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Abstract. As the realizations of homogeneous Besov and Triebel-Lizorkin spaces are “true” distributions

and not modulo polynomials, we will show some functional properties of these functions related to BMO
space.

1. Introduction

Fors € Rand 0 < p, g < oo, the homogeneous Besov spaces B; (R"™) and Triebel-Lizorkin spaces s (R"),
abbreviated by B and F, respectively, are defined modulo polynomials, since ||f ||B< = |If] ||F5 = 0 if and

only if f is a polynomial on IR", this fact because they are embedded in S (]R”) “the set of tempered
distributions modulo polynomials in R"”, see, e.g., [26, 27, 30]. Thus, the elements of these spaces are not
“true” distributions and can not “sometimes” satisfy some functional properties. For instance, we know
that if a function f belongs to BMO(IR") “the John-Nirenberg space which is defined as the set of all locally
integrable functions f (modulo constants) such that || f|[ppo := supg Q! fQ |f(x) — mg fldx < oo, where the
supremum is taken over all finite cubes Q in R"”, then

Aq(f) = fR A+ f@ldx <o (foralld > 0) (1)

07 | 1F) P dx <l (forall cubes Qin R, (2)

where p < oo and the constant ¢ depends on p, see, e.g., [13, 15, 17, 29], but these estimates are false if we
replace BMO(R") by B;, ,(R") or F;, (R"). Indeed, let f(x) := x/** and g(x) := x1, we have A;(f) = co and
f[—l,ll” lg(x) — mp_1,1ppglPdx = pzT"l, while || f ”Bé,q = ||g||l-gfw = 0, and similarly for P;,q(]R”). However, it is possible
to obtain such inequalities using the realizations mapping [10], which leads us to work on counterparts of
B and F the realized spaces E;rq(]R”) and ﬁ;,q(]R”)/ respectively; they are defined by distributions f such that
@ (VY]a] = v) vanish at the infinity in the weak sense, where the positive integer v is defined as

B { (s — %] +1), if s— % ¢ Ny or g > 1in B-case (p > 1in F-case),

- n

s—3 if s — % € Ny and g < 11in B-case (p < 1in F-case); ®)
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this natural number presents a minimal value such that B;/q (R") is embedded in S;,(IR") “the set of tempered
distributions modulo polynomials of degree < v”; similarly for F-case.

In this paper, we will give some functional characterizations of B;/q(]R”) and F;,q (R™) related to BMO(IR")
space, where essentially we find that d > (s — §)+ is sufficient to obtain (1) and it is an optimal value; see
Section 5.1 below. On the other hand, the realizations commuting with translations and/or dilations (the
so-called classification) will play an important role to get (1) and (2). For this reason, the following three
cases with respect to parameters #,s, p and q are needed (cf. [10, thms. 4.1, 4.2]):

either s < % or s= g and g < 1in B-case (p < 1in F-case), 4)
either s — % € R"\INy or s-— g € N and g < 1in B-case (p < 1in F-case), (5)
s— % € Np and g > 1 in B-case (p > 1 in F-case). (6)

Concerning the realized spaces E;,q(]R") and lf";,q(]R”) we refer to Subsection 3.2.2 below and to [8, 9, 21],

the case lf"soolq(]R”) can be found in [2]. Then, our treatment will be based on these conditions, where (4) is the
so-called “canonical case”, however for (5)—(6) we quote the comment given at the end of page 68 in [1], in
which it has mentioned, for a specific subject, that working in such spaces is much more difficult to handle.
So for this reason, it seems that some functional properties of these spaces have not yet been studied in
detail, since realizations, except the canonical case, are defined up to a polynomial whose degree depends
ons— % and q in B-case (p in F-case), cf. [26, pp. 55-56]. In this context, let us recall some previous works
related to topics in functional analysis:

— convolution inequalities, [3],

- inequalities of Gagliardo-Nirenberg type, [4],

— pointwise multiplications in canonical case, [6],

— the boundedness of pseudodifferential operators in B-case, [19],

- some Hardy type estimates between L,(IR"; [x|*dx) and B-space (F-space), [22].

There are also other papers on application of the realizations on other homogeneous function spaces,
e.g. [12].

Notation. All spaces occurring in this paper are defined on Euclidean space R”, we will omit R". As
usual, IN denotes the set of natural numbers and INy = IN U {0}. We denote by Q,(xg) the cube with side
length A centered at xg € R”, ie., Qi(xg) := xo + [-A,A]". If a2 € R we put a, := max(s,0). If t € R, [t]
denotes the greatest integer less than or equal to t. The symbol < means a continuous embedding. By |||,
we denote the quasi-norm of the Lebesgue space L,. We denote by L%,OC the set of all functions f such that

f € Ly(K) for all compact sets K CIR". If 1 <p < o0, p’ := ;% is its conjugate exponent. If f € L;

FF(E) = f(&) = f e fx) dw

n

is its Fourier transform on R"; the operator # can be extended to the whole of tempered distributions &’
in the usual way. For a function f we defined translation and dilatation operators by 7,f := f(- —a),a € R",
and h, f := f(A™1+), A > 0, respectively. For a locally integrable function f we denote by mgf := |B|™! fB fdx
its mean value with respect to the set B, where |B| is the Lebesgue measure of B. We put £y := {0},
P1 := {c : c € C}, Py, the set of all polynomials in IR" of degree < m (m = 2,3,...) and P the set of all
polynomials in R".

For m € INj U {0}, the symbol S,, will be used for the set of functions ¢ in Schwartz space S such that
(u,) =0forallu € Py, (e.g., So = 8S), its topological dual is denoted by S;,. If f € §’ then [f],, denotes the
equivalence class of f modulo #,,. The quotient space S’ /P, can be identified with §,,.

: : is »] s AS s s
We will use the notation AM for BM or Fp,q, and AM for BM or F

b, When it is no need to distinguish
between them.



B. Gheribi, M. Moussai / Filomat 38:13 (2024), 4417-4440 4419

The constants c, cy, .. . are strictly positive, depend only on the fixed parameters as #,s,p, ... and some
fixed functions, their values may change from line to line.

Finally, we will multiple use of the following well-known assertion: If 0 < p < g < oo, then there exists
a constant ¢ > 0 such that the inequality

If@lly < R | £]] 7)
holds for all f € L, and all R > 0, such that supp ]?C {€ 1 |&] < R}, see, e.g., [30, rem. 1.3.2/1]. In case |a| = 0,
the constant ¢ can be given explicitly, c = pg(l/ =19 where po is the smallest integer not less than p/2, cf. [24,

thm. 4].

Plan. This work is organized as follows. In Section 2 we state our main results. In Section 3, we recall
definitions and some properties of A;lq and their realizations. Section 4 is devoted to the proofs. In a last
section, we first discuss the optimal conditions on “d” such that (1) holds, then we give an extension to
inhomogeneous and Morrey spaces.

2. Statement of the main results

We will prove the following statements, where for brevity, if for a given function f € /i;,q there exists a
polynomial uy € #, then we set

fNI:f+Llf. (8)

Theorem 2.1. Let 0 <p,q < coand s > (g —n);. Let d be a real number such that d > (s — §)+.

(@ If fe Ap g then there exists a polynomial ug € P, such that the inequality
()l
| T s il ©)
holds; the constant c is independent of f.

(ii) If moreover p < oo in F-case and that (4) is satisfied; here we have realizations commuting with translations,
then the inequality

fR VGO B cllfleoll, h

o 1+ |x — x|+
holds for all xo € R"; the constant c is independent of f and xo.

Remark 2.2. If (4) is satisfied and s > 0, it is necessary that p < co.

Remark 2.3. It is well-known that BMO = 1:“20 ,and v =1, see [2, rem. 7]. Then, by Theorem 2.1 we obtain

f]Rn(l + ™)1 f(x) + cldx < oo for all f € ?202 and all ¢ € C, also for all f € BMO (here d > 0), see (1); in [13]
it has been chosen d = 1.

Theorem 2.4. Let s,p,q and d be the same as in Theorem 2.1.

i) If f e Ap g then there exists a polynomial uy € P, such that the inequality

f [f6) = ma0f] al<o)f| dr <l ol a1

1 +| |Vl+d

holds; the constant c is independent of f.
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(ii) Assume that p < oo in F-case and that either (4) or (5) is satisfied; here we have realizations commuting with

dilations. If f € Ap g then there exists a polynomial ug € P, such that the inequality

f |f(x) - mQ\(O)f‘deC/\s—d—n/P“[f]oo”A;ﬂ (12)

An+d 4 |x|n+d
holds for all A > 0; the constant c is independent of f and A.

(iii) In particular, if (4) is satisfied (p < oo in F-case); here we have realizations commuting with translations, then
the inequality

[ Vo - mawil o oammyny, (19
R I

n /\YH—d + |x - x0|n+d

holds for all f € As all A > 0and all xo € R"; the constant c is independent of f, A and xo.

pa’

In case of modulo constants (v = 1, i.e., uy = constant), we can extend the third assertion in this theorem
to the cases (5) and (6), that is the following formulation:

Corollary 2.5. Let 0 < p,q < oo. Suppose that v = 1 in either (5) or (6). Then, the inequality (13) remains true.

Theorem 2.6. Let 0 <p,q < coand s > (;1—7 —n)s. Let 0 <p1 < oo. Incase 1 < py < oo we assume that

in F-case: 3+ > % —s, (14)
in B-case: either X > 1 — no_n_
in B-case: either 5- > = —s, or .= = . —sand g < pi. (15)

i) If fe Ap g then there exists a polynomial uy € P, such that the inequality

1/;
([ 1w -nanl dx) < allflelli, (16)
Qi(0)

holds; the constant c is independent of f.

(ii) Assume that p < oo in F-case and that either (4) or (5) is satisfied; here we have realizations commuting with

dilations. If f € AP g then there exists a polynomial ug € P, such that the inequality

1/p1
(|QA1<0>| @ Mo f T dx) < ATl lell, (17)

holds for all A > 0; the constant c is independent of f and A.

(iii) In particular, if (4) is satisfied (p < oo in F-case); here we have realizations commuting with translations, then

the inequality
1 1/;m
(— J, 1w =maort dx) < AT Lol a8)
Q) (x0)] Qi (%) ’ P4
holds for all f € Ap g all A > 0 and all xo € R"; the constant c is independent of f, A and x,.

Remark 2.7. In the left-hand sides of inequalities (9), (11), (12), (16) and (17) one can replace f and f by
inf,ep_ f and f + u, respectively; this is in the spirit of, e.g., [30, 5.2.4(2)].
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Remark 2.8. For Theorem 2.6 the assumption pﬂl > g — s is necessary at least in (17). Indeed, assume that
s— g + p% < 0, then by dividing each term in (17) by A*™/# and letting A — oo we obtain a contradiction. We

note that assumptions (14) and (15) coincide with the necessary conditions so that the inhomogeneous A; ,
is embedded in L,,, cf. [27, coro. 2.2.4/2] (see Subsection 5.2 below for the definition of A;lq).

As in Corollary 2.5, we extend the assertion in Theorem 2.6/(iii) to functions f € z‘i;/q such that v = 1.
Where in this formulation we will find interesting examples with cases s = 7 or 1 + 7.

Corollary 2.9. Let s,p,p1 and q be the same as in Theorem 2.6, in particular the conditions (14)—(15). Let either
(g -y <s<l+ g ors=1+ g and q < 1in B-case (p < 1 in F-case). Then, the inequality (18) remains true.

Remark 2.10. In Corollary 2.9 we have v = 0 or 1. If v > 2, there exist functions f € /i;,q for which the
inequality (18) is false. Indeed, the first example is given by the function /(x) := x3. Clearly h € ;12:,”/ P since

v > 3. By a direct calculation one finds le 0 |h(x) — mq,oyhldx = W2” Thus, if p; > 1 by Holder inequality
we obtain
1/p1
f |h(x) — mg,yhl dx < c(f |h(x) — le(O)h}Pl dx) ,
Qi (0) Qi (0)
if 0 < py; < 1, since |h(x) — mq,oyhl < |h(x)| + % % for all x € Q(0), we have

f Ih(x) — may ol dit = f 1) — a0 () = may o)1 dx
Qi (0) Q1(0)

1-p1
< (%) fal(o) |h(x) — mq,hl" dx,

this is the left-hand side of (18), while ||[/1]co|| i, = 0. The second example in A;;n/!’ (with g > 1in B-case and
p > 1in F-case, here v = 2) for the function g(x) := x; with the same calculations given for .

Remark 2.11. In case s > % and 1 < p; < oo, a careful examination of the proof of Theorem 2.6 shows that
the constant c appears in the right-hand sides of (16)—(18) has the form c1p;, where ¢; > 1 independent of p;.

The aim of Corollary 2.9 is to extend the so-called John-Nirenberg inequality, proved on BMO see, e.g.,
[15, 18, 28] and [29, p. 144], to realized spaces:

Theorem 2.12. Let 0 <p < o0 and 0 < g < oo. Leteither;ﬂ? <s< 1+%ors = 1+§andq <1linB-case(p <1in
F-case). Then, there exist two positive constants c1, ¢, such that the inequality

CzR
QT el

|{x€Q [f(x) me|>R}|<c1|QIexp(— (19)

holds for all f € As _all R > 0 and all cubes Q in R" with sides parallel to the axes.

pq’

We recall that the estimates (9)-(12) are satisfied if we replace ;l;,q by BMO, see, e.g., [13]. In that case,

the right-hand side of (12) is A™||f|lzmo with any d > 0. Theorem 2.12 has the well-known consequence (in
our situation)

|Q| f (|Q|s/n 1/p||[]¢-]m”As |f(x) - me’ dx<¢, c:=c(nb),

where b < c; (c; is the constant given in (19)), see again [15, coro. 3.1.7] and [29, p. 146].
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3. Preliminaries

In this section, the numbers s, p and g satisfy: s € R and p, q €]0, o], unless otherwise stated.

3.1. Besov and Triebel-Lizorkin spaces

To define Besov and Triebel-Lizorkin spaces, we briefly recall the Littlewood-Paley decomposition. We
introduce a C* radial function p such that 0 < p <1, p(§) = 1if |£] < 1 and p(&) = 0if [E] > % We put
(&) := p(&) — p(2&). Then y vanishes outside the annulus % <|E < % and y(&) = 1if % <|é] £ 1. We have
the following identity

Y y@=1, EcR"\ (o).

ez

We also introduce the convolution operators é]\f (&) =y é)ﬂé) (Yj € Z). The operators Q; are defined
on &', also on S, since Q;f = 0 iff f € P, then we make use of the following convention:

If f € S, we define Q;f := Q;g for all g € &’ such that [g]. = f.

They take values in the space of analytical functions of exponential type, see Paley-Wiener theorem. They
are also uniformly bounded in £(L,) for any 1 < p < oo (the Young inequality). Finally, the desired
decompositions are described by the following well-known statement:

Proposition 3.1. (i) Forevery f € Se (S, resp.), it holds that f = Y.z Q;f in Seo (Si, resp.).
(ii) For every f € S (8, resp.) and every k € Z, it holds that f = px* f + Y., Q;f in S (S, resp.), where
pr(&) = p(27rE).
Definition 3.2. (i) The homogeneous Besov space B;,q is the set of all f € S, such that
Iflls, o= ( ez @ 1Q;1,)7) " < oo,
(if) Let O < p < co. The homogeneous Triebel-Lizorkin space F;,q is the set of all f € S., such that
11, = I Zjez@1Qif0) ], < .

Definition 3.3. (i) Let 0 < g < co. The homogeneous space fo,,q is the set of all f € S, such that

W, =, sup (zknf Y. 2MIQ;f (x)l"dx)l/q < oo,

keZ, ez Py ik

where Py, (k € Z, u € Z") is the set (dyadic cube) of x € R" such that 2%, < xp < 27%(ue+1) (€ =1,...,n).
(i) Weput F5, ., = B, .

Remark 3.4. The spaces A;,q are quasi-Banach for the above defined quasi-seminorms. The above defini-
tions are independent of the choice of p, see, e.g., [26, 30] and [14, coro. 5.3].

We have S,, — A;q — &’,. We also have B® . e P s B (p < o in F-case) and the
y pmin(p,q) pAa pmax(p,q)

following two statements which are proved in [16] and [2, lem. 3], respectively:

Proposition 3.5. For 0 < v < o0, 51 > sp and 0 < p; < pa < oo such that s; — p% = 5 — pﬂz, it holds that

51 S - 52_”/172 S S 51 S
Bpl,q = sz,q = BOO/fi 4 Ppl/q = BPZ/PI and Frll/ti = FPZ/T'

Proposition 3.6. For all q > 0 it holds F5, , < BS, ..
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The following statement is a variant of the so-called Nikol’skij representation method for Afw, see [27,
prop. 2.3.2/1] or [32]. It is of self-contained interest, where its part of Ff,o/q, is a main result in this section.

Proposition 3.7. Let 0 < a < b. Let (u)jcz be a sequence in S’ such that

e 1ij is supported by the compact annulus a2/ < |&| < b2/,
e A:= (Z]-€Z 2j5q||uj||Z)1/q < oo in B-case,

e A=|(Ljez 2%y |T)9)|, < 0o in F-case if p < co,

. 1/q . .
o A=SUpiy ez (2"” kay Y jsk Zfsqluj(x)lqu) T in F-case if p=oo.
(i) Then the series ). jcz uj converges in S, to a limit u satisfying ||ul| A, < cA, where the constant ¢ depends only
onn,s,p,q,aand b.

(ii) If in addition s > (% —n), in B-case, s > (#M) — n)4 in F-case, the same conclusion holds for a = 0.

Proof. We only prove the F-case with p = oo, since other cases can be found in, e.g., [11, prop. 4], [20,
prop. 3.4] and [21, props. 2.15, 2.17].

The convergence is obtained since Fiolq — B, ., then we prove ||ul|: , < ¢A. Owing to the support of uj,
there exist m, my € Z (with m, = oo in case a = 0) depending only on 2 and b such that Qxu = Z';:]:'fml Qxu;.

We put il := Z';:,:’fml uj (i.e., Qru = Qxilx) and separate the proof into two cases: a > 0 and a = 0.

Step 1: the case a > 0. Let d := min(1, 4) and 6 > n. By (7) we have

Qi< [ 2 - nldy
1/d

<020/ "‘")( f 2 2 (x = )l (y)l? dy)
]Rn

1/d

Z f (1+2k|x—yl)‘<"+”‘9|ak<y>|dd?/) ’
Py

weZ! )

< szkn/d(
where 7 is the inverse Fourier transform of y; here we used the fact that ¥y € §. On the other hand, for
x€Pj,and y € Py (u,we Z", ] € Z) we have

T+fw—pl <2V2n(l +2x —yl) <2V2n(1 + 25 —yl) if k>,
and use [32, lem. 2.6] (see also, e.g., [23, lem. 3.2]), one has

1/d
IQuitk(x)] < cl( Y (1 =l D f 21+ 2% = y) )l xe,, () dy
weZ" Re
1/d
< Cz( Y (- w|>-<"+”M<|ak|de,,w>(x)) , (IxePp), (20)
weZ!

where xp,, is the characteristic function on the cube P}, and M is the maximal function. Since 7 > 1, we
apply twice the Minkowski’s inequality, then from (20) it holds

q/d
f ZstﬂQkﬁk(x)deSqf Zstq( Z ) dx
Pl kg R 7 wezZ"
d/qqq/d
_n _ /d
SC1[ Y @+ =l *”( f Y 29(M(ialx,, ) ()" dx) ] : (21)
weZ! R k>]
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Applying the Fefferman-Stein vector-valued inequality in L,/4(R"; £;,4(Z")), see, e.g., [14, thm. A.1, p. 147],
we obtain the bound

d/gq/d
c[ 2(1 + I[J—wl)_(’”l)( f Zz’%ak(x)ridx) ] . (22)

wezr Pro k]

k+7‘}12

Now, we easily have [ix(x)|7 < ¢ Zj:k o,

|luj(x)17 where ¢ := c(my, my, q), which implies

j=m

D 2wl < Y el Y 2 < ) 2.

kZ] j2]+m1 k:j—m1 jZ]+H11

Also, easily there exist ([2™] + 2)" disjoint dyadic cubes {P]+m1,w,}§[:2:l] 2" suich that Prw C Ugﬂ] 2'p Jm ;-
Then

@142y
f szsqlﬁk(x)lqu§c1 Z f Z 2%u(x)|7dx < cp27 " AT,

Pro kg r=1 Y Prmr o1

Inserting this estimate into (22); since Y ez (1 + |t — w|)= "D =Y 70 (1 + [w])" "D < o0, we get from (21)

f Z 25| Quiti (x)7dx < 27" AT.

Pru k>]
Finally, dividing both sides of the last inequality by 27/", and taking the supremum, the result follows.

Step 2: the case a = 0. We start with the definition of the homogeneous Triebel-Lizorkin-type space F;’;:
fort>0,s € R, p €]0,00[ and g €]0, c0], F;fq is the set of all f € S, such that

e knt 1Q; ql/q” /
Il o= sup 27 @AQAN) | <o

keZ,nez" >k

see, e.g., [5] or [34]. For these space, let us recall the following two properties:

(P1) Lets > (% —n), and b > 0. If a sequence (g))jez in S satisfies that g; is supported by the ball |£| < b2,
then it holds

1Y
ez

see [5, thm. 3.2].

1/p

plq
_<c su 2’“”( f ( 27| -(x)w) dx) ,
s p Pk'H Z g]

pa kezZ, ez ik

(P2) If s € R, v €]0, oo[ and g €]0, c0], then FSU’}/ Y= Ff,o/q (equivalent quasi-seminorms), see [14, coro. 5.7] or
[33, prop. 3.1] or [34, 1.4.4].

We now turn to our assertion. Using in the first (P1) with g; := uj, 7 := 1 and p := v, where v €]0, oo[ will
be chosen later on. Applying in the second (P2), we have

Sl e s 2,

j€Z A keZ, ez Py,

1/v

v/q
(szsqmj(x)w) dx) ) (23)

jzk
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where we need the condition s > (4 —n),. We then choose 0 < v < g, and apply Holder’s inequality with

exponents £ and q% it holds

v/q v/q
[ (Zz%,-(x)w) dxszk”(lv/q)( [ ZZiSqluj(x)de) <ong, 24)
Pk/p

>k Pru "ok

Since s > (% —n);, we choose v such thatv:=1ifg > 1and (1 + %)‘1 < v <qif 0 < g < 1. Then inserting (24)
into (23), the desired result follows. [

The name of homogeneity for the space A;,q is due to the following property:

Proposition 3.8. There exist two constants c1,c, > 0 such that the inequality
allfllgg, < APl fllg, < callfllg,

holz?s forall f e A;,q and all A > 0. Moreover, the expression AS~"/P||h, f| i, defines an equivalent quasi-seminorm
inAy,.

Proof. See, e.g., [30, rem. 5.1.3/4]. In case Pf;o/q see[2,lem.1]. OO

For further properties of A;,q as well as inhomogeneous counterpart (cf., see Definition 5.2 below), we
quote, e.g., [26, 27, 30, 31].

3.2. Realizations

3.2.1. Generalities

We recall that a quasi-Banach space of distributions E in S, is a vector subspace of S, endowed with a
complete quasi-seminorm such that E — §;,.

Definition 3.9. Let m € Ny U {oo} and k € {0,...,m}. Let E be a quasi-Banach space of distributions in S,,. A
realization of E in S} is a continuous linear mapping o : E — S, such that [o(f)] = f for all f € E. The image set
o(E) is called the realized space of E with respect to o.

In realizations theory, a realization o is entirely determined by its range, and any quasi-Banach space of
distributions E in S}, has an infinity of realizations in S} if k < m, in case k = m only the identity is the unique
realization. More explicitly, we have o(f) — f € P, and we note that in case of an infinity of realizations,
whose commute with translation or dilation have some chances to be unique, cf. [10, props 2.2, 2.4]. We

also have:

Proposition 3.10. Let m € INg U {oo} and k € {0, ..., m}. Let E be a quasi-Banach space of distributions in S,,. If
09:E— S;( is a realization, then there exists a natural number N (with N = m in case m < oo), such that for all finite
family (La)r<im<n of continuous linear functionals on E, the following formula defines a realization of E modulo Py.:

() = 00N + Y, La(Hx"

k<lal<N
o ot i g
Conversely, any realization of E in S is defined in such a way.

We refer to [7]-[9] for preceding proposition and further properties of realizations.
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3.2.2. The realized spaces
We begin by the following notion:

Definition 3.11. We say that a distribution f € S’ vanishes at the infinity in the weak sense if lim,_o¢ha f, @) =0
forall ¢ € 8. The set of all such distributions is denoted by C.

For some examples of such distributions, we have f € Eo iffel,(1<p<o)defe Eo (¢=1,...,n)if
f €Lwor feCy. A“good” example is given by the Littlewood-Paley decomposition, see Proposition 3.12
below, and other can be found in [4].

On the other hand, we are able to define the realized space A;Sw/ thatis

A;”’ - {f €S, [fls €4, and f@ e Co, Vol = V},

which is endowed with the same quasi-seminorm of A;,q' Recall, it is easy to see that f € S, implies f@ € &’
if |a| = v since d*(S) C S,.

Proposition 3.12. Let f € A';Iq. Then }.jez Q;f converges in S;. Let us define o(f) its sum. Then the mapping
o: A;’w — 8, defined in such a way is a translation and dilatation commuting realization, and d*o(f) € Co for all

— is _ As
|| = v. Furthermore, o(Ay,) = A,

Proof. See, e.g., [10, 21]. In case F?

©0,q7

(,-j.(A;’q) C A5 . by the definition. For the converse embedding, if f € /i;,q, then 9*(0([f]~) — f) belongs to

Co N P with |a| = v; but we easily have Eo N Ps = {0}, hence 0([f]e) — f € Py, and 0([flw) = fiIn S}. O

the proof is given in [2, thm. 1]. For the last equality we have

In Definition 3.9, by taking k = 0 and m = v, we obtain realizations of A;’w in &’ using the Littlewood-Paley
setting. Namely, we have the following assertion:

Proposition 3.13. Forall f € A;,q we define o:(f) (i = 1,2, 3) as the following:
(i) 01(f) := X jez Qjf in case (4),

(i) 02(f) = ¥ jez (Qif = Linper H(Qif)®(0)x*) i case (5),
(iff) 03(f) = L o1 Qif + Ljeo (Qif = Liarer Qi N (0)x7) i case (6).

Then o; is a realization of Af,/q in 8" where all above series converge in S’ such that d*oi(f) € Co (la] = v) and
[oi(Hleo = f in SL.

Proof. We refer to [10, 21]. In case fo,,q the proof can be found in [2], in particular, Remarks 5-6 and proof
of Lemma 9 in this reference. O

We then obtain realizations o; : A.;,q — &' (i =1,2,3), defined by (i)-(iii) of Proposition 3.13, such that

if feA, then oi([fl)-f€P. (25)

We finish this section by presenting realizations commuting with translations and/or dilations (in the
sense 7,00 =001, 4€R", and h) oo =0 ohy, A > 0) needed for this work:

Proposition 3.14. Let 0; (i = 1,2,3) be realizations given in (i)—(iii) of Proposition 3.13. Suppose that p < oo in
F-case. Then

(i) o1 commutes with translations (here also p = oo in F-case) and dilations,
(if) oo commutes with dilations only,
(iii) o3 does not commute with translations nor dilations.

Proof. See [10, thms. 4.1, 4.2]. If p = oo in F-case, then it has been proved in [2, thm. 1] that 01 commutes
with the translation. O
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4. Proofs

4.1. Proof of Theorem 2.1

Step 1: proof of (9). Let f € /i;,q. Owing to (25), we prove (9) with 0;([f]») (i = 1,2,3) instead of f, where
o; are defined in Proposition 3.13. We are reduced to prove

loi([f]eo) ()

R" 1+ |x|”+d

dr <ellflelliy, (=1,23), 26)

with the restriction on parameters n,s,p and q given in (4)—(6) and s > (% —n),. For reasons of clarity, we
will subdivide the proof into several steps.

Substep 1.1: estimate of 01([ fleo) with either (;27 —n)y <s< ;27 ors=2and0<q<1inB-case (0 <p<1lin
F-case). We write 01([f]w) = g1 + g2 where g1 := ). ;51 Q;f and g2 := Y, Q;f-
1.1.1: The case 0 < s < % and 1 < p < co. We have

192 < Lol Y 2777 <l Fleolgens, 27)

j<0

then the embedding A;,q B, n/ P yields

|g2(x)]
fIR” TW dx < C2||[f]&>c||Af,,q

since d > 0. We also have

g1l < Lfeolliss ZZ‘fS < alllflells; .. (28)

j>1

thus, by Holder inequality, we obtain

OL 4y g [ L —ds ” < olllfllg
T+ i = 1g1llp re (1+ |x|n+d)p’ = (2 f oollBy o7

and finish by the embedding A';,q — B;,oo. Thus, we need the condition (p" — 1)n +p'd > 0, ie., d > —g. It
holds the desired result since d > 0.

1.1.2: The case ; =n < s < ;;and 0 <p < 1. We introduce a parameter p; such that 1 < p, < n(;; - )7L

We have A; g As1 ',;/ pnlp implies AS — AS "/ PP indeed, let v, and v, be the associated numbers with

respect to (3), respectlvely We have v1 =1y = 0 since
s<E and 0<s—2+£<£.
p P 1 n

It suffices now to apply the case 1.1.1 with A; Z/ PP instead of A; ;- then we need the condition (p; — 1)n +
pid>0,ie, d> ——, which it is satisfied since d > 0. The desired result holds.

1.1.3: The case s = ; and 0 < q < 1. We treat here the B-case. Trivially, by (7) we have

1 (F1) < Y NQifllo < ellflillgor- (29)

j€Z



B. Gheribi, M. Moussai / Filomat 38:13 (2024), 4417-4440 4428

We conclude that (26) holds since d > 0.

1.1.4: The case s = ; and 0 < p < 1. Here we see the F-case. We use the estimate

(Zaj)bSZa’j. foralla; >0 andall 0<b<1,
j i

then ez 1Qjflleo < (Zjez 1QjfIE) /7, and also use FyF < B2, , we get
011 < clllf sl (30)
We again conclude that (26) holds since d > 0.

Substep 1.2: estimate of 02([ fle) with either s — % € R*\ Ny ors— g €Nand0<g<1linB-case (0 <p<1
in F-case).

1.2.1: The case s — % € R*\INp. For every integer N we set fy(x) := f(27Vx); N is at our disposal. We easily
obtain Q;jf(x) = Qj-nfn(2Nx). Then, we have

o[l = Z(Q, @) - Y Qe L )
j€Z lal<v
N\
Z(Qka(ZNx) Y @ 0 )
keZ lal<v

We split 02([ f]e) as g3 + ga where g3 := Y jsq ... and g4 := Y 4 - . . We have

50 < Y (quanm +a ) IZNXI'“'II(Qka)("‘)IIw).

k>1 la|<v

By (7) we also have [|(Qx fn) @l < 25| Qx filloo- Thus,

19501 < ealll ol ) (2—k(s—n/p) ey Izwm)

k>1 lal<v

Ass—5—v+1>0,and the fact that [I[ fx]eollys-rr = 27PN f ool oo, it holds

|g3(%)| < 632—(s—n/P)N||[f]m||B;gp(1 + Z |2Nx|lal), (31)

lar|<v

where the constant c3 is independent of f, N and x, on the one hand. On the other, to see g4, we introduce a
parameter 0 < b < 1, whose value will be fixed later, and use Taylor’s formula, then we obtain

1-b

lga) <Y (ananm £y II(Qka)‘“)IIwIZNxI'“'(a!)’l)

k<0

<

la|<v

b

Y (@) RN f (1= 1|(Qka)(“)(2Ntx)|dt) (32)

la|=v
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Using the well-known inequality
x>0,y20,a20: (x+y)" <max(1,2Hx" + 1), (33)

and the fact that ||(Qka)(“)||Oo < cZk"IIQkaIIw (lal = v), we get

1-b b

1940 < calll ol ) 2k<”/“><”’>(1 Y 2k“'|2Nx|'a') (2k<V*”/PS>|2Nx|V)

k<0 lal<v

< C2||[fN]oo||B:’;iﬂ |2Nx|vb(1 + Z |2Nx||a(1—b)) Z 2k(vb+n/p—s)' (34)

la|<v k<0

Then we need the condition vb + % — 5> 0. Hence, the number b must satisfy

%(s - g) <b<l. (35)

Thus, as in (31), we obtain
194(0)] < 27PN f]ooIIBs-n/VIZNXI”h(l + Z |2Nx|'“'<1-b>), (36)
' lal<v
where the constant c3 is independent of f, N and x.

e Observe that (36) is also valid when we take s = 2 and 1 < g < oo in B-case (1 < p < o in F-case)
i.e., v =1, see the estimate of gs in Substep 1.3 below.

We turn to the estimate of 62([ f]w). We choose N := N(x) € Z such that 27N < |x| < 27N*1 (ie,, |x| ~ 27N),
then from (31) and (36), it holds

02 Fle)@)] < el Pl Lol
where the constant c is independent of f and x. Hence, (26) is satisfied since d > s — ;—’7’.

. _n : _ . -~ . . ,
e lgjtz The case s — 3, € Nand 0 < q < 1in B-case (0 < p <1 in F-case). Applying again Taylor’s formula,

1
(1)@ <v Y Y (aty ! fo (1= (QeN)(tx)| dt.

keZ. |a|=v

2 QN w0 < 3 INQeA) ks < erlllf el

keZ kez

(see (7)), and by the embeddings

B, < B, < B | in B-case, Fj < Bl < B! in F-case, (37)
ie, A5, < B! |, (recall thatv = s — %), we have

lo2([f 1)@ < calx"ll[ flooll4s, (38)

where the constant c; is independent of f and x. Now, (26) is obtained since d > s — g.
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n

Substep 1.3: estimate of 03([fle) with s — » € No and 1 < q < oo in B-case (1 < p < oo in F-case).
Recall that here v = s — £ , T1 21 As above we split 03([f]lw) as g5 + g where g5 = Y ;.0 Qrf and

g6 := k<o (Qkf - Z4|oz|<v a!(Qkf)(a)(O)x )

1.3.1: The case s = ;. Here p < oo, since by assumption s > 0. We introduce a parameter p; satisfying
max(p, 1) < p1 < oo, we then first have

[ Y], < X2 riusi,) < el (39)
k>0 k>0

n/p n/m

p100

For g5, combining (39) with Holder inequality, the embedding A
see Proposition 3.5) and the fact that d > 0, it follows

1/p!
950 [ N
fwmxwﬂf Cl' ( ) @) salleg. (40)

To estimate g4, we proceed as in the case 1.2.1 for g4, thus by (35) and (36), we get
19601 < clxl’lll fleollge, .., (41)

(which is true in case g =

where 0 < b < 1. Choosing now 0 < b < min(1,d) in (41) and using the embedding A"/ P s BY, ., thus

00,007

|96 (%) x|
< ; T .9 < infp .
jl;n 1+ | dx < C1||[f]°°“3go,w jl;n 1+ e dx < C2||[f]00||AV,/L71 (42)
Hence, (40) and (42) yield the desired estimate (26).

1.3.2: The case s — % =: m € IN. We observe that the estimate
Y Ik fllo = Y 27251 Q oo < el Fleoll
k>0 k>0
gives
195001 < clllf ool .- (43)

The estimate for g, which is the more difficult one, relies on the case 1.2.1. We consider the following two
cases:

e Assume that [x| < 1, then we introduce an integer N > 1 such that |x| ~ 2-N. Thus, by (35) with
< b < 1and by (36), we get

1960 < eIl < clllfleoll, - (44)

e Assume now |x| > 1. Let us define an integer N > 0 such that |x| ~ 2N We set fu(x) == f (2Nx), and use
the equality (for k < 0)

Qrf(x) = Qk+NfN(2_NX) = ijN(Z_Nx) withj:=k+N <N,

then, we can write g5 = g7 + gg where

m+1

97() :=Z(Q;fN<2 0- Y Q@0 E=L "))

j<0 lal<v

g =Y (ijN(Z’NX)—Z(Qj @)

0<j<N lal<v

@ X))
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For g7, we have as in g4 (see (35) with 2= < b < 1 and (36)),

m+1
197001 < clx™ NI floollp .- (45)
To estimate gs, we use an inequality similar to (32) with 0 < b; < 1 instead of b, that is

1—b1
sl < Y (ananm Y ||(ijN)<‘*>||m|2-Nx|'“'(a!>‘1)
0<j<N la|<v

by

1
x(v Y (@) TNy f (1—t)l’-lj(Q]-fN)@(z-Ntx))dt) :
0

la|=v
We get
lgs(x)| < C1||[fN]oo||Bg,m Z zj(vblm)(l + 2 2jla(1b1))
" 0<j=N laf<v
< czn[fN]oouBgm( Y 2dehm g 3 2jh1)_ (46)
" \o<iEN 0<j<N
Now, we choose b; such that
vbhi—m<0 (e, Z 2Jvbi=m) < Z 21b1=m) — ¢ < o) (47)
0<j<N 720

where the constant c is independent of N. Using the following elementary inequality

270 < ¢2N01 < ol
0<j<N

(the constants ¢y, ¢; depend only on by and #), and || fN]WIIBg'w < clx|™|I[ f]mllgg'm, then (46) becomes

198 ()] < calx™ (1 + )L f ol - (48)

Summarizing, from (43)—(45) and (48), the resulting estimate reduces to

103([ 1) ) f 1 f (1 + )
93 QAN 4 e 1 g b+ W)
o Lapped Sl | o T e O

Thus, we need the condition m + b; < d. Then, from this condition and (47) (recall that v = m + 1), we choose
by satisfying

. m
0< b1 < mm(m,d—m),
and obtain the desired estimate (26) for o3.

Step 2: proof of (10). By Proposition 3.14, we have 01([T_x, f]o)(¥) = 01([ fleo)(x + X0), X0 € IR". In (26), we
change f by 7_,, f and take into account that || - || s, is translation invariant, then

01([f1) @)
fw T e = gy & = Al Al

with the restriction on parameters n,s,p and g given in (i) of Proposition 3.13 (i.e., (4)). We deduce the
desired estimate by (25) since 01([flw) — f € Po ={0}. O
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4.2. Proof of Theorem 2.4

Let f € A;,q. We subdivide the proof into several steps, where, as in the preceding proof, by (25) we use
the realizations o; (i = 1,2, 3) defined in (i)—(iii) of Proposition 3.13.
Step 1: proof of (i). By (26), it is clear that

f ol fl) ] < f UM 41 < ol
Q1(0) "

1+ |x|r+

Also, clearly we have |mq, o) (0i([fle)) | < cll[f]eoll s, Now, these two inequalities give

f loi([fleo)(x) = mq,0) (0i([f1x)) |

1+ |x|+d

1
dr < Cl”[f]oo”A;lq(l + j];n T3 dx) < ealllflwllss, (49)

and then the desired estimate (11) holds.

Step 2: proof of (ii). Owing to Proposition 3.14, we only proceed with realizations commuting with
dilations o; (i = 1,2). By replacing f by f(A:), A > 0, in (49), and using the equality o;([l1/1 fle)(x) =
0i([fle)(Ax), and by Proposition 3.8, we then get

f loi([fleo)(x) = mq, o) (0i([f10)) |

An+d 4 |x|n+d

dr < A gy, (=1,2). (50)

The desired inequality (12).

Step 3: proof of (iii). By (50) with 01 and 7_,f (xo € R") instead of f, and by the fact that o1 commutes
with translations, then this case can be done as in the proof of Theorem 2.1/Step 2. We omit details. 0O

4.3. Proof of Corollary 2.5

To prove (13) with f instead of f under conditions (5)-(6), we deal with realizations o; (i = 2,3). We
change f by T_yiuf = f(A-+x5), A > 0, xp € R", and we take into account that o;([T_y,11/1fle) =
Ty hijaf + cipx, where iy x, € C, cf. (25). Thus, as mq, ) (T-x,111/1f) = M@, f and mq, o) (Cirx,) = Cipx,, We
have

illT-xh1/a fleo) = Mm@y 0) (Oil[T-xoh1/2 flea)) = Toxohija f = My x) f- (51)
Then, using Theorem 2.4/(i) with a suitable change of variables, and the equivalence quasi-seminorm
ME—soha Fleollis, = Musa fleollis, = APl Lol (52)

we obtain the desired estimate. [

4.4. Proof of Theorem 2.6

Let f € /isl . Here also, by (25) we use the realizations o; (i = 1,2, 3) given in Proposition 3.13.
Step 1: proof of (i). We will prove (16) in several steps, where we will present explicitly the constant
which appears in its right side.

Substep 1.1: 0 < p; < 1. We first see the case p; = 1. As above choosing a real number d such that
d > (s = )+, then by (11) it holds

; . )~ ma.0.f
fa(o) |f(x) = ma,0f |dx < c1 fa o V- mawf] x1 " ;if)f‘ dx < ealll fleoll - (53)
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In the second, assume that 0 < p; < 1. We set v := pll. Then by Holder inequality with exponents v and ',
we get

1/;m
( f |f(x) = ma0)f |pldx) < 2=l f |f(x) = mq,) f | dx,
Q) Q)

which leads to apply the first case (i.e., when p; = 1) and obtain the desired estimate with the constant
szn(l_Pl)/Pl .

Substep 1.2: 1 < p; < co. We separate the argument according to o; (i = 1,2, 3). We will use systematically
the inequality (33).

1.2.1: Estimate of 01([ f]~). Recall that 01([f]w) = g1 + g2 where g1 := Y51 Q;f and g2 := Yo Qjf-
elfs=2and 0 < g < 1in B-case (0 < p <1 in F-case), we use (29) and (30), in B-case and in F-case,

respectively. Then we have

|o1([ 1)) = ma,0) (a1 ([f 1) | < @1y M1l |",,/,, |01 ([ f1eo)(x) = g, 0) (01(f 1)) |
< Qa)” 1||[f1m||”,q/,, £ (x) = ma,o fl,

hence, it suffices to apply (53) and obtain the result with the constant (2c))"VPicy < cs.
o Ifs < and p; < p < co, we apply Holder inequality (with exponents v := pﬂl and v’), also as s > 0 and

2nipm=n/p < 21 we have

1/p
||g1||Lm<al<o»SZ”/’“‘”/”( fa )91(X)|de) < 2"clllflolls ., (54)
1(0)

cf. (28), then the embedding A5, < B; , yields the result.

olfs <! ,p<p1<ooandﬂ—s<p—1<; we have (cf. (7))

1Q; fllyy < NQFILPIQ; AT < 27T =l e8) (e Y1PIon| [l
P

Using the elementary inequality Y, 27/ < /31 2 (V> 0), it holds

-1
1-
19111, @ 0 < caler) PP (& = 2 +5) Nl

elfs< %,p<p1<mandﬂ—s— o < 4 (hereqSplinB—case),wehave

< - < '
g1ll,, @ o) < ”; |Q1f|||p1 < fleolles s

thus, since Fs — FO , the last estimate is bounded by c|[[ f]oollp;q, and we obtain the result in F-case.

However, in B -case, we apply the embedding B"/P n/p1

— Ly, (withp; > 1,p < p; and g < p1) cf. Remark
2.8 and [27, p. 36], where B"/ PP s the inhomogeneous Besov space, thus by using an assertion similar to

Proposition 3.7 for By//~ i cf. [32, thm. 3.6], we get that [|g1l1, (@,(0) is bounded by

AZed,

1/q
o S cz(ZafSqufnpw) <ol flell, -
w jz1



B. Gheribi, M. Moussai / Filomat 38:13 (2024), 4417-4440 4434

The different constants here depend only on #, s, p, g since p; = n(g —s)L.
e We now see g, if s < g. By (27) we obtain

1/p
1921, @0y < c1||[f1m||3m/p( [ dx) <2 flull, -
0,00 Q y

On the other hand, since

f |G1([f]oo)(x)| dx < cf M dx,
Qi (0)

Q@ 1+ x|+

1(0)

then by (26) and the fact that 2"//1 < 2" we have

1/p;
( fQ o [ma,0) (10 f1=) [ dx) = 2" |mq, ) (@1([f1e)) | < 2"l fleoll s, - (55)

Hence (16) is proved for o7.

1.2.2: Estimate of 02([ fle). As above, we have 02([f]lw) = g3 + g4, Where
7= Y (Qif - Y H@ip o)
=1 lajl<v

and g is defined in the same way but replacing j > 1 by j < 0.
Assume first s — % € R*\INy. To estimate ||g3||Lp] @0y, thus || i1 Qif ”Lm (@ (0)) can be treated as in (54) if
p1 < p; however, if p; > p, we have

1-p/p1
H ; Ufll, o [ ; ijH:/P (; ||ij||oo) 7 := min(l, )

. p/(rp1) ' 1-p/p1
< ((/2)(1p/21+ 1)) (2||ij||;) (22]”/P||ij||p) (ct. (7))

j21 21

p/(rp1) 1-p/p
< Cl”[f]oo”B;'oo( Z 2‘]51’) (Z 2—](5—"/P))

j=1 j=1

< el fleoll .-

To continue with the second term in g3, we have

ap \UP Up
(Ll(o)'ZZ(ij)(a)(O)%‘p dx) <q Z(Ll(o) |x|””“'dx) Z”ij(a)”m

721 |al<v la|<v j=1

< szn/Pl ”[f]oollB;w Z 2f(71/P—s+v—1) < C32n||[f]oo”A;‘w;
=1

i no_ _ a] . : _
51kr)1ce Z s+v—-1<0and fal(o) [x[Prodx < fQI(O) dx < 2". We now see ||g4||LP1 @ ); by (34) with N = 0, we
obtain

1/pm
_pn\!
194llr,, @ (0)) SClH[f]ooIIBsn/n(f IXI"b”l(1+ E |l b)) dx)
AV lal<v

< szn/m”[f]oo“]g:gv < szn”[f]oo”]g:gp,

1
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where the number b satisfies the condition (35), and we finish by the embedding A';,q — B:ﬂp .

Second, if s — 7 € N and 0 < g < 1in B-case (0 < p < 1 in F-case), we apply (38) and obtain
llo2([f 1ol @0y < 2"7'clll fleollis, (see also (37)).
1
Finally, the estimate of ( feh o Imgq, ) (02([f1e)) P! dx) n can be done similar to (55). The desired estimate

is obtained with a constant ¢ > 1 independent of p;.

1.2.3: Estimate of 05([ fl). Here g > 1in B-case and p > 1 in F-case. Assume that s — 7 € IN; this case can
be done similar to the preceding substep when s — g € R*\INp and will be omitted. We now see the case
s = ;. Recall that the assumption on s implies that p < co. Here 03([f]~) = g5 + g6 where gs, g are given in
the proof of Theorem 2.1/Substep 1.3. By (41) we get

1/p1
196llL,, @) < Cl(f |x|bpldx) I fTeollgo . < 22" P Flooll o
Qi(0) ' "
where 0 < b < 1 and 2"/P1 < 2. Now, if p; > p (recall that p; > 1), by (7) it holds

n/p=n/p1 n
lgslle,, @y < (B/2)Ap/21+ 1)) Y 2y £,

k>1

<a(lp/2] + 1)’1/77”[](]00||B;1,,,“f Zz—kn/m < opi(p/2] + 1)n/P||[f]m||A2/qp;
k>1

if p1 < p, using Holder inequality (with exponents v := pﬁl and v’), we have

g5ll,, @ o) < 2”/’717”/’7||95||Lp(91(0))

<2/ N 2@ IQUf) < 2L Lelly < ea2' Lol
k>1

1/ .. .
) "' can be done similar to (55). By these estimates we

Also, the estimate of ( fQ] 0) Ima, ) (03([f1=)) P1dx
obtain the desired result for o3([ f].) With a constant of type

api((p/2] + )P + 2" = czpy with ¢ > 1.

Step 2: proof of (ii). The realizations o; (i = 1,2) commute with dilations, we then proceed as in the proof
of Theorem 2.4/Step 2.

Step 3: proof of (iii). Here as the proof of Theorem 2.1/Step 2 since the realization 0; commutes with
translations. [

4.5. Proof of Corollary 2.9

By Proposition 3.13 and (25) we have the following three cases:

— If either (; —n), <s < % ors = and g < 1in B-case (p <1 in F-case), then v = 0 and o1f = f. This
case has been given in Theorem 2.6/(iii).

—Ifs = 7 and g > 1in B-case (p > 1in F-case), thenv=1and o3f - f =c€ C.

— If either % <s<1l+ ;ﬂ; ors=1+ g and g <1in B-case (p < 1in F-case), thenv =1and opf — f =c€ C.

It suffices to apply Theorem 2.6/(i) with a suitable change of variables and the equivalence quasi-
seminorm, cf. (51)—=(52). O
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4.6. Proof of Theorem 2.12
By Remark 2.11 there exists a constant ¢ > 1 such that

—1 B s—n P 1
Qo) Jay ) |f(@) = ma,e f] ' dx < (Cpl)\ /p||[f]oo||A;,q) = (C1P1) / (56)

where ¢; = C)\S*”/P||[f]w||A;rq, forall f e ;\;,q, allA >0, all xp € R" and all 1 < p; < co. Now, the argument

is similar to the “famous” proof given in [29], since by (56) we have the correspondent inequality to
formula (13)/page 145 in this reference. [J

5. A general remarks

5.1. Optimality of the condition

As mentioned before, we study the optimality of the given condition d > (s — §)+ in Theorem 2.1. We
first see the case d = 0.

(D. Let us define f(x) := ™, x € R", which satisfies Q;f(x) = (27/,0,...,0)e™, then [fl. € BY . We
apply the following assertion proved in, e.g., [10]:

Lemma 5.1. Let K be a compact subset of R"\{0}. Every bounded function f such that supp ]‘\C K belongs to Co.

As f = cbay,.0) (Dirac distribution), then f € B(o)o,l' Now clearly

[ awnrtiwiar= [ @ripyiar=e,

(IT). Assume that 0 < g < 00,0 < p < 00 (p < o0 in F-case) and s > (% —n);. Let us introduce y; a real

valued and C* radial function supported by the ball || < 1. We set Ij; = y1*y1. We have ¢ > 0 and

supp I:ZJ\C {E:1&l < %}. Let us define a function f by

fx) = Zaﬂp(z-fx) (x e R"),

=1

where (4/)>1 is a positive sequence satisfying

w1/t
(Z (ajZ‘f(s‘”/V)) ) < co, where t:=gin B-case, 0 <t < p in F-case. (57)
j>1
By Proposition 3.7 and (57) we get [f]le € A;ﬂ; indeed, it is clear in B-case, however in F-case we
introduce a parameter p; such thatt < p; < p and pll >1 % —s),weputs; :==5— g + pll (the assumption on s
implies s1 > (- — 1)), then we use the embeddings B;lm — F;,t —F.

To prove that f(“) € Eo for |a| = v, we first consider the case s — % ¢ Np or s — g € Ny and g > 1 in B-case

(p > 1in F-case). Then, it suffices to recall that in [10, p. 483] it was proved that for all ¢ € S, there exists a
constant ¢ := ¢(¢) > 0 such that

K f@, @) < eA""Pll[flullzs , YA >0,

which tends to 0 with A — 0; recall that v —s + £ > 0. We note that the last estimate has been also proved
in [21, p. 173] under the condition s — g ¢ Ny, in which, with the condition s — g € Np and g > 1 in B-case
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(p > 1 in F-case) can be done complete similarly. Second, we consider the case s — g € Npand g < 1in

B-case (p < 1in F-case); here v —s + g = 0. We observe that Q;f = 0if j > 0 since fis supported by the ball
€] < %, then for a fixed |a| = v we set

i = Z Qif® (k=12,..).

—k<j<-1

By (7) we have ||Q]'f(“)||OO < CZjVHQ]'fHoo forall j € Z and all |a| = v. Then

gl < e Y, 27IQiflle < cilllflellyenr < callFlellg (58)

—k<j<-1

s—n/p

0,1

we used the embedding A';,q — B which is observed before (see (37)). Hence gy is a bounded function,

on the one hand. On the other, clearly 7 is supported by 277! < |£] < 1, then Lemma 5.1 yields gy € Co.

Since f@ = ¥, 1 Qjf® in S, and as ¥ jez 1Q;f @Il < cll[floll g5, (can be obtained as in (58)), then it holds
li (a) _ o < li £(a) o =0.
Jim If %H_J&Q;WJH 0

Now, for an arbitrary fixed ¢ > 0 there exists a positive integer k. such that
K f 9, o) < 1IfY = gilleoli@lh + Kage, @) < ellplh + Krage, )|

holds for all k > k., all ¢ € S and all A > 0. We then obtain lim,_,o(h, f“), p) = 0. Hence we obtain f@ € Co,
and we conclude that f € A;,q.
We turn to choose (a);>1 and d as the following:
(i) in case either s — g ¢ INg ors — g € Np and g < 1in B-case (p < 1in F-case), we take —n <d <s— g and
aj:=2"whered <r<s— g,

(i) in case s — % € INp and g > 1 in B-case (p > 1 in F-case), we take —n < d = s — £ and a; := j "2/ where
P q p p ) J
1 <r < 1(tis defined in (57)).

Then, the condition (1) is false for f with the chosen d. Indeed, let xy # 0 be a fixed number such that
P(x0) > 0, then by continuity there exist ; := Bi(xg) > 0 (i = 1,2) such that i(x) > 0 for 1 < |x| < ;. Also,
the assumption n + d > 0 gives:

forall j 21, if py <27 = 1+ " < (1+ ;" )x".

On the other hand, for all fixed N € IN it holds f(x) > Zé\il a ]-I,D(Z‘fx), then

()| S P(277x)
o T e Z”ﬁ i

]':1 132’/.\X|Sﬁ2 1 + Ix

N 2-j
Bl [ e =)

=1 B1<277|x|<p>

HOIAT S
Zﬁgl( f B dy)ZajZ_]d =c ) a2¥, (59)
pi<lyl<g, 1Y =1 ;

=1

G:=

\%

\%
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where ¢; is independent of N. Letting N — oo we conclude G = oo.
In case (i) (with exception of s — £ < —1) we can take d such thatv -1 <d <s—- 2 then the condition

(1) becomes also false for f := f + "‘f (Yuy € Py) cf. (8), indeed, owing to (59) it sufflces to observe that
S @+ )t p(x)ldx < oo

(ITT). We now consider the counterpart for Pfxw with s > 0and 0 < g < oo, (recall that in Theorem 2.1 the

condition s > (£ — n), is reduced to s > 0). We only prove the embedding ]LS’ZW — If“f,o/q, one then can adapt
the reasoning in (II) given for Bf;o . Indeed, we easily have

f Y 2MIQ (e < 27 ) 2MQfIL < 27 AL,

Pry j=k =k

then, we get BS, sog F, so,q- Let now vq and v, be the associated numbers to E oo, and B, 20, With respect to (3),
respectively. We have v; = [s] + 1. However, v, = [s] + 1 if (s ¢ IN) or (s € N and q> 1), and v, =sif (se N

and 0 < g < 1). In all cases we have v, < v1. Then, forall f € Boo g We have f("‘ € Co (V|a| = vp) implies that

f@ e Co for all |a| = vy, (cf. see the example just after Definition 3.11). Then f € F . Hence the desired
embedding follows.

5.2. Results for inhomogeneous spaces
We start by recalling the definition of inhomogeneous Besov and Triebel-Lizorkin spaces.

Definition 5.2. Lets € R.
(i) Let 0 <p,q < oo. The Besov space B}, is the set of all f € 8’ such that

, 1/ —
11, = llpo * flly + ( Zjsr @F1QifI1,)7) " < oo, where py = p.
(ii) Let 0 <p < ooand 0 < q < oo. The Triebel-Lizorkin space Fy, , is the set of all f € S such that

. 1/q
1l == oo * fllp + [|( T2 @71Qi17) ], <
(iii) Let 0 < g < oo. The space F, ; is the set of all f € S such that

) , 1/q
il = lpo o+ sup (2% [ 37 2910, o) * <o,
ku

keN, uezr >k

(see [14, (12.8)]).

. tWe detnote by A} for B, j or F}, .. The relation between Ay ; and A;,q is given by the following well-known
statement.

Proposition 5.3. Let 0 < p,q < o0 and s > (% —n)s. Then A} is the set of all f € L, such that [fle € A;,q.
Moreover the expression ||fll, + [I[f]ell s, defines an equivalent quasi-norm in A;,q' Here, A and A are B-spaces or

F-spaces simultaneously.
Proof. See, e.g., [31, thm. 2.3.3, p. 98]. In case fo,,q see [2,lem.4]. O

Remark 5.4. With assumptions of Theorem 2.1, we have A;,q C fi;q. Indeed; if 1 < p < oo, the assertion
follows by L, < Co; if 0 < p < 1, we have A;,q < L, since s > % - n, and again it follows by L; < Co; if
p = o in F-case, we have v = [s] + 1 > 1 the associated number to F, ; with respect to (3), let us now take
feF,, asF,; — L (see [2, lem. 4]) we get f@ € Cq forall [a] = v (cf. see the example just after Definition
3.11),1e., f € It“fx,,q. Now using Proposition 5.3, inequalities (9)—-(13) and (16)—(19) are valid if we replace A;,q
by Ay , (with p < oo in F-case), also similarly for (9), (11) and (16) by replacing ¢, , by F5, ,
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5.3. An application to Morrey spaces
The Morrey space MY (0 < r < u < o) is the set of all functions f € LI°° such that

1/r

Iflle = supIQI””‘l”( f If(x)I’dx) <o,
Q Q

with the supremum is taken over all cubes Q in R", cf. [34, sect. 1.3.2]. As mentioned before, the presence of
the polynomials causes that A} ; can not be embedded in M}. However, in realized spaces one can obtain
the following result:

Theorem 5.5. Let 0 <p < 00,0 < g < c0oands > (% — n)4. Suppose that (4) is satisfied. Let 0 < p; < oo be a real
number such that (14)—(15) are satisfied if 1 < py < co. We put 1 := % — £ Then it holds A;/q — M.
Proof. In Theorem 2.6/(iii) we have proved

1/p

(Ai f@ ( )1al(mm>(x>—ma,ﬂxo)(al([f]m))ﬁdx < APl

(01 is defined in Proposition 3.13) for all f € AZ,W all A > 0 and all xg € R". Now, applying (33) and (55) since
mQ, (xp) (01([fl)) = Mm@, 0) (01([T-x, 11171 f]e)) and using the equivalence quasi-seminorm, cf. (52), we obtain

1/p;
(%f )101([f]m)(X)|pldx) < AP el

Qi (x

This gives ||fl| My < il flll s, since (25), and the desired result.

If we take u = p; in the preceding theorem, and use the equality Mzi = L, (see [34, 1.4.3]), we obtain
the following interesting embedding between realized spaces and Lebesgue spaces:

Corollary 5.6. Let 1 < p < coand 1 < p; < oo be such that p < py. Let 0 < q < oo (with 0 < q < py in B-case).
Then it holds AZI/;’ T L,

In the same spirit, we present an embedding between AL;,q and the Campanato space LY, where £F/¢
(1 <p<o0,0<06 < )is the set of all functions f € L;"C (modulo constants) such that

1/p
| fll gro := sup (|Q|_9/”fQ|f(x) —mqfV dX) < 0o,
Q

with the supremum is taken over all cubes Q in R”, cf. [25] and [34].

Theorem 5.7. Let0 <p <o0,0<g< ooands > (g — n)4. Suppose that (4) is satisfied. Assume that (5)—(6) hold
withv =1, ie. either (;; —=n), <s <1+ Jors =1+ Tand q<1in B-case (p <1in F-case). Let1 < p; <cobea

real number such that (14)—(15) are satisfied if 1 < p1 < 0o. We put 0 :=n + p1(s — %). Then it holds A;,q — L9,
Proof. Using Corollary 2.9, it is the same preceding proof. [

In this sense, we can use the different properties of L9 as L7 = BMO (1 < p < ), ..etc, see [25].
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