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Precise large deviations for sums of two-dimensional random vectors
with dependent and real-valued components
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Abstract. In this paper, we study the precise large deviations of sums of two-dimensional random vectors
with two dependent and real-valued components. In the presence of heavy tails, we obtain some uniformly

asymptotic results for the bivariate case, which can provide novel insights into dependence structure
between two marginal components.

1. Introduction
Let {é = (.51(.1), 652))T,i > 1} be a sequence of independent, identically distributed and real-valued copies

of a generic random vector & = (£M,£@)T with mean vector i = EE = (i1, 42)T, and common marginal
distributions F; and F, respectively. Denote the n-th partial sums of two-dimensional random vectors by

n n n T
Si=Y 6=} 6@ = (s0,52), n=1. (1)
i=1 i=1 i=1

In this paper, we consider the precise large deviations for the partial sums of random vectors with two
dependent components of heavy tails.
An important class of heavy-tailed distributions is the long-tailed class L. Say that a distribution F
belongs to the class £, denoted by F € L, if l_f(x) >0 forall x >0, and
F(x +
lim —(_ ) =

1, forall y e (—c0,0).
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Another important class of heavy-tailed distribution is the dominated variation class . Say that a distri-
bution F belongs to the class D, denoted by F € D, if I_f(x) > 0 forall x >0, and

lim I_:_(vx)
= Fx)

<oo, forall O<v<l1.

A slightly smaller class of £ N D is the consistent variation class C. Say that a distribution F belongs to the
class C, if

F F
lim lim inf _(Ux) =1, orequivalently, limlimsup _(Ux)
o\l x>0 F(x) /1 xS0 F(x)

=1

Finally, a distribution F is said to belong to the extended regular variation class, if for some 0 < a < f < oo,

2 J2
vP <liminf _(vx) < lim sup ﬂ <v™®, forall v>1,
= F(x) x—co  F(x)

where we denote F € ERV(—a, —p). It is well-known that the inclusions below are proper, that is,
ERV(—a,-B)cCcLnDc L.

For more details on the heavy-tailed distributions and their applications, we refer to Bingham et al. (1987)
and Embrechts et al. (1997).

The precise large deviation is a classical research issue in probability theory, and also play a critical role
in many applied areas such as insurance and finance. The study of precise large deviations for sums of
heavy-tailed random variables was initiated from the pioneer works of Heyde (1967), A.V. Nagaev (1969a,b),
and S.V. Nagaev (1979), and revisited by other researchers afterwards. See, for example, Cline and Hsing
(1991), Rozovskii (1993), Kliippelberg and Mikosch (1997), Mikosch and Nagaev (1998), Ng et al. (2004),
Tang (2006), and Liu (2009). For recent works, especially those with applications in risk theory, we refer
to Tang et al. (2001), Kaas and Tang (2005), Wang and Wang (2007), Konstantinides and Loukissas (2010),
Chen and Yuen (2012), Yang and Wang (2013), He et al. (2013), Lu et al. (2014), Jiang et al. (2015), Shen et
al. (2016), Liu et al. (2017), Wang and Chen (2019), Gao et al. (2020), Chen et al. (2021), Gao and Pan (2023),
and references therein.

To our best knowledge, there is a relative dearth of asymptotic results in bivariate case, namely the precise
large deviations for sums of two-dimensional random vectors. However, Shen and Tian (2016) studied the
precise large deviations for sums of nonnegative random vectors with two dependent components using
copulas for operational risk measurement, and then obtained the corresponding results for aggregate claims
in a two-dimensional risk model. Fu et al. (2022) further extended Shen and Tian’s results to the case in
which the claim-size vectors and their waiting times are arbitrarily dependent.

In the present paper, we aim to extend the study in bivariate case from nonnegative random vectors
to real-valued ones, where the main difficulty that we will encounter in the proof is due to the two-sided
support of distributions Fy, k = 1,2. As the marginal distributions of each vectors are long-tailed or
consistent-varying-tailed, we obtain some asymptotic results of the precise large deviations for sums of
two-dimensional random vectors. Note that our study is among the initial efforts to study the precise large
deviations for sums of real-valued random vectors, and can provide invaluable insights into dependence
structure between two marginal components.

The remaining part of this paper is organized as follows: we state the main results with their motivation
in Section 2, and prove them in Sections 3 and 4, respectively.

2. Main results and their motivations

Henceforth, all limit relationships are taken as n — oo unless otherwise stated. For two bivariate positive
functions f and g, we write f = O(1)g if limsup f/g < oo, write f = o(1)g if lim f/g =0, write f Sgorg = f
iflimsup f/g <1, write f ~gif f Sgand f 2 g.
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Tang (2006) studied the asymptotic behavior of precise large deviations for sums )., &; of a sequence
of negatively dependent random variables {£;,i > 1}, namely that for eachn = 1,2,---, and all x1,--- , xy,
the two inequalities below hold simultaneously,

P& <, & <) < [ [ PG <)

i=1

and
P& >, & > 1) < | [ PG> x0).
i=1

See Lehmann (1966), Ebrahimi and Ghosh (1981), and Block et al. (1982).

Theorem A. Let {&;,i > 1} be a sequence of negatively dependent random variables with common distribution F € C
and mean 0, satisfying xF(—x) = o(1)F(x) as x — co. Then for each fixed y > 0, it holds uniformly for all x > yn that

P(S, > x) ~ nF(x),

namely,
. P(S, > x) ‘
lim sup |———— - 1| =
=0 sy | nF(x)

For the bivariate case, Shen and Tian (2016) investigated the precise large deviations for sums S, of
two-dimensional random vectors under the following assumptions.

Ay Let {E,i > 1} be a sequence of independent and nonnegative random vectors with finite mean vector i and

common marginal distributions F1 and Fy, respectively. For every i > 1, (Efl), 552)) has a survival copula G,
satisfying

€ (Fi(x1), Fa(x2)) < MFy (x1)Fx(x2) 2

where M is a positive constant.
Ay. Fi € ERV(-a,—p) for some 1 < a < B < oo, and for some constant ¢ > 0,

Fy(x) ~ cF1(x), as x — oo. (3)
Aj. There exists 1 < r < oo such that

_ Cf(),09() _ .

forall f(x) > 0and g(x) > 0 such that lim,_,o f(x) = lim,_0 g(x) = 0.

Theorem B. Let {£;,i > 1} be a sequence of independent and nonnegative random vectors with Assumptions Aq, Az
and As, it holds uniformly for all X > yn that

n n
PSy—nii >0 ~) Y PE" >x, &7 > x),

i=1 j=1

namely,

P§n— i >
lim su ( e 9 1| =0,

p —
= oy | Ly T P& > 31,82 > x)
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where X = (x1,x2)T and y = (y1,y2)T > 0=(0,0).

Remark 2.1. As was pointed out by Shen and Tian (2016), it follows from Sklar’s Theorem that PED > x1,EQ) >
x) =C (I_fl(xl), I?z(xz)). Hence, the inequality (2) can cover not only a negative dependence structure but also a
positive one.

More recently, Fu et al. (2022) further gave the weakly asymptotic formula for precise large deviations
for sums S, of two-dimensional random vectors with dominatedly-varying-tailed components.

Theorem C. Let {é,i > 1} be a sequence of independent and nonnegative random vectors with Assumption Ay with
the positive constant M replaced by a positive finite function. If Fy € D, k = 1,2, then for any y > 0, relation

L, Le,i?Fy (1) Fa(x2) < P(S, — il > %) 5 (Le, Li,) " 12F1 (x1)Fa(x2)
holds uniformly for all ¥ > yn.

Inspired by the above-referenced results, we will further in this paper consider the following issues.
(1) We will discuss the sums of a sequence of real-valued random vectors rather than nonnegative ones
considered by Shen and Tian (2016) as well as Fu et al. (2022), and so the main difficulty in this paper is
due to the two-sided support of distributions Fy, k = 1, 2.
(2) We will extend the class of marginal distributions of random vectors from the class ERV of Shen and
Tian (2016) to the class £ or C.
(3) We will remove the interrelationship (3) between F; and F, and Assumption Az of Shen and Tian (2016).
In the following, we state our main results of this paper, among which the first one establishes the

asymptotic lower bound of precise large deviations for sums S, of two-dimensional random vectors with
long-tailed components.

Theorem 2.1. Let {£,,i > 1} bea sequence of independent and real-valued random vectors with mean vector 0. If
Fr€ L, k=1,2, and Assumption Ay is satisfied, then for any y > 0, it holds uniformly for all X > yn that

n n
PGSy >Nz ), Y PE" > 20,67 > x) ~ wFi(a)Fax).

i=1 j=1
The second theorem provides an asymptotic formula of the precise large deviations for sums S, of

two-dimensional random vectors with consistent-varying-tailed components.

Theorem 2.2. Under the conditions of Theorem 2.1 except that Fy € C, k = 1,2, it holds uniformly for all ¥ > yn
that

PG>~ Y Y PED > x1,ED > 1) ~ n?Fi (x1)Fa(xa).

i=1 j=1
3. Proof of Theorem 2.1
By (2) and Remark 2.1, it follows that
n n
€} (3]
Y Y P(ED > x,8P > x)
=1 j=1

n

= Z P(éfl) > X1, 552) > xz) + Z P(El(l) > X1, 55.2) > Xg)

i=1 1<i#j<n

~ 1%F;(x1)Fa(x2). (4)
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So it suffices to show that, uniformly for all ¥ > yn,
P(S, > %) 2 n*F1(x1)Fa(x2). ®)

Consider a distribution F € £, there exists a function /: (0, o) - [0, 00) such that i(x) — oo, h(x) = o(1)x
and

F(x +h(x)) ~ E(x), as x — oo. (6)
See, for example, Embrechts et al. (1997). Then for the function k(x) as above, we have
P(S, > %)

> P(gn > X, max E( ) > x1 + h(xy), max é( ) > ¥ + h(xz))
<j<n

1<i<n

> P(Sy> %" > x1 + h(xr), £ > %2 + h(xy))
- P(ED > x1 +h(x1), £P > % + 1(x2), £ > %3 + (x2))

= Y Y P(ED > x +ha), & > 3+ (), &P > 2 + hix))

= [1(X,n) — I(x, n) — I(¥, n). 7)
Firstly, we consider I (¥, ), which is written as

L (X, n)

. 5(1) —h - 5(2) —h ,
>22P k;‘#-z g (X)klzk‘#j # > )

T s xahx), P> x4 hx)

> p@9>n+h@¢g”>m+Mm»

P[af.” > x4+ h(), &7 > x0 +hw), Y| & < —h(xo]
i i=1 k=1k#i

n

P[Egl) > X1+ h(xl), 5§2> > Xy + I’l(XQ),
1

]
= I11(X, n) — [1o(X, n) — L13(X, n), (8)

where the second step is due to an elementary inequality P(ABC) > P(A) — P(AE) - P(AE). For I15(X, 1), one
has

ho@n) = Y P(e">x1 +h(n), &P > 0 + h(x)) P [Z & < h(xl]

i=1 k=1k#i

" Z 5(1) > x4+ h(xl)) (522) > xp + h(xy), Z 5;(3) < —h(xl)]

1<i#j<n k=1k+i
L1 (%, 1) + Lipp(X, ). ©)
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By the law of large numbers, it holds that
n
lim sup P Z é,((l) < —h(x1)| =0,
"z (ke
which leads to

I 151 (%, n)
im su -
n—oo ”2)771 Ill(x/ 7’1)

Yy PEY > a0 + 1), EF > 0 + )P (T i &8 < ~h(x1))
lim sup - ) o
190 25 9 Yica P& > x1 + h(x1), &7 > x2 + h(x2))
- 0 (10)

IA

Clearly, one knows that

(%, 1)
n
= Z P(EM >+ h(xl))P[gj” > x5 + h(x2), Z (-0 > h(x)]
1<i#j<n k=1ki
n
< Y P(EM>x+ h(xl))P(gj?) >x+h(n), Y, &> h(x)]
1<i#j<n k=1ki
where 5,(3)_ = max{—é,(fl), 0L,k = 1,2,--- ,n. Now we construct two independent nonnegative random

variables 1) and n® with their tails as
Gi(x1) = min{1, KFy (-x1)},

and
Ga(x2) = min{1, KF>(x2)} ~ KFa(x2),

for some K > 1 such that (E;l)f, 5;2)) <st MD,1n?). Let (™, @) be independent of the other sources of
randomness. Then, it follows that

Lpo(X, 1)

< Z P(E" > x1 + h(xy)) p[q@) > x5 + h(x), V74 > h(xl)]

1<i#j<n k=1k#i,j
n
= Z P(E" > x1 + h(x)) P(n® > x2 + h(x2)) P &P+ > h(xy)
1<i#j<n k=1k#i,j

Again by the law of large numbers, one gets

lim sup P( Z 5,((1)_ +n® > h(x1)] =0,

TRazyn |
which yields that

Iipp(%,n)

=0. 11
L1 (%, n) an

lim su
n—oo p

=yn
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Hence by substituting (10) and (11) into (9), we obtain that

Inp(¥,n) 0

limsupsup —=— =
n—co > I11(x, n)

Similarly, we still obtain that

Li3(¥,n) _

lim sup sup =
- .
n—eo  F>yn Ill(x/ 71)

So by (8), (12) and (13), it holds uniformly for all ¥ > yn that
L%, n) 2 1 (%, n).

Subsequently, we turn to consider (¥, 1), which is formulated as

LEn) = Z P(EW > 31 + ), €7 > %+ () P(ED > 20 + ()

1§j1 #sz‘rl

+ i Z P (551) >x1 + I’Z(X1), éi) > Xy + h(XZ))P (éf) > X7 + h(xz))

i=1,i#j1 1<j1#j2<n

nFa(xy +h(x2)) ) P(0 > x1 + ), &7 > 1 + ()

<
ji=1
#nFa(xy +h(x2)) Y| Y P(ED > 31 + ), €7 > 3 + hi(x2))
i=1 j,=1
< 2nFp(xy + h(x2))1 (%, n),
which implies that
L(% -
lim sup sup 2(96__,)11) < lim sup 2nF(x; + h(x2)).
n—oo f2)7n 111 (JC, 1’1) n—oo X>yan
< lim 22T, (xy + h(xa))
X200 )/2
= 0.

Similarly, it still holds that

. I3(%, 1)
limsup sup —5— =0.
n—oo fz);’n Ill (x/ 1’1)

Therefore, we substitute (14)-(16) into (7) to obtain that, uniformly for all ¥ > 7,
P(S, > %) = I11(Z n).
Note thatby Fy € £,k =1,2,(2), (6) and Remark 2.1, it holds uniformly for all ¥ > yn that

Li(%n) = nPED > x; +h(x1),EP > x, + h(x)
+ 912 - 71_)F1(X1 + h(x1))F2(x2 + h(x2))
~ n?Fi(x1)Fa(x2),

4603

(12)

(13)

(14)

(15)

(16)

(17)

which, along with (17), proves that relation (5) holds uniformly for all ¥ > y1, and then completes the proof

of Theorem 2.1.
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4. Proof of Theorem 2.2
Consider a distribution F € D with its upper Matuszewska index

. logE(y)
=70 Togty) ¢

where F.(y) = lim inf,_e ;y) for y > 0. By Proposition 2.2.1 of Bingham et al. (1987), one knows that for

any p > Jf, there exist pos1t1ve constant xp and C such that
E(y) _ (_)’7 as)
Fx) \v

holds for all x > y > xo.
According to Theorem 2.1, it suffices to establish the asymptotic upper bound of P(S, > %), namely that,
uniformly for all ¥ > yn,

P(S, > %) < n*F1(x1)Fa(x2). (19)
For any 0 < v < 1, we apply a standard truncation argument to obtain that

Zn: i P(él(,l) > vxl,éﬁz) > vxz)

i=1 j=1

P(S, > %)

IA

N

+P n>9?max£()<vx1 max E? < vx,
1<i<n 1<j<n ]

= -

n> X, maxé( ) < vX1, maxé( ) > VXo
1<i<n 1<j<n

P

+

+

1<i<n <jsn

4
Y Ki@n) (20)

i=1

P( > X, maxé( ) > vx1, {naxé( ) <vx2)
K;

Clearly, by Fr € C, k = 1,2, (2) and Remark 2.1, it follows that

K (%, F F
lim sup sup L < limlim sup sup M =1 (21)
nooo gopn N2F1(X1)Fa(x2) 71 noeos wayn Fi(¥1)Fa(xa)

Now we deal with K»(¥, 1), where the method we used is motivated by those of Tang (2006) and Shen
and Tian (2016), but the main difficulty we encounter is due to the two-sided support of distributions Fj of
real-valued random variable ¥, k = 1,2. Define E(l) = mln{é(l) vx1}, 52) = mm{éZ ,vxz} i=1,2,---,n,and
SP =y e sP=yr, 5” Take 4, = max{—log nF;(vx), 1} and 4, = max{—log nF,(vx2), 1}, which both
tend to co umformly for all ¥ > yn. For two arbitrarily fixed hi(x1, 1) > 0 and hy(x2, 1) > 0, it follows from
Chebyshev’s inequality that

K@n) < PEY >x,59 > x)
S e—h1X1—I’l2X2 (Eeh131)+l’l2g )l’l
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, ROTC I
The expectation Eeé1 12417 is divided as

E€h1 511) +hy ;(.52)

VX2 VX1 VX2 00
=1+ f f (eMhtiet: _ 1)F(dty, dty) + f f (emevithet: _ )E(dty, dty)
—00 —c0 —00 UX1

o] VX1 00 00
+ f f (Mt _)E(dty, dby) + f f (PNt _)E(dty, dt,)
(%9 —00 VXo X1
4
=1+ ) H(®,
i=1

where F(t1, t2) is the joint distribution of random vector (), £?)). Hence, we have

2 —I’l1 X1 —/’lzxz 4 "
Klom ‘ [1 +Y Hi(y?)]

Ky (%, n) n(n — 1)F1(vx1)Fa(vxs) ' P
4
< ] exp {Tl ; H,()?) - h1X1 - thz +a + az} , (22)

where in the last step we used an elementary inequality 1 + s < ¢° for all s. For Hy(¥), it is divided as

0 X2 /a3 oxy /a3 X2 /a3 X1 /a2 X, [0 VX1
I S B I A N
—00 J—00 0 —00 —00 0 —00 vxl/a%
VX 0x1 /a3 0X> 0x1
+ f f + f f )(e’““”’ztz—1)F(dt1,dt2)
vxp/a3 J—co vxy /a3 Jox [a?

6
= ) Hu® (23)
i=1

Hy (%)

IA

By the elementary inequality s < ¢° — 1 < se® for all s, we get that for all t; <0,t, <0,

0< ettty _ 1 _ (hit1 + haty) < (it + hztz)(@hltl_"hztz -1
- ]’11 + h2 - ]’11 + h2
I’lltl + I’lztz
a I’ll + hz
—(t + t). (24)

IA

Considering the arbitrariness of 11 and hy, we take (h1,h2) \, (0,0), and h; = O(1)hy, hy = O(1)hy, which
means that 0 < liminfhy/h, < limsuphi/hy < oo, and so for all large 7, there exist constants B; > 0 and
B, > 0 such that By < hy/hy; < B,. Then by combining (24) and the dominated convergence theorem, we
derive that

f_Ooo j;om(ehltl+h2tz _ 1)F(dt1,dt2)
m
(h1,h2)\(0,0) hl + hz

0 h1t1+h2t2
A e -1- (l’l1t1 + I’lztz)
lim F(dty, dt
(I11,1)\(0,0) {f:m ﬂo h + hy (dhy, diz)

+fwf0 fnh F(dt dt)+f0 foo fiato F(dt, dt)
oo ity VTR oo A hy TR

B(u1- + p2-),

IA

IA
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where B = {f—gl, 1+1_Bz}’ p1- = EEMWagqy, and pp- = EEP1se4. So there exists a bivariate real function

e(-,-) with e(hy, hp) — 0 as (hy, ha) \ (0,0), such that
Hy1(X) < (1 + e(h1, h2))B(hy + ha)(u1- + pio-).

Again by the elementary inequality e° — 1 < se° for all s, we have

0x /3 ox1 /a3
Hp(®) < f f (hity + hato)e" R E(dty, dty)
0 —00
R " X, /a3 ox, /a3
< ehlvxl/u1+hzvxz/a2f f (l’lltl +h2t2)F(dt1,dt2)
0 —00
< mon/ahon/i { f f it F(dt, dt) + f f hztzF(dtl,dtz)}
—00 J -0 0 —00
< ehlvxl/a$+hzvxz/a§h2y2+,

where pip+ = EED1 1z@>0y, and the last step is also due to yy = 0. Similarly, we still have
H13(.f) < ehlvxl/ﬂ%+h2vx2/a§h1[.l1+,

where p1+ = EEM150)5q). For Hi4(¥), Hi5(xX) and Hi6(X), we obtain that

X2 /a3 oxy
Hu(®) < f f it E(dt  dty)
—00 oxy /a2
S ehlvxl +h221X2/IZ§?1 (,le /a%)/

Hi5(%) < ehlvxl/”%J'hzvle_:z(vxz/a%),
and
Hig(®) < "™¥vE(ox, a?,0x,/a3).
Therefore by (23) and the above derivations for Hy;(X),i = 1,2,--- ,6, we derive that

Hi(®) < 1+ el h))( + ho)(ui- + pp-) + mo8/aHe02/@ o 4.

+enon +hzvx2/a§F1 (vx1 /a%) + eh1vx1/uf+hzvx21_:2(vx2/g§)

+elmom +hzvxzf(vxl /a%, VX /aé) (25)
For Hy (%), it holds that
ox, [ oo Xy ~
Hz(f) = f f + f f (ehlvxl+h2t2 - 1)F(di’1, dtz)
—c0 X1 oxy /a3 Joxy
< MheR/BE (ox) 4 NONRORISE oy ox,y ). (26)

Similarly, it still holds that

™ vx1 /a2 ™ X1
f f + f f (€h1t1+h2vx2 — 1)E(dty, dts)
Xy J—00 vxy Joxy /a2

ehlvxl/aerhzvxz]_:z(sz) + ehlvxl /u%+hzvxz1_:(vxl /{1%, sz), (27)

Hs(x)

IA

and

Hy(@) < oo Fox ox,). (28)
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Take hi(x1,n) = n2plogm g ho(xo,m) = uzzi:zﬂ where p; > ]F and p, > ]F Hence, by substituting
(25)-(28) into (22), and using (18) and (2), we conclude that for all large n, there exist constants C; and C,,
depending on F; and F, respectively, such that

Ky (¥, n)
Ky(¥,n)
< oexp {1+ el )+ ) + €575 G+ i) | + 1)
+ Cre® + Coet + @ +o(l)er +o()er +o(1)ME1
2y 0(1)1\7/I —hix1 —hoxy +a; + az}
< O()exp {o(l)n(hl ) + (1 - %)(ul + a2)}
= O()exp {o(l)al +o(l)ay + (1 - %) (a1 + az)} ,
which implies that
lim sup sup K@ m = (29)

n—oo )?2)7n Kl(fr I’Z)

Subsequently, we turn to estimate K3(¥, n). By (2), it holds uniformly for all ¥ > yn that
K3(¥,n)

n
< 2 PGSV > x, 5(2) > 0xp)

—Zf [P >, 5 )

Gi(dx", -, dx “) L dx\D o dxty

]+1’ ’

(1) (1) DM (1)
<MZf f é > X xl —_ . ]1 ]+1 ..._xn)

1 1 1) 1
-P(éj. "> o0)Gidx(, - dxdl dxll) )

= MnF5(vx)P(3 > x1),

.. 5(1)

where G; is the joint distribution of (E 1

& P &), Thus we obtain that, uniformly for all

x> yn,

Ks@n) _ MnEx)PS) > x1)
Ki(@,n) = n(n = 1)Fi(ox1)Fa(vx)
(n- 1)1_-"1(vx1).

By mimicking the proof of Theorem 3.1 of Tang (2006), and taking @ = max{1, —log(n — 1)F;(vx;)} and
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_ a-2ploga
h= x|

P(S,(}) > xl)
(n — 1)F;(0x1)

, we derive that for all large n,

e (1 + e(M)hur- + et huye + O Fy(oxy) +1)'

< exp([1+ e()ur- +esuyInh + O()e'Fy (ox) - hix + a
= O(1)exp {o(l)nh — hx + a}
1
= O(1)exp {o(a) + (1 - 5)a}
= o(l),
which leads to
lim sup sup K m 0. (30)

n—eo >y Kl (9?/ Tl)
Similarly, we also get that

K =2
lim sup sup M =0. 31)
R S Ki(x,n)

Consequently, we substitute (21), (29)-(31) into (20) to show that relation (19) holds uniformly for all ¥ > 7/,
and then give the proof of this theorem.
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