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Boundedness of derivatives and ¢p-normal functions
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Abstract. The aim of this paper is to study the families of normal and g-normal functions on the unit disk
D, and to generalize some normal function criteria of Xu and Qiu [An avoidance criterion for normal functions,

C. R. Math 349(2011), 1159-1160] and Yang [A note on the avoidance criterion for normal functions, Anal. Math.
Phys. 10, 35(2020)] to the case where derivatives are bounded from above on zero sets.

1. Introduction and Main Results

For the sake of convenience we shall denote by M(D) the family of all functions meromorphic in a
domain D in C. A subfamily ¥ of M(D) is said to be normal in D, in the sense of Montel, if every sequence
of elements of ¥ contains a subsequence which converges locally uniformly in D with respect to the
spherical metric to a meromorphic function or co. One of the key results of normal families is the Marty’s
theorem which says that a subfamily of # of M(D) is normal in D if and only if the family { ft:fe 7"} of
the corresponding spherical derivatives f* := 1J|rf|f||2

A meromorphic function f on unit disc ID is said to be normal in D if and only if the family F := {fort :
T € 7} is normal in D, where 7~ denotes the set of all conformal self maps of ID.

is locally bounded in D.

The starting point for this paper is the following two results due to Y. Xu and H. Qiu [9]:

Theorem A Let f be a meromorphic function in the unit disc D, {1,¢, and 3 be three functions meromor-

phic in ID and continuous on closure of ID such that ¢; # 1; (1 < i < j < 3) on the unit circle |z| = 1. If
f(2) #Yi(z) (i=1,2,3)in D, then f is normal.

Theorem B Let f be a meromorphic function in the unit disc D, 1, Y, and 3 be three functions meromor-
phic in ID and continuous on closure of ID such that ; # ¢; (1 < i < j < 3) on the unit circle |z| = 1, and let Iy, 15,13

(possibly +00) be three positive integers with 1/1y + 1/1, + 1/13 < 1. If all the zeros of f(z) — Vi(z) have multiplicity
at least l; for i = 1,2,3 in D, then f is normal.

Often a theorem which assuming that a function does not vanish or vanishes to sufficiently large
multiplicities can be strengthened by assuming that whenever it vanishes, their derivatives are bounded
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from above on zero sets. Here, in this paper we prove the following criterion for a normal function under
a boundedness condition of the derivatives and hence obtain a generalization of above-mentioned results
of Xu and Qiu:

Theorem 1.1. Let f be a meromorphic function in the unit disc ID and let M > 0 be a constant. Assume that there
are

1. positive integer 1,15, -+, 1; (possibly +oo) satisfying 27:1 1/lj<q-2,

2. meromorphic functions 1, {», - - -, inID, continuous on closure of ID such that (z) # ¢j(z) (1 <i < j<q)
on the unit circle |z| = 1, and

3. sets Af = U?zl{z €D: f(z) = Yj(z) # oo} and By = U?zl{z €D f(z) = j(z) = oo} such that

<M on Bf

1 (k)
IfP@I<M on Af (]—c) (2)
forallk=1,2,---,1; - 1.

Then f is normal in D.

One of the most important results characterizing normal functions in terms of their spherical derivatives
was due to Lehto and Virtanen [4]. They modified Marty’s criterion for a normal family to give a criterion
for a function to be normal: A necessary and sufficient condition for a meromorphic function f on unit disc ID to
be normal is

sup(1 — [2) f*(2) < 0.
zeD
Clearly, if f is a normal function on ID, then there exist a constant C; (depending on f) such that
(1 - 1z f*(z) < Cy for each z € ID. Recently, L. Yang [10] improved Theorem A for the families of
meromorphic functions and obtained a constant C that depends only on the three fixed omitted meromor-
phic functions. Precisely, he proved:

Theorem C Let 1, Y» and 3 be three functions meromorphic in the unit disc ID and continuous on closure of
D such that ; # ¢; (1 < i < j < 3) on the unit circle |z| = 1. Let ¥ be a subfamily of M(ID) such that
f(2) #Yi(z) (i=1,2,3)in D, for all f € F. Then there exists a constant C such that

1-EPfie <C
foreachzeDand f € F.
Remark. It is worthwhile to mention the conclusion of Theorem C is nothing but the definition of uniformly
normal family (see [6]). That is, if there is a constant C such that

sup(1l - Izlz)f#(z) <C

zeD
foreach z € D and f € ¥, then ¥ is uniformly normal family in ID.

We prove the following improvement of Theorem C to the case where omitted functions are allowed to
vary with the functions in family # and satisfy a condition on the spherical distance:

Theorem 1.2. Let F be a subfamily of M(ID) and € > 0. Assume that for each f € F there exists meromorphic
functions ag, by, cg (possibly +o0) such that f # ag, by, cyinID and

min{o(as(z), bs(2)), 0(bs(2),c4(2)), 0(cs(2),ap(2))} = €

in D, where o denotes the spherical metric on extended complex plane C. Then F is uniformly normal family in D.
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Finally, we extend Theorem C for ¢—normal functions, a concept that was an extension of normal function
introduced by Aulaskari and Rattya [1] with the help of smoothly increasing function ¢ : [0,1) — (0, o)
satisfying ¢(r)(1 —r) = coasr — 17, and

_ glla+2/p(al)

Rel@) = =)

-1, |a|>17,

uniformly on compact subsets of C. For such function ¢, a meromorphic function f on unit disc D is said
to be p-normal if

f@)
sup < co.
zep P(I2)
Clearly, if ¥ is a subfamily of M(ID) such that each function in ¥ is a ¢p-normal function, then for each f € 7,

#
there exist a constant Cy such that sup % < Cy for each z € ID. Now, we give the following definition:
zeD

Definition 1.3. Let ¥ be a subfamily of M(ID). If there exist a constant C such that
4
zeD (P(|Z|)
foreachz € Dand f € F, then ¥ is uniformly @-normal family in ID.

Theorem 1.4. Let ¢ : [0,1) — (0, 00) be a smoothly increasing function, ¥ be a subfamily of M(ID) and let M > 0
be a constant. Assume that there are

1. positive integer Iy, I, - -+, 1; (possibly +oco) satisfying Z?zl 1/l <q-2,

2. meromorphic functions Y15, o, -+, Ygr (f € F)in D, positive constant € such that o(if(z), P jf(z)) 2 € (1 <
i < j <q) for all z € D, where ¢ denotes the spherical metric on extended complex plane C, and

3. sets Ag = U?Zl{z €D : f(z) = ¢jf(z) # oo} and By = U‘}zl{z €D : f(z) = ¢jf(z) = oo} such that

SM(pk(|zl) on By

1 k)
Wwﬂwwm&,Kﬂ®

forallk=1,2,---,1; - 1.
Then F is uniformly @-normal family in ID.

2. Proof of the Main Results

We assume that the reader is familiar with the basic notions used in Value distribution theory of
meromorphic functions such as T(r, f), m(r, ), N(r, f),o(T(r, f)) etc. For deeper insight one can refer to [3].
Further for the proof of our main results we require the following lemmas.

Lemma 2.1. (Zalcman’s Lemma) [11] Let F be a subfamily of M(ID). Then F is not normal in ID if and only if there
exist

o g real numberr: r <1,
o points z,: |z,| <7,

e positive numbers p,: p, — 0,
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e functions f, € F

such that

gn(C) = fn(zn + PnC)
converges locally uniformly with respect to the spherical metric to g(C), where g(C) is a non-constant meromorphic
function on C.

Lemma 2.2. (Lohwater-Pommerenke Theorem)[5] A function f meromorphic in ID is a normal function if and only
if there do not exist sequences {z,} and {p,} with z, € D, and p,, > 0, p, — 0 such that 9,,(C) = f(z, + p»C) converges
uniformly on each compact subset of C to a function g(C), where g(C) is a non-constant meromorphic function.

Lemma 2.3. (Simultaneous rescaling version of Zalcman’s Lemma) [2] Let p be a natural number and 7 € (M(ID))P.
Assume that there exist jo € {1, , p} such that the family 1 ;,(F) of projections is not normal at zy € ID. Then there
exist sequences {fu} = {(fuu, -+, fym)} © F, {za} C D with z, — zo and positive numbers {p,} with p, — 0 and
such that forall j = 1,--- ,p the sequences {g;,} defined by

Iin = fj,n(zn + PnC)

converge to functions g; € M(C) U {oo} locally uniformly in C (with respect to the spherical metric) where at least
one of the functions g1, - -+, gy is not constant.

Lemma 2.4. [2] Let F C (M(D))? be a family of pairs of meromorphic functions in ID and € > 0. Assume that
o(a(z),b(z)) > €, forall (a,b) € F andall z € D.
Then the families {a : (a,b) € F}and (b : (a,b) € ¥} are normal in D.

Proof. [Proof of Theorem 1.2.] Suppose that ¥ is not uniformly normal in ID. Then we can find sequences
(it cF ag} {bg ), {cr,} € M(ID) U {oo} and {z,} C D such that
mil"l{O'(af‘, (Z)/ bfv (Z))/ O(bfv (Z)/ Cf, (Z))/ O-(Cfv (Z)/ arg, (Z))} =€

and
(1 -z ffz,) > c0asv — co.

Since

1-f2f

e fe) 2 5 - P,

(1= lz)fi(z)) =
it follows that
(1= lz)fi(z)) > 0 as v — 0. 1)

We define
9v(2) := fulzy + (1 = |zu])2)
and
a4,(2) == ag (zy + (1 = [2)2), by, (2) := by, (z0 + (1 = [20])2), ¢4, (2) = cf,(z0 + (1 = |2,])2)
for z € D. Then by (1), we have

7'0) = (1 - |z,)) ff(z,) = 0 as v — oo

Thus by Marty’s theorem, it follows that {g,} is not normal at the origin.
Consider the family of quadruples ¥ = {(gv,agv, bg,,cq,) VvV E IN}. Since m1(¥) = {g,} fails to normal at

the origin, Lemma 2.3 guarantees the existence of subsequences {{gv}, {agv} , {bgv} , {cyl,}} - % (for the sake
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of simplicity, we take the same sequences), points w, — 0, positive numbers p, — 0 such that g, omits
ag,, bg,, c;, and

min{o(ay, (2), by, (2)), 0(by,(2), ¢4,(2)), 0(cg,(2), a4, (2))} 2 € )

for all z € D and all v and such that the sequences {G,}, {A,}, {B,} and {C,} defined by
Gv(é) = gv(wv + Pvé)/
Av(é) = a%,(wv + pvé)r Bv(é) = b%,(wv + pvé)r Cv(é) = Cgv(wv + pvé)

converge locally uniformly in C to functions G, A, B,C € M(C) U {0}, respectively, not all of which are
constant. Further, Lemma 2.4 ensures that the families {a, }, {b,,} and {c,,} are normal, and so by Lemma
2.1 we find that A, B and C are constant and consequently G is non-constant. On the other hand, g, omits
ag,, bg,, cy,, we have by Hurwitz’s theorem, G omits three distinct constant A, B and C. Hence, by Picard’s
theorem, G is constant. This is a contradiction. [

Proof. [Proof of Theorem 1.4.] Suppose that ¥ is not uniformly ¢-normal family on ID. Then there exist
sequences {f,} C ¥, {z,} ¢ D and

e positive integer Iy, I, -+, I; (posibbly +c0) satisfying Z?zl 1/l;<q-2,

e meromorphic functions 1, oy, - -+, Py, (f € F) in ID, positive constant € such that
O(I/Jifv(Z), l{ljfv(Z)) >e(l<i<j<g)forallze D, and

o sets Ay = U?zl{z €D : f(2) = js(z) # o} and By, = U7=1{Z €D : fi(z) = jf(z) = oo} with

9@ < Mok z € Az, (1) @)

< Mg*(zl) z€ By, (1<k<lj—1)

such that

fiz)
ol(zA))

— 00 as Vv — co. 3)

Passing to a subsequence (if necessary), we may assume that z, — z; € ID. We consider the following cases:

Case 1. |zg| = 1. Consider the family

Z
{gV(Z) = fv (ZV + m), S D} .

Since ¢ : [0,1) — (0, ) is a smoothly increasing function satisfying @()(1 —r) — o0 asr — 17, we can
assume that @(r)(1 —r) > 1 for all r € [0,1). Using this and |z,| — 17, we conclude that for v sufficiently large

P(Iz)A = lz]) 2 1.

Therefore,

z |z] 1
Z, + ———— <lz)+ ——=<lz|+ A=z, =1
2] (2] 2] 1=k

for each z € ID, so that the function g, is well-defined in ID, for all v.
Now, by using (3), we get

<zl +

flz)
ol(-);

gﬁ(O): — oc0asv — oo

7
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Thus Marty’s theorem implies that {g, } is not normal at 0. By Lemma 2.1, we can find a subsequence of {g,},
one may take {g,} itself, {v,} ¢ ID with v, — 0, positive numbers o, with g, — 0 such that

Gu(&) = gu(oy +0,8) = fy (ZV + 2 GVé)

@(lz.))

locally uniformly with respect to the spherical metric to G(&), where G(¢) is a non-constant meromorphic
function on C. Therefore, on every compact subset of C that contains no poles of G, G(v] ) converges uniformly
to GU) for all j € IN. Similarly, on every compact subset of C containing no zeros of G, (1/G,)"” converges

uniformly to (1/ G)(j) for all j € IN. Also, Lemma 2.4 ensures that {1);f,},>1 is a normal family on ID and so
passing to a subsequence, we assume that {1} },>1 converges spherically uniformly on C to a meromorphic
function ¢; (or oo) forall j=1,2,...,4. Thus

vy + 0,
P(zv])

o 2+ ) - v

spherically locally uniformly on C. Now, we claim:

1. Forany j€{1,2,---,q},if Pj(z0) # oo, then all the zeros of G — ¢;(0) have multiplicity at least ;.

2. Forsome j € {1,2,...,q},if j(z0) = oo, then all the poles of G have multiplicity at least [;.

Suppose that ¢;(0) # oo and for any fixed j, let &y be a zero G(&) — ¢j£,(0). Then G is holomorphic at
&o. By Hurwitz’s theorem there exist a sequence of points &, — & such that for all v sufficiently large,

I/ijv (ZV + vV+J”£V) # oo and

P(lz))
0= GulE) - i (zv + ”&l—_jlf) = £, (zv + ”(ptl—flf) Vi (Zv + U&l—ff)
= f, (zv + ZA/(;(_I—ZW)CSV) =iy, (ZV + Z)ipj(_l—zoj)gv) , for sufficiently large v.
By hypothesis, we have
i (ZV e ) <Mp ( e S ) @

for v sufficiently largeand k = 1,2,--- ,[; - 1.
Now,

k
GY(&) = (—O” ))

(k) Uy + O_v"gv)
v |2yt ——
( P(Izv))

(P(|Zv|
o ‘ vy +0,&
v k v vGov
S((p(lzvl)) My ( o(lz))

k
v, +0,&,
(P(ZV T D |)

@(lz.])

Z, +

|

= o’jM

Since
[
ozl

¢(zv))

o

Zy, +

)

—lasv — oo,
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we have .
(P ( Zy + v(;:(—lg:ﬁv )
GP(&) = lim GP(&,) = lim M| ——— 2| =0
(€0) = lim G,7(&y) = lim o(Iz0))

forallk=1,2,---,1; = 1. Thus &g is a zero of G — ¥, (0) of multiplicity at least /;. This proves claim (1).

Suppose that ¢j(zg) = co. Then, on every compact subset of ID that contains no zeros of ¥ (2),

1/¢f, (zv + Z;‘]aza‘l)g ) converges locally uniformly to 0 with respect to Euclidean metric. Let 1y be a zero of
1/G. Then by Hurwitz’s theorem there exist a sequence of points 1, — 1y such that for all v sufficiently

vtou | _
large, i, (Zv * =) ) = coand

oo 1 1 ~ 1 1
- G, (n, - ] vtouny\ Optou T\ ] v, +0y 1y
) gy (ZV RI(ER) ) fo (ZV t 5w ) Vif, (ZV R )
. 1 ~ 1
vtouny ) V0, 1y
fv (ZV R ) Vi, (ZV RI(ER) )
vy + 0Ty vy + avnv)
= fulzo + ———| =¥ [z, + ——.
i ( P ) Yis ( )
By hypothesis, we have
(k)
1 (e c:m,,) k( vy + 0y )
—| |z + ——— || < Mo (|20 + ———
( fv) ( o(z.]) 4 ()

for all v sufficiently large and k = 1,2,---,I; — 1. Thus by applying the same argument as in claim (1), we
find that o is a zero of 1/G of multiplicity at least /;. Hence 7 is a pole of G of multiplicity at least /;, This
proves claim (2).

Since, by assumption on spherical distance, 11(zo), 2(z0), - -+ , ¥4(20) are g-distinct points in extended
complex plane, applying Second fundamental theorem of Nevanlinna to G, we obtain

q
(G -2)T(r,G) < Zﬁ(r
i=1

1
', m) + O(T(T, G))

q 1 1

< ]:Zl l—jN(T’, WJ(ZO)) + O(T(T’, G))
q

< Z %T(r, G) + o(T(r, G)).

That is,
q

G-2-)7

=17

T(r,G) < o(T(r,G))

q
which is a contradiction to the fact that }_ % <g-2.
j=1

Case 2. 0 < |zg| < 1. Since ¢ is increasing, the following inequality

fz) _ fiz)
90 = p(z) ©)
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must holds for every positive integer v. From (3) and (5), we find that
fv#(zv) —ocoasv — o,

and so by Marty’s theorem, {f,}’7; is not normal at zp. By Lemma 2.1, there exist a subsequence of f,, one
may take f, itself, {u,} C ID with u, — zy and positive numbers p, with p, — 0
such that

Fv(n) = fv(uv + Pvn)
locally uniformly with respect to the spherical metric to F, where F(n) is a non-constant meromorphic
function on C. Therefore, on every compact subset of C that contains no poles of F, Fy ) converges uniformly
to FY for all j € N. Similarly, on every compact subset of C containing no zeros of F, (1/F,)?” converges
uniformly to (1/F)" for all j € N. Now, by applying the same argument as in Case 1, we get

1. Forany j€({1,2,---,q},if j(z0) # oo, then all the zeros of F — 1;(z9) have multiplicity at least [;.

2. Forsome j € {1,2,...,q},if {j(zo) = oo, then all the poles of F have multiplicity at least /;.

Again, by applying Second fundamental theorem of Nevanlinna to F and ¢j(zo)(1 < j < g) with
assumption é % < g —2,we get a contradiction.

This comJI;letes the proof of the Theorem 1.4. [

Proof. [Proof of Theorem 1.1.] Suppose that f is not normal in ID. By Lemma 2.2, there exists a sequence
{z4} € ID and positive numbers {p,} with p, — 0 such that

gn(é) = f(zn + pné)

converges uniformly on each compact subset of C to a non-constant meromorphic function g(&) on C.
Passing to a subsequence (if necessary) we assume that z, — zy € D. If zy € ID, then we have

gn(é) = f(zn + Png) - f(ZO)'

This implies that g(£) = f(z), which is not possible since g is non constant meromorphic function on C.
Thus we must have |zp| = 1.

We omit the rest of the proof of Theorem 1.1 as it almost relies on the same argument used in Theorem
14. O
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