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Abstract. Our goal in this article is to construct HK-Sobolev spaces on R* which contains Sobolev spaces
as dense embedding. We show that weakly convergent sequences in Sobolev spaces are strongly convergent
in HK-Sobolev spaces. Also, we obtain that the Sobolev space through Bessel potential is densely contained
in HK-Sobolev spaces. Finally we find sufficient conditions for the solvability of the divergence equation

V- F = f, when f is an element of the subspace KSZ[IRﬂ of the HK-Sobolev space WS(l)’2 [R}] with the help
of the Fourier transformation.

1. Introduction and Preliminaries

One of the most important problem of mathematical physics in the 20th century was to find the solution
to Dirichlet and Neuman problems for Laplace equation (see for instance [21]). This problem attracted
famous scientists of that period, namely Hilbert, Courant, Weyl and many more. Russian Mathematician
Sergei Sobolev in 1930 overcame the main difficulty of this problem and introduced a functional space
called Sobolev space, given by functions in LP[IR"] whose distributional derivatives of order upto to k exist
and are in LP[R"] (readers can see [28]). Today there are many information about Sobolev spaces W**[R"],
wherep >1land k=0,1,2,..., (see [18, 20, 21, 31]). In [12], Gill and Zachary built the KSP-spaces (Kuelbs-
Steadman spaces) (see also [29]). The Kuelbs-Steadman spaces KSP[IR"] were introduced to cover Feynman
path integral formulation, an alternative approach to Quantum Mechanics. This spaces have been useful
in this approach since they contain Henstock-Kurzweil integrable functions, that are fundamental in order
to prove the convergent of highly oscillatory integrals that appear in Feynman approach. Also the space
KSP[IR"] is the completion of LP[IR"] for 1 < p < co. Even more interesting is that LP[IR"] is continuous densely
contained in KSP[IR"] and these spaces contains the spaces of distribution functions as dense subset. Gill
and Myers [14] discussed about a new theory of Lebesgue measure on IR*; the construction of which is
virtually the same as the development of Lebesgue measure on R". This theory can be useful in formulating
a new class of spaces which will provide a Banach spaces structure for Henstock-Kurzweil (HK) integrable
functions. For details of Henstock-Kurzweil integral (in short HK integral) the readers can see [2-5, 15—
17,22,23,26,27,30, 33]. Motivated by the concept of [12], the fact LV C KS? as continuous dense embedding

and parallel approach of R" and R* (see [14, 32]), we introduce our function spaces WSkp [R7], WSk» [R{°],
which we will call as HK-Sobolev spaces.
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Definition 1.1. [14, 32] Let B[R"] be the Borel o-algebra for R", I = [-1, 31 and I, = [132,,, I. For A € B[R"] the
set W, = W x I, is called n'" order box set in R™. We define

1. AL,UB, =AU B)XI,;
2. U, N B, = (AN B) X1,
3. B =BEXI,.

Definition 1.2. [14, 32] Define R} = R" X I,,. We denote B[IR}] to be the Borel o-algebra for R}, where the topology
for R} is defined via the class of open sets D, = {U X I, : Wis open in R"}. For any A € B[R"], we define Ao(Ay,) on
R} by product measure Aoo(Wy) = Apy(W) XTI A(I) = A, (), where A, is Lebesgue measure on R™.

i=n+1

Theorem 1.3. [12, 14] Aw(.) is a measure on B[R}], which is equivalent to n-dimensional Lebesgue measure on R".

Corollary 1.4. [12, 14] The measure A«(.) is both translationally and rotationally invariant on (R}, B[IR}]) for each
n € N.

We can construct a theory on R” that completely parallels that on R". Since R € R"*!, we have an increasing
sequence, and we define ﬁ}"’ = lim R} = U R}. In [14] it is shown that the measure A(.) can be extended
n—oo

n=1
to R®. Let x = (x1,X2,...) € R{®. Also let I, = TI I (see Definition 1.1) and let /,(x) = xi,(x), where
X = (%), ;- Recalling R} is the closure of ﬁ;"’ in the induced topology from IR*. From our construction, it
is clear that a set of the form A = A, x (IL? ,R)is not in R for any n. So, R}* # IR*. The natural topology
for R is that induced as a closed subspace of R*. Thus if x = (x,), y = (yx) are sequences in R}”, a metric d
on R, is defined as

_ = 1 Ixn_ynl
ww—ggﬁmjﬂ

Remark 1.5. R}® = R as sets but not as topological spaces.

We call R}” the essentially bounded version of R*. There are certain pathologies of R™ that are preserved to
R, for example, if A; has measure 1 + ¢ for all i then Ao (A) = IT2, A(A;) = c0. On the other hand, if each A;
has measure 1 — ¢, then A (A) = T2, A(A;) = 0. Thus the class of sets A € B[IR;*] for which 0 < A (A) < o0
is relatively small. It follows that the sets of measure zero need not be small nor sets of infinite measure be
large.

1.1. Measurable functions
We discuss about measurable function on R} as follows:

Letx = (x1,xz,...) € RY®, I, =TI =L, 11 and let h,(x) = x1, (%), where x = (x;)

[ S
n+1lt 272 i=n+1°

Definition 1.6. [14] Let M" be represented the class of measurable functions on R". If x € R{* and f" € M". Let
X = (x;)l, and define an essentially tame measurable function of order n (or e,—tame ) on Ry by

flx) = f'(x) ® hy ().
Let M} = {f(x) : f(x) = f"(¥) ® h.(x), x € IR7°} be the class of all e,~tame functions.

Definition 1.7. A function f : R> — R is said to be measurable and we write f € My, if there is a sequence
{fn € M} of e,— tame functions, such that

lim £,(x) = f() A = (@.0).



B. Hazarika, H. Kalita / Filomat 38:13 (2024), 4441-4465 4443
1.2. L'-Theory in R
Let L'[R?] be the class of integrable functions on R”. Since R ¢ R/*!, we define L! []ﬁ}"’] = U L'[RV]. We
n=1

say that a measurable function f € Ll[IR;"’] if there exists a Cauchy sequence {f,} C L! [ﬁ}"’] with f, € L! [R7]
and lim f,(x) = f(x) , Aw-(a.e.).
n—oo

With the fact [13, Theorem 1.18] : Ll[ﬁ}"’] = L'[R°]. The integral of f € L'[IR°] can be defined by
[ et =tim [ g,
Rloo n—oo R;o

where {f,} C Ll[]R;"’] is any Cauchy sequence converges to f(x)-a.e. (see [13, Definition 1.19]).
Let C.[IRf] be the class of continuous functions on R} which vanish outside the compact sets. We say that

a measurable function f € C.[IR}°], if there exists a Cauchy sequence {f,} C U C[R}] = []R""] such that

lim ||, — fllc = 0. We define Cy[IR;], the continuous functions that vanish at 0o, and Cy[Ry?] the compactly
n—00
supported smooth functions, in similar way (see [12, page 71]).

Remark 1.8. 1. L'[R%] = L'[RY].
2. C[RY] = CP[R™].
3. C[R] is dense in L'[R®].

Theorem 1.9. C[IR°] is dense in L'[R{°].

Proof. Since C[R!] c L'[R!] as dense. So |J CJ’[RY] U L'[IR] as dense. This gives Cg’[JR!] ¢ L'[JRY]

as dense. Now lim CY[UR/] c lim L'[JR}]. This implies C3’[lim UR}] ¢ L'[lim U R!]. So, CF[R{°] €
n—00 n—00 n—oo n—oo

L'[R°] = L'[R°] as dense. [

Remark 1.10. In a similar fashion we can define the L, [R}°].

1.3. LP-Theory in R}®

The L7 spaces are function spaces defined using a natural generalization of the p-norm for finite-
dimensional vector spaces. They are sometimes called Lebesgue spaces. It is an important class of Banach
spaces in functional analysis and topological vector spaces. Because of their key role in the mathematical
analysis of measure and probability spaces. Lebesgue spaces are also used in the theoretical discussion of
problems in physics, statistics, finance, engineering, and other disciplines. We now construct the spaces
LFIR?], 1 < p < oo, using the same approach that led to Ll[lR}x’]. Since LP[R}] C U’[]R’I”l], we define

LP[E;O] = Upz L’[RY]. We say that a measurable function f € LP[R{], if there is a Cauchy-sequence
{fu} € LP[IR°] such that lim ||f, — fl|, = 0.

Similar to Theorem 1.8, we have that functions in L¥ [ﬁ;”] differ from functions in its closure L[IR}"], by sets
of measure zero.

Theorem 1.11. [P[R®] = L’[RY].

Definition 1.12. If f € LP[R"], we define the integral of f by
fed = lim [ fira), )
]Rloo n—oo ]Rloo

where {f,} C LP[IR}°] is any Cauchy sequence converging to f(x)-a.e..
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Theorem 1.13. If f € LP[IR}"], then above integral exists.

Proof. The proof follows from the fact that the sequence in the Definition 1.12 is of LP-Cauchy. [

If f is a measurable function on R}” and 1 < p < oo, we define

Iflly = {fmw Ifl”d/\oo(x)]p :

Remark 1.14. 1. [13, Theorem 2.1] If f € LP[IR}], then the integral of (1) exists and all theorems that are true
for f € LP[IR}], also hold for f € LP[IR}?°].
2. [12, Theorem 2.54] C [IR}*] is dense in LF[IR}"].
3. Let ¢ € CF[RY°], ¢ > 0and fqb(x)dx =1, and define for € > 0 pe(x) = €' P(2). If f € LP[R®] with compact
support, then ¢ * f has compact support, is of class C*[IR}°] and ¢ * f converges to f in LF[IR}"]. Hence,
Co[Ry] is dense in LP[RT°].

1.4. Theory of KSP[IR}°]

Gill and Zachary in [12] introduced a new Banach space of non-absolute integrable functions. Kuelbs
lemma (see [19]) was the main tool of their work with approach of [29], they found a kind of Banach
spaces called Kuelbs-Steadman spaces that contain Henstock-Kurzweil integrable functions. Construction

of KSP[R"] was discussed in detailed in their work. We adopt their approach with virtual concept of
Lebesgue measure in R™. We now construct the spaces KSP[IR]’], 1 < p < oo, using the same approach that

led to the construction of L'[IR*]. Since KSP[R]] C KSP[R}*!], we define KSV [ﬁ;’o] = U KSP[R]].
n=1

Definition 1.15. We say that a measurable function f € KSP[RY’], for 1 < p < oo, if there is a Cauchy sequence
{fu) € KSPIR] with f, € KSP[RM] and lim f,(x) = f(x) Aco-tt.

The functions in KSP[ﬁ}"’] differ from functions in its closure KSP[IR;°], by sets of measure zero.
Theorem 1.16. KSP[R°] = KSP[RY]

Definition 1.17. If f € KSP[IR}], we define the integral of f by
Fd0 = lim, [ £,
Ry IRy

where {f,} € KSP[R}] is any Cauchy sequence converging to f.

Theorem 1.18. If f € KSP[IR}"], then the integral of f defined in Definition 1.17 exists and is unique for every
f € KSP[RY].

Proof. Since the family of functions {f,} is Cauchy, it follows that if the integral exists, it is unique. To
prove the existence, follow the standard argument. First assume that f(x) > 0. In this case, the sequence
can always be chosen increasing, so that the integral exists. The general case now follows by the standard
decomposition. [
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1.5. Construction

Fix n € IN and let @?" =1limQ} = U QF, where Q] is the set {x € IR} : the coordinates of x are rational}.
n—oo k=1

Since this is a countable dense set in R}, we can arrange it as Q] = {x1, x2, ...}. For each k and i, let By(x;) be a
closed cube in IR" centered at x; with sides parallel to the coordinate axes and edge e, = ﬁ Now choose
the natural order which maps IN X IN bijectively to IN, and let {8y : k € IN} be the resulting set of (all) closed
cubes

{Br(x)l (k, i) € N x N}

centered at a point in Q] Let Cx(x) be the characteristic function of B, so that Ci(x) € LP[R}°] N L*[IR}°] for
1 < p < co. Define Fi(.) on L'[R{°] by

Fip= [ Gmrmiraw.

Since each By is a cube with sides parallel to the coordinate axes, Fy(.) is well defined for all HK-integrable

functions. Also it is a bounded linear functional on LP[IR}°] for 1 < p < oo. Fix 74 > 0 such that }’ 74 = 1 and
k=1
defined an inner product () on L'[R*] by

WER [ fR ) ck<x>f<x>dAm(x>] [ fR ) ck<y>g<y>d2\m<y>}~

r=1

The completion of Ll[]R}"’] in the inner product is the space KSz[]R}"’]. To see directly that KSZ[IR}"’] contains
the HK-integrable functions, observe

(o]
2
IfiEg =Y
k=1

[ fwirae
By

2

| asmire

2
< 00,

< sup
k

So, f € KS*[R}°].
Theorem 1.19. The space KS?[R°] contains LP[R°] for 1 < p < oo as dense subspace.

Proof. Since KSZ[]R?] contains LF[R}] for each p, 1 < p < oo as dense subspace and KSZ[]RI“’] is the closure of

U KSZ[]R;I], it follows that KSZ[]R;"’] contains the closure of (J LF[IR}], but this closure is [/[R}°]. O
n=1 n=1

Before proceeding more, we define a norm on LF[R}"] as

(f Tk |me Ck(X)f(x)d)\w(x)r)p , for1 <p < oo;
||f||Ksp[]R;°] = k=1 1
sup | - Gf @A)

, forp = oo,

where x = (x1,x2,x3,...) € RP. It is easy to see that |[|.|| KSP[R] defines a norm on L*[IR}°]. The completion of
LP[IR}°] with this norm is KSP[IR}].

Theorem 1.20. For each q with 1 < q < oo, KSP[IR}’] © LI[IR}°] as a dense continuous embedding.

Proof. This is easily deduced from the fact that KSP[IRY] O LI[IR}] as a dense continuous embedding for each
g, 1<g<oco. O
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Theorem 1.21. For 1 < p < oo, we have
1. If fu = f weakly in LP[R}*] then f, — f strongly in KSP[R}].
If 1 < p < oo, then KSP[IR}"] is uniformly convex.
If1<p<ocoand ;+ ¢ =1, then the dual space of KS[IR}"] is KSTR}’].
KS®[R®] C KSP[RE] for 1 < p < oo,
Cc[Ry] is dense in KSP[IR”].

O W

Our goal of the article

In this article we first observe that the weak differentiability in L/[R}] is the strong differentiability in
KSP[R}] and this is also true when we replace R} by R}. Secondly, our purpose is to claim that weakly
differentiability in Wk [R}]is strongly differentiability in Wsk» [IR}]. Finally we show that weakly convergent
sequences in Wk [R}]and Wk [R}°] are strongly convergent in WSkr [R}]and WSkp [R}°], respectively. Asan
application, in the last section we found sufficient conditions to solve the equation V-F = f, for f an element
of the subspace KS?[R?] of the HK-Sobolev space WS})’Z[]R;‘], with the help of the Fourier transformation.

2. Meaning of D f(x) when x € R¥

Recalling in the set theory, for two sets A and B, A CC B means that the closure of A is a relatively
compact subset of B. For example:

(0, 0) c R but (0, 0) £ R, where as (0,1) c R and (0,1) cC R.

The test functions D[R] on R} are similar as test functions on R", so ignore the detailed of the test functions
on RY.

I
We denote test functions on IR}* as D[R], to construct this spaces we use the same approach that led to
L'[IR;°] in Subsection 1.2. Since D[R!] c D[R}*!], we define D[RF] = U, D[R}].
Definition 2.1. We say that a measurable function f € D[R] if and only if there exists a sequence of functions
{fu} C Z)[Ili-"\"] U D[R}] and a compact set K C R}y, which contains the support of f — fu for all m, and
D*f, — D*f umformly on K, for every multi index a € INy. We call the topology of D[R}°] as the compact
sequential limit topology.

Theorem 2.2. For each p, 1 < p < oo, then test function D[IR}] C KSP[IR}] as a continuous embedding. Also the
test function D[IR}°] € KSP[IR}*] as a continuous embedding.

Proof. Proof is similar as the proof of [12, Theorem 3.47]. [

The mollifiers are used in distribution theory to create sequences of smooth functions that approximate non
smooth functions via convolution. Sergie Sobolev [28] in the year 1938 used mollifier functions in his work
Sobolev embedding theorem. Modern approach of mollifier was introduced by Kurt Otto Friedrichs [11]
in the year 1944.

Definition 2.3. (Friedrichs’s Definition) Mollifier identified the convolution operator as

60 = [ petr= sy,

where @c(x) = € (%) and ¢ is a smooth function satisfying

1. ¢(x) =0 forall x € R".
2. @(x) = p(|x|) for some infinitely differentiable function u : R* — R.
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To construct mollifier in IR®, for each € > 0, let ¢ € C7’[IR°] be given with the property

@e 20, supp(pe) C {x € R : |x| <€}, f(pe =1
such functions can be constructed (see page 32 [25]), for example, by taking an appropriate multiple of

| exp(xP—€e)7t Ixl <€

Let f € L'[G], where G is open in R°. Suppose that the support of f satisfies supp(f) cC G (compact
support), then the distance from supp(f) to dG is a positive number A. We extend f as zero on complement
of G and also we denote the extension in L! [R{°] by f. For each €, define the mollifier:

£ = [ = yeine, ve R, @

From now on we consider functions f € KS? so, f = 0 almost everywhere. We obtain the following lemma.

Lemma24. 1. Foreache >0, supp(fe) C supp(f) +1{y : |yl < €} and fo € C*[R]"].
2. If f € ColG], then f. — f uniformly on G. If f € KSP[G], 1 < p < oo then ||fellksric) < lIfllksrigy and fe — f
in KSP[G].

Proof. (1). The proof is similar to that of [25, Lemma 1.1].
(2). Use the fact that L7[G] is dense as continuous embedding on KS7[G] and follow the proof of [25, Lemma
1.2]. O

Theorem 2.5. C;’[G] is a dense subset of KS?[G] and KSP[G].

Proof. Since C[G] is dense in L?[G] and LF[G], it follows that C3’[G] is dense in KS*[G] and KSP[G]. It
follows the result. []

Definition 2.6. A distribution on G is a conjugate linear functional on Cy’[G], that is, CJ[G]" is the linear space of
distributions on G.

Example 2.7. The space L, [G] = ({L'[K] : K cC G} of locally integrable functions on G can be identified with a
subspace of distributions on G. That is, f € L, [G] is assigned the distribution Ty € Cy’[G]" defined by

Ts(p) = fG f#s ¢ € GYIC]
where the HK integral over the support of ¢ is used.

Remark 2.8. We can find from the Theorem 2.5 that T : L, [G] — C§[G]" is an injection. Then by Example 2.7,
we have in particular that the equivalence functions in KS?[G] will be identified with a subspace of D*[G].

Let @ = (a1, ay,...) be multi-index of non negative integers with |a| = } ay. We define the operators D4

k=1
and D, , by 5
Qe
Dz =117 Da,n = Hl}::l (

1 1 43
k=1 Qe )

271i dx
respectively.

Definition 2.9. We say that a sequence of functions {f,} C C*[IR}’] converges to a function f € C*[R}] if and
only if for all multi-indices a, ID* f € C[R}°] and for x € R} for all n € IN, such that

lim sup[sup sup |[D*f(x) — D*f,,(x)[] = 0.
m—eo @ xlI<IN



B. Hazarika, H. Kalita / Filomat 38:13 (2024), 4441-4465 4448

2.1. Observation -
We say that a function f € C*[IR}°] if and only if there exists a sequence of functions {f,} ¢ C*[R}°] =

U C*[R}] such that for all x € Rj* and n € N,
n=1

lim sup[sup sup |D*f(x) — D* f,,(x)|] = 0.
m—eo a  lx|I<IN

From the above we can say that the set of all continuous linear functionals T € D*[IR}°] is called the space of
distributions on R}*. A family of distributions {T;} ¢ D[R] is said to converge to T € D*[IR}’] if for every
¢ € D[R], the numbers T;(¢) converge to T(¢).

We define derivatives of distributions in such a way that it agrees with the usual notion of derivative in those
distributions which arise from continuously differentiable functions. We define 9% : D*[R}°] — D*[IR}°] as
d*(Tf) = Tpey, lal <m, f € C"[Ry°]. By integration by parts we obtain

Tof(y) = (1) Te(D"p), ¢ € CFIRY]

and this identity suggest the following definition:

The a' partial derivative of the distribution T is the distribution 9T defined by
I'T(p) = (-D)T(Dp), ¢ € CTIRY].

Since ID* € L(C7[Ry°], CF[IRY?), it follows that 0°T is linear. Every distribution has derivatives of all orders
and so is every function. For distribution theory one can see [1, 9, 10] and references therein.

Example 2.10. It is clear that the derivatives 0" and ID* are compatible with identifications of C*[R}°] in D'[IR}°].
For example:
1. If f € C'[R°] then

() = ~f®g) = - [ fDp) = [N =D,
where the equality follows by integration by parts. In particular, if f(x) = H(x), where H is the Heaveside

function on R,
| 1forx; > 0;
H(x)‘{ 0forxi <0, i€ N

forx = (x1,x2,%x3,...) € RY, then

DHE 0 = [ HEDp@A)
Ry

Ry
= ¢(0)

= [ e .
Ry

That is, in the generalized sense of distributions, IDH(x) = d(x) the Dirac delta function on R}y
2. Let f : RP — K be satisfy fre- € C*(=00,0] and fige+ € C*[0, 00) and denote the jump in the various
derivatives at 0 by
on(f) =D"f(0") —=ID"f(07), m > 0.

Then we obtain
9f(@) = Df(p) + 00()(9), ¢ € CF'IR;"].
That is, df = Df + ao(f)d, we can compute derivatives of higher order as:
Pf =D*f + 01(f)d + 00(f)Id
Pf =D3f + 02(f)6 + 01(f)I6 + 00(f)2*6
e.g.,d(H -sin) = H - cos
d(H - cos) = —H - sin +6. So, H - sin is a generalized solution of the ODE (6* + 1)y = 6.
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Definition 2.11. If a is a multi-index and u,v € L} [R°], we say that v is the a' weak (or distributional) partial
derivative of u and write ID*u = v provided that

f u(DQ)dA e = (1) PvdA
P R}

for all functions ¢ € CZ[R°]. Thus v is in the dual space D*[R}°] of D[RT°].

Ifuell

loc

[R{°]and ¢ € D[R}’] then we can define T),(-) by

Tu(p) = f}Rm UPdi .

This is a linear functional on D[R}°]. If {¢,} € D[R}’] and ¢, — ¢ in D[R], with the support of ¢, — ¢

contained in a compact set K C R}®, then we have

ITu(@n) = Tul@)] = ‘ | 1.0 - g01r0)
< sup pu(x) = () | WA,
xeK R

By uniform convergence on K, we see that T is continuous, so T € D*[IR}’]. We assume

llpll = sup{[D*p(x)| : a € Ng, lal < N}.

XERP

Theorem 2.12. Let D[R] be the dual space of D[R}°].

1. Every differentiable operator D%, « € Ny’ defines a bounded linear operator on D[IR}"].
2. If T € D[R] and a € Ny, then DT € D*[Ry°] and
(D*T)(p) = (-1)*'T(D"p), ¢ € DIR}’].

3. If IT(p)l < cllplly for all ¢ € DIK], for some compact set K C R}, then [(ID*T)(p)| < cllglln+ip and
D*DAT = DFID*T.
4. If g = D*f exists as a classical derivative and g € L} [Ry°], then T, € D*[R}°] and

loc

0 [ R = [ aepediew

forall p € D[R]
5. If f € C[RP] and T € D[RY] then fT € D[R], with fT(p) = T(fe) for all ¢ € D[R] and
ID(fT) = ﬁZ Cap(ID*F £)(IDPT).
<a
Proof. The proofs are similar to those of R*. [

The weak and strong derivative for L’[R}] can be defined like the weak and strong derivative for L/[R"].
For theory of the weak derivative and strong derivative for L”[IR"] we follow the [6, Definition 29.15].

Theorem 2.13. Strong differentiable implies weak differentiable in LP[IR]].
Proof. The proof is similar as (4) = (2) of [6, Theorem 29.18] those of L’[R"]. [

We state the weak and strong derivative for L/[IR}"] as:
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Definition 2.14. Letv € R and f € LP[R®] (f € L} [R®]), then 0% f is said to exists weakly in LP[RP](L} [R])

loc loc

if there exists a function g € LP[R{°](g € L; _[IR{°]) such that
<fidp>=-<g,0> Y e C[R].

In this case IV f = g.

Definition 2.15. 1. Forv € R}*, h € R — {0} and a function f : RP® — C, let

90 iy = L4110

for those x € IR}” such that x + hv € IRY". When v is one of the standard basis elements e;, for 1 < i < d, we will
write 8? f(x) rather than 9 f(x).

2. Letv € R and f € LP[R°], then it is said that J,f exists strongly in LP[IR}], zf}g% ' f exists in LP[R]. In
this case d5,f = lhirr(} Oy f.
Now we give the strong and the weakly differentiability for functions in KSP[IR}°]. However, to understand

this, we need little work on KSP[IR}].

Definition 2.16. Let v € R" and f € KSP[IR}]. Then it is said that 3 f exists weakly in KSP[R}], if there exists a
function g € KSP[IR}] such that

< f,0up >=—<g,¢ >ksr, Yo € CC[R}].
We define d,f = g. If « € N, then 9° f exists weakly in KSP[IR'] if and only if there exists g € KSP[IR}] such that
< f,0% >=(-1)" < g,¢ >ksr, Yo € C[R}].
In this case d* f = g.

Since KSP[IR}] is the completion of LF[IR}], we define the strongly differentiability in KSP[R}] as was done
in LP[R}].

Definition 2.17. Let v € R" and f € KSP[IR}]. Then d;f exists strongly in KSP[R], if %irr(} dyi f exists in KSP[IRY].
We define &5 f = lhir% O f.

Strongly differentiable implies weakly differentiability in LP[IR}] and weakly convergent in LP[R] is strongly
convergence in KSP[IR}] with compact support. This lead our investigation is more interesting, we want to

find a relation between strongly differentiable and weakly differentiable in KSP[IR}]. Easily we can find for
f eKSP[RI]and v € RY, if 95 f € KSP[IR!] exists weakly then d, f € KSP[IR?] and they are equal. Now

<df,p>= i Ty fR ) Cr(x) {W} P(x)dA,(x)
1
— ho) —
o [ st =, 0

T, jﬂ;d Cr(x)f(x)wdAn(x)

<
1l

11

=~
I

1

11

—

r=

=< f, 3’10(;) >KSp .
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Ifo5f = iirr(} J f exists in KS¥ [Rf]and ¢ € CZ° [R?] then

<df,o>= %ing<8ﬁf,(p >
= lim <fdp>

=—<f,dop>.

Our main purpose is now to find whether weakly differentiable in LP[IR}] implies strongly differentiable
in KSP[IR}]. This comes from the fact that weakly differentiable in [[IR}] implies weakly convergence in
LP[R}], moreover weakly convergence in LF[R}] is strongly convergence in KSP[IR}]. The fact that f is
strongly convergence in KSP[IR}] gives

f G fu(x) = f(x)]dAs(x) — O for each n.
Ry

This gives us }1138 d'f = 0in KSP[R?].

Remark 2.18. Any function in L*[IR}] is weakly derivable in [F[IR}] so
Cr(f) € LPIRfT N L[IRy]

is also in the sense of weak if we consider in weak derivative.

From this remark we can conclude that weakly differentiable in LP[IR7NL*[IR}] is also strongly differentiable
in KSP[IR}].

Proposition 2.19. If d,f exists in Lf’o AR} weakly then there exists f, € CZ[R}] such that f, — f in KSP[K]
strongly, i.e.,
gi_{folo||f—fn||1<5p[1<] =0

and dyf, — 0y f in KSP[K] strongly for all K cC R}.

Proof. Let d,f exists in L} [R7] weakly with f € L [R7] then from [6, Theorem 29.12], there exists {f,} €

loc loc
CP[Ry] such that f, — fin L! [R?] and d,f, — d,f in L] [R}]. Now, from [13, Theorem 2.4] L] [R]] C
KSP[IR}] as dense continuous embedding. The known fact L[IRf] c LP[IR}] and from the [13, Theorem
2512)] f, — fin L?OC[]R?], we can have f, — f in KSP[K] strongly, i.e.,

}El;’“f_fn“KSP[K] =0
and d, f, — d,f in KSP[K] strongly for all K cC R}. O
We can construct above concept for KSP[IR}’], which we mention now:

Definition 2.20. Let v € R? and f € KSP[R°] then 9, f is said to exists weakly in KSP[IR:°] if there exists a function
g € KSP[R}°] such that
< f,000 >= =< 9,0 >ksr, Y € CT[RP].

If « € INy’ then 0 f is exists weakly in KSP[IR}] if and only if there exists g € KSP[IR}°] such that
< f,0%p >=(-1)" < g,¢ >ksr, Yo € CC[R]].
Since KSP[IR;°] is completion of [7[IR}°], we define strongly differentiable as like of LP[IR}°].

Definition 2.21. Let v € R? and f € KSP[R}°], then 9, f is exists strongly in KSP[R;*] if %irr& I f exists in KSP[R°].
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Same way the strongly differentiable implies weakly differentiable in LF[IR°] and weakly convergence in
LP[R°] is strongly convergence in KSP[IR;°] with compact support. Easily we can find for f € KSP[R]
and v € RY, if 95f € KSP[R?] exists then d,f € KSP[R°] weakly and they are equal. Moreover weakly
differentiable in LP[IR}°] implies strongly differentiable in KSP[IR}’]. This comes from the fact that weakly
differentiable in LF[R°] implies weakly convergence in LF[IR}°], with weakly convergence in L[R}°] is
strongly convergence in KSP[IR°]. Any function in L*[IR;°] is weakly derivable in L7[IR}°], so

G(f) € PIRPIN LR

is also in the sense of weak if we consider in weak derivative. From this we can conclude that weakly
differentiable in L7[IR}°] N L*[IR}°] is also strongly differentiable in KSP[IR}"].

Lemma222. 1. Suppose f € L, [R®] and 9, f exists weakly in L] [IR®°]. Then supp, (9, f) C suppu(f), where
suppm(f) is essential support of f relative to Lebesgue measure.
2. If f is continuously differentiable on u C R} then d, f = dy(f) (weakly) a.e. on f

Proposition 2.23. If d,f exists in LZ AR’ ] weakly then there exists {f,} € CZ[R[*] such that f, — f in KSP[K]
strongly, i.e.,
,}E’E‘o“f‘fn”KS”lKl =0

and dy fy — Jy f in KSP[K] strongly for all K CC R}°.

3. HK-Sobolev spaces

The function f(x) = [x| is weak derivable in KS(IR}) which is not strongly derivable in KSP(IR}). This
type of functions motivate us to think in a space like Sobolev for KSF(R}) and KSP(IR°).
In the one dimensional case the HK-Sobolev space WS*’[R] for 1 < p < oo is defined as the subset of
functions f in KSP[R] such that f and its weak derivatives upto order k have a finite KS” norm.
In one dimensional problem it is enough to assume that f*~V, the (k — 1)th derivative of the function f is
differentiable almost everywhere. That is

WSH[R] = {f(x) : D*f(x) € KSP[R]}.

For multi-dimensional case the transition to multiple dimensions entails more difficulties, starting with the
definition itself. The requirement that f*= be the integral of f® does not generalize, and the simplest
solution is to consider derivatives in the sense of distribution theory.

A formal definition we now state as: Letk € N, 1 < p < co. The HK-Sobolev space WSkr [R7] is defined as
the set of all functions f on R} such that for every multi-index a with |a| < k, the mixed partial derivative

f@ = ﬂ
ox"....oxy"

exists in the weak sense in KSP[IR}] that is, || f("‘)ll Ksp < 00.
Therefore the HK-Sobolev space WS""’[]R}“] is the space

WS’“”[]R?] ={f e KS’[R]]: D*f € KSP[R}], V¥ |a] < k}.
We called k as the order of the HK-Sobolev space WSsk» [R}]. We define a norm for WSk"’[]Rﬂ as:

1
P
( y ||]D“f||’lis,,) , for1 <p < oo;
”f”WSkrP[IR}’] = lal<k

max [[D¥ f|lkse, forp = o
lal<k
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Fork=1

1

,,
st = (1 Rz + 1T fllko

1
P}n

fR G (Df(x)dAwo(x)

n
1

p o
v dAOO r
fR G A0 +;r

[ comsirae

and

Ifllwsimyy = sup
r=1

+ sup
r>1

f L) f A ()
Ry

We can consider equivalent norms

1
P

n
— 4 14
1 fllwstopmy = [n - ||1D]-f||KS,,[Rﬂ] :
j=1

n
st = ks + Y 1D, fllksre

=1

when1 <p < coand
Ifllwsie = max{llflle=rey, D flleepreg, - - - Dn fllo e}

3.1. Completeness of HK-Sobolev Spaces

A sequence (f;) of functions f; € WS*’[R"],i = 1,2, ... converges to a function f € WS*’[R!] if for every
€ > 0 there exists i, such that

”f, - f”WSk'P[]R;’] <€ wheni > i5~
Equivalently
115{1” IIfi = fllwstrrey = 0
A sequence {fi} is a Cauchy sequence in WS’W[]R?] if for every € > 0 there exists i, such that

“ﬁ - ﬁ||WSk'V[R§‘] <e€ When l,] 2 i€~

Theorem 3.1. WS’“”[]R}’] is Banach space.
Proof. First we prove ||.||W5k,pUR?] is a norm.

||f||W5k,p[]Rﬂ =0 = lIfllks/iry) = 0 which implies f = 0 a.e. in R}.
Now f =0 a.e. in R?, implies

f D fpdAe = (1) f fD%pdA = 0 for all ¢ € CJ[RY].
R} Ry

As f € L, [R}] satisfies fRn fedAs = 0 for every ¢ € CJ[R}] then f = 0 a.e. in R}. This implies
T
Def =0ae. in R} forall @, |a| < k.

2. ”af”WSk/ﬂ[]R;’] = |0(|”f”WSk«F[]R;’]/ a€R
3. The triangle inequality for 1 < p < oo follows from elementary inequality (@ + b)* <a® +b%, 0 <a <1
and Minkowski’s inequality.
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Now, let {f;} be Cauchy sequence in WSk» [R}], since
ID* fi — D fillksrimey < Mlfi = fillwstorwey /lal < k

it follows that (D f;) is Cauchy in KSP[IR}], |a| < k, next follow the completeness of KSP[IR] implies that
there exists f, € KSP[IR}] such that D*f; — f, in KSF[R}]. O

Remark 3.2. HK-Sobolev space is a vector space of functions equipped with a norm that is a combination of
KSP—norms (i.e., LP—norms) of function together with its derivatives upto a given order. The derivatives are under-
stood in a suitable weak sense to make the space complete. We have f, g € WS*[R?] if and only if f,g € KSP[RY].
Since the completion of LP[IR}] with ||.lksry) is KSPIRT]. So, in case, f, g € KSP[R}], then ||fllkserr = lIgllkserr a-e.,
this is because f, g € LP[R}] with || f IILp[]R;r] = ”g”LP[]R;!] a.e. This facts can give conclusion that functions of WSk» [R}]
are equal almost everywhere, one can see [18, Remark 1.8] for Sobolev space.

Theorem 3.3. WSK? [RY], 1 <p < oo is separable, however WS> [IR}] is not separable.

Proof. In the case k = 1 consider the mapping WS'# [R7] to KSP[IR}] X KSP[IR}]. The product space KSP[IR}] X
KSP[R?] is separable. From the [8, proposition 3.25] T(WS'?) is also separable. Consequently WS'7 is
separable.

Let O = Q' x(0,1), Q" c RV is bounded. For 0 <z < 1 choose r; > O such that I, = (z—r;,z+ 1) € (0,1)

and
, XN t -1
FZ(X,XN) =f f f X[ZdS....dtk_l,
0 0 0

where x = (x', xy) € Q = Q' x(0,1). Then F, € WS**°[Q] and the set (U;).¢s is uncountable, pairwise disjoint,
open and non empty subset of WS¥*[Q)] where

1
u, = {f € WSF[Q] : |If = Fullwsee < E}'

Thismeans, f € U, NU,, implies ||F;, —F, |lyst~q; < 1.50, ||8’]‘\,(FZl —F.,)llks~1q1 < 1. Hence, II)(IZ1 _X122||KS°°[0,1] <
1 implies z; = z. Therefore, WSk®[Q] is not separable. [

The space WS"'Z[]R;’] is a Hilbert space with the inner product

< f,9 >wsamy= Z <IDf, D% >ksarrys

o<k

where

< Daf, Dag >KSZ[IRIVI]= Z Ty jl;n Cr(x)]Daf]DagdAw(x)
r=1 1

1
Observe that || fllwsk,Z[]R;t] =<ff >;\/Sk2[]R;‘] .

Theorem 3.4. For 1 < p < oo, we have
1. If fu = fweakly in W'*[R] then f, — f strongly in WSYP[R], i.e., every weakly compact subset of W'?[R!]
is compact in WS'P[R7].
2. If1 < p < oo then WS*P[R?] is uniformly convex.
3. If1 < p < co then WS*?[R?] is reflexive.
4. WSEF[R?] ¢ WSHP[RY] for 1 < p < 0.
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Proof. (1) Using [18, Theorem 1.38] and {f,} is weakly convergence in W' [Rf] to f € wWhr [R}], we have
that f, — f € LP[R}] weakly. This implies f, — f € KSP[IR}] strongly. Consequently, f]Rn G fulx) =
f(x)]dAs(x) — 0 and so f]R” G(x)[ID* fy(x) = ID* f(x)]d Ao (x) — 0. Therefore, f, — f € WSLF’[]R?].

1
(2) Let T : WSk? [R7] — KSP[R}], defined as x — (ID“x)jyj<k, be a closed and isometric embedding. Since

KSP[R!] is uniformly convex for 1 < p < oo, so is any closed subspace, and hence WS*”[R""] is isometric to

its image under T, it follows that WS"'V[]R?] is uniformly convex for these p.

(3) Follows from part (2).

(4) Let f € WSk"X’[]RI”]. This implies that | f]R” G (x)D? f(x)d Ao (x)| is uniformly bounded for all n. Then
1

| fRn G (x)D* f(x)d Ao (x)IP is uniformly bounded for each p, 1 < p < 0. So, it is clear
1

z

1
r|r
< 00,

Theorem 3.5. W*?[R?"] ¢ WSM[IRY] as continuous dense embedding for 1 < p < oo.

T, fﬂ; , Cr(x)D* f(x)d Ao (x)

Therefore, f € WSk’p[]R?]. O

Proof. Let f € W'P[R?] for 1 < p < co. Then we have

1 llwskoprey = Z ||]Daf”1<sn]

lal<k

- ZZT

|a|<k r=1

];

YY f CID f(P A, x»l

| la|<k r=1

f G (0D f(x)dAo(x)

IA

< sup( N Cr(x)ID"f(Xdi/\oo(x)] < N fllwerwey-

lal<k
[
Theorem 3.6. WSL”[]Rﬂ — KSP[IR}] as continuous embedding for 1 < p < co.

Proof. As [31], we have W'¥ [RP] = LI[R}] for 1 < p < g < co. Also, L[IR}] c KSP[IR}] as continuous dense
for 1 <p < c0. So, W#[R!] — KSP[R] for 1 < p < co.
We need to show WS'#[R?] — KSP[IR?]. For this we find

Il fllksrrey < [1f llwstere
for f € WS'P[R}], which gives our result. [
3.2. HK-Sobolev Spaces on R™

In this section we will discuss about WSF[R]. As WSF[R!] ¢ WS*[R*1], we can define

WS [RY] U WSFP[IRY].
n=1
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Definition 3.7. We say that for 1 < p < oo, a measurable function f € WS*?[RS], if there exists a Cauchy sequence
{fu) € WSHP[R®] with f, € WSHP[IR'] and

}im D% fu(x) = D*f(x), Ao —a.e.

Definition 3.8. Let f € WS*P[R®], we define the integral by
f D f(x)dAw(x) = lim f D% £, (x)d A (x),
]R;a n—oo IR;O

where f, € WS [RS] for all n and the family {f,} is a Cauchy sequence.
Theorem 3.9. WSk? [II/{I?O] = WSk» [R{°].
We define HK-Sobolev space WSsk» [R{°] as
WSH[R®] = {f € KSP[R®] : D*f € KSP[R°], ¥ |o] < k).
We called k as the order of the HK-Sobolev space WSt? [R;°]. We define a norm for Wsk» [R;°] as:

1

v
( >z ||]Daf”i5p) , forl1 <p < oo;
Ifllwsioirey = \lalk
max||]Dkf||K5m, forp=oo
lal<k

Fork=1

P
sty = (g + DAl |

oo 14 0o 14 %
={Z o [ ctsmire| + Yo [ cwpimn. }
n=1 ]R}m r=1 ]R}m
and
fllysioisgy = sup| [ 00| +sup | [ CIDFLG),
r>1 R r>1 RpP

We can consider equivalent norms

1
4

n
— 4 P
”f”WSl/F’[]R;"’] - [”fHKSF’[IR}"’] + Z ||D]f||KSV[IR;°]] ’
=

n
1 fllwstoime = Iflksrmer + Y D fllks e
j=1

when1 <p < oo and
Ifllwste = max{llflleomrep, D fllLemwreg, - Dy fllLe e}

Remark 3.10. The Remark 3.2 follows that the functions of WS*?[R$°] are equal almost everywhere.

Theorem 3.11. Let f € WS*/[R}°], then

D f(x)d Ao (x) = lim f D? £, (x)d Ao (),
n—oo0 ]RIDQ

Ry

where f, € WS [R] for all n and the family {f,} is a Cauchy sequence.
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Proof. Proof of this theorem is similar to Theorem 1.18. [J

Theorem 3.12. For 1 < p < oo, we have
1. If fu — f weakly in WY?[R®] then f, — f strongly in WS'P[R] i.e., every weakly compact subset of
WYP[R] is compact in WS [IRS®].
2. If1 < p < oo then WS*P[R®] is uniformly convex.
3. If1 < p < oo then WSHP[R°] is reflexive.
4. WSF*[R®] ¢ WSFP[R®] for 1 < p < 0.

Proof. (1) Let {f,} be a weakly convergence sequence in W'7[R%°] with limit f. Then
[ e - D et - 0
R!
for each r. Now, since each f, € WS'#? [R7], it follows

lim f Cr(x)D? fu(x) = D f(x)|d Ao (x) — 0.
n—oo ]R;’

(2) As W*P[R?] is uniformly convex for each 1 and that is dense and compactly embedded in WS*/[IR;°] for

allp, 1 < p < o0. S0, |J WE[IR!] is uniformly convex for each 7 and that is dense and compactly embedded
n=1

in [ WSH[R™] forall p, 1 < p < .

n=1

However Wk? []I’{-;’\o 1= U W*[R?]. That is, Wk'P[]li?"] is uniformly convex, dense and compactly embedded
n=1

in WSk» []I/{I?"] forallp, 1 <p < 0. As Wskr [R;°] is closure of WSsk» []I/{I?"]. Therefore WSk? [R;°] is uniformly
convex.

(3) From (2) we have WSk'F’[]R;"’] is reflexive for 1 < p < oco.

(4) Let f € WS*P[R:]. This implies

| com i

is uniformly bounded for all r. It follows that ‘ me G(x)D*f (x)d)\oo(x)’p is uniformly bounded for 1 < p < co.
T
It is clear from the definition of WSK? [R}°] that

==

p
jﬂ;m Cr(0)D* f(x)d A oo (x) } < Mllfllwssrrs) < ©°.

So, f € WSM[R®]. [
Theorem 3.13. WS [R{°] — KSP[IR}*] as continuous embedding for 1 < p < co.

Proof. As WS'P [R}] — KSP[IR}] as continuous embedding for 1 < p < 0. So, | wsl» [RY] — U KSP[R}]
n=1 n=1

as continuous embedding for 1 < p < oo. Therefore WSL”[]ﬁI&] — KS”[]IEIE’] for 1 < p < . Hence,
wstr [R}°] — KSP[IR}°] as continuous embedding for 1 <p < co. [
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4. HK-Sobolev spaces through Bessel Potential

Definition 4.1. [21]

1. S[R}] = {f € CZ[R}] : sup |xP9 f| < oo for all multi-indices a, B}.
2. S'[IR}] is the set of sequentially continuous functionals on the space S[IR}].

For s € IR, Bessel potential of order s to be the sequentially continuous bijective linear operator #* : S[R}] —

SIR}T by

PR = | (+1EP) o)

Ry
forx e ]R;‘. That is,
FooelPf(0)) = (14 1EP)2 £(£).
Definition 4.2. [21] For s € IR, the Sobolev space through Bessel potential is
WZIR]] = {f € S'R]: #°f € L’[R]]},

where P° is a kind of differential operator of order s.

Recalling that P = P*.P!, (P°)1 = P, PO = Identity operator. It is found that < P*f, g >=< f,P°g >ks2
and < P°f, g >=< f,P°g >ks for all f,g € S[IR]], giving a natural extension of Bessel potential to a linear
operator °: §* — 8 by < P*f,p >=< f,P°p > for all p € S[R}].
We define for s € R,

WSFIR]] = {f € STR}]: #°f € KS’[R}]}.
Theorem 4.3. Let h € S[IR}]. Then h € A there exists g € A such that

<h, ¢ >=<g,¢ >ksrr] forall ¢ € S[R}].
Proof. From [21], for h € S*[IR}], then h € A there exists g € A such that

<hp>=<g,¢ > 2[Ry for all ¢ € S[IR}].

|

G f (X)Izd/\oo(X)l

Let f € L*[R?]. Then

o0

2w
r=1

oo

)
r=1

<sup [ | co f(x)lszm(X)]
< Il

M=

Il fllks2prry =

f £ 00 f () x)
R?

-

2

Ry

Therefore f € KSZ[]R?]. Hence we can conclude

<h@>=<g,¢ >KS[R!] for all ¢ € S[R}].
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WS;’f [R7] equipped with the inner product
<9 >wspmn=< P L. P9 >k
and the norm induced by
<ff > WS R = 17 fllksziwer-

The Bessel Potential #* : WSZ,’? [R}] — KS*[IR}] is a unitary isomorphism and in particular P°f = f so,
WS [RY] = KS?[RY].
Remark 4.4. WS;” [IR}] is a separable Hilbert space.
Theorem 4.5. WSSZZP [R}] contains W;p[]R;’] as continuous dense embedding.

Proof. Let f € WS;” [R}]. Then

”f”ws;”[]Ry] = ”PS](”KSZ[]R’I’]

I5-
r=1

2 2
< [ f}R G d/\oo(x)]

1

|

| oo paiae

1

Hence the result. J

Theorem 4.6. 1. If f, — f weakly in W [R}] then f, — f strongly in WS”;’” [R}].
2. If1 < p < co then WSF[R}'] is uniformly convex.
3. If1 < p < oo then WSF[R?'] is reflexive.

Proof. Proof are similar technique as Theorem 3.12. [

Theorem 4.7. 1. D[R}] is dense in WS“;” [R7].
2. S[R!] is dense in WS [R?]
i y
3. Ifs <t then WSBF’[]R';] c st;[m;’] and ||f||ws§g’ < ||f||WSg.

Proof. (1) D[R] is dense in W,/[R?] and W, [R?] is dense in WS.}'[R/]. Hence D[R] is dense in WS/ [R}].
For (2) and (3) we can follow the similar arguments like part (1). O

Definition 4.8. For any closed set F C R, the associated HK-Sobolev space of order s, denoted by B** is defined by
BF = {f e WS’[R}] : suppf C F}.
Theorem 4.9. B is a closed subspace of WSZ,p [R}].
Proof. Let {fi}>, be in B*F converges to f in WSZP [R}].
If ¥ € D(F°), and let ¥ denote the extension of # to D[IR}] by zero. Then
<up,F >=< f,% >
:<f—ﬂ,§\-'>+<f,-,§’;>
=<f- f,-j-: >
=<Pf - PF F >xom) -

Using Cauchy-Schwartz inequality we get < fir, F >=0forall f € D(F°). This implies suppf CF. O
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4.1. HK-Sobolev spaces through Bessel Potential on R®
As S[R}] S[IR?”] so we can define S[II/{?] = U S[R}].
n=1
Definition 4.10. 1. S[RY] = {f € CX[R{°] : sup [x9* f| < oo} for all multi-indices , B.
2. S§'[IR}°] is the set of sequentially continuous functionals on the space S[IR}].

Definition 4.11. For s € R, Bessel potential of order s to be the sequentially continuous bijective linear operator
P° : S[RY°] — S[R}°] by

P = [ avieni e
for x € R°. That is, | R
FooelPf(0)) = 1+ 1EP)? £(£).
Definition 4.12. For s € IR, the Sobolev space through Bessel potential is
WYIR®] = {f € STRP] : P°f € L*[RY]).

As P* is one kind of differential operator of order s.

We can find easily P = PP, (P5)7! = P, PO = Identity operator. It is found that < P*f,g >=<
f,P°g >k and < P°f, g >=< f,P°g > for all f, g € S[IR}’], giving a natural extension of Bessel potential
to a linear operator #° : §* — 8" by < P*f,p >=< f,P°¢p > for all p € S[R}"].

As WS;’; [R7] WS;QP [I[{}l“]. Thus we can find WS;;’” [I[/{IF"] = nL:Jl WSSZ’;’J [R7]. We say that for 1 < p < oo, a

mc;asurable function f € WS;ﬁp [R7°] if there exists a Cauchy sequence {f,} C WS;” []ﬁ?] with £, € WS;” [R}]
an
lim D" f,(x) = D" f(x), Ao —ace.

Using same approach of construction of WS*[IR*] we build up WS;ﬁp[]R}X’].
We define for s € IR,
WSLIRY] = {f € SR : #° f € KS*[R}°]}.

Theorem 4.13. Let h € S*[R[°], then h € A there exists g € A such that
<h,@>=<g,¢ >ksr] foral ¢ € S[RF].

Proof. For h € S'[IR}°], then i € A there exists g € A such that

<hp>=<g,¢ >[2[R] for all ¢ € S[IR7"].
Let f € L*[R°]. Then

2

r=1

|
< 3 . , 2d) 5
<| L f]R GIfo (x)l

1
2

Nl

Il fllks2(rey =

f 000 f()dA (x)
Ry

1

< sup [ | Cr(x)lf(x)lszoo(x)]
< Ifl
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Therefore f € KSz[]R‘I"’]. Hence we can conclude
<hp>=<g,¢ >KSR] for all ¢ € S[R]°].
[
The space WSZP [R{°] equipped with the inner product
<[ >wsrwe =< P L P9 >ksrime)
and the norm induced by
<[ f >wsrrer= 1P fllks2we)-
Bessel Potential * : WSF[R°] — KS?[R{°] is a unitary isomorphism and in particular #°f = f, so
PR — o

WS4 Rl = KS*[R}°].
Remark 4.14. WS;/[IR?] is a separable Hilbert space.

Theorem 4.15. WSZP [IR7°] contains W;p [IR}°] as continuous dense embedding.

Proof. Since WSZP [R}] contains W;p [R}] as continuous dense embedding. However WSZP [R;°]is the closure

of UJ WS;’;[]R}X’]. It follows WSZ’[]R}X’] contains | J W;p [R}] which is dense in W;p [R;°] as it is the closure.
n=1 n=1

Hence the result. O

Theorem 4.16. 1. D[R}°] is dense in WS;” [R}°].
2. S[R{] is dense in WS, [R}°]
3. If s < t then WS,/ [R®] ¢ WS/ [R®] and || fliwsyy < 1fllysir-

Proof. Using the similar approach of the proof of the Theorem 4.15, we get the results. [

Remark 4.17. In the space WSS; [IR7°] also we get similar type of results like Theorem 4.6 and Theorem 4.9.

5. Application of WSk? [R7]

In this section we will find sufficient condition for the solvability of the divergence equation V.F = f,
for f is an element of the subspace KSP[IR}] and m € IN, in the HK-Sobolev space WSk» [R}], with the help
of Fourier transformation.

Recalling L'[IR"] ¢ KSP[R"] and the second dual of {L[R"]}** = M[R"] c KSP[R"], where IM[IR"] is the space
of bounded finitely additive set functions defined on the Borel sets B[IR"] (see [12, page 128]). With an
analogous, Ll[]Rﬂ C KSP[RY] and the second dual of (L [R7 ]} = M[R}] c KSP[R]], where M[IR}] is the
space of bounded finitely additive set functions defined on the Borel sets B[IR}].

Let us define the Fourier transformation on KSP[IR}] by

0= = [ empl-2mi <,y >,

where x € KS?, y € KS7 and < x, y > is the pairing between KS? and KSY.
It is well known that Schwartz space S[IR}] of test functions is included in KSP[R}]. The restriction of f to
S[R!] has an extension by duality to the space S'[R"] of tempered distribution on R, which is a linear

operator called Fourier transform and denoted by f of { tof.

Proposition 5.1. 1. § [R}] is contained in KSP[R}], 1 < p < oo and all bounded random measure on R}.
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2. For 1 < p < 2, f applies KSP[R}] into KS1[R}'] and there exists a positive real number M, such that
lIfll, < Myliflly, T € KSPIRY].
3. fapplies KS*[R] onto itself and |fll2 = IIfll2, f € KS?[R]].

Proof. For (3) First we prove f : S[IRf] — S[IR}] extends to a continuous linear isometry of U : KSZ[]R;‘] —
KS?[IR"]. From the inversion property, we have that

f Fg° (A=) = f F | fW)E™ > dAoo(y)}d Moo ()
Ry R?
= Ln f(y){gC(x)eZTKi<x/}/>dAoc (x)}dAoo(y)

for x € S[R7], y € S'[R!]. The last term in parenthesis is the complex conjugate of 7(y), so we have

f FOOF (DdA(x) = f FOF Wdra(y).
R? R}

Now,

(9]

S PO =Yl | GRS [ G

k=1

If f =g, wehave

2 _ . 2 _ . T 2
||f||2—;u| fR G fdA () —;m fR GOS0

1
= IIfI5.

This is, because S[R!] is dense in KS?[R/] and S'[R}] is dense in KS?[R}]. So, f : f — fis a linear
isometry of S[]Rﬂ C KSZ[]Rﬂ onto inversion. It now follows that f has unique continuous extension
u=f, U: KSZ[]Rﬂ - KSZ[]R?]. O

Let pio be a fixed bounded Radon measure on R}. For any real number ¢ > 0 and any complex function f
on R} which is continuous and with compact support, we set

Hooy(f) = f f ) oo, )
R!

- f F(t) oo ().
R}

Proposition 5.2. Suppose 1 < p < co. For any real number t > 0 and any element f of KSP[IR}] the function Mj, (f)
defined by

Milwf(X) = Hoo *f(X)
- [ fe- tnun)
Ry
represents an element of KSP[IR}] such that IIMmeII < Clucl[RY]NIf|l, where C is a real number not depending on

(f, ).
Iff]R;, dieo(x) = 1 and f € KSP[R}] with 1 < p < oo then for any real number t > 0, Mj,_f(x) as a mean of f on

the subset x — tsupp(lie) of R?, where supp(lie) is the support of lie. Let us assume there exists a HK-integrable
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function ® on R} such that flR}“ O(x)dx = 1 and duw(x) = O(x)dx, we obtain for any element f of KSP[R}] and for
almost every element x of R} as

o f = [ fe=poy

= [ ser= oy

=M, f(x).
Theorem 5.3. Assume f]R,, dlio(x) =1, 1 <p<ocoand f € WSL”[]RI"] that is f and all its partial derivatives
%(1 < j < m) are element of KSP[IR}] then

1

IIf—MmeIIsC[IumI[R?]]‘fl'IIIVfIII[Z 2 fR n Cr(x)lqudluwl(y)] t te(0,), ©)
r=1 1

d 2
where |V f| = (Z |§—£|2] and C is a positive real number not depending on (U, f, t).
j=1

Proof. The proof is similar technique as [7, Corollary 2.5] with the known fact WSL”[]R?] CKSP[RY]. O

Theorem 5.4. If the divergence equation V.F = f (&y), where (E¢) has a solution F = (¥)i<j<q in KSz[]RI”] and
f € KS*[R}]. In particular there exists a positive real number F such that the equation (Ef) has a solution in
WS2[RY].

Proof. It is known that L'[R/] ¢ HK[R?]. The completion of L'[R] is KS*[IR]. Also, KS*[R?] contains the
Henstock-Kurzweil integrable functions. So, any function f € Ll[]R?] is in KSZ[]R’;]. Now, in the simialar
technique of [7, Corollarary 3.7] by using the equation (3) of the Theorem 5.3 and the Theorem of Titchmarsh
(see [7]) we can conclude that when f € KSZ[]R?] there exists a positive real number F such that (&) has a
solution F = (¥))i<j<s in KS*[R] and f € KS*[R].

In addition, from the monotone operators there exists exactly one solution F in WSé’Z[]Rﬂ such that V.F = f
(see [24, Page 6]) in the sense of

”Fuwsélﬂ[{?] < C”f”KSZ[]R;’]r

where WS(l)'Z[]R;’] is the closure of CJ[R?'] in WS2[R}]. O

Example 5.5. For regular bounded domain Q C RY, Lipschitz function f € KS*[R?'], 1 < p < oo which is also
in WS'2[IRY], there exists F € WS(lj’z[]R}l] such that V.F = f and ||FH
depends only on €.

wsi2[a] < C”fHKsZ[JRy]’ where the constant C

In our next article we are working on the following problem:
o If the divergence equation V.F = f (&), where (&) has a solution F = (¥))<j<s in KSP[IRf] and f € KS[IR}]
and there exists a positive real number F such that the equation (&) has a solution in WS*”[R"].

Open Problem
The Rellich-Kondrachov theorem gives us for Q C IR} is a bounded open set then
WS'P[RI] —» WS'~1[R!]

is compact. This will help us to study the PDE in our space.
We are leaving this paper with an open problem:
Is the weak solution of PDE in Sobolev space also the strong solution in HK-Sobolev Space?
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Conclusion

We conclude this paper with weakly differentiable in LF[R}] is strongly differentiable in KSP[R}] and
this true when we replace R by IR”. Weakly differentiable in W*?[R?] is strongly differentiable in WS**[IR/]
and weakly convergence of Wk’p[IR;l] and Wk'p[]R;"’] are strongly convergence in WS’“”[]R?] and WS""’[]R}"’].
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