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Statistical convergence with respect to power series method on time
scales

Kamil Demirci?, Sevda Yildiz?, Fadime Dirik?

?Department of Mathematics Sinop University Sinop, Turkey

Abstract. In the present paper, we introduce some new notions, such as convergence in the sense of power
series method and strong convergence in the sense of power series method on an arbitrary time scale. Later,
with the help of statistical convergence, the notions of P5-density, Px-statistical convergence, Px-statistical
Cauchy are defined and investigated their relations. Also, we give the notion of P-uniform integrability
for characterization of P-statistical and P-strong convergence.

1. Introduction

In nature and in some engineering problems, discrete and continuous states can sometimes exist.
The application of the time scale calculation then makes it convenient to solve these problems. In fact,
combining such discrete and continuous states is the fundamental concept behind Hilger’s time scale
calculus [12]. Additionally, it combines both the theory of difference equations for one variable and the
theory of differential equations. The definition range of the functions under consideration can be replaced
with any time scale T.

Steinhaus [17] and Fast [10], working independently, introduced the idea of statistical convergence
of real number sequences. This convergence method is considered under different names in different
spaces. Although time scales have recently had important applications in many areas of mathematics, their
applications in additive theory are just beginning. Many reseachers have studied types of convergence on
an arbitrary time scale ([1, 15, 22-26]). More recently, Turan Yal¢in and Duman [27] introduced the concept of
generalized statistical convergence and study regular integral transformations on time scales (see also [30]).
Hence they generalized the A-statistical convergence to the time scales where A is a nonnegative regular
summability matrix [5]. As it is well known that other interesting convergence methods are power series
methods that contains such as Abel and Borel methods and also, P-statistical convergence recently given by
Unver and Orhan [29] which is a different type of statistical convergence with power series method. Thus
it makes sense to ask: “Do we get some convergence methods and characterization theorems for power
series methods or P-statistical convergence from the generalized statistical convergence method on time
scales given by Turan Yal¢in and Duman ?” The answer is: “No.” As we know, the power series methods
are not matrix methods. Also, P-statistical convergence and statistical convergence are incompatible. The
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main motivation and the novetly of the present paper is to generalize the notions of power series methods
and P-statistical convergence on an arbitrary time scales, to get meaningful results and charecterizations
for these methods.

2. Preliminary Results on Convergence Methods and Time-Scales

In this section, we quickly review some terms and results related to statistical convergence and conver-
gence in the sense of power series method of a sequence x that will be necessary below:

Let E be a subset of IN, the set of natural numbers, then the natural density of E, denoted by 6(E), is given
by:

6(E)::hm%|{k$n :keE}

whenever the limit exists, where |.| denotes the cardinality of the set [14].
A sequence x = {x;} of numbers is statistically convergent to L provided that, for every ¢ > 0,

1
limﬁl{kSnzlxk—LIZE}lzo
that is,
E=E,(e):={k<n:|x—L| = ¢}

has natural density zero. This is denoted by st — limy x; = L ([10], [17]). It is worth noting that, every con-
vergent sequence (in the usual sense) is statistically convergent to the same number. However, statistically
convergent sequence need not be convergent.

Now, we turn our attention to power series methods.

Let {px} be a non-negative real sequence such that py > 0 and the corresponding power series

p(t) = zpktk
k=0

has radius of convergence R with 0 < R < co. If the limit

R e
) ; Pid i

exists then we say that x = {x;} is convergent in the sense of power series method to the above limit value
k

t
([13], [16]). Note that the method is regular iff o ltlrrll2 ) ;% = 0 for every k (see, e.g. [4]).

Remark 2.1. It follows immediately from the definition that in case of R = 1,if py = 1 and py = 5, the power series
methods coincide with Abel summability method and logarithmic summability method, respectively. In the case of
R = oo and py = &, the power series method coincides with Borel summability method.

Here and in the sequel, power series method is always assumed to be regular.

Unver and Orhan [29] have recently introduced P-statistical convergence. It will be of particularly
important below that they show statistical convergence and P-statistical convergence are incompatible via
striking examples. Many authors study on this method, see for example [7, 9, 18-20, 28]. Now, we recall
the next definitions:
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Definition 2.2. [29] Let E C INy. If the limit

O (E) := 0< HR p( t)Zpk

exists, then 6p (E) is called the P-density of E. Note that, from the definition of a power series method and P-density
it is obvious that 0 < 6p (E) < 1 whenever it exists.

In a similar manner to the natural density, one can give some properties for the P-density:
1) op(N) =1,

it) if E C F then 6p(E) < 6p(F)

i) if E has P—density then 6p(IN/E) = 1 — 6p(E).

Definition 2.3. [29] Let x = {xi} be a sequence. Then x is said to be statistically convergent with respect to power
series method (P-statistically convergent) to L if for any € > 0

O<t—>R p (t)];pk -
where E; = {k € Ny : |xx — L| > €}, that is op (E.) = 0 for any & > 0. This is denoted by stp — lim x = L.

We now give the following example that proofs P-statistical convergence and statistical convergence are
incompatible.

Example 2.4. Let {pi} be defined as follows

1/ k =m 3
Pe= { 0, otherwise ’ m=1,2,..,

and take the sequence {xi} defined by

1, k= m2
= { k, otherwise ' ™"~ 1,2, ..

We calculate that, since for any € > 0,

pktk =0,

kelxg—=1|=¢

)

{xx} is P-statistically convergent to 1. However, the sequence {xy} is not statistically convergent to 1. If we consider
the following sequence {sy} defined by

|k k=m7,
Sk = 1, otherwise,
then {si} is statistically convergent to 1 but not P-statistically convergent to 1.

Definition 2.5. A sequence of real numbers x = {xi} is said to be P-statistically bounded if for some M > 0 such that
op (fk : |xx| > M}) = 0.

We state now some simple, basic facts about the theory of time scales.

A time scale T is any nonempty closed subset of IR, the set of real numbers. Here and in the sequel, we
are interested in time scales such that inf T =jj (jo > 0) and sup T = co. For j € T, the forward and backward
jump operators are defined as follows, respectively:

0 : T->T, o0():=inf{seT:s>j},
p : T—>T, p(j):=supf{seT:s<j},



K. Demirci et al. / Filomat 38:13 (2024), 4775-4789 4778

and the graininess function u is defined by
piT=[0,00), p(j)=0(j) = J

A closed interval in a time scale T is given by the notation [a, bt := [a,b]NT ={j € T :a < j < b}. Thus,
open intervals and half-open intervals can be given similarly.

Also, the Lebesgue A-measure which is given by Guseinov [11], denoted by ua and it is known that
ifab e Tanda < b, then us([a,b)y) = b—a, ua((a,b)y) = b — o), ua((a bly) = o(b) —o(a), and
pa ([a,bly) = o (b) —a.

If A is a A-measurable subset of T, then the density of A is defined by Turan and Duman [23] and given
by

52 4 o Tim ua(fs € Lo, jly s € A})
Jmoe ua ([or ilx)

(if this limit exists). Now let f : T — R be a A-measurable function. Then, f is said to be statistically
convergent to a number L if, for every € > 0,

sr({jeT:|f(G)-L|2€}) =0,

and denoted by stt — lim f (j) = L (see also [15]).
j—oo

3. Power Series Method and Statistical Type Convergence on Time Scales

We give our main definitions and some of our new results in the present section. Also, we generalize the
characterization theorem given by Demirci [8], was studied for A-statistical convergence, to Px-statistical
convergence (see also [19]). First of all, let us emphasize that from this point onward, we work under
the assumption that p : T — R is non-negative A-measurable, also for every j € T, p(j) is a Lebesgue
A-integrable function on T (see for details of A-integrability [6, 11]) and sup pa () < co where pa (t) :=

te(0,R)
[p(j)t/Aj, R € (0, +0].
T

Let’s give the following definition.

Definition 3.1. If for a given A-measurable and Lebesgue A-integrable function f on T

AOLIOINES®

lim ——
0<15R- pa ()
T
then we say that f is convergent to L in the sense of power series method and denoted by Py —lim f = L.

With the help of this definition, let us give the lemma showing that the method is regularity as below:

Lemma 3.2. The power series method is reqular for bounded functions on a time scale T provided that, for every
finite M € T,

. 1
lim
0<t—R- pa (t)

f p()HAj =0, M

[j‘)'M]T
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Proof. Assume that lim f (j) = L, we might record that, for every ¢ > 0, there exists a M € T such that |f (- L) <e
]—)00
for every j > M with j € T. Then,

G f POIF () -

< m p()P|f () —L|Aj
T

_[jU’M]T [jU'M];r
< pA(t) fp(])t]|f(])—LIA]+gfp(])t]A]
_[jO’M]T T
! N lf (i : 1 o
~ @ fp(])t]‘f(])_LM]”SMlm fp(])t]A]+e.
LioMly [joM],

We get immediately from the (1) that
I Lf (Vf()Aj=L
0Bk pap ) PO DA =L
T

this completes the proof. [

Definition 3.3. For a given A-measurable and Lebesgue A-integrable function f on T

Jm no p(IPIf()-L|Aj=0

then we say that f is strongly convergent to L in the sense of power series method (Pa-strongly convergent).

Throughout this paper, we work under the assumption that the power series method on a time scale
satisfying the condition (1). Hence, the method is regular for bounded functions on T.

Definition 3.4. Let E be a A-measurable subset of T. Py-density of E in T is defined by

1
6PA (E) = hm p (t) p(]) t]A]

if the limit exists.

Remark 3.5. We should note that the case of T = INy, Definition 3.4 reduces to the concept of P-density in Definition
2.2.

Lemma 3.6. (i) 6p, (T) = 1.
(if) For any A-measurable subset E of T, 0 < 6p, (E) < 1.
(iii) If E is A-measurable subset of T and 6p, (E) exists, then Op, (E€) exists and 6p, (E) + 6p, (E°) =1,
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since E is A-measurable so is E¢ is A-measurable. On the other hand E U E¢ = T and

1 .
| -
045k 7 (t)f PUIPAT

O<t—>R Pa (t) [fp(])t]A]"'fp(])t]A]

E¢

1

Assume that E and F are A-measurable subsets of T and 6p, (E), Op, (F) exist.

(iv) IfE C F, then 6p, (E) < 6p, (F).

(v) 6p, (EUF) < 0p, (E) + 6p, (F).

(vi) If E is bounded, then op, (E) =0,

for a sufficiently large M € T we can write E C [jo, M]y., then using the condition (1), we get

1
JA7 =
0< lim — ) p()HAj< lim (t) fP(])fA]
LioM]y

(0ii) If 5p, (E) = 8p, (F) = 1, then 6p, (EUF) = 6p, (ENF) = 1.

Now, we give the concept of Pj-statistical convergence (statistical convergence with respect to power
series method on a time scale) via the concept of PA-density.

Definition 3.7. Let f : T — R be a A-measurable function on T. We say that f is Pa-statistically convergent to a
number L if, for every € > 0,

op, ({[feT:|f()-L| 2 ¢) =0,
holds, i.e.,
lim —— f (HHAj=0 2)
0<t—R- pp (F) PRIEAT=
{jeT:| £(j)-L|z¢}
and denoted by stp, —lim f (j) = L

Remark 3.8. In the case T = Ny, statistical convergence with respect to power series method on a time scale is
reduced to the classical statistical convergence in the sense of power series method, which is given by Definition 2.3.

Proposition 3.9. The stp,-limit of a function f : T — R is unique.

Proof. Let stp, —lim f (j) = Ly and stp, — lim f (j) = L,. Thanks to Theorem 3.14-(iv), we may write that,
for every ¢ > 0, there exist subsets Eq, E; of T such that 6p, (E1) = 6p, (E) = 1 and  lim f(]) =1,

]—»oo(]GEl

h(m f(j) = Lp. Hence, we get |f(]) - L1| < §, for j € E; and |f(]) - L2| < §, for j € E;. Then, for every
]—»oo /EEZ

j € E1 N E; one has
Ly = Lol < [f ()~ La| + |[f () - Lo| < &,
thus L1 = Lz. O

We can give the linearity of P,-statistical convergence to the following proposition:
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Proposition 3.10. Let f,g: T — R. Ifstp, —lim f (j) = Ly and stp, —lim g (j) = Ly, then the following statements
hold:

(i) stp, —im{f (j) + g (j)} = L1 + Lo,
(it) stp, —limcf (j) = cLq (c € R).

Let us give the proposition that gives the relationship between classical convergence on a time scale and
P-statistical convergence.

Proposition 3.11. If f : T — R with lim f (j) = L, then stp, — lim f (j) = L.

Proof. Let lim f (j) = L. For a given ¢ > 0, we can find a jo € T such that, for every j > jo,
Thanks to Lemma 3.6-(iii) and (vi) , the set

{feT:|[f()-L|=¢

has Pa-density zero. By the Definition 3.7, we get stp, —lim f (j) =L. O

£(j) - L| < & holds.

Now, we can express the following characterization about Px-statistical convergence.

Theorem 3.12. Let f : T — R be a A-measurable function on T. Then, stp, —lim f () = L if and only if there exists
a A-measurable subset E of T such that 6p, (E) = 1and lim f(j) = L.

jeo(jeE)
Proof. Necessity: Let stp, —lim f (j) = L. Define the following sets:
stc =it () -]z 1).
$ o ={ieT:lr (-] <).
r=1,2,.... Observe that, 5p, (S}) = 0and 6p, (Sf) =1,r=1,2,... Also, $3 > 53 D ... If we show that lim f (j) = L

for every j € S? then we get the desired result. Now, suppose that f is not convergent to L. Hence, there is ¢ > 0 such
that, |f (j) - L| > ¢ for infinitely many terms. Put

<

<

S (T 1) 1] <of ande>

r=1,2,.... Then 6p, (S;) = 0 and S? C S.. Therefore Op, (Sf) = 0 which is a contradiction. Hence, f is convergent
to L.

Sufficiency: From the hypothesis, there exists | € T such that, for every j > J with j € E,
Now

f(j)-L| < & holds.

Ec={jeT:|f(j)-L| 2 ¢} c T\(EN] o)),
then we can easily see that 6p, (E N [J, co)y) = 1 and finally we get 6p, (E.) = 0 whence the result. 0O

Now, we will generalize a statistically Cauchy sequence with respect to power series method to an
arbitrary time scale.

Definition 3.13. Let f : T — R be a A-measurable function on T. We say that f is Pa-statistical Cauchy if there
exists | € T such that, for every € > 0,

1 .
) N
N ND) f P()Aj =0.
€T f ()= (D)]ze}
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The theorem that will give the following characterization of P-statistical convergence and P-statistical
Cauchy is as follows:

Theorem 3.14. Let f : T — R be a A-measurable function on T. Then the following expressions are equivalent:
(i) stp, —lim f (j) = L;
(ii) f is Pa-statistical Cauchy on T,
(iti) there exists a A-measurable function g such that limg (j) = Land 6p, {j € T: f(j) #g(j)}) =0, i.e.,
j—00

f(j) = g(j) for Pa-almost all j (for short Px-a.a. j).

Proof. (i) = (ii) : Let stp, —lim f (j) = L and & > 0. Then we can write
) . €
fier:|r()-1]2 3]
has Pa-density zero. We can choose | € T such that | () - L| < 5 holds. Hence, thanks to the inequality

Fh-fD<|F G -L|+|fm-L] 3)

and from Lemma 3.6, we can get that

eT:1f()-f0l=¢f
has Pa-density zero and f is Pa-statistical Cauchy on T.
(it) = (iii) : Let f be Pp-statistical Cauchy on T. Put j; € T and define an interval G = [f (j1) — 1, f (j1) + 1]
with
op, ({j€T: f(j) € G)) =0.

Also, similarly, put j* € T and define an interval G* = [f G -3 f()+ %] with

or, ({jeT: f(j)e G} =0.
Then, we can write

jeT:f())¢GNG)
= jeT:f(DeGluljeT: f(j)¢ G}

and, by Lemma 3.6-(v) ,
op, ({jeT: f(j)¢GNG} =0.

Therefore, f is in the closed interval Gy = G N G” for Pa-a.a. j. It is obvious that the lenght of the interval Gy is less
than or equal to 1. Now, put j, € T and define an interval G* = [f (o) -1, f() + i] with

op, ({f€T: f(j) G} = 0.

By the preceding arqument, the closed interval Gy = G1 N G™ contains f Pa-a.a. jand the lenght of the interval G, is
less than or equal to §.Continuing inductively, we can construct a sequence {Gi}e>, of closed invertals such that for

each k, Gy 2 Gy, the lenght of Gy is less than or equal 21K and

op,({jeT: f(j)¢ Gi}) =0.
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Thanks to properties of the intersection of closed intervals, there is a number L with U2, Gy = {L}. Using the fact that
the Pa-density of {j € T : f (j) & Gy} is equal to zero, we can write
1 ; 1
— NHAj < —. 4
R0 f pP(DPAj <4 @)
{jeT:f(j)eGe}

Let us consider the following function g : T — R with

; L, (H¢G
9(j) = { (), (J)cth]erwisek.

Observe that, g is A-measurable and lim g (j) = L; either g (j) = L or g (j) = f (j) € Gx and (g () - L| <21k
Finally, consider

JeT:f(N#g(clieT: f())¢ G-
Thanks to (4), we get

1

1
o ® f P(])”A]<E
{ieT:£(j)29())}

which gives 6p, ({j € T : f (j) # g(j)}) = 0, that is, f (j) = g (j) for Pa-almost all j.
(iif) = (i) : For a given € > 0, we have

{jeT:[f()-L1]> ¢
c {jeT:f(PzgMuljeT:|g()-1|=¢f.
From this inclusion and using the hypothesis, we get stp, —lim f (j) =L. O

It is easy to see that if we choose T = INy, then we get Theorem 2 of [19] which is the discrete version of
above theorem.

Lemma 3.15. Let f : T — R be a A-measurable function on T. If stp, —lim f (j) = L and f is bounded, then we get

p(DPfG)Aj=L.

D)
T

Lemma 3.16. Let f : T — R bea A-measurable function on T and stp, —lim f (j) = L. If g : R — Ris a continuous
function at L, then we get

stp, —limg (f (j)) = g(L).

Proof. Let g : R — R is a continuous function at L. Then, we can write that, for every € > 0, there exists a 6 > 0
such that |g @) - g(L)| < ¢ whenever |i — L| < 6. Observe that (g (M) - g(L)| > ¢ implies |i — L| > 6, and therefore
(g (fF () - g(L)| > ¢ implies |f () - L| > 0. Hence, we have

ieT:|g(fF()-gW|2elc{jeT:|f()-L]>0},

then we can easily see that

or, ([i€T:|g(F()) -gW)] 2 ¢f) =0

which completes the proof. [
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Now, we can give the following theorem which is the generalization of given before.

Theorem 3.17. For a A-measurable function f : T — R,

stp, — hmf(]) =L (5)
a necessary and sufficient condition, for every x € R,
1 R ,
im —— N ek A = ekl
JJim N0 fp (NP TVAf = e (6)
T

Proof. Letstp, —lim f (j) = L. Since, for a fixed x € R, g (k) = ¢/ () is continuous, thanks to Lemma 3.16, we
get

stp, — lim e/ () = girL

and since g (k) is bounded, thanks to Lemma 3.15, we immedjiately get the equality (6). Conversely, assume
that the equality (6) holds. Following [21] (see also [8, 23]), let us define the following continuous function

0, u<-loru=>1,
Hwu)={ 1+u, -1<u<0,
1-u, O<u<l.

It follows immediately from the inverse Fourier transformation that we have
1 y sin 5 2
Hw)=— | |——| ¢"YdxforueR. (7)
271 >

It is enough to prove equality (6) for the case in which L = 0. Hence, by hypothesis, for every x € IR,

5 [piie0aj -1 ®)
T

om D

Lete >0and E := {] eT: ‘f (])) > e} . Then, from equality (7), we can write

() _ € b Sin%Zin'
()5 () 20

—00

S [rorn(E2)a;

o s KeEN2
e 1 o sin 5°\" . )
— j mf(])
TINONA J (5 s

Thus

Note that (7) is an absolutely convergent integral. By the time scale version of Fubini theorem (see [2, 3])
we can get

i rown(E2)a)

(o]

s KEN2
_ & sin 5 1 N 1o () A
= 27‘(_ (—ﬁ ) o (t)ip (j)He™VIAj S dx.

2
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Since g (k) is bounded, there exists a finite constants B such that, for every x € Rand j € T,

fp(f)f’e”‘f(])AJ <B—fp(1)thJ—

1
pa(h)

Hence, thanks to Lebesgue Dominated Convergence Theorem and if we consider equality (7) and (8), we

get
i o [ ()

00

KE

2
_ & [(snZ 1 jeif (i)
- 2n ( = ){Ojtg}? pa pa(f) p(DHETIA e
T

‘Smsmmzd HO) =1, 9
- (5 ax-no- ©)

and it follows immediately from the definition of H that we may also have
Y
fP (/) f]H(T Aj
T
2 () t]H(f(]))
{iemlf(i)l<e}

f p(j )t]H(f(])) f ()t]H(f(]))

{er1</2 0} {jeroslD )

[ voemis [ porla

{]’ET:_1<@<O} {jET:—1<@<O}

o [ oporai- [ prtPa)

{jeT:Og@d} {jeT:Os@d}

[ voreai=1- [ popsa

{ieT:|£(7)|<e} {jeT:|£(j)|>¢}

f P(j)thjg1_fp(])t]H(f(]))

{jeT:{f(7)]=¢} E

IN

Then,

Hence, using (9) and taking limit 0 <t — R™, we get

. B ] . —
oJim f p(HHAj=0
{ieT£(7)|=e}

hence the result is very simple from above equation. [
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4. Strong Convergence and Uniform Integrability via Power Series Method

This last section devoted to the characterization of P,-statistical and Px-strong convergence. For this
reason, we first introduce the following concept.

Definition 4.1. Let f : T — R be a A-measurable function on T. We say that f is Pa-uniformly integrable if for
any € > 0 there exist ty € (0,R) and A > 0 such that

S
ALAND)

f £GP () oA < e
{ieT|£(j)|za}

whenever a > A.

We now begin the characterization of P5-uniform integrability.

Theorem 4.2. Let f : T — R be a A-measurable function on T. Then the followings are equivalent:
(i) f is Pa-uniformly integrable,
(if) there exists ty € (0,R) such that; (+) sup ;#(t)f )f (])|p(]) tIAj < oo, (x+) for any ¢ > O there exists & > 0
to<t<R T

such that for any subset E, A-measurable subset of T, with

su
tgstERpA )

f p(HHAj <, (10)
we have

sup flf(])lp(J)t’AJ<é (11)

Proof. (i) = (ii) : Let € > 0. Then, from the hypothesis, there exist ty € (0,R) and A > 0 such that

[ lralrerai<;
{7€T:{£(j) | 2a}

su
tostER pa ()

whenever a > A. Hence, we get

etkPA (t)f’f(])|P(])t]A]
< tfﬁfzzp;() f If (])|P(])t1A]+tosu£) (t) f Ol (oA

{ieT:|f()|<A} (€Tl () =}

< Asu f HAj + =
toqu 0 J PO

I\)I(‘c
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which proves (+) . Now, take 6 = 55 and given E, A-measurable subset of T, with (10), we have

o f F(lp () a]

t0<t<Rp

! ] . N LA
NN f FDlp(Paj+ sup 05 () f HOEOLAN
{fEE'|f(f)|<A} {ieE:|f()|=A)

j ‘ o
(t) PFAT* t()sEER (t) f |f (])|P (HrAj
{ieT:|£(j)|zA}
& 1 |
. N
AZA " t::g)RPA (1) f |f(])|P(])f Aj<e
{ieT|F(7)|=A}

IA

Asup
to<t<R pA

A

which gives (#+) .
(i1) = (i) : There exists ty € (0, R) such that () and (++) hold. From (=) let B :

sup i [ 1F (P (DA < oo.
0=st< T

By (++), given € > 0 there exists 6 > 0 with (10) implies (11). Hence, take A = % and consider the set E = E (a) :=
:j eT: |f (j)| > a}. Then, we get for any fixed a > A that

1 o
pa (t) fp(]) mﬂf(])ip(])m].

So, taking supremum over t € [to, R), we obtain that

1 B
HAj < —<—=0.
S @ (t)f POIPAj< T <3

Which gives for the set E, thanks to (++) , that

su
t0<tERpA ®)

[ Volpieaj<e
{eT 1 ()l2a}

for a > A whence the result. [

With the following theorem, we show that the condition for f, for characterizing Pa-strong convergence
via P,-statistical convergence, is Pa-uniform integrable.

Theorem 4.3. Let f : T — R be a A-measurable function on T. Then f is Pa-strongly convergent to zero if and only
if f is Pa-statistically convergent to zero and Pp-uniformly integrable.

Proof. Let f be Pa-strongly convergent to zero. Then we can write that

Jm (t) p(IP[f()|Aj=0. (12)

Also, for any € > 0, we get

1
NG f AOLI ]<—p—(t) pIYF (A (13)
(e f(7)[2e}
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Then, thanks to (12) and (13) that (2) is satisfied. Hence, f is P-statistically convergent to zero. Also, from Pp-strong
convergence of f, we can write, for any € > 0, there exists to € (0, R) such that

f|f(])|P(])f]AJ <e.

t0<t<RP A (1)

Therefore, for any A > 0 and a > A, we have

1 .
t]A < ; ; t]A . S €.
NLATND f FDlP P < sup s (t) f Dlp(DPA]
{i€T| £ (j)[2a}
Hence, f is Pa-uniformly integrable.

Conwversely, let f be Pa-statistically convergent to zero and P-uniformly integrable. Then there exist ty € (0, R)
and A > 0 such that

su
t0<tfR Pa (t)

. N &
f FDlp (A <3
{7€T£(7)[2a}
whenever a > A and
1 - €
NpAT <
f p(NYAj < 7.

pa(t)
{ieT|f(7)|=5}

For ty <t < R, we obtain

pa () f [FDlp (DA
{ieT:[£(j)|<A}
1 ] .
SN0 F )| p () A+ —— (t) f Flp(ea
{jeT:5<|£()|<A) {eT:{£(j) | <min{A, 5 }}
' 2
0 f ’”(])tA”‘—(t) P(J)tAJ<Aﬁ+_:§

{ieT|f()I=5}

Using the above inequality and for ty < t < R, we have

5 [p0rlrlai
T

NG f P(])t]|f(])|A]+pA(t) f p (NP |f ()] Af

{jeT]f (i)I<A} {ieT:lf(7)>A}

2¢ n i . . 2e ¢ _
<3 +tfli£’RpA ) f POFIF(laj<F+3=¢
(enir()ioal

hence f is Pa-strongly convergent to zero. [
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