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Abstract. Recently, Ferreyra and Malik (Some new results on the core partial order, Linear and Multilinear
Algebra, DOI: 10.1080/03081087.2020.1841078) give an example to show that AgB does not imply (B—A)® =

- ®

B® — A%, and put forward an open question: Let A, BEC?]M, can A<Band (B— A)® = B® - A® = A<Bbe true?
In this paper, the above problem will be completely solved. We also give some necessary and sufficient
conditions for core partial order, and we give some new characterizations of strong core orthogonality.

1. Introduction

In this paper, we use the following notations. We denote the set of all mxn complex matrices by C"*".
For A € C"™", symbols A, R(A), tk(A), Ind(A), A~1 stand for the conjugate transpose, range, rank, index
and the inverse (m = n) of A, respectively. I, refers to the nxn identity matrix.

We first review definitions of some well-known generalized inverses. Let A € C™", then the Moore-
Penrose inverse A" [15] of A is the unique matrix XeC™" satisfying the equations: (1)AXA = A, (2)XAX =
X, 3)(AX)* = AX and (4)(XA)* = XA. The symbol A{i, ..., j} is the set of matrices XeC"™ " which satisfy
the conditions (i), ..., (j) from the Eqgs.(1)-(4). A matrix X€A{i, ..., j}is called an {i, ..., j}-inverse of A, and
denoted by Al

For A € C"™", when rk(A) = rk(A?), we denote Ind(A) = 1, and call A as a group matrix (or a core matrix).
The symbol C,," stands for the subset of C" consisting of group matrices. The group inverse A* [15] of a
group matrix A is the unique matrix X € C'*", which satisfies the following equations: AXA = A, XAX =X
and AX = XA.

Moreover, for the square matrix A with index 1, Baksalary and Trenkler [1] give the definition of core

inverse, which refers to the unique matrix X € C"™" satisfying the conditions AX = AA", R(X)CR(A), and
denoted by A®.
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They also put forward the definition of core partial order in [1], which has attracted extensive attention
from the fields of generalized inverse theory and matrix partial order. Subsequently, a series of articles on
the core partial order appeared [5, 9, 11, 13, 14, 18].

A binary relation is called a partial order if it is reflexive, transitive and anti-symmetric on a non-empty
set. In general, we can characterize the corresponding partial order by using the known generalized inverse.
The star, minus and core partial orders are defined as follows [1-3, 6-8, 12]:

1) A, BeC’”X",A;B < AA" =BA®, A"A = AB,
& AAT = BAT, A'A = A'B;
(2) A, BeC’"’“’,A%B © AAT =BAT, ATA=A"B, forsome A™,AT€All},
& rk(B) — rk(A) = rk(B — A);
(3) A,BeC.", A<B & AA® = BA®, A®A = A®B.
The other well-known partial orders are the sharp, Léwner, C-N, GL, CL partial orders, etc. For more
details, see [2, 3, 6, 12,17, 19].

Many scholars have discussed the relationship among various partial orders. While proposing the
definition of core partial order, Baksalary and Trenkler [1] also consider the relationship between the core

partial order and the minus partial order. Let A, BeC,,". They also point out that if A%B, then A<B. However,

A<B does not mean A<B.

In [7], Hartwig and Styan propose an important equivalent characterization of star partial order, which
is related to the minus partial order and dagger-subtractivity. They also give some other characterizations
of star partial order. For A, BeC"™",

A<B & A<Band (B - A)' = Bt — A",
& A<Band A’B,BA" are both Hermitian;
& A<Band A'B,BA" are both Hermitian;
& A<Band B' - A" isa {1,3}-generalized inverse of B — A.

It is natural to make some similar conjectures for core partial order. In [5], Ferreyra and Malik define

the core-subtractivity property for two group invertible matrices. They give an example to show that A<B
does not imply (B — A)® = B® — A%, and put forward an open question:

Problem 1.1. Let A,BECC,',M. Can

A<Band (B - A)® = B® — A® = A<B (1)
be true?

Based on core inverse, Ferreyra and Malik give concepts of core orthogonality and strongly core orthog-
onality [4] in CnM Let A, BECEM. When A®B = 0 and BA® = 0, A is said to be core orthogonal to B (denoted
by A14B); when A14B and B1,A, A and B are said to be strongly core orthogonal (denoted by AL, sB).
Moreover, they point out that

AL,B & A<(A + B); )

AlysB & AS(A +B) and B<(A + B); 3)
AL, sB & A®B = 0,BA® = 0and AB® = 0. 4)
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For A, BeC™", we have the following equivalent characterization of star orthogonality, which is related
to dagger-additivity and rank-additivity [7, 12]:

AL.Be (A+B) = A" + BT and rk(A + B) = rk(A) + rk(B).

For strong core orthogonality, Ferreyra and Malik[4] prove that AL sB implies (A + B)® = A® + B® and
rk(A + B) = rk(A) + rk(B), and put forward an open question: Let A4, BECZM. Can AlgsB e (A+B)® =
A% + B?® and rk(A + B) = rk(A) + rk(B) be true? In [10], we prove that the result is true and give some new
characterizations of strong core orthogonality. Furthermore, based on the core-EP decomposition, we give

forms of matrices A and B when A<B in [10]. This characterization is shown in Lemma 2.2, which is what
we need to use in this paper.

In this paper, we will make some new contributions by revisiting the core partial order and strong
core orthogonality. First, we consider the relationship between core partial order and core-subtractivity,
and solve the above Problem (1). We derive some new equivalent conditions of core partial order, which
are characterized by core inverse, group inverse and some Hermitian matrices. We slao get some new
characterizations of strong core orthogonality, which are about {1,3}-generalized inverse.

2. Preliminaries
In order to get our conclusions, we need to use following results in this section.

Lemma 2.1 ([16], Core-EP decomposition). Let AcC™" with Ind(A) = k and rk(A¥) = p. Then, it has A =
Ay + Ay, where A1€C,)’, Ak = 0, A1A; = AyA; = 0.
Furthermore, there exists a unitary matrix UeC™" such that

T S T S

A:u[o N 0 0

]u*, Alzu[ ]u*, A2=U[8 Z(\J]]u ()

where TeCPY is nonsingular; SECP*"=P); NeC=P*=) js nilpotent of index k, i.e., N¥ = 0.

T S
0 0

with p = rk(B) and U is unitary. IfA;B, then we have

Lemma 2.2 ([10]). LetBeC,", andB = U [ ] U~ be the core-EP decomposition of B, where TeCF*? is nonsingular

_ A A, .
A= u[ 0 0 ]u, (6)
where Ay = A11T_1A11 and A1y = AnT‘lS.
Lemma 2.3 ([16, 21]). Let AcC™" be as in (5). Then rk(A) = rk(A?2)&N = 0, that is
T S|,.
A= u[o 0] . )
In that case, we have
T 0 T1 T72S
® _ . A _ .
A_U[O O]U,A—U[O O]U. (8)
Lemma 2.4 ([10]). Let A € C," have the block form that is A = [ﬁz ﬁ;i], where Ay € C™ and t is any

nonnegative number satisfying 0<t<n. Then

®
(1) Ay = 0and Ay = 0 & AyeC," and A® = [AO“ 8],

QA1 =0and A, =0 Azzedxt and A® = [8 A% ]
2
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T S

Lemma 2.5 ([1,20]). Let A=U [0 7

} U*eC™", where TeCP*? is nonsingular and Ze(ﬁ,hfp. Then

-1 _7-1 @
A®:U[T T sz ]u*.

0 z®

Lemma 2.6 ([4]). Let A, BeC," with tk(A) = t and rk(B) = p. Then the following statements are equivalent:

(1) ALe,sB;

(2) There exist nonsingular matrices T; € C™* and T, € CPP, a unitary matrix U € C™", S € C*=P=D and
S, € CP=P=1 sych that

T, 0 S 0 0 0
A=U|0 0 o|lu,B=U|0 T, S|U. (10)
0 0 0 0 0 0

3. The equivalent conditions for core partial order

According to Lemma 3 in Section 3 of [1], we give forms of matrices A, BEC," when they satisfy the core
partial order under the core-EP decomposition.

Theorem 3.1. Let A, BeCiM, then the following statements are equivalent:

(1) A<B;
(2) There exist nonsingular matrix TeCP*P and a unitary matrix U such that

T S

A:U[O o

* — T S *
]U,B—U[O Bzz]u' (11)

M
where BzzeCcn_p.

In [7], the authors gave an equivalent characterization of star partial order, which is A<B&A<B and
Bf — At is a {1,3}-generalized inverse of B — A. Next, we consider similar conditions of core partial order.

Theorem 3.2. Let A, BEC?qM, then the following statements are equivalent:
(1) A<B;
(2) A<B and B® — A®<(B — A){1, 3).

Proof. (1)=(2) If AgB, then from Lemma 2.5 and Theorem 3.1, we can obtain that A and B have decompo-
sition forms as in (11), and

T-1 0 T-! —T-1SBY
® — * @& _ 22 *
A _u[o O]U,B _u[o B ]u
o0 0], pe 4e [0 -TSBY
B—A_U[O BZZ]U,B ~A ‘[o B

It is obvious that rk(B) — rk(A) = rk(Bay) = rk(B — A), that is A<B. And
0 0
0 Bx

0 0
0 BB

(B—A)(B®—A®)(B—A)=U[ ]U*=B—A,

(B~ A)B® ~ AV))' = U[ ]u = (B~ A)(B® ~ A"),
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which implies B® — A®¢(B — A){1, 3}.

(2)=(1) Let B = U[T 5

0 0] U be the core-EP decomposition of B, where TeC”? is nonsingular with

rk(B) = p and U is unitary. From A<Band Lemma 2.2, the decomposition form of A is shown as in (6). Then
from Lemma 2.4, it follows that

A T-A;1 S—Ap < DO A® _ T_l—A?l 0 "
B A—U[ 0 0 ]U,B A®=U 0 OU. (12)
Using (12) and B® — A®€(B — A){1, 3}, we have
(T-An) T = A7 NT - An) =T - A, (13)
(T = Au)(T™ = AD)) = (T = An)(T™! - A%). (14)
Let Ay =V [7(;1 501] V* be the core-EP decomposition of A;1, where T;€C™ is nonsingular with t =
-1
k(A1) and V is unitary. Then, A?l =V [T(l) 8] V*. Partitioning T-! in conformation with partition of Ay,
. _ [F11 Fpo
T'=V {74
gives sy F22]

From Ay; = A11T"1Aq1, we have

Ty S| _ [(TiFu + SiFa))Ti  (T1F11 + S1F21)S
0 O ] N 0 0 ’

T, is nonsingular, so
T1F11 + S1F» = 1. (15)
As (13),(14), A1 = AT A, AllA?lAn = Ay and T is nonsingular, we have

—TA%T + AnA%T + TA%AH —A11 =0and (TA1®1 + A11T_1)* = TA% + A11T_1.

Next, write X = TyF1» + S1F». Pre-multiply and post-multiply the first equation by T~! respectively,

—-A? + T‘lAllAfl + A An T-! - T'A; T = 0. By combining equation (15), it can be calculated that

0 T1_1X—F11X -0
0 FX o

which leads to
T;'X = FyX and F1 X = 0. (16)
Let’s consider the second equation. TAJ, + AT = T(A?, + T AT )(T!)'T* and

—1 = * s —1 > s %
T Fy, + FuFy + FuXF, T F, +FuF, + FuXF,,

(A7 + T AT (T7) = V[ EnEh FaF, v
we get

T{'Fy, + FuFy, + FuXFy, = (FuF},) = FuFy.
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Therefore,
Fy = =FuX'F}, T;. (17)
Using (16) and (17), we can obtain that
0=—FnX =FpX'FT;X = Fp(T{'X)'T; X = FX'X.

' — ~ Fu Fo
Since Fp1 = —FpX'F};T; and T ' = V[Fh Fx»

Furthermore, we get X*X = 0,i.e., X = 0; and F» = 0. Then, from (15) it is simple to observe that F1; = T} L
So,

]V* is nonsingular, we get that F», is nonsingular.

T1 = V[Tl_ LE 12] a8

0 Fx»
Then
1 0 -1 0
—1 _ * -1 _ *
T A11A1®1 = V[ (1) 0] V= A1®1, A?]AHT = V[ (1) 0} V= A%,
which imply
AHA% = TAC?1 and A%All = A%T (18)

From A = A11T71S, we have
AY A = AL AnT 'S = A S. (19)
By applying (18) and (19), we have

AA® = V[AHA% O] V= V[TA% 0] V* = BA®,

0 0 0 0
APA =V AfAn AfAn V=V AT AGS V* = A®B
0 0 0 0 ’
thatis A<B. 0]
11 11
Example 3.3. Let A = [O O] , B= [O 1]. Then
10 1 1] 00 [0 -1
® — @& — _ — ® _ A® —
A‘[o o]'B‘[o 1] B A‘[o 1]'3 A= o 1]'

(B - A)B® ~ A)B~A) = |
ooy 3 3

which imply B® — A®€(B — A){1,3}.
In that case,

_ O
| S
—
o O
—_ |
—_
.
—
o O
_ O
.
Il
—
o O
— O

10 11
AA® — BA® — AP A = A®B =
=B [0 O]’ B [O 0]’

that is, A<B.
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Remark 3.4. Let A, BeCGnM, it is obvious that

A<B, (B—A)® = B® — A® = A<B, B® — A%¢(B — A){1,3}.

Therefore, by Theorem 3.2, we can give the conclusion to Problem 1, that is

A<Band (B - A)® = B® — A® = A<B

is true.

Now, Problem 1 has been solved completely. More importantly, we get an equivalent characterization of core
partial order with the minus partial order and {1,3}-generalized inverse.

Theorem 3.5. Let A, BEC,", then the following statements are equivalent:
(1) A<B;
(2) A<B, BA® is Hermitian and AA®B = A;
3) A%B, BA® and A*B are Hermitian.

T1 0

Proof. (1)=(2),(3) If AgB, then A and B have decomposition forms as in (11), so A® = U[ 0 0

] Ur. Then,

oo 0l pae ool O]
B—A—U|:0 BZZ]U'BA —U[O O]U,
T S T TS
® j— * * —_ * *
AA B—U[O O]U_A’AB_U[S*T S*S]u = A"A.

It is obvious that rk(B) — rk(A) = rk(B — A) = rk(B,,), that is, A<B. And (2), (3) are true.

LetB=U [g (S)] U* be the core-EP decomposition of B, where TeCP*” is nonsingular with p = rk(B) and

U is unitary. From A<B and Lemma 2.2, we can get that A has the decomposition form as in (6). Then

[A® 0 T-' 0
® _ 11 * & *
A —UHO O]U,B —U[O O]U, (20)
(A A% 0 AT A AT Ap
AA® = U 11 u*’ APA =Ul" 11 11 u*, (21)
| 0 0 0 0
[TA® 0 AT A®S
® _ 11 * ABR — 11 11 *
BA —LIL 0 O]U,A B—U[ 0 0 ]LI, (22)
[ApA®T AA%S| . . A'T AS|. .
opR — 11 11 — 11 11
AA B_Uh 0 0 LI,AB_LIA;ZT Azzsu' (23)
Let Ay =V [7(1)1 %1] V* be the core-EP decomposition of Aq1, where T1€C™ is nonsingular with ¢t =

-1
rk(A11) and V is unitary. Then, A7, =V [Té 8

Fu Flz] v

] V*. Partitioning T in conformation with partition of Ay,

: -1 _
gives T~ = V[F21 Fr
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(2)=(1) Because BA® is Hermitian, it is obvious that TA?1 is Hermitian. Then, by T; is nonsingular we
have
(TA?) =TAY, = T YAD) =AY Ty
En(Ty) 0| _[TFy Ti'Fy
le(Tl—l)* o 0
= Fu(T;') =0
= F21 =0.

From AA®B = A, we get AjA7|T = Ay and A1 AT, S = AnT™'S. Fy1 =0, T and T; are nonsingular, so
we have

0 0 0 0
= TiFn =1, T1iF12+ S51F» =0
= F;1 = Tl_l,Flz + Tl_llezz =0.

ApA® = ApT™ = [It O] _ [T1F11 T1Fip + 511:22]

In that case,

-1 -1 -1
T'AnAY, = V[Tl Fu] [Tl Sl] [T1 O] V=V [Tl O] V=A%

0 Fx|[O O0]]0 O 0 0 1
SR Y o
that is,
AnAf, = TAT,, ADAn = A} T. (24)
On the other hand, from A11A<1®1 = A1 T7!, we have
AV Ay = AL AnT'S = A A AY)S = A9)S. (25)

Substituting equations (24), (25) into (21) and (22), it is obvious that AA® = BA® and A®A = A®B are true,

i, A<B.
(3)=(1) Substituting their decomposition forms into the equation Ay; = Ay T~1A;; and because of the
nonsingularity of T7, we can obtain

T1F11 + 51Fy = 1. (26)

Because A*B is Hermitian, we can get A}, T is Hermitian. Then by (26) and T, T; are nonsingular, we
have
A D) =ALT = AnT'=(T)Ay
Iy TiFip+ S1F»n| _ I; 0
0 0 " |(T1Fi2 + S1F)* 0
= T1F12 + Slez =0.
Because BA® is Hermitian and by the proof in (2)=(1), we have F»; = 0. Then since T; are nonsingular

and by (26), we can get Fi; = T,

®
Then, we can obtain A<B. [
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In [14], Raki¢ and Djordjevi¢ give some equivalent conditions for A and B to satisfy core partial order

provided A<B, most of which are related to Moore-Penrose inverse and group inverse. In the following
theorem, we give some equivalent conditions, which are characterized by core inverse and group inverse.

Theorem 3.6. Let A, BEC,", then the following statements are equivalent:

(1) A<B;

(2) A*A = A*B and BA® is Hermitian;
(3) A*A = A*B and B(A*)? = (A®)2B;
(4) A*A = A*B and B(A®Y? = A®;

(5) A*A = A'Band A®B = AA*;

(6) A*A = A"Band A®B = BA*;

(7) A®B = AA* and BA® is Hermitian;
(8) A®B = AA* and B(A*)? = (A®)2B;

(9) A®B = AA* and B(A®Y? = A®;

(10) A®B = AA* = BA*;

(11) A*B is Hermitian and B(A*)? = (A®)?B;
(12) A*B is Hermitian and B(A®)? = A®;
(13) A*B is Hermitian and A®B = AA*,

Proof. (1)=(2)-(13) If A%B, then A, B have decomposition forms as in (11) and

T 0 Tl T-25
® _ + A# _ .
PR A A
Then,
wrx_ aen 11| TT TS|, .
AA—AB—U[S*T S*S]u’

I, 0
® — p *
BA —U[O O]U,

B(A*)? = (A®)°B = u[Tl TZS] u,

0 0

T1 0
@2 _ A® — *
B(A®? = A _u[o O]u,

-1
BA" = AA* = A®B = u[l(’)’ TOS] u-.

Obviously, (2)-(13) are true.

LetA=U [g g] U be the core-EP decomposition of A, where TeCP*? is nonsingular with p = rk(A)

and U is unitary. Then,

T1 0

0 0

® _
A —U[ 0 0

-1 -2
]u*, A#=U[T T S]u*.
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Bi1 B

Partitioning B in conformation with partition of A, gives B = U [B B
21 bx»

] U*. Then

v TT TS| . . [TBu TBia], ..
Ad=Ulgr S*S]U’AB_U[S"BH S*Blz]u’
[B,,T-1 0], . T'Byy T'Bia|, .
@ _ ® —
BA ‘U_321T—1 O]U,A B_U[ 0 o U
(1, TS B T~' B TS
#_ p * #_ 11 11 "
AA _u_o 0 ]U,BA _U[B21T‘1 3217*-15]”'

BA = U gﬁi gﬂg] U, ABA = U[TBHT g SBuiT TByS 3 SBxS w,
[T7-2 -2
(A®)B = U _T 0311 T OBH] U
(2)=(1) From A*A = A*B and T is nonsingular, we can obtain
Bin=T, By =S (27)
From BA® is Hermitian and T is nonsingular, we can obtain
By =0. (28)

Applying (27) and (28), we have

T S|, . [T s],.
R AN ) 8

Then by Theorem 3.1, AgB.
Similarly, under the above decomposition of A and B, as long as the conditions (27) and (28) are true,

then A%B. It is easy to see that each of conditions (3)-(13) implies (27) and (28). O

4. Some new characterizations of the strong core orthogonality

In this section, we give some new results on strong core orthogonality.
First, from (2) and Theorem 3.2, it is easy to check that

ALy(B— Ay ASB&A<B and B® — A(B — A){1,3).

Considering the matrices A and B in Example 3.3, then

[1 0][o O]
@ _ — —_
A%B A)‘_o 0[|0 1_‘0'
[0 0][1 O]
_ & — _
(B-A)A =lo 1[0 0‘_0,
[1 1]fo o] [o 1
_ @ — _
AB - 4) ~[o of|o 1_‘[0 0]’

which mean that AL4(B — A), but ALgs(B — A) does not hold.
Next, we add some conditions to make it be equivalent to strong core orthogonality.
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Theorem 4.1. Let A, BEC,", then the following statements are equivalent:
(1) Aly,s(B - A);
(2) A<B, B® — A®(B — A){1,3} and AB® = B°ABB?;
(3) ALy(B — A) and AB® = B°ABB®;
(4) A<B and AB® = B*ABB®.

Proof. (1)=(2) It can be easily proved by decomposition forms of A, B in Lemma 2.6.
T S
0 0
p = rk(B) and U is unitary. From Lemma 2.2, we have

2Q=01)LetB=U U* be the core-EP decomposition of B, where TeCP*? is nonsingular with

Al An T-1s

T-An (T-An)T'S 5t
0 0

A:u[ 0 0 ’

] uU,B-A= U[
where A1 = A11T_1A11.
From A%B, B® — A®¢(B — A){1, 3} and Theorem 3.2, we can obtain
Fi = T;l, Fy1 =0and T1Fp + S1F» =0. (29)

Because AB® = B®ABB® and

AB® = U[A11 AHTls] [Tl O] U = U[AHTI O] u,

0 0 0 0 0 0
T-1 0 A11 A11T_1S T S|[T! 0 T_1A11 0
@ & _ % *
B*ABB _U[O OH:O 0 0 O0f] 0 OU—U 0 Ou’

we get A T71 = T71Aq;. Substitute (29) into it, and because T is nonsingular, we can obtain

A11T_1 — T—lA11 = [Tl Sl] [Tl_l Flz] — |:T1_1 Fu] [Tl Sl]

0 Of[0 Fy 0 Fxn|l0O O
I O _|L T1‘151
0 0| |0 0
= 51:0.
Furthermore,
AT Of e 1 Tl‘lO*_T10 .
A“_V[O 0]V,T —V[O Fy Ve, T=V 0 F2_21V.

Substitute the results into the following equations:

A’(B-A)=U A%(TO— An) AR(T ‘6411T_15)] ur,
: _ ®

B - =y [T A4 Oy
0 0
[ - ®

A@ - Ay =y A 8} u

Then it is easy to check that A®(B—-A) =0,(B-A)A® =0,A(B-A)® =0,ie., ALlys(B—A).
It is obvious that (2)=(3)e(4). O
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Theorem 4.2. Let A, BEC,", then the following statements are equivalent:
(1) ALgs(B - A);

(2) A<B, B® — A®(B — A){1,3} and BA® = A®B2BY;
(3) ALy(B — A) and BA® = A®B2BY;
(

4) A<B and BA® = A®B2B®.

Proof. (1)=(2) It can be easily proved by decomposition forms of A, B in Lemma 2.6.

(2)=(1) We continue to use decomposition forms of A, B, A;; and T-1 as in Theorem 4.1. From A;B,
B® — A®¢(B — A){1, 3} and Theorem 3.2, we can obtain

Fi = T;l, Fy1 =0and Tq1Fp + S1F =0. (30)
Because
T S|[A®2 0 TA? 0
® _ 11 * _ 11 +
BA _u[o OHO O]U_u[ ! O]U,
A% ol[T sP[T o A®T 0
®R2R® _ 11 . _ 11 *
A'B°B ‘u[o 0”0 o] [0 O]u_u[ 0 o]u'

and BA® = A®B?B®, we get TA?1 = A% T. Because T and T; is nonsingular and substitute result (30) into it,
we can obtain

— -1 _ -1
TA?1 = A%T = A%T =T A%
N Tl_l 0 Tl_l Fpp _ T Fp Tl_l 0
0 O] 0 Fxn 0 Fxnfl 0 O

T2 T_lFlz T2 0
1 4 .
- [0 o |7

= F;p=0.

Because T is nonsingular, we can obtain Fy;, is nonsingular. By using (30), we have S; = 0. It follows that

_ T, 0f, .. -1 _ Tl_l 0 .
A11—U[0 O]U’T —U[O F22U.

Therefore, AL s(B — A).
It is obvious that 2)=(3)=4). O

Remark 4.3. According to Theorem 4.1, Theorem 4.2 and the characterizations of core partial order (e.g. Theorem
3.6), one can derive a number of equivalent conditions of strong core orthogonality.
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