnb(1−a/b)
∥M∥Lq⃗(Rn) ⩽ Crαr−α ⩽ C.

This finishes the proof.

Now we give the molecular decomposition of mixed Herz-type Hardy spaces.

Theorem 4.4. Let n−
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α− n+

∑n
i=1

1
qi

] be a non-negative integer.
Set ε > max{ s

n ,
α
n +

1
n
∑n

i=1
1
qi
− 1}, a = 1 − 1

n
∑n

i=1
1
qi
−

α
n + ε and b = 1 − 1

n
∑n

i=1
1
qi
+ ε. Then we have

(i) f ∈ HK̇α,p
q⃗

(Rn) if and only if f can be represented as

f =
∞∑

k=−∞

λkMk, in the sense of S′ (Rn) ,

where each Mk is a dyadic central (α, q⃗; s, ε)k-molecule, and
∑
∞

k=−∞ |λk|
p < ∞. Moreover,

∥ f ∥HK̇α,p
q⃗

(Rn) ≈ inf

 ∞∑
k=−∞

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .
(ii) f ∈ HKα,p

q⃗
(Rn) if and only if

f =
∞∑

k=0

λkMk, in the sense of S′ (Rn) ,

where each Mk is a dyadic central (α, q⃗; s, ε)k-molecule of restricted type, and
∑
∞

k=0 |λk|
p < ∞. Moreover,

∥ f ∥HKα,p
q⃗

(Rn) ≈ inf

 ∞∑
k=0

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .

Theorem 4.5. Let n−
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α− n+

∑n
i=1

1
qi

] be a non-negative integer.
Set ε > max{ s

n ,
α
n +

1
n
∑n

i=1
1
qi
− 1}, a = 1 − 1

n
∑n

i=1
1
qi
−

α
n + ε and b = 1 − 1

n
∑n

i=1
1
qi
+ ε. Then we have

(i) f ∈ HK̇α,p
q⃗

(Rn) if and only if f can be represented as

f =
∞∑

k=1

λkMk, in the sense of S′ (Rn) ,

where each Mk is a central (α, q⃗; s, ε)-molecule, and
∑
∞

k=1 |λk|
p < ∞. Moreover,

∥ f ∥HK̇α,p
q⃗

(Rn) ≈ inf

 ∞∑
k=1

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .
(ii) f ∈ HKα,p

q⃗
(Rn) if and only if

f =
∞∑

k=1

λkMk, in the sense of S′ (Rn) ,
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where each Mk is a central (α, q⃗; s, ε)-molecule of restricted type, and
∑
∞

k=1 |λk|
p <∞. Moreover,

∥ f ∥HKα,p
q⃗

(Rn) ≈ inf

 ∞∑
k=1

|λk|
p


1/p

,

where the infimum is taken over all above decompositions of f .

Lemma 4.6. Let n −
∑n

i=1
1
qi
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞, and s ⩾ [α − n +

∑n
i=1

1
qi

] be a non-negative integer.
Set ε > max{ s

n ,
α
n +

1
n
∑n

i=1
1
qi
− 1}, a = 1 − 1

n
∑n

i=1
1
qi
−

α
n + ε and b = 1 − 1

n
∑n

i=1
1
qi
+ ε.

(i) If 0 < p ⩽ 1, there exists a constant C such that for any central (α, q⃗; s, ε) molecule (or (α, q⃗; s, ε)-molecule of
restricted type) M,

∥M∥HK̇α,p
q⃗

(Rn) ⩽ C
(

or ∥M∥HKα,p
q⃗

(Rn) ⩽ C
)
.

(ii) There exists a constant C such that for any l ∈ Z(or l ∈N) and dyadic central (α, q⃗; s, ε)l-molecule (or dyadic
central (α, q⃗; s, ε)l-molecule of restricted type) Ml,

∥Ml∥HK̇α,p
q⃗

(Rn) ⩽ C
(

or ∥Ml∥HKα,p
q⃗

(Rn) ⩽ C
)
.

Proof. We just prove (i) for the homogeneous case, since the non-homogeneous case and the proof of (ii) can be proved
similarly.

Let M be a central (α, q⃗; s, ε)-molecule. Write

σ = ∥M∥−1/α
Lq⃗(Rn)

, E0 = {x : |x| ⩽ σ}

and
Ek,σ =

{
x : 2k−1σ < |x| ⩽ 2kσ

}
, k ∈ Z+.

Set Bk,σ =
{
x : |x| ⩽ 2kσ

}
and denote by χk,σ the characteristic function of Ek,σ. Immediately, we have

M(x) =
∞∑

k=0

M(x)χk,σ(x).

Let Mk(x) = M(x)χk,σ(x), Pm be the class of all real polynomials of degree m, and PEk,σMk ∈ Pm be the unique
polynomial satisfying ∫

Ek,σ

(
Mk(x) − PEk,σMk(x)

)
xβdx = 0, |β| ⩽ s.

Set Qk(x) =
(
PEk,σMk

)
(x)χk,σ(x). If we can prove that

(a) there is a constant C > 0 and a sequences of numbers {λk}
∞

k=0 such that
∑
∞

k=0 |λk|
p < ∞, we have

Mk −Qk = λkak,

where each ak is a (α, q⃗)-atom;
(b)

∑
∞

k=0 Qk has a (α, q⃗)-atom decomposition; then our desired conclusion can be deduced directly.
We first show (a). Without loss of generality, we suppose that Rq⃗(M) = 1, which implies∥∥∥| · |nbM(·)

∥∥∥
Lq⃗(Rn) = ∥M∥

−a/(b−a)
Lq⃗(Rn)

= σna.

Let
{
φk

l : |l| ⩽ s
}
⊂ Ps (Rn) such that〈

φk
µ, φ

k
ν

〉
Ek,σ
=

1∣∣∣Ek,σ

∣∣∣
∫

Ek,σ

φk
µ(x)φk

ν(x)dx = δµν.
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It is easy to deduce that
Qk(x) =

∑
|l|⩽s

〈
Mk, φ

k
l

〉
Ek,σ
φk

l (x), if x ∈ Ek,σ

and

|Qk(x)| ⩽

∣∣∣∣∣∣∣∑
|l|⩽s

1∣∣∣Ek,σ

∣∣∣
∫

Ek,σ

Mk(x)φk
l (x)dxφk

l (x)

∣∣∣∣∣∣∣ ⩽ C∣∣∣Ek,σ

∣∣∣
∫

Ek,σ

|Mk(x)| dx.

Thus for any k ∈ Z+, we have

∥Mk −Qk∥Lq⃗(Rn) ⩽ ∥Mk∥Lq⃗(Rn) + ∥Qk∥Lq⃗(Rn)

⩽ ∥Mk∥Lq⃗(Rn) +
C∣∣∣Ek,σ

∣∣∣ ∥Mk∥Lq⃗(Rn)

∥∥∥χEk,σ

∥∥∥
Lq⃗′ (Rn)

∥∥∥χEk,σ

∥∥∥
Lq⃗(Rn)

⩽C
∥∥∥| · |nbM(·)

∥∥∥
Lq⃗(Rn)

∣∣∣2kσ
∣∣∣−nb

=C
∣∣∣2kσ

∣∣∣−nb
σna = C2−kna

∣∣∣Bk,σ

∣∣∣−α .
We see that Mk − Qk = λkak, with λk = C2−knα and ak a central (α, q⃗)-atom supported in Bk,σ. Moreover, one can
easily get

∑
∞

k=0 |λk|
p < ∞.

Next we will show (b). Let
{
ψk

l : |l| ⩽ s
}
⊂ Ps (Rn) be the dual basis of {xα : |α| ⩽ s} with respect to the weight

1/
∣∣∣Ek,σ

∣∣∣ on Ek,σ. First, by the same way in [17, pp.1384-1385], we conclude that there is a constant C > 0 such that∣∣∣ψk
l (x)

∣∣∣ ⩽ C
(
2k−1σ

)−|l|
. (6)

Futhermore, setting

Nk
l =

∞∑
j=k

∣∣∣E j,σ

∣∣∣ 〈M j, xl
〉

E j,σ
, k ∈N,

it is readily to see that

N0
l =

∞∑
j=0

∣∣∣E j,σ

∣∣∣ 〈M j, xl
〉

E j,σ
=

∞∑
j=0

∫
E j,σ

M(x)xldx =
∫
Rn

M(x)xldx = 0,

and for k ∈ Z+, there exists Eσ ⊂ E j,σ such that |Eσ| = min
{
1,

∣∣∣E j,σ

∣∣∣}. Therefore,

∣∣∣Nk
l

∣∣∣ ⩽ ∞∑
j=k

∫
E j,σ

∣∣∣M j(x)xl
∣∣∣ dx

⩽ C
∞∑
j=k

∥∥∥M j(·)| · |l
∥∥∥

Lq⃗(Rn)

∥∥∥χE j,σ

∥∥∥∞
Lq⃗′ (Rn)

⩽ C
∞∑
j=k

(
2 jσ

)|l|−nb ∥∥∥| · |nbM j(·)
∥∥∥

Lq⃗(Rn)


∣∣∣E j,σ

∣∣∣
|Eσ|


1
n

n∑
i=1

1
q′i ∥∥∥χEσ

∥∥∥
Lq⃗′ (Rn)

⩽ Cσ
|l|−α+

n∑
i=1

1
q′i 2

k
(
|l|−nb+

n∑
i=1

1
q′i

)
.

This, together with (6) shows that

∣∣∣Ek,σ

∣∣∣−1 ∣∣∣Nk
lψ

k
l (x)χk,σ(x)

∣∣∣ ⩽ Cσ
n∑

i=1

1
q′i
−n−α

2
−kn

(
b+1− 1

n

n∑
i=1

1
q′i

)
→ 0, if k→∞. (7)
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By using (7) and Abel transform, it yields

∞∑
k=0

Qk(x) =
∑
|l|⩽s

∞∑
k=0

 k∑
j=0

∣∣∣E j,σ

∣∣∣ 〈M j, xl
〉

E j,σ

 × {∣∣∣Ek,σ

∣∣∣−1
ψk

l (x)χk,σ(x) −
∣∣∣Ek+1,σ

∣∣∣−1
ψk+1

l (x)χk+1,σ(x)
}

=
∑
|l|⩽s

∞∑
k=0

(
−Nk+1

l

){∣∣∣Ek,σ

∣∣∣−1
ψk

l (x)χk,σ(x) −
∣∣∣Ek+1,σ

∣∣∣−1
ψk+1

l (x)χk+1,σ(x)
}
.

Meanwhile, ∣∣∣∣∣Nk+1
l

{∣∣∣Ek,σ

∣∣∣−1
ψk

l (x)χk,σ(x) −
∣∣∣Ek+1,σ

∣∣∣−1
ψk+1

l (x)χk+1,σ(x)
}∣∣∣∣∣

⩽ C
∣∣∣Nk+1

l

∣∣∣ ∣∣∣Ek+1,σ

∣∣∣−1 ∣∣∣ψk+1
l (x)

∣∣∣
⩽ C2−kna

∣∣∣Ek+1,σ

∣∣∣ 1
n

n∑
i=1

1
q′i
−1−α/n

.

Set λlk = C2−kna and

alk = λ
−1
lk

(
−Nk+1

l

) {∣∣∣Ek,σ

∣∣∣−1
ψk

l (x)χk,σ(x) −
∣∣∣Ek+1,σ

∣∣∣−1
ψk+1

l (x)χk+1,σ(x)
}
.

Then
∞∑

k=0

Qk(x) =
∑
|l|⩽s

∞∑
k=0

λlkalk

with alk a (α, q⃗)-atom, and
∑
|l|⩽s

∑
∞

k=0 |λlk|
p < ∞. The conclusion (b) then holds.

5. Application

In this section, we will give two applications for atom decomposition and molecular decomposition of
mixed Herz-Hardy spaces. This applications are devoted to building a boundedness criterion for certain

sublinear operators from HK̇α,p
q⃗

(Rn) to K̇α,p
q⃗

(Rn) ( from HKα,p
q⃗

(Rn) to Kα,p
q⃗

(Rn)
)
. The result can be stated as

follows.

Theorem 5.1. Let
∑n

i=1
1
q′i
⩽ α < ∞, 0 < p < ∞, 1 < q⃗ < ∞ and the integer s =

[
α −

∑n
i=1

1
q′i

]
. Suppose T is a

sublinear operator satisfying:
(i) T is bounded on Lq⃗ (Rn);
(ii) there exists a constant δ > 0 such that s + δ > α −

∑n
i=1

1
q′i

, and for any compact support function f with∫
Rn

f (x)xβdx = 0, |β| ⩽ s,

T f satisfies the size condition

|T f (x)| ⩽ C(diam(supp f ))s+δ
|x|−(n+s+δ)

∥ f ∥L1(Rn), if dist(x, supp f ) ⩾ |x|/2.

Then T can be extended to be a bounded operator from HK̇α,p
q⃗

(Rn) to K̇α,p
q⃗

(Rn) ( from HKα,p
q⃗

(Rn) to Kα,p
q⃗

(Rn)
)
.
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Proof. It suffices to prove the homogeneous case. Suppose f ∈ HK̇α,p
q⃗

(Rn). By Theorem 3.3, we may rewrite

f as f =
∑
∞

j=−∞ λ jb j in the sense of S′ (Rn), where each b j is a central (α, q⃗)-atom with support contained in
B j and

∥ f ∥HK̇α,p
q⃗

(Rn) ≈ inf

 ∞∑
j=−∞

∣∣∣λ j

∣∣∣p
1/p

.

Then, we get

∥T f ∥p
K̇α,p

q⃗
(Rn)
⩽ C

 ∞∑
k=−∞

2kαp

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣ ∥∥∥∥(Tb j

)
χk

∥∥∥∥
Lq⃗(Rn)


p

+

∞∑
k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣ ∥∥∥∥(Tb j

)
χk

∥∥∥∥
Lq⃗(Rn)


p = C (I1 + I2) .

Let us first estimate I1. By the size condition of T and the Hölder inequality, it yields∣∣∣Tb j(x)
∣∣∣ ⩽ C

(
diam(supp b j)

)s+δ
|x|−(n+s+δ)

∥b j∥L1(Rn)

⩽ C|x|−(n+s+δ)2 j(s+δ)
∥∥∥b j

∥∥∥
Lq⃗(Rn)

∥∥∥χB j

∥∥∥
Lq⃗′ (Rn)

⩽ C2 j(s+δ−α)−k(s+δ+n)
∥∥∥χB j

∥∥∥
Lq⃗′ (Rn) .

As a consequence,∥∥∥∥(Tb j

)
χk

∥∥∥∥
Lq⃗(Rn)

⩽ C2 j(s+δ−α)−k(s+δ+n)
∥∥∥χB j

∥∥∥
Lq⃗′ (Rn)

∥∥∥χBk

∥∥∥
Lq⃗(Rn) ⩽ C2

( j−k)
(
s+δ+

n∑
i=1

1
q′i

)
− jα
.

Therefore, when 0 < p ⩽ 1, by
∑n

i=1
1
q′i
⩽ α < s + δ +

n∑
i=1

1
q′i

, we get

I1 =

∞∑
k=−∞

2kαp

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣ ∥∥∥∥(Tb j

)
χk

∥∥∥∥
Lq⃗(Rn)


p

⩽ C
∞∑

k=−∞

2kαp

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣p 2

(
( j−k)

(
s+δ+

n∑
i=1

1
q′i

)
− jα

)
p


= C
∞∑

j=−∞

∣∣∣λ j

∣∣∣p ∞∑
k= j+2

2
( j−k)

(
s+δ+

n∑
i=1

1
q′i
−α

)
p
⩽ C

∞∑
j=−∞

∣∣∣λ j

∣∣∣p .
For 1 < p < ∞, noting that

∑n
i=1

1
q′i
⩽ α < s + δ +

∑n
i=1

1
q′i

, by the estimate of |Tb j(x)| and the Hölder
inequality, we have

I1 ⩽ C
∞∑

k=−∞

2kαp

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣ 2( j−k)
(
s+δ+

n∑
i=1

1
q′i

)
− jα


p

⩽ C
∞∑

k=−∞

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣p 2
( j−k)

(
s+δ+

n∑
i=1

1
q′i
−α

)
p
2

 ×
 k−2∑

j=−∞

2
( j−k)

(
s+δ+

n∑
i=1

1
q′i
−α

)
p′

2


p
p′

⩽ C
∞∑

k=−∞

 k−2∑
j=−∞

∣∣∣λ j

∣∣∣p 2
( j−k)

(
s+δ+

n∑
i=1

1
q′i
−α

)
p
2


⩽ C

∞∑
j=−∞

∣∣∣λ j

∣∣∣p ∞∑
k= j+2

2
( j−k)

(
s+δ+

n∑
i=1

1
q′i
−α

)
p
2
⩽ C

∞∑
j=−∞

∣∣∣λ j

∣∣∣p .
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Let us now estimate I2. When 0 < p ⩽ 1, by the Lq⃗ (Rn) boundedness of T, there holds

I2 =

∞∑
k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣ ∥∥∥∥(Tb j

)
χk

∥∥∥∥
Lq⃗(Rn)


p

⩽ C
∞∑

k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∥∥∥b j

∥∥∥p

Lq⃗(Rn)


⩽ C

∞∑
k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∣∣∣B j

∣∣∣ −αp
n


= C

∞∑
j=−∞

∣∣∣λ j

∣∣∣p j+1∑
k=−∞

2(k− j)αp ⩽ C
∞∑

j=−∞

∣∣∣λ j

∣∣∣p .
When 1 < p < ∞, again by the Lq⃗ (Rn) boundedness of T and the Hölder inequality, we have

I2 ⩽C
∞∑

k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∥∥∥∥(Tb j

)
χk

∥∥∥∥ p
2

Lq⃗(Rn)


 ∞∑

j=k−1

∥∥∥∥(Tb j

)
χk

∥∥∥∥ p′

2

Lq⃗(Rn)


p
p′

⩽ C
∞∑

k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∥∥∥b j

∥∥∥ p
2

Lq⃗(Rn)


 ∞∑

j=k−1

∥∥∥b j

∥∥∥ p′

2

Lq⃗(Rn)


p
p′

⩽ C
∞∑

k=−∞

2kαp

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∣∣∣B j

∣∣∣ −αp
2n


 ∞∑

j=k−1

∣∣∣B j

∣∣∣ −αp′

2n


p
p′

⩽ C
∞∑

k=−∞

2kαp/2

 ∞∑
j=k−1

∣∣∣λ j

∣∣∣p ∣∣∣B j

∣∣∣ −αp
2n

 ⩽ C
∞∑

j=−∞

∣∣∣λ j

∣∣∣p .
Combining all the estimates above, we arrive at

∥T f ∥K̇α,p
q⃗

(Rn) ⩽ C∥ f ∥HK̇α,p
q⃗

(Rn).

Thus, the proof is completed.

Now we give some concrete operators satisfying the conditions of Theorem 5.1.
The classical Calderón-Zygmund operator T is a initially L2(Rn) bounded operator with the associated

standard kernel K, that is to say, functions K(x, y) defined on Rn
×Rn

\ {(x, x) : x ∈ Rn
} satisfying

(i) the size condition:

|K(x, y)| ⩽
A

|x − y|n
,

for some constant A > 0;
(ii) the regularity conditions: for some δ > 0,∣∣∣K(x, y) − K

(
x′, y

)∣∣∣ ⩽ A |x − x′|δ(
|x − y| +

∣∣∣x′ − y
∣∣∣)n+δ

holds whenever |x − x′| ⩽ 1
2 max

(
|x − y|,

∣∣∣x′ − y
∣∣∣) and

∣∣∣K(x, y) − K
(
x, y′

)∣∣∣ ⩽ A
∣∣∣y − y′

∣∣∣δ(
|x − y| +

∣∣∣x − y′
∣∣∣)n+δ
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holds whenever
∣∣∣y − y′

∣∣∣ ⩽ 1
2 max

(
|x − y|,

∣∣∣x − y′
∣∣∣).

Then T can be represented as

T f (x) =
∫
Rn

K(x, y) f (y)dy, x < supp f ,

which is obvious a Lq⃗ (Rn)-bounded operator.

Theorem 5.2. Suppose that T is an above Calderón-Zygmund operator, and that 0 < δ ⩽ 1 is the constant associated
with the standard kernel K, then for

∑n
i=1

1
q′i
⩽ α <

∑n
i=1

1
q′i
+ δ and 0 < p < ∞,T is bounded from HK̇α,p

q⃗
(Rn) to

K̇α,p
q⃗

(Rn).

Proof. Noting that
∑n

i=1
1
q′i
⩽ α <

∑n
i=1

1
q′i
+ δ implies that s = [α −

∑n
i=1

1
q′i

] = 0, the operator T satisfies the
conditions of Theorem 5.1 with s = 0. The desired conclusion follows directly.

Theorem 5.3. For any central (α, q⃗)-atom f , let

T f (x) =
∫
Rn

K(x, y) f (y)dy, x < supp f

satisfying
∫
Rn T f (x)dx = 0 be a bounded operator on Lq⃗ (Rn) for some 1 < q⃗ < ∞, and the kernel K satisfies that there

are constants C′ > 0 and 0 < δ ⩽ 1 such that

|K(x, y) − K(x, 0)| ⩽ C′
|y|δ

|x − y|n+δ
, |x| ⩾ 2|y|.

Then for any α and p with
∑n

i=1
1
q′i
⩽ α <

∑n
i=1

1
q′i
+ δ and 0 < p < ∞, there exists a constant C such that

∥T f ∥HK̇α,p
q⃗

(Rn) ⩽ C ( or ∥T f ∥HKα,p
q⃗

(Rn) ⩽ C
)
.

Proof. We only prove the homogeneous case. Let f be a central (α, q⃗)-atom supporting in B(0, r)(r > 0). It suffices to
show T f is a central (α, q⃗; 0, ε)-molecule for some 1+ δ

n −
1
n
∑n

i=1
1
q′i
⩾ ε > α

n −
1
n
∑n

i=1
1
q′i

. Let a = 1
n
∑n

i=1
1
q′i
−
α
n +ε, b =

1
n
∑n

i=1
1
q′i
+ ε. Next, we will verify the size condition for molecules, that is

Rq⃗(T f ) = ∥T f ∥a/b
Lq⃗(Rn)

∥∥∥| · |nb(T f )(·)
∥∥∥1−a/b

Lq⃗(Rn) ⩽ C,

with C independent of f . To do this, we first estimate
∥∥∥| · |nb(T f )(·)

∥∥∥
Lq⃗(Rn) In fact, we have∥∥∥| · |nb(T f )(·)

∥∥∥
Lq⃗(|·|⩽2r)

⩽ Crnb
∥T f ∥Lq⃗(Rn) ⩽ Crnb−α.

Moreover, the vanishing moment of f and the regularity of K give us that for x with |x| > 2r,

|T f (x)| =
∣∣∣∣∣∫
Rn

K(x, y) f (y)dy
∣∣∣∣∣

=

∣∣∣∣∣∫
Rn

(K(x, y) − K(x, 0)) f (y)dy
∣∣∣∣∣

⩽ C
∫
Rn

|y|δ

|x − y|n+δ
| f (y)|dy

⩽ Crn+δ
|x|−(n+δ) 1∣∣∣B(0,r)

∣∣∣
∫

B(0,r)

| f (y)|dy

⩽ Crn+δ
|x|−(n+δ)M f (x).
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Therefore, by the fact nb − n − δ ⩽ 0, we further get∥∥∥| · |nb(T f )(·)
∥∥∥

Lq⃗(|·|>2r)
⩽ Crn+δ

∥∥∥| · |nb−n−δM f (·)
∥∥∥

Lq⃗(|·|>2r)

⩽ Crn+δ+nb−n−δ
∥M f ∥Lq⃗(Rn)

⩽ Crnb
∥ f ∥Lq⃗(Rn) ⩽ Crnb−α.

Consequently,

Rq⃗(T f ) = ∥T f ∥a/b
Lq⃗(Rn)

∥∥∥| · |nb(T f )(·)
∥∥∥1−a/b

Lq⃗(Rn)

⩽ C∥ f ∥a/b
Lq⃗(Rn)

r(nb−α)(1−a/b)

⩽ Cr−αa/b+(nb−α)(1−a/b) ⩽ C.

This completes the proof.
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