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Abstract. In this paper, we introduce the concept of int-soft I-semigroup, int-soft quasi-I-semigroup
and int-soft left (resp., right) I'-semigroup of ordered I'-semigroup over an initial universal set UI. We
investigate some properties of int-soft quasi-I'-ideals and left (resp., right) I'-ideals of ordered I'-semigroup.
Moreover, we define critical soft point of ordered I'-semigroup. By using the notion of critical soft point, we
define semiprime int-soft quasi-I'-ideals of ordered I'-semigroups. Characterizations of completely regular
ordered I'-semigroups in terms of their int-soft quasi-T-ideals and semiprime int-soft quasi-I-ideals are
provided. Furthermore, we define the semilattices of left and right simple sub-T-semigroups of ordered
I'-semigroups and characterize them in terms of their int-soft quasi-I'-ideals.

1. Introduction

In 1999, Molodtsov [32] introduced the concept of a soft set as a new mathematical tool to deal with
uncertainities that appeared in many fields of research such as social science, enviromental science, medical,
engineering etc. For example, we have a statement “numbers closer to 20", the classical set theory which is
introduced by Cantor is no longer useful since there is uncertainty whether 19 is closer to 20 or not. These
type of variables are non-Boolean. A few more examples of non-boolean variables are young people, tall
people. To deal with such uncertainity, Zadeh [45] introduced the concept of fuzzy set in 1965. A fuzzy set
of a classical set X is an object of the form {(x, f (x)) : x € X and f : X — [0, 1]}. Many theories like fuzzy set
theory have been developed including probability theory [44], intuitionistic fuzzy set theory [5], rough set
theory [33]. Molodtsov pointed out that all the theories lake parameterization tool and hence introduced
the concept of a soft set. Maji et al. [31] defined operations for soft sets. Later on Ali et al. [3] defined
new operations for soft sets. The concept of soft set has proven useful in many different fields such as
optimization [28], data analysis [46], simulation [19]. Many researchers had applied the concept of soft set
on different algebraic structures such as groups (see [2]), rings (see [6]) and semirings (see [10]). In 2009, Ali
and Shabir [43] introduced the notion of soft semigroups. The notion of soft ordered semigroups is defined
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by Jun et al (see [16]). Soft ideal, soft bi-ideal and soft quasi-ideal of a semigroup are defined by Ali et al.
[4].

There are two extensions of soft set called intersectional soft set (briefly int-soft set) and union soft set
(briefly uni-soft set). In 2015, Sezer et al. [42] introduced the concept of a int-soft semigroup, a int-soft
ideal and a int-soft bi-ideal of a semigroup. The notion of int-soft (generalized) bi-ideal of a semigroup is
introduced by Jun and Song [17].

In 1981, M.K. Sen [37] introduced the notion of a I-semigroup as a generalization of semigroup. Later
in 1986, Sen with Saha [39] changed the definition that was given by Sen in 1981 and gave more general
definition. Ordered I'-semigroup is defined by Sen and Seth [40] in 1993 as a generalization of ordered
semigroup. Many classical notions and results of the theory of semigroups have been extended to I-
semigroups. Green’s relations in I'-semigroup has been defined in [8, 9, 12, 36, 41]. For other results
one can see [38]. Moreover, the concept of fuzzy set (see [21]) has been applied to ordered I'-semigroup.
Changphas and Thongkam ([7]) used the idea of soft set to I'-semigroups and defined soft I'-semigroup,
soft I'-subsemigroup, soft I-idealistic (r-idealistic). Also I'-restricted product is defined in ([7]). Khan [26]
applied the concept of fuzzy set to ordered I'-semigroup and defined the notion of fuzzy interior I'-ideal
of ordered I'-semigroup. Moreover, Khan [27] also defined generalized fuzzy bi-I-ideal of type (0, A) of
ordered I'-semigroup.

A lot of work has been done on soft set theory and I'-structure theory by many researchers. However,
the very fundamental results of int-soft I-semigroups in ordered I'-semigroups remained untouched. The
main motive of this paper is the study of some structural properties of ordered I'-semigroups applying the
int-soft set theory.

In this paper, we introduce the concept of int-soft I'-semigroup, int-soft quasi—I'-ideal and int-soft left
(resp., right) I'-ideal of ordered I'-semigroup and investigate their properties. We define critical soft point
and by using the concept of critical soft point, we introduce semiprime int-soft quasi-I'-ideal of ordered
I'-semigroup. Furthermore, characterizations of completely regular by using int-soft quasi—I'-ideal and
semiprime int-soft quasi-I'-ideal are discussed in detail. Next we define semilattice of left and right simple
sub-I'-semigroups of ordered I'-semigroup and characterize semilattice of left and right simple sub-T-
semigroups in terms of their int-soft quasi-I-ideal.

2. Preliminaries

In this section, we give some basic definitions and results, which are necessary for the following sections.

The definition of I-semigroup [24, 39] as a generalization of semigroup and ternary semigroup is given
as follows:

Let S and I' be two non-empty sets. Denote by the letters of the English alphabet the elements of M and
with the letters of the Greek alphabet the elements of I'. Then S is called a I'-semigroup if

1. aybe S, forall y €T.
2. (aab)Bc = aa(bpc) for alla,b,c € Sand forall @, € T.
3. If 51,52,53,54 € S, 71,2 € I' such that s; = 53,71 = y» and sp = 54, then 51152 = S3)254.

By an ordered I'-semigroup S [40], we mean an algebraic structure (S, T, <) that satisfies the given
conditions:

(1) (5, T) is a I'-semigroup,

(2) (5,<) is a poset, and

@G lp<g=pAir<gArandrAp <rAg(¥Vp,q,r€S) (VA €T).

For A,B C S, we define ATB = {ayb|a€ A,y €T and b € B}. If A = {a} or B = {b}, then we denote {a} T'B,
AT {b} and {a} I {b}, respectively, by means of al'B, AI'b and al'b. Let a be any element of S.

For @ # A C S, we define (A] :={s € S|s <aforsomea € A}.If A = {a}, then we write (4] instead of ({a}]
(see [1]). For x € S, we write A, = {(p,q) € S | x < pAq for some A € I'} (see [27]).

For other terminologies and definitions relevent to ordered I'-semigroup, the reader is refereed to
[13, 14, 24, 34, 35].



A. Khan et al. / Filomat 38:13 (2024), 45114528 4513

Example 2.1. Let S = {u,v,w} and I = {a, B, } be two non-empty sets. Define binary operations on S in the tabels
given below:

glal=e
gla|=]|=
SAERESEES
SEENE-RE
glaels =
slalel=
SEENFRES
g|e|=|8
glal=sl=
SEEN RSB
gle|=]|
SIESIRES

The order relation "<” is defined by: <:= {(u,u), (v, ), (w, w)}. Then S is an ordered I'-semigroup.

A sub-T-semigroup H of an ordered I'-semigroup S is a non-empty subset of S such that HTH C H. A left
(resp., right) I'-ideal I of an ordered I'-semigroup S is a non-empty subset of S which satisfies the following
conditions:

1. STIC I (resp., ITSCI),
2. (VYpeland Vs € S) (s <p = s €I). In other words, (I] = I.

I'is said to be a two sided I'-ideal (or simply a I'-ideal ) of S, if I is a left I'-ideal as well as a right I'-ideal
of S.

A quasi-T-ideal Q of an ordered I'-semigroup S, is a non-empty subset of S which satisfies the following
conditions:

1. (STQIN(QI'S]cQ,
2. (VpeQand Vs e S) (s<p=s¢€Q).Inotherwords, (Q] = Q.

A bi-T-ideal B of an ordered I'-semigroup S, is a non-empty subset of S which satisfies the following
conditions:

1. Bis a sub-I'-semigroup of S,
2. BISTB € B, and
3. (YpeBand ¥s € S) (s < p = s € B). In other words, (B] = B.

Lemma 2.2. (see [30]) For any non-empty subsets K, L of an ordered T-semigroup S, the followings hold:

K € (K] for any K C S.

IfFKC L, then (K] € (L].

(K] = ((K]].

(K]T (L] € (KTL].

- (K] (L]] = (KTL].

. (KUL]=(KJU(L].

. (KNL]C(KIN (L], GFKNL #0).

. For every p € S, the sets (pI'S], (SI'p] and (STpI'S] are a right-T-ideal, a left-T-ideal and a T-ideal of S,
respectively.

© N O W

Let p be any element of an ordered I'-semigroup S. The quasi-I-ideal of S generated by an element p is
denoted by Q (p), is defined as, Q (p) = (p U ((pI'S] N (SI'p])] (see [30]).

3. Basic operations of soft sets

Let U be a non-empty set called universal set and E be a non-empty set of all possible parameters with
respect to U and A, B, C C E. By P (U) we mean the power set of U and & C UL
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Definition 3.1. [32]. A pair (fa,E) is called a soft set over U, where f4 is a mapping given by fa : E — P (U), is
defined as:

_ ] & ifaeA,
fa(a) = { 0, otherwise.

In other words, a soft set is a parameterized family of subsets of the universal set U. For a € E, f4 (a) may
be considered as a set of a—approxiamate elements of the soft set (fa,E).
Examples of a soft set can be found in [32].

Definition 3.2. (see [4, 7]). Let (fc, E) and (gp, E) be any two soft sets over a common universe U. Then (fc, E) is
said to be a soft subset of (gp, E), denoted by (fc, EYS(gp, E), if C € D and fc (p) € gp (p), forall p € C.

Definition 3.3. (see [18]). Two soft sets (fc, E) and (gp, E) are said to be equal if (fc, E) is a soft subset of (g9p, E)
and (gp, E) is a soft subset of (fc, E).

Definition 3.4. (see [18]). Let (fc,E) and (gp, E) be two soft sets over a common universe U. Then, the soft
union of fc and gp, denoted by fcUgp, is defined to be the soft set ( fCUgD,E) over U in which fcUgp is defined by

(fCGgD) (a) = fc(a) U gp(a), foralla € E.
Moreover, the set of all soft sets (fs, S) over U is denoted by S(U).

Definition 3.5. (see [18]). Let (fc, E) and (gp, E) be two soft sets over a common universe U. Then, the soft
intersection of fc and gp, denoted by fcNgp, is defined to be the soft set ( feNgp, E) over U in which feNgp is defined

by (fcﬁ!]D> (@) = fc(a)Ngp (a) foralla € E.
From now on S represents an ordered I'-semigroup unless otherwise stated.

Definition 3.6. For any two soft sets (fs,S) and (gs,S) over a common universe U, we denote the soft union-
intersection product by fsI'gs, and is defined by

, ifA, #0,
(fsTgs) (p) = { (s’tgéAﬂ % (;) m;i(t)_} ] Thy forallp €.
’ p =Y

Without any difficulty, the reader can prove that “I'” on S (U) is well defined. Moreover, we have the
following lemma.

Lemma 3.7. The set (S ,r, E) forms an ordered T-semigroup.

Proof. Toshow S (U) is an ordered I'-semigroup, first we show that (S (U), I') is aI'-semigroup. Let fs, gs, hs €
SU). If A, = 0, then ((fsThs) Tgs) (a) = 0 = (fsT'(hsTgs)) (a) . Let A, # 0. We have

((fsThs)Tgs) (a) = . tL)JeA {(fsThs) (s) N gs (H)}

- (s,tt)JeA“ { U {fs(k)nhs (D} Ngs (t)}

(k,DeA,
- (kAl,LE;eAa {(fs (k) hs (D) N gs (D)}
=9 Fs®nsngs )
(k1ut)eA,
C (k,WU)eAa {fs (k)N ((l/t)LEJAW{hs O Ngs (t)})}
= U |{fs(k) N (hsTgs) (Iut)}
(klut)eA,

= (fsT'(hsI'gs)) (a) .



A. Khan et al. / Filomat 38:13 (2024), 45114528 4515

This implies that ((fsThs)Tgs) (@) € (fsT'(hsT'gs)) (a). Similarly we can show that (fsI'(hsI'gs))(a) <
((fsThs)Tgs) (a). Hence ((fsThs)Tgs)(a) = (fsT(hsTgs))(@). Now we show that the order relation “C”
on S(U) is compatible with “T”. Let fs,hs,gs € S(U) and a € S be such that fséhs. If A, = 0, then
(fsTgs) (a) = 0 = (hsT'gs) (a) . Let A, # 0. Then

(fsTgs) (@) = U {fs (s) N gs (H)}
( ) ) {hs (s) N gs (1)} (since fs(s) Chs(s) VseS)
= (hsI'gs) (a) .

Thus (fsT'gs) (a) € (hsT'gs) (a) . Similary we can prove that (gsI'fs) (a) € (gsThs) (a) . Therefore, (S ,T, E)
is an ordered I'-semigroup. [

Lemma 3.8. For any soft sets (fs, S), (hs, S) and (gs, S) over U, we have the following:
1. (fs (gsahs) ) (fsrgs, S) F\ (fsrhs, S) ,
2. ( (ggUhs) ) (fsrgs S)G(fsrhs, S)
3. (fsN1 (95Uhs), S) = (fsngs, 5) U (fshs, 5),
4. (50 (gsNhs), S) = (fsUgs, )1 (fsUhs, S) .

Proof. (1) Letae S. If A, =0, then (fsr (gsﬁhs)) @=0= ((fsl"gs)ﬁ(fsl"hs)) (a).Let A, # 0. Then

(f5T (gsnhs)) @) = v {fs )1 (g5hs) ()]
= U 6N @s®)nhs )

(s,t)EA,
" {(fs(5) N gs ()N (fs(s) Nhs (t))}

(( Y, fs(smgs(t)}) ( Aﬂ{fs(S)ﬂhs(f)})
= (fsl'gs) (a) N (fsThs) (a)
= ((fsTgs) N(fsThs)) (@),

hence, (fsr (gsﬁhs),S) = (fsl‘gs,S)ﬁ(fsl"hs,S).
(2) Leta € S. If A, = 0, then (fsl" (gSGhs)) @)=0= ((fsl"gs)[j(fsl"hs)) (a).Let A; # 0. Then

(st(gsUhs)) (a) = o {fs (S)ﬂ( sUhs)(f)}

{fs (5) N (gs () U hs (1)}

(s t) €A,

{(fs(8) N gs () U (fs (s) N s (5)}

( t)eA
= ((S,theAa{ fs(s)Nygs (t)}) U ((S,géAu{ fs(s) N hs (£))

= (fsI'gs) (@) U (fsThs) (a)
= ((£sTgs) U(fsThs)) (@).

Hence, (fsf (gSGhS) , S) = (fsT'gs,S)U(fsThs, S).
The proof of (3) and (4) are straightforward. O
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Definition 3.9. In an ordered I'-semigroup (S, T, <), the soft set “Bs” of S over U defined as:
0s:S— P(U), s+—0s(s)=0,Vs€S,
to be the “least element” of S (U), is said to be a null soft set over L.
The soft set “Ts”of S over U defined as:
Ts:S— PU), s+ Ts(s)=U,VseS,
to be the “greatest element” of S (UI), is said to be a whole soft set over U.

Definition 3.10. Let @ # C C S, we denote, the characterictic soft set over U by “xc”, and is defined by:

_J U ifpeC
xe(p) = { 0, otherwise.

Lemma 3.11. Let C, D be any two non-empty subsets of an ordered I'-semigroup S. Then the following statements
are true:

1. CC Diff xcCxp,
2. xcNXp = Xcrp,
3. xcUxp = Xcup,
4. xcT'xp = xcrpy-

Proof. The proof of (1), (2) and (3) is straightforward.

(4) Let m € S. Then xcI'xp = x(crpj- Indeed: let m € (CI'D]. Then x(crp; (m) = U

Since m < cAd for somec € C,d € D and A €T, then (c,d) € A,,. Thus we have

(xcT'xp) (m) = G G Nxp@2xc@nNxp@=UNU=LU

Thus (xcI'xp) (m) 2 U. But xcIxp is a soft subset of S, so (xcI'xp) (m) € U. Therefore, (xcITxp) (m) = U =
X(crpy (m).

Suppose m ¢ (CTD]. If A,, = 0, then x(crp) (m) = 0 = (xcIT'xp) (m) . Let Ay, # 0. Since m ¢ (CI'D], then this
implies that there does not exist any ¢ € C or d € D such that m < cAd for some A € T

Letm < aub forsomea € C°orb € D°and p € I'. If a € C¢, then xc () = 0. Since (a,b) € A,,, then we have

(xcTxp) (m) = “ b;éA xc (@) N xp (b) =0 = x(crpj (m).

If b € D¢, then xp (b) = 0. Thus, (xc['xp) (m) = « b%J xc (@) N xp (b) =0 = xcrp (m).

m

Hence in any case, xcI'xp = xcrp;- O

Definition 3.12. A soft set (fs, S) of an ordered T'-semigroup S over U is called int-soft I'-semigroup over U if:

(fs(pya) 2 fs(p) N fs(q)) (Yp,q€Sandy eT).

Example 3.13. Let S = {p,q,r} and T = {A, u} be two non-empty sets. Let U = {e, x, X%, Y, xYy, xzy} is a universal
set. Then S is an ordered I'-semigroup with respect to the binary operations and order relation defined below:

Alplglr Llplglr
plplalr plglp|r
q|g9|p]|r qglplg]r
r v |rv |71 r (r |rv | T

The order relation is defined by:

<={p). (@9 @, @1, 41}
Let fs be a soft set defined by:

fs(p) = {e,x,xz}, fs(q) = {y,xy}, fs(r) = {e, xzy}. Clearly fs is an int-soft I'-semigroup of an ordered I-
semigroup S.
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4. Int-soft quasi-T'-ideals
Definition 4.1. A soft set (fs, S) of an ordered T-semigroup S over U is called int-soft left (resp., right) T-ideal if:

1. (VpqgeS)(Vyel)(fs(pya) 2 fs (@) (resp., (fs (qyp) 2 fs (@),
2.(YpgeS)(Ifp<q= fs(p) 2 fs(q)).

Example 4.2. Let S = [0,1]and I = {1/n : n € IN}. Then S is an ordered I'-semigroup under usual multiplication
and usual partial order. Let U = IN be a universal set. We define a soft set fs over U given below:

fs(p) :{ N\ {p}, ifpel0,1/2],

0, otherwise.
Clearly it is int-soft left T-ideal as well as int-soft right I'-ideal of S over UL

Proposition 4.3. Let fs be any soft set of an ordered I'-semigroup S over U. The following statements are equivalent:

1. A soft set fs is an int-soft right (resp., int-soft left) I'-ideal of S.
2. (i) fsTxsCfs (reslo-, xsTfsC fs),
(ii) (Y p,q € S) (Ifp <9 = fs (p) 2 fs (9)

Proof. (1) = (2). Letp € S and fs be an int-soft right I'-ideal of S. If A, = 0, then we have, (fsT'xs) (p) =0 C
fs(p). Let A, # 0. We have (fsI'xs) (p) = ( t%JGA fs(s) N xs(f) = ( tgéA fs(s)
S, p S, p

On the other hand, fs (s) € fs (p) for every (s, t) € Ay. Indeed: Since (s, t) € Ay, then we have p < sAt for
some A € I'. Moreover, since (fs, S) is an int-soft right I'-ideal over U, then we obtain fs(p) 2 fs (sAt) 2 fs(s)
and so fs(p) 2 fs(s). Hence (fsTxs) (p) € fs (p). Since fs is an int-soft right T'-ideal of S, then the property
(ii) holds.

(2) = (1). By hypothesis for every s,t € Sand A € I', we have

fA)2 (ST G0 = U fWNxs@2 6N xs®)= fs().

Therefore, fs(sAt) 2 fs(s) and so fs is an int-soft right I-ideal of S over U. [J

Proposition 4.4. Let (5,1, <) be an ordered T-semigroup and @ # C C S. Then the following statements are
equivalent:

1. Cis a right I'-ideal (resp., left T-ideal) of S.
2. The characteristic soft set (xc, S) is an int-soft right (resp., left) T-ideal over LL

Proof. (1) = (2). Let C is a right I'-ideal of S, so CI'S C C. For point (4) of Lemma 3.11, we have,
xcI'xs = x(crs) € xc. Thus xcI'xs € xc. Letp,q € Sbe such that p < g.If g € C, then xc(q) = U. Since p < g
and C is a right-T-ideal of S, then we have p € C. Hencexc (p) = U = xc(9).If g ¢ C, then xc (9) =0 € xc (p)
and so xc (p) 2 xc () . By Proposition 4.3, (xc, S) is an int-soft right I'-ideal over U

(2) = (1). Let c € CI'S implies c € (CI'S]. Thus x(crs; = U. Since x(crs) () = xcI'xs (c), then we have
U = xcT'xs (c) € xc(c), (by Proposition 4.3). Therefore U C x¢ (c) and we have xc (c) € U Thus xc(c) = U
implies ¢ € C, thatis, CI'S C C. Let p,q € S be such that p € C and q < p. Then g € C. Indeed: Since g4 < p,
then xc(9) 2 xc(p) = U (by hypothesis), but xc (7) € U, and so xc(q) = U. Thus g € C. Therefore, C is a
rightI-ideal of S. O

Definition 4.5. An element s of an ordered I'-semigroup (S, T, <) is said to be left (vesp., right) regular if there exist
somer € Sand A, u €T such that s < rAsus (resp., s < sAsur).

S is said to be left (vesp., right) regular, if all the elements of S are left (resp., right) regular. Equivalent definitions
are:
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1. For every K € S, K C (STKTK] (resp., K € (KTKTS]),
2. For every element s € S, s € (ST'sI's] (resp., s € (sT'sI'S]).

Definition 4.6. An element s of an ordered I'-semigroup (S,T, <) is said to be regular if there exist some element
reSand A, u €T such that s < sArus.

If every element of an ordered T-semigroup S is reqular, then S is called regular ordered I'-semigroup. Equivalent
definitions are:

1. Forevery K € S, K C (KI'STK],
2. Foreverys €S, s € (sT'STs].

Proposition 4.7. In an ordered I'-semigroup, we have
fsNgs2fsTgs.
for every int-soft right I'-ideal fs and for every int-soft left I'-ideal gs over UL

Proof. Letp € S.1f A, = 0, then (fsT'gs) (p) =0 C (fsﬁgs) (p). Let A, # 0. We have

(BT (B) = Y, 156 ngs ()

Since (s, t) € A,, then we have p < sAt for some A € I Since fs is an int-soft right I'-ideal, then
we deduce fs(p) 2 fs(sAt) 2 fs(s) and so fs(p) 2 fs(s). Also gs is an int-soft left I'-ideal, so we have
gs (p) 2 gs (sAt) 2 gs (t) implies gs (p) 2 gs () . Thus we have,

(sTgs)(p) = U Afs© N s O} < fs (p) 095 () = (fs795) ()

Therefore, fsl"gsé fsﬁgs or fgﬁgsifsl"gs. O

Proposition 4.8. Let (S,T, <) be a regular ordered T'-semigroup. Then for each int-soft right (resp., left) I'-ideal
(fs, S) and for each soft subset (gs, S), we have

fsNgsCfsTygs (resp., gsN fsCgsT fs).

Proof. Let (fs, S) be an int-soft right I'-ideal and (gs, S) be any soft set over U. Let p € S. As S is regular, then
p < pAqup for some g € Sand A, u € T. Thus (pAq, p) € A,. Since A, # 0, then we have

(fsTgs)(p) = 0, Afs ()N gs (D} 2 fs (pAg) N g5 ()
g P
Since fs is an int-soft right I-ideal of S, then fs (pAq) 2 fs (p) . We have, (fsI'gs) (p) 2 fs (pAq) N gs (p) 2
fs(p) N gs (p) . Therefore, fsTgs2fsNgs or fsNgsCfsl'gs. O
Corollary 4.9. In a regular ordered I'-semigroup S, we have
fsNgs = fsTgs.
for every int-soft right I'-ideal fs and for every int-soft left I'-ideal gs over UL

Definition 4.10. Let (S,T, <) be an ordered I'-semigroup. Then a soft set (fs,S) of S over U is said to be int-soft
quasi-I'-ideal of S if:

L (fsTxs; S)N (xsT fs; S)Cfs,
2. (YpgeS)(Ifp<q= fs(p) 2 fs(q)).
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Example 4.11. Let S = P (set of prime numbers) and 1 € S. Let I' be any non-empty set. Let U = E (set of even
numbers) be a universal set. Define SXT' xS — S by

4 i = 4
p;\q={” ifp=q

1, otherwise,

forallp,ge Sand A € T.
Define an order relation by p < q iff p/q. Then S is an ordered I'-semigroup. Let fs be a soft set is defined by:

2E, ift=1,
fs(t)=1{4E, if te[2,50]NP,
8E, if te[51,00]NP.

The soft set fs is an int-soft quasi-I'-ideal over UL

Theorem 4.12. Let (S, T, <) be an ordered I'-semigroup and O # C C S, then the following statements are equivalent:

1. Cis a quasi-I'-ideal of S.
2. The characteristic soft set (xc, S) is an int-soft quasi-I'-ideal of S.

Proof. (1) = (2). Let a be any element of S. Then we have

(GrcTxs) A (xsTxe)) (@) = (xcTxs) (@) 0 (xsTxe) (@)
= Xx(crs) (@) N x(sre) (@) = Xcrsjnesre) (@) -

Since Cisaquasi-I-ideal of S, then (CI'S]N(ST'C] € C,and so x(crsjnsrc] € xc. Therefore, (xcI'xs) N (xsTxe) (@) €
xc (a).

Letp,q € Sbesuch thatp < g. If g € C, then p € C. Indeed: if g € C, then x¢ (g) = U. Since p < g and Cis
a quasi-T'-ideal of S, then we have p € C. Hence xc (p) = U = xc(9) . If g ¢ C, then xc () =0 C xc (p). Hence
in any case, xc (p) 2 xc (9) . Therefore xc is an int-soft quasi-I'-ideal over U

(2) = (1). Let xc be an int-soft quasi-I-ideal over U and let a € (CI'S] N (SI'C]. Cleraly, we have
a < bAp and a < quc for some b,c € C, A, u € T and p,q € S. Hence (b,p),(g,¢c) € A,. Since xc is an int-soft
quasi-I'-ideal over U, then we have

xc (@) 2 ((ecTxs) N (xsTxc)) @)
= (xcI'xs) (@) N (xsTxc) (@)
= ( (s/tgé Au{)cc (s)Nxs(HHN( (S/tgéAa{Xs ()N xc(®)
2 {xc®nNxsp)}nixs(q) nxc)l
=xc)Nxcl)=U

Thus xc (a) 2 U, but xc (a) € U Hence xc (1) = U. This implies a € C. Hence we have (CI'S] N (SI'C] € C.

Now let S 3 s < r € C. This means that s € C. Indeed: Since s < 7, then by hypothesis, xc (s) 2 xc (7).
Also r € C, implies xc (r) = U. Thus we have xc(s) 2 xc(r) = U and so xc(s) 2 U. Also U 2 xc(s), and so
Xc (s) = U which means s € C. Therefore C is a quasi-I-ideal of S. [

Theorem 4.13. Every one sided int-soft T-ideal (fs, S) of an ordered T-semigroup S is an int-soft quasi-I-ideal over
u.

Proof. Assume that the soft set fs is an int-soft right I'-ideal over U. Let a € S, then

(fsTxs)N (xsT'fs)) (@) = (fsTxs) (@) N (xsTfs) (@) € (fsTxs) (@)
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Since fs is a int-soft right I'-ideal over U, then we have (fsI'xs) (2) C fs (a) (by Proposition 4.3). Therefore
((fsTxs)N (xsTfs)) (@) C fs (a). Also forall p,q € Ssuch thatp < g = fs(p) 2 fs (q) . Thus (fs, S) is an int-soft
quasi-T-ideal of S. Similarly, we can prove it for int-soft left I'-ideal of S over UL

The converse is not true. This is supported by the next example. []

Example 4.14. Let S ={0,p,q,r}and T = {A}. Let U = {1,2, 3} is a universal set. Define a binary operation on S in
the table given below:

AlO|plg]|r
0|0[0|0]O0
p|0lplq|0
g|10]0]0]0
r10|r|0|0

The order relation “<”is defined by:

<={(0,0),(p,p),(,q), (1)}

This is an ordered T-semigroup. Define a soft set fs over U such that fs(0) = {1,2,3}, fs (p) = {1,2}, fs(q) = {1}
and fs (r) = {2,3}. Clearly it is an int-soft quasi-I'-ideal of S, but it is not int-soft left I'-ideal nor int-soft right I'-ideal,
since fs (pAq) = fs (q) = {1} 2 fs (p) and fs (rAp) = fs (r) = 12,3} 2 fs (p) -

Definition 4.15. Let C be a non-empty subset of an ordered T-semigroup S and let (fc, S) be a soft set over U. For
all 6 € U, the set

(Ll(fs;é) ={weC| fc(w) 2 o}.
is said an upper d-inclusion of (fc, S).

Theorem 4.16. Let (ST, <) is an ordered I'-semigroup. Then for any soft set fs over U, the given statements are
equivalent:

1. (Vo cU) U(fs;0) #0, U(fs;0) is a quasi-T-ideal of S.
2. (fs; S) is an int-soft quasi-TI'-ideal of S over U.

Proof. (1) = (2). Assume that for every 6 C U, the set 0 # U (fs;0) is a quasi-T-ideal of S. If A, = 0, then
(fsTxs) (p) = 0 = (xsT'fs) (p) and so (fsT'xs) () N (xsT'fs) (p) =0 < fs ().

Let A, # 0. Assume that for every (s, t) € Ay, there exists some f; C U such that fs (s) N fs (t) = f; and so
fs(s) 2 Biand fs (t) 2 B for somei. Thuswehaves, t € U (fs; f;) . Since (s, t) € A,, thenp < sAt, forsome A €T
We have p € (U (fs; Bi) TS] and p € (STU (fs; Bi)], for each i. Therefore p € (U (fs; Bi) TS| N (STU (fs; Bi)] €
U ( fs; i) and so p € U (fs; Bi) for each i. Consequently, fs (p) 2 B; for each i. We have

(fsTxs)N (xsT'fs)) () = (fsTxs) (p) N (xsT fs) (p)
= U {fs(s)Nxs (f)}) N ((S Y, {xs ()N fs (D)}

(s,t)€A

= U {fs&)Nfs®)=UBi C fs(p).

(s,t)eA,

Thus ((fsTxs)N (xsTfs)) (p) € fs (). Let p,q € S be such that p < g. Then fs(p) 2 fs(q). Indeed: Let
fs(p) € fs(q). Then there exists « C U such that fs(p) Ca C fs(q9) = g€ U(fs;a) and p ¢ U(fs; ),
which is a contradiction because U (fs; «) is a quasi-T-ideal of S. Hence fs (p) 2 fs(q) . Therefore, (fs; S) is
an int-soft quasi-I'-ideal over LL
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(2) = (1) Leta € (U (fs;0) TSI N (STU (fs;0)] = a € (U (fs;0)T'S] and a € (STU (fs;0)] . Then there
exist some m,n € U(fs;0), p,g € Sand A, u € T such that a < mAp and a < qun. Then (m,p),(q,n) € A,.
Since m,n € U (fs;0), then fs(m) 2 6 and fs (n) 2 6. Then we have

(fsT'xs) (a) = . tL)JGA fsG)Nxst)2 fs(m)Nxs(p) 26N U = 0.

Hence (fsT'xs) (a) 2 6. Furthermore, we have

(xsTfs)(a) = . t%éA XsONfs) 2xs(@) N fs(m)2UNSG=0.
Hence (xsT' fs) (@) 2 6 and (fsT'xs) (@) N (xsT fs) (a) 2 6. But fs is an int-soft quasi-T-ideal over U, so fs (2) 2
(fsTxs) @N(xsTfs) (@) 20 = fs(a) 2 0andsoa € U( fs;0). Thus (U (fs; 0) TS]N(STU (fs;0)] S U( f5;0) .
Leta,b € Sbe such thata < band b € U( fs5;0), thena € U( f5;0). Indeed: As b € U( fs;06), then
fs(b) 2 6. Since fs is an int-soft quasi-I'-ideal over U, then fs(a) 2 fs(b) 2 0 = fs(a) 2 6. Hence
a € U( fs;0). Therefore, U (fs; 0) is a quasi-T-ideal of S. [

Theorem 4.17. Let (S, T, <) be an ordered T-semigroup, then the soft intersection of any int-soft right T'-ideal (fs, S)
and any int-soft left T-ideal (gs, S) over U is an int-soft quasi-T-ideal of S over UL

Proof. Let (fs, S) be any int-soft right I'-ideal and (gs, S) be any int-soft left I'-ideal over U. By Proposition
4.3,if a € S, then we have

((fsNgs) Txs) (@) € (fsTxs) (@) € fs (@)

Thus (( fsﬁgs) F)(S) (@) € fs (a) . Moreover, we have
(xxsT (fsNgs)) @) < (xsTgs) @) < g5 (@)

Thus (xsT (fsNgs)) (@) € gs (@). Then ((fsNgs)Txs) (@) N (xsT(fsNgs)) @) € fs (@) N gs @) = (fsNgs) (@).
Thus ((fsﬁgg) 1")(5) n ()(51" (fsﬁgs)) Cc fsﬁgs.

Let s, t € S be such that s < ¢, then ( fsﬁgs) (s) 2 ( fsﬁgs) (). Indeed: Since fs and gs are int-soft right
I'-ideal and int-soft left I-ideal over U, then fs(s) 2 fs(t) and gs (s) 2 gs (t), s0 fs(s) N gs(s) 2 fs () Ngs(t).
Therefore, ( fsﬁgs) (8) = fs(s)Ngs(s) 2 fs (H)Ngs () = ( fsﬁgg) (t) . Hence ( fsﬁgs ; S) is an int-soft quasi-T-ideal
over U [

Theorem 4.18. (see [1]) In an ordered I'-semigroup S, the following statements are equivalent:

1. S is regular.
2. The set (RT'L] is a quasi-T-ideal of S for each right I'-ideal R and for each left T-ideal L of S.

Theorem 4.19. In an ordered I'-semigroup S, the given statements are equivalent:

1. S is regular.
2. for any int-soft right T-ideal (fs, S) and for any int-soft left T-ideal (gs, S) of S, the product (fsI'gs,S) is an
int-soft quasi-I'-ideal over U.

Proof. (1) = (2) Since S is regular, then by Corollary 4.9, ( fsﬁgs, S) = (fsI'gs, S). By Theorem 4.17, ( fsﬁgg, S)
is an int-soft quasi-T-ideal over U and so (fsI'gs, S) is an int-soft quasi-I'-ideal of S over U.

(2) = (1) Let R be any right I'-ideal and L be any left I'-ideal of S. By Proposition 4.4 and assumption,
(xrTxz,S) is an int-soft quasi-T-ideal over U. Moreover, (xr['xz,S) = ()((RFL],S), SO X(rrr] is an int-soft
quasi-I'-ideal over U. Thus (RTL] is a quasi-T-ideal of S (by Theorem 4.12). Hence by Theorem 4.18, S is
regular. [J
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5. Characterizations of completely regular ordered I'-semigroup by using its int-soft quasi-I'-ideals

In this section, characterizations of completely regular ordered I'-semigroups by using int-soft quasi-I'-
ideals and semiprime int-soft quasi-I-ideals are provided.

Definition 5.1. [22] An ordered T-semigroup (S, T, <) is called completely regqular if S is left regular, right regular
and regular.

In other words, an element s € S is called completely regular if there exist some element r € Sand A, i, p,0 € S
such that s < sAsurpsos.

If every element of an ordered I'-semigroup S is completely regular, then S is called completely regular
ordered I'-semigroup. Equivalent definitions are:

1. Forevery K C 5, K € (KI'KI'STKIK].
2. ) For every element s € S, s € (sI'sT'ST'sI's].

Lemma 5.2. Every int-soft quasi-T-ideal (fs, S) of an ordered T-semigroup S, is an int-soft I'-semigroup over U.

Proof. Let (fs,S) be an int-soft quasi-T-ideal of an ordered I'-semigroup S over U. Letp,q € Sand A € S.
Since (p, q) € Apq and (fs, S) is an int-soft quasi-T-ideal of S, then we have

f5 (PAq) 2 ((fsTxs) D (xsTfs)) (pAg)
= (fsTxs) (pAg) 0 (xsI'fs) (pAq)
= (Y s@nas®NN( U {xs©nfs®)

2 {fs(p) N xs (@) Nixs(p) N fs(9))
=fs() N fs(q).

Thus fs (pAq) 2 fs(p) N fs(q) forallp,q € Sand A € I'. Therefore, (fs, S) is a int-soft I-semigroup of S. [

Lemma 5.3. ([22]) Let (S, T, <) be an ordered I'-semigroup, then the following statements are equivalent:

1. S is completely regular.
2. Every bi-I'-ideal B of S is semiprime.

Lemma 5.4. ([23]). Every quasi-T'-ideal Q of an ordered I'-semigroup S is a bi-I'-ideal of S.
Lemma 5.5. (see [1]) In a reqular ordered I'-semigroup S, every bi-I'-ideal B of S is a quasi-I'-ideal of S.

Theorem 5.6. In an ordered I'-semigroup S, the follwoing statements are equivalent:
1. S is completely regular.
2. For all int-soft quasi-T-ideal (fs, S) of S, we have, (fs(p),S) = (Qﬂrfs (pop), S)for allp € S and S is regular.
€
Proof. (1) = (2). Let (fs, S) be an int-soft quasi-I-ideal over U and p € S. Since S is left regular as well as

right regular, then p < uOfpup and p < pppov for some u,v € S and 0, i, p,o € T. Then (u, pup), (ppp,v) € A,
and we have

fs(p)2 ((fsr)(s)ﬁ()(srfs)) ()

= (fsTxs) (p) N (xsTfs) (p)
= ((S A {fs(s)Nxs®HHN ((S o, {xs ()N fs (1))

2 {fs(ppp) N xs (@)} N {xs w) N fs (pup)}
= fs (ppp) N fs(pup)
2 0 fs(pOp).
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Thus fs(p) 2 snr fs (pOp) . Since fs is an int-soft quasi-T-ideal over U, then by Lemma 5.2, (fs,S) is an
(S
int-soft I'-semigroup of S. Hence n Tfs (pOr) 2 fs(p). Thus fs(p) = N rfs (pBp) for all p € S. Since S is
€ €

completely regular, then S is regular.
(2) = (1). Let p € S and A be any quasi-I-ideal of S. By Lemma 5.4, A is a bi-I'-ideal of S. Let pOp € A,
for all 6 € I'. By Theorem 4.12 and (2), xa (p) = nxa (pBp) . Since pOp € A, then x4 (pOp) = U. This implies
S

N xa (pOp) = U = xa(p). Thus p € A and hence A is semiprime. By Lemma 5.5, since S is regular, A is a
€
bi-I'-ideal of S and it is semiprime. By Theorem 5.3, S is completely regular. O

Definition 5.7. Let (S,T, <) be an ordered I'-semigroup and 0 # C C S. Then C is called semiprime if for all p € S
and A € T, pAp € C implies p € C. Equivalently, for every D € S, DI'D C C implies D € C.

Definition 5.8. Let a be any element of an ordered I'-semigroup (S,T, <) and let O # A C U. The soft set ((a], ,S)
such that

A, ifpeal,

@ly:S—PU), ar(p) = { 0, otherwise.

is called critical soft point of ordered T-semigroup (S, T, <).

Definition 5.9. Let (fs, S) be an int-soft quasi-I'-ideal of an ordered T'-semigroup S over U. (fs, S) is called semiprime
if for every critical soft point (a], of S
(], T (al, € fs implies (a], < fs.

For any soft set (fs, S) of S over U, we define, ((fs]] (x) = L<J/5 (y) for any x € S.

If for any soft set (fs, S) of S, then we have (((fs]], S) = (fs, S), then fs is called strongly convex.
Lemma 5.10. Let (fs, S) be a soft set of an ordered T'-semigroup S. Then, (fs, S) is a strongly convex soft set of S if
and only if x < y implies fs(y) C fs (x), forall x,y € S.
Proof. Straightforward. [
Lemma 5.11. Let ((al,, S) and ((al,,, S) be critical soft points of an ordered T'-semigroup S and let (fs,S) be a soft
set of S over U. Then the following statements are true:

1. If (fs, S) is strongly convex soft set of S, then (a], € fs iff fs(a) 2 A.

2. @, Il = cegrb (-
Proof. (1) Let (fs, S) be a strongly convex soft subset of S.

If (a]s € fs, we have A = (a]a(a) € fs(a) and so fs(a) 2 A.

If fs(a) 2 A, then (a]y C fs. Indeed, if p ¢ (a]1, we obtain (a]A(p) = 0 C fs(p).

Moreover, if p € (a]), we have p < a. Hence, by Lemma 5.10 and hypothesis of strong convexity, we

deduce fs(p) 2 fs(a) 2 (a]a(p) = A. Thus (a], € fs.
(2) Let p € (c], for some c € al'b and so p < ¢ € al'b. Thus p < aab, for some a € I'and so (a,b) € A,. We
have,

(@ TEL) () = Y @ ©0 002 6l @0 E,0) =10

Hence ((a],\ Fby) (p) 2 ANu. Since (a], (s)N(b], (t) € AN foranys,t € S, then ((a],\ r (b]y) (p) € ANpandso
((a];t r (b]”) (p)=Anu= eUFb (clanu (p)- Ifp ¢ (c], for all ¢ € al'b, then we have eUFb (clanu (p) = 0. On the other
hand, ((al, T (b1, ) (p) = 0. Infact, if ((a] T (b1, ) (p) # 0, then we have ((a], Th, ) (p) = N, @ ON@], () # 0.

Therefore, there exist (u,v) € A, such that (a], (1) = A and (b] B (v) = p. Thus u € (a] and v € (b]. Since
(u,v) € Ay, then p < uAv for some A € I'and so p € ((a] ' (b]] = (aI'b]. Then p < aab, for some a € I' which is

impossible. In this case, ((a] AT (0] y) (p)=0= CELaer hnue O
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Theorem 5.12. Let fs be an int-soft quasi-I'-ideal of an ordered I'-semigroup S. Then the following statements are
equivalent:

1. fs is semiprime.
2. fs(p)2 N fs(q), foranypeS.
qeply

3 fs(p)= 0 fs (@) foranypes.

Proof. (1) = (2). Letp € S. We claim fs(p) 2 qegrp fs(q). Indeed: If fs(p) C qegrp fs(q), then there exists
A C Usuch that fs(p) cAC qegrpfs (9). Then fs(q) 2 A, for all g € pI'p. By Lemma 5.11 (1), (9], < fs, for
all g € pI'p. By Lemma 5.11 (2), (p], T (p], = qEL;l"p (9], € fs. Since fs is semiprime int-soft quasi-TI'-ideal of S,
then (p], € fs. By Lemma 5.11 (1), fs (p) 2 A which is a contradiction. Therefore, fs (p) 2 qegrp fs(q), for any

pES.
(2) = (3). Letp € S. Since fs is an int-soft quasi-I'-ideal, then by Lemma 5.2, fs is an int-soft I'-semigroup
and so, n fs(q) 2 fs (p), for all g € pI'p. By (2), we have fs (p) = n fs(g), forany p € S.
qepTy qepTy

(3) = (1). Letp € Sand (p], T (p], € fs, A € U. By Lemma 5.11 (2), (p], I'(p], = qELpJFp(q]/\ C fs.

Then (q], C fs for every q € pI'p and so, by Lemma 5.11 (1), fs(q) 2 A, for every g € pI'p. Thus we have,
fs(p) = n fs(q) 2 A and so, fs(p) 2 A. Since fs is strongly convex, then by Lemma 5.11 (1), we deduce
qepTp

(pl, C fs. Therefore, fs is semiprime. [
Theorem 5.13. In an ordered I-semigroup S, the following statements are equivalent:

1. S is completely regular.
2. Each int-soft quasi-T'-ideal (fs, S) of S over U is semiprime int-soft quasi-T-ideal and S is regular.

Proof. (1) = (2). Let (fs, S) be an int-soft quasi-I'-ideal of an ordered I'-semigroup S over U. Letp € S. Since
S is a left as well as right regular, then p < uApup and p < pppov for some u,v € Sand A, u, p,0 € I'. Then
(u,pup),(ppp,v) € A, and we have

£ () 2 ((fsTxs) 0 (xsT£5)) (p)

= (fsTxs) (p) N (xsT'fs) (p)
= ((s $éA {fs@®Nxs®HN ((S tﬁéA,{XS ()N fs (B))

2 {fs (ppp) N xs @)} N {xs () N fs (pup))
fs (pep) N fs(pup)
N fs(pAp).

(V)

Thus fs(p) 2 n rfs (pAp). Then by Theorem 5.12, (fs,S) is semiprime int-soft quasi-I'-ideal over U.
€

Moreover, S is regular since S is completely regular.
(2) = (1). Letp € S. Let Abe any quasi-I-ideal of S, then by lemma 5.4, A is a bi-I'-ideal of S. Let pOp € A
for all 8 € I'. Then by Theorem 4.12 and (2), we have, x4 (p) = emrXA (pBp) . Since pOp € A, then x4 (pOp) = U
S

imply e (pOp) = U = xa (p). Thus p € A. Hence A is semiprime. Since S is regular, then by Lemma 5.5,
€
A is any bi-T-ideal of S and is semiprime. Thus by Theorem 5.3, S is a completely regular. [
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6. Characterizations of semilattices of left as well as right simple ordered I'-semigroups in terms of
int-soft quasi-I'-ideals

In this section, we define the semilattices of left and right simple semigroups of ordered I'-semigroups
and characterize them in terms of their int-soft quasi-I'-ideals.

Definition 6.1. ([15]) A sub-I'-semigroup F of an ordered I'-semgroup S is said to be a filter of S if:

1. Vu,veSandVAeTl)(uAve F = u € Fandv € F).
2. VueFandVveS)(v<u=veF).

For a € S, the least filter of S generated by g, is denoted by N (a). We denote, the relation on S by N, is
defined by N := {(u,v) € SX S| N (u) = N (v)} . The relation N on S is an equivalence relation on S.

Definition 6.2. Let (S, T, <) be an ordered I'-semigroup. Then

1. A congruence (see [29]) on S is an equivalence relation o on S such that, if (u,v) € 0 = (uls,vAs) € o and
(sAu,sAv) € o foreverys € Sand A e T.

2. A semilattice congruence (see [29]) on S is a congruence ¢ on S such that (u, uAu) € ¢ and (uAv, vAu) € o for
everyu,v € Sand A €T.

Note if ¢ is a semilattice congruence on S, then for every s € S, the o-class (s), of S is a sub-I'-semigroup
of S. Moreover, N is a semilattice congruence on S (see [29]).
Definition 6.3. An oredered I'-semigroup (S,T',<) is called a semilattice of left as well as right simple sub-T-
semigroups if there exists a semilattice X and a family {Sﬁ}ﬁex of left as well as right simple sub-I'-semigroup of S
such that:

1. (Ya,peX a#p)(SanSp) =0,
2.5=US,,
aeX

3. (@, € X)(Sal'Sp € Sap )

Equivalently, if there exists a semilattice congruence ¢ on S such that every c—class (s), of S is a left simple as
well as right simple sub-T-semigroup of S, for every s € S.

Lemma 6.4. ([20]) For every s € S, the N—class (s)n of an ordered I'-semigroup S is a right (resp., left) simple
sub-T'-semigroup of S if and only if every right (resp., left) ideal is a left (resp., right) ideal of S and is semiprime.

Theorem 6.5. Let (S, T, <) be an ordered I'-semigroup. The following statements are equivalent:

1. S is a semilattice of left as well as right simple sub-I'-semigroups.
2. For every int-soft quasi-T'-ideal (fs, S) over U, we have,

(i) (fs (0, 8) = ( 0 fs (a5,
(ii) (fs uOv),S) = (fs (vOu),S) for all u,v € Sand O € T..
Proof. (1) = (2). Let S be a semilattice of left as well as right simple sub-I'-semigroups and (fs, S) be an

int-soft quasi-I'-ideal over U.
To proof (i), by Theorem 5.6, it is enough to prove that S is completely regular. Letu € S = UXSa, then
(S

o
u € S, for some a € X. Since each S,, is left as well as right simple, then S, = (uI'S,] and S, = (S.T'u]. So we
have,
(uI'S,] = (uI’ (SaTul]
= (@] T ((SaTa]ll
= ((u] T (SaTa]]
= (ul (S,Tu)]
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Thus u € WI'S,] = (uI' (S,Tu)] implies u € (ul' (S,T'u)], then there exist v € S, and 6, € T such
that u < uOvuu. Since v € S, = (WI'S,Tu] implies v € (uI'S,I'u], then there exist s € S, and p,A € T
such that v < upsAu. Thus we have, u < uOvuu < ub(upsiu)uu < (uOu)psA(upu) € ul'ul STul'u implies
u € (ul'ul STuT'u] . Therefore, S is completely regular.

(ii)) Letu,v € S = U Sa- Thenu € S, and v € Sg for some a, € X . Thus for all 6 € T, u6v € S,I'Sg C Sy

implies u0v € Sup. Also vOu € SgI'S, = Sp, implies vOu € Sg, = Sup (because X is a semilattice). Thus
vOu € Sup. Since S,p is left as well as right simple sub-T'-semigroup of S, then S, = ( aﬁrc] and Sy = (cFSa,g]
for all ¢ € Syp.Since ubv € S,g, then ubov € (UQul"Saﬁ] and u6v € (SaﬁFUGu] implies uBv € (UQul"Sa,g] N

(Sa}gFUGu] C (vOul'S] N (STvOu] . Thus ubv € (vOul'S] N (STvOu] implies ubv € (vOul'S] and ubv € (STvou],

then there exist p, A € T'and x, y € S such that u6v < (vOu)px and u6v < yA(vOu). So (y, vOu), (vVOu, x) € A, gy.
Since fs is an int-soft quasi-I'-ideal over U, then we have

fs 09) 2 ((fsTxs) A (xsT fs)) (u60)
= (stXs) (u60) N (xsI'fs) (MGU)
(fs©Nxs@NN( Y, xs©nfs O

Augo Augo

2 fs (UGu)ﬂXs (0} N {xs (y)ﬂ fs (06u))
= fs (06u) N fs(vOu) = fs(vOu).

Hence fs (u6v) 2 fs(vOu). Similary we can proof that fs(v6u) 2 fs (u6v). Hence fs (u6v) = fs(vOu)
forallu,ve Sand 6 €T.

(2) = (1) Let for every int-soft quasi-I'-ideals (fs, S) of S, (i) and (ii) hold. By using Lemma 6.4, we
prove (1). Let L is a left I-ideal of Sand u € L, v € S, so by Proposition 4.4 and Theorem 4.13, we have x;.
is a int-soft quasi-I'-ideal of S. Then by (2), x1. (16v) = x1 (v0u) . Since vOu € SI'L C L implies v0u € L, then
xL (0u) = U = xr, (uBv). Thus ubv € L. Hence LT'S C L. Also forallu € Land forallv € Sjifv <u=v € L.
Therefore L is right I'-ideal of S. Let u € S such that uu € L for all 6 € I'. Since L is a quasi-I-ideal of S,
then by using Theorem 4.12 and (2), we have xi, (1) = aQrXL (uBu) . Since uBu € L for all O € T', then we have

SanL (uOu) = U = x1, (1) . Thus u € L. Therefore L is semiprime. Similarly we can proof this for every right
S
I-idealof S. O

Lemma 6.6. Let (S,T, <) be an ordered I'-semigroup. If u < uOu, ¥ u € Sand 0 € T, then for every int-soft
quasi-T-ideal fs over U, we have,

(fs(u),S) = (egrfs (u6u),S) forallu € S.

Proof. Reader can easily prove this by using Lemma 5.2. [

Theorem 6.7. Let (S, T, <) be an ordered I'-semigroup. If u < uQu,V u € Sand O € I, then the following statements
are equivalent:

1. udv € (vAul'S] N (STvAu] for each u,v € Sand A € T.
2. For every int-soft quasi-T-ideal (fs, S) of S, we have, (fs (uAv),S) = (fs (vAu),S) for everyu,v € Sand A €T.

Proof. (1) = (2). Asulv € (vAul'SIN(STvAu], then uAv € (vAul'S]and uAv € (STvAu]. If udv € (vAuI'S], then
there exist p € I'and p € S such that uAv < (vAu)pp. By (1), we have (vAu)pp € (pp(vAu)I'S] N (STpp(vAu)]
implies (vAu)pp € (STpp(vAu)], then there exist 6 € T and g € S such that (vAu)pp < (q6p) p (vAu). Thus
udv < (vAu)pp < (q6p) p (vAu) = ulv < (q6p) p (vAu). So (90p, vAu) € Ayrp. If udv € (STvAu], then there
exist m € S and a € T such that uAv < ma(vAu). By (1), we have ma(vAu) € ((vAu)amI'S] N (ST (vAu)am]
implies ma(vAu) € (vAu)amI'S], then there exist n € S and B € I such that ma(vAu) < (vAu)a (mpn) and so
ulv < ma(vAu) < (vAu)a (mpn) = ulv < (vAu)a (mpn). So (vAu, mpn) € Ay py.
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Now let (fs, S) is an int-soft quasi-ideal over U and Ay, # 0, Then,

f5 @A) 2 ((fsTxs) A (xsT f)) (wAv)
= (fsTxs) (uAv) N (xsI fs) (uAv)

= (s,t)gAu,\v{fS (s)Nxs®OYU (s,t)gAu/\v{Xs (5) N fs (1))

2 {fs (vAu) N xs (mPn)} U {xs (q6p) N fs (vAu)}
= fs (VAu) U fs (vAu) = fs (vAu).

Thus fs (uAv) 2 fs (vAu).Similarly we can prove that (fs (vAu), S) 2 (fs (uAv), S). Therefore, (fs (vAu),S) =
(fs (uAv),S)forallu,v e Sand A €T.

(2) = (1). Let (fs, S) be an int-soft quasi-I'-ideal over U. Since u < uAu for allu € S and A €I, then by
Lemma 6.6, we have fs(u) = Argrfs (uAu) for all A € I'. By (2), we have (fs (vAu),S) = (fs (uAv), S) for every

u,v € Sand A € I'. By Theorem 6.5, S is a semilattice of left simple as well as right simple sub-I'-semigroups
of S.
Letu,veS= UXS“’ thenu € S, and v € Sgforsomea, f € X. Thenforall A € T, udv € 5,I'Sg C S,p implies
ae

uAv € Sug. Also vAu € SgI'S, = Sp, implies vAu € Sp, = Sup (because X is a semilattice). Hence vAu € Sg.
Since S, is left as well as right simple sub-T-semigroup of S, then S, = (Saﬁrw] and Sup = (wl"Saﬁ] for all

W € Syp. Since uAv € Sug, then udv € (v)LuFSaﬁ] and ulv € (Sa,gl"v/\u] implies udv € (v/\uFSaﬁ] N (Saﬁl"v/\u] -
(vAuI'S] N (STvAu] . Thus udv € (vAul'S] N (STvAu]. This completes the proof. O

7. Conclusion

In this paper, we have extended int-soft ideal theory of ordered semigroups to ordered I'-semigroups.
The results that have been proved in po-semigroups by using their fuzzy ideals, fuzzy quasi-ideals and
uni-soft quasi ideals, we can prove them for ordered I'-semigroups by using their int-soft quasi-I'-ideals.
The results that relate int-soft quasi-I'-ideals and int-soft one sided I'-ideals have been proved. Using the
notion of int-soft quasi-I-ideals in ordered I'-semigroups, we characterized completely regular ordered
I'-semigroups by using their int-soft quasi-I'-ideals. The notion of critical soft point in po-I'-semigroups
have been defined. By using the definition of critical soft point, we have defined the notion of semiprime
int-soft quasi-I'-ideal and characterized completely regular ordered I'-semigroups by using their semiprime
int-soft quasi-T'-ideals. Moreover, semilattices of left as well as right simple sub-I'-semigroups of ordered
I'-semigroups have been defined and some characterizations of semilattices of left as well as right simple
sub-T'-semigroups by using their int-soft quasi-I'-ideals have been provided. From above results, we can
conclude that the theory of int-soft ideals can be extended to other structures and I'-structures.
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