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Abstract. We introduce a symmetric-type quarter-symmetric non-metric connection family in a Rieman-
nian manifold and study its geometrical properties. We also study the Schur’s theorem of the symmetric-

type quarter-symmetric projective non-metric connection family and the symmetric-type quarter-symmetric
conformal non-metric connection family.

1. Introduction

The study of geometries of a manifold with certain connection has been an active field over the seven
decades. The research in the area goes back to the concept of metric connection with torsion introduced by
A. Hayden in the early 1932 in [18]. K. Yano in [28] introduced a semi-symmetric metric connection and
studied the properties of the curvature tensor w.r.t. this connection.

K. yano in [29] posed a quarter-symmetric metric connection and interpreted some examples of these
connections, and S. Golab in [14] introduced and investigated a quarter-symmetric connection. Further,
Agache et al and De et al in [1, 7] respectively defined and studied the topologies of a manifold with the
semi-symmetric non-metric connection. On the one hand, some geometries of a manifold with a semi-
symmetric no-metric connection and by the Schur’s theorem of a semi-symmetric non-metric connection
are well known([8, 10, 11, 19-23]) based only on the second Bianchy identity. A semi-symmetric non-metric
connection thatis a geometrical model for scalar-tensor theories of gravitation was studied ([9]). Afterwards,
several types of semi-symmetric non-metric connections were studied ([2-6, 30, 33-35]). Afterwards,
several types of a quarter-symmetric non-metric connection were studied ([15-17, 31, 32]). And then Tang
et al in [24-27] a generalized quarter-symmetric metric recurrent connection and a projective conformal
quarter-symmetric metric connection were studied. In fact, there were few results about quarter-symmetric
non-metric connections because of its formal complexity and computational difficulty. In Fuetalin [12, 13],

the geometrical and physical properties of conformal and projective semi-symmetric metric recurrent
connections were studied.
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Motivated by the previous researches we proposed newly in this note a symmetric-type quarter-
symmetric non-metric connection family and its mutual connection family and study its projective in-
variant. And we also derive the conformal invariant of the symmetric-type quarter-symmetric non-metric
connection which has the same geodesic as the Levi-Civita connection.

This paper is organized as follows. Section 1 considers the previous study results. Section 2 studies the
symmetric-type quarter-symmetric non-metric connection family and its mutual connection family. Section
3 studies a symmetric-type quarter-symmetric projective non-metric connection family and its mutual
connection family. Section 4 studies an invariant of the symmetric-type quarter-symmetric conformal non-
metric connection which has the same geodesic as the Levi-Civita connection and its mutual connection.

2. A symmetric-type quarter-symmetric non-metric connection and its mutual connection

Let (M, g) be a Riemannian manifold (dim M > 3), g be Riemannian metric on M and V be the Levi-Civita
connection with respect to g. Let T(M) denote the collection of all vector fields on M.

t
Definition 2.1. A connection V is called a symmetry-type quarter-symmetric non-metric connection if it satisfies
the relations

(%Zg)(x, Y) = —2(t - Dr(Z)U(X,Y) — tr(X)U(Z,Y) - tn(Y)U(Z, X), T(X,Y) = n(Y)UX - n(X)UY (2.1)

where 7 is a 1-form and U is a (1, 1)-type symmetric tensor field in (M, g) and t € R is a parameter of the
connection family.
This connection family is expressed as follows

VY = VY + (£ = D)r()UY + tn(Y)UX 2.2)

. o t
Let (x') be a local coordinate system in M such that g, V,V, i, T with the local expressions respectively,

t
by gi;, {£}, TX, 7t;, TF. At the same time, the formulas (2.1) and (2.2) can be rewritten as
17 4 ij i
t
Vigij = =2(t = Dl — bl — trUs, Ty = Uf — UE, (2.3)

and

t
T = () + (6 = DUl + by (24)

t
From the expression (2.4), the curvature tensor of V is given as

1 1
t ; ;o ¢
Rijkl = Ki]'kl + U;Ilik - Ufajk + b]‘kni + biknj + t(uﬁj - Uﬁi)nk +(t— 1)U§(n,<]- (2.5)

where K f] is the curvature tensor of V with respect to g;; and the other notations are given as below

G = KV — (= DU — (U,
¢l °
o U — P Ul
b (£ = (VUL — (U ), 2.6)
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Remark 2.1. If U;; = g, then this connection family is a special type of the semi-symmetric metric recurrent
connection family that was studied in [30, 35] and its physical model was studied in [9].

Remark 2.2. When U is the Ricci tensot, then this connection family studied in [25, 26].

By (2.2) and (2.3) it is obvious that there holds the following.

t o o
When t = 0, we denote V as D. Then the connection D satisfies the relation

N Lk _ gk g7k

Drygij = 2 Usj, Tl.]. = Uy — an]-. (2.7)
and the coefficient of D is

ko (k k

Fl.]. = {ij} - n,-uj.

t I 1

When t = 1, we denote V as D. Then the connection D satisfies the relation

!
Dyygij = =il — iUy, T*

= Uk - niujf. (2.8)

i
1
and the coefficient of D is
I
k _ gk k
l”ij = {ij} + ;U

t
When t = %, we denote V as D. Then the connection D satisfies the relation

1 1
Digi = meUij = 5l = 57Uk, Ty = U = il (2.9)
and the coefficient of D is
~ 1 1
Th={)+ Enjuf - Emu’;. (2.10)

From this expression, the curvature tensor of D is as below

- - ~ = ~ 1 1
Rijkl = Ki]*kl + U;-Llik - Ufajk - b;kﬂi + bg'knj + E(Ufl - U;i)nk - Eu}l{nj]', (2.11)
where
ar = 3(Vim + ULy — $UT ), 2.12)
I — _1vaf — 111 '
bij = —E(V,U] — EUZ Upﬂ]‘).

The symmetric-type quarter-symmetric non-metric connection D is a connection which has the same
geodesic as the Levi-Civita connection in a Riemannian manifold.
Let

t t t o
Ay = Uiy — by + tU e + (¢ = DU Vi,

Then from the expression (2.5), we get

b1 Yy
Rij = Kije + Ay = A

So there exists the following
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t t t
Theorem 2.1. When A i.].k =A ;ik, then the curvature tensor of V will keep unchanged under the connection trans-

o 3
formation V — V.

Let @ and 8 be two 1-form with the components
a; = Urmy, pi = Urm, (2.13)
Theorem 2.2. In a Riemannian manifold (M, g), if the 1-form a and B are of closed, then the volume curvature

t
tensor of V is zero, namely

t
Pij =0, (2.14)

t t t
where P;ii=R;jqg" is a volume curvature tensor of V.

Proof. Contracting the indices k and [/ of (2.5), then we have
t

o ¢ ¢ t t
Pi]‘ = P,‘]‘ + U;?aik - Uf.‘ajk - b];kTZi - bi.(kT(]‘ + t(u@ - U;»)le +(t— 1)U,’§m]~,

where P;; is the volume curvature tensor of V to g;;.
On the other hand, there holds

t

t t ° t f
Ul — Uaj HUVim = UV jgpe) = H(E = DUy — U UL, = b’ + -1,

= —(t - D)(V;U; — mViUy) + Kt - 1)(n,-u§.’ - U Uymy,

KUY, — U7y HV,UE = VU,

(t-DUfry; = (t=1)(UVim; - UiVim),
pP; = 0.
Hence using these expressions and the expression (2.13), we obtain

Itji]‘ = t(Viaj - %]‘0(1') —(t- 1)(%,’5/ - %]ﬂ,) (2.15)

If 1-form « and 1-form § are closed, then V;a; — V;a; = 0 and V;$; — V;; = 0. Hence from the expression
(2.15), we know that the formula (2.14) is tenable. [

It is well known that if the sectional curvature k(E) at a point p is independent of E (a 2-dimensional
subspace of T,(M)), then the curvature tensor is

Ry = k(p)(©Oigje = 0gi)- (2.16)
In this case, if k(p) = const, then the Riemannian manifold (M, g) is a constant curvature manifold.

Theorem 2.3. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic

t
symmetric-type quarter-symmetric non-metric connection family V, If there holds
s =0, (2.17)
where sp= -1 T;’Z . (The Schur’s theorem of the symmetric-type quarter- symmetric non-metric connection family), then

t
the Riemannian manifold (M, g, V) is a constant curvature manifold.
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Proof. Substituting the expression (2.16) into the second Bianchi identity of the curvature tensor of the
symmetric-type quarter-symmetric non-metric connection family, we get

t ot t ot t ot t t t
1 1 I _ 7P 1 P 1 P 1
VhR,']'k + V,’thk + ijhik = Thiijk + Tinhpk + T]-hRipk ,

and using the expression (2.3), then we arrive at
t t t
Vik(p)(0lgjx — 5;-9%) + vik(P)(éi‘ghk = 8,q) + Vik(p)(6,,9i — 8igne)
—(t = 2)k(p) [ (O U e — 5§'uik) + ni(éﬂ‘uhk — 8L U) + 11;(0), Uy — &/ U]
= k(p)[rn (O U — 6;Uik) + ni(ééuhk = &, Uje) + 1(8;, Ui — 6:U)
+10,(O}  — 6;9&) + ni(ééghk = 8,9%) + (0, gik — Oigne)]-
Contracting the indices i, of this expression, then we have
t t
(n = 2)[gxVik(p) — gV ik(p) — (¢ — 2)k(p)(mtn Ui — 10;Upk)]
= k(p)[(n = 3) (U jx — t;Upk) + ghk(U}ﬂi - Uim)) + gp(Uimy, — UL ).

Multiplying both sides of this expression by g/, then we obtain

t . . . .
(n = D)Vik(p) — (t = 2)k(p) (U} — m;U,) = 2k(p)(m, U — 7;:U).
From this expression above we obtain
t
Vik(p) + tspk(p) = 0. (2.18)
Consequently, if s;, = 0, then k(p) = const. [
Remark 2.3. Theorem 2.3 is independent of t. From the expression (2.18), if t = 0, then k(p) = const.

Thus we have the following

Theorem 2.4. (Schur’s theorem) Suppose (M, g)(dimM > 3) is a connected Riemannian manifold associated with

an isotropic symmetric-type quarter-symmetric non-metric connection D. Then the Riemannian manifold (M, g, D)
is a constant curvature manifold.

Remark 2.4. The connection D satisfies the relation (2.7). From Theorem 2.4, this connection is a symmetric-type
quarter-symmetric non-metric connection with a constant curvature.

tm
From the expression (2.4), the coefficient of the mutual connection family V of the symmetric-type quarter-

t
symmetric non-metric connection family V is

tm
k k k
TE = {5+ - Dmul, (2.19)

tm
and the mutual connection family V satisfies the relation

tm tm k X k
ng,']' = —2tnku,~]~ —(t- 1)7Tiujk —(t- 1)njUik, T,’j = 7'£in - ﬂjui, (2.20)

tm
Using the expression (2.19), the curvature tensor of V is

tm tm

¢ ¢ tm
Ry = Kij! + @yl = a jl} =m0 Yy + 10, b + (£ = D)(U; = U+t (2.21)
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where

tm

i = (= DI(Vim — Uy — (¢ = DU iy,

b 0 (2.22)
b 5]. = t(v,-u; - (t-HU'U,m)).

m
If t = 1, then from the above two expressions we find the curvature tensor of the mutual connection D of
the connection D.

m 1 1
Rije' = Kipe! +azku —dUl - nb +n,b’ E(ugj—uji)nﬁiu;(m,-, (2.23)
where
e (Vi — L) + LU e
aj = 2[(V1T[k zuknpnz)+2upn1nk]/
7 ool o 111717 (2.24)
bij = E(VZU] + EUZ Upn]-).

The expressions (2.23) and (2.22) are not different in their forms from the expressions (2.5) and (2.6). Hence
the volume flat and the constant curvature condition of the mutual connection family coincide with those
of the symmetric-type quarter-symmetric connection family.

Thus, by using Theorem 2.2 and Theorem 2.3, we have the following

Theorem 2.5. In a Riemannian manifold (M, g)(dimM > 3), if 1-form a and B are closed, then the volume curvature
tm
tensor of V is zero, namely

Pij =0,

tm tm
where Pj; = Rlﬂdg is a volume curvature tensor of V

Theorem 2.6. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic

tm 3
mutual connection family V of V. If

sp =0,
tm
then the Riemannian manifold (M, g, V) is a constant curvature manifold.

Remark 2.5. In this case, the expression (2.18) becomes

tm

Vik(p) + (t — 1)s;k(p) = 0,
Hence if t = 1, then k = const.
So there exists the following

Theorem 2.7. (Schur’s theorem) Suppose (M, g)(dimM = 3) is a connected Riemannian manifold associated
with an isotropic mutual connectzon D of the symmetric-type quarter-symmetric non-metric connection D Then the

Riemannian manifold (M, g, D) is a constant curvature manifold.
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3. Geometries of manifolds associated with a symmetric-type quarter-symmetric projective non-metric
connection

p
Definition 3.1. Definition. A connection family V is called a symmetric-type quarter-symmetric projective non-

4 t
metric connection family if V is a projective equivalent to V.
p
From the expression (2.4), the coefficient of V is
4
T = {5} + 0 + oy + (t = Dmlf + ty U, (3.1)

4 4
where 1; is a projective component of V. And from the expression (3.1), the connection family V satisfies
the relation

4
ng,']' = —Zl,Dkgi]‘ - lPigjk - 2(t- 1)7Tkuij - i‘ﬂ,‘Ujk - tﬂjuik, T?j = T(]‘U;( - mU?. (3.2)

4
From (3.1), the curvature tensor of V is

P t t £ £
Ri]'kl = Ki]'kl + Ui.uik - Ull-lljk + 5;61'1( — 6ij)< — ﬂib ljk + T[]'bi»k + t(uﬁj - Uj-l-)T(k + (t - 1)u]l<7'[,‘j
+ Tipe+ 6, 3.3)
where
{ i = Vit — Y — (¢ = DUy, — by, 6
Yij = Vij = Vi
Using (2.5), the expression (3.3) becomes
Rl = Rl 4 Slen — Slen + Thabe + 6l
ik = Kijk~ + iCik iCik + ijl,l)k + kl,bz]/ (3.5)

Theorem 3.1. In a Riemannian manifold (M, g) if 1-form 1, a and p are closed, then the volume curvature tensor of
4
V is zero, namely

P
Pj=0, (3.6)

P P p
where Pij = R; jklgkl is the volume curvature tensor of V.

Proof. Contracting the indices k and / of the expression (3.5), then we have
4 t .
Pi]' = P,‘j + Cij — Cji + Tl-]-ll)k + 1’117[}1']'.
On the other hand, from (3.4), we obtain
cij = cji = ij = Ty
Substituting this expression into the above expression, we obtain
4 ¢
Pi]' = Pi]‘ + (Tl + 1)1Pl] (37)

t
If 1-form 1, & and f are closed, then P;; = 0 by Theorem 2.1 and ¢;; = 0. Hence from the expression (3.7),
we obtain the expression (3.6) is tenable. [
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Theorem 3.2. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic

p
symmetric-type quarter-symmetric projective non-metric connection family V. If there holds
Yp—tsp, =0, (3.8)
4
then the Riemannian manifold (M, g, V) is a constant curvature manifold.

Proof. Proof. Substituting (2.16) into the second Bianchi identity of the curvature tensor of the symmetric-

4
type quarter-symmetric projective non-metric connection family V, we get
N T T B e Bt DAY S B S
ViRije" + ViRjue" + ViRpix " = TpiRjmi " + Tjj Rie” + Ty Rk,
and using the expression (3.2), then we have
4 4 4
Vik(p)(©igx — 5;%) + Vik(P)(ééyhk = 8,9j%) + Vik(p)(,gix — 0.9
—k(p)[Yn(Sig i — 5;gik) + Ebi(é;ghk = 8.95%) + (0, g — O'gme)]
—(t = 2)k(p) [0S U . = 8, Uie) + (0 U = ), Uje) + 705, Ui = 6;Un)]
= k(p)[rn (O U — 5;Uik) + ﬂi(éé-uhk — &, Ujk) + 70(8;, Uik — 01Uk
+1(Ulg i — U;!]ik) + ni(uﬁ-!]hk - U gj) + (U gix — Urgii)]-

Contracting the indices i, ! of this expression, then we have

(n—2)(g jkéhk(P) - ghkéjk(P)) = (n = 2k(p)(WnUj — YiUnk) — (n — 2)(t — 2)k(p)(mtn U jx — 71;Upk)
=WMWQWMWWMM+MW%—WM+WWW—%ML

Multiplying both sides of this expression by g/, then we obtain

(1= 1)1 = 2)V3k(p) = (1 = 1)(n = kP — (1 — 2)(t = 2Kl = L)
= 2(n - 2k(Pk()(Uimy, - Ujm,).

From this expression above we obtain
p
Vik(p) — k(p)(Wpy — tsp) = 0.
Consequently, if 1y, — ts;, = 0, then k = const. O
pm.p
From the expression (3.1), the coefficient of the mutual connection family V of V is
pm
r f] = {fj} + 6’]?1,0,- +68Y; + tniu’]f + (t — Dm;UF,

pm
and from this expression, the curvature tensor of the mutual connection family V is

pm tm tm
L ] pmo g pme gm0l 1 _ 1 _ 7l 1.
R,Jk = Kz]k + 6jC1k 61'C]k + U].alk Uia]k ;b ik + 7 b at (t 1)(LIZ.]. U].i)nk + tukT(,]
1 1
+ Tijl’[Jk + 6k¢ij’ (3.9)
where

cij = Vi = Yy =t m, — (£ = DU ;. (3.10)
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By (2.23) and (3.9), we get

pm tm

Rz]kl - Rz]k + 6 Czk 65?]k ll]k + 6 ll}l] (311)

The expression (3.10) and (3.11) are not different in their forms from the expressions (3.4) and (3.5). Hence
the volume flat the constant curvature condition of the mutual connection family coincide with those of the
symmetric-type quarter-symmetric projective non-metric connection family.

So using Theorem 3.1 and Theorem 3.2, we have the following

Theorem 3.3. In a Riemannian manifold (M, g), if 1-form 1\, a and § are closed, then the volume curvature tensor
pm
of V is zero, namely

pm
P;j=0, (3.12)

pm pm pm
where Pij = R; }klg is the volume curvature tensor of V.

Theorem 3.4. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic

t t
mutual connection family v of V. If
Yp—(E—Dsp =0, (3.13)
tm
then the Riemannian manifold (M, g, V) is a constant curvature manifold.

Theorem 3.5. In a Riemannian manifold (M, g)(dimM > 3), if a 1-form 1 is a closed form, then the tensor below

w%+w%, (3.14)
tm pm
is an invariant under the projective connection transformation V - V V — V, where
Wfk = R’k 11(6’R1k -0 Rzk)
AL (3.15)
Wi]k = Ri]k n- 1(5§R1'k - 6,'Rik)'
tm t
where szk, Ww! ije are Weyl projective curvature tensor of V and V respectively.
Proof. Adding the expressions (3.5) and (3.11), we obtain
RZV+RLk RZF+RZ{+&—a¢ Slaje + 20,1, (3.16)
where a;; = ¢;j + Zli]-, If ¢ is closed, then v;; = Viybj - lepi = 0. From this fact, the expression (3.16) is
R%+R% R%+R%+6—mf6%k (3.17)
Contracting the indices i,! of (3.17), we get
poopm t
R]k + R]k = R]k + R]k - (n - 1)(X]k (318)

From this expression above we find

1 ¢ tmp pm
jx = ——7 (Rje + Rjc = Rjc = Rj)
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Substituting this expression above into (3.17) and putting

AR S T
ijk — z]k_nTl(i k=0 i*)s
pm

I _'pl 1 (s
Wl]k Rz’jk_ﬂ(éiRJk ;R ix)

Then by a direct computation, we obtain

tm

1 1 1 1
Wz]k+wz]k Wz]k+W1]k

This ends the proof of Theorem 3.5. [

4562

(3.19)

(3.20)

poop
Remark 3.1. The expression (3.19) is a Weyl projective curvature tensor of V and V respectively. And the expression

(3.20) is independent of the parameter t.

Theorem 3.6. In a Riemannian manifold (M, g)(dimM > 3), the tensor below

tm
! !
Wz]k + Wz]k’

tm

4
is an invariant under the projective connection transformation V - V and V — V, where

z]k ijk

ijk z]k

t tm

where WZ Wl are the generalized Weyl projective curvature tensor of V and V respectively.

Proof. Contracting the indices 7, of (3.16) and using Yij = —¢ji, we get

p pm t tp
R]'k + R]'k = Rjk + Rjk - (Vl - 1)0(]'k - 217D]'k.

Alternating the indices j and k of this expression and using ax — ax; = 21, we obtain

pm pm t

P t tm tm
R]k—Rk]+ R]k Rk] :Rjk_Rkj+Rjk_Rkj_z(n'i'l)lpjk-

By a similar computation just as that in Theorem 3.5, we then have
t tm R pm

wl LWl — Wl LWl

Wz]k + Wz]k - Wz]k + Wz]k

where

p P P
wl = R! 1 1(eis,k—éfR,k)+ —L[o! (R]k—Rk]) 8 (Ri = Rig) + (n = 13 (Rij = R

ijk ik~
pm

Wi =R! (6’R]k—6 R,k)+

ijk ik nz 1

This completes the proof Theorem 3.6. [

—_ t t t t
Wi =Rl — (R - 8! Ri) + 0] (Rj - Rig) - 0, (le — Re) + (1 - DOL(Ry; - Ry,

tm tm
Wi =KL — LR - 8/ Ri) + g [1(R s — Rig) - 0(Ro = Rio) + (n = DOL(R, - Ry

[5/(R i~ Rep) — /(R = Ru + (n = (R 1

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Remark 3.2. Theorem 3.5 and Theorem 3.6 show that the proposed invariant is independent of the parameter t.
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4. Geometries of manifolds with a symmetric-type quarter-symmetric conformal non-metric connection

C
Definition 4.1. A connection family V is called a symmetric-type quarter-symmetric conformal non-metric connec-

c t
tion family, if the connection V is a conformal equivalent to V.

From (2.4), the coefficient of is
c
rf] = {f]} + (31;01' + (31(()'] — gijo‘k + (i’ - 1)7?11/[]]( + tT[]uf, (41)
c
where g; is a conformal component of the connection family V with respect to the conformal transformation
c
of gij, namely g;; = ezagij(oi = dj0). From (4.1), the connection family V satisfies the relation
c
ngij = —deg,‘j - 2(t - 1)7Zku,‘]‘ — tn,ujk - tﬂ]‘uik, Tk = ﬂju:F — ﬂiU;F. (4.2)

1

Cc
The curvature tensor of V is

c ¢ ¢ t t
R,’jkl = Kijkl + 5;6,‘1( — 656]'}( + gikf; - gjkfil + U;a,’k — Uﬁajk — ﬂib ;k + ﬂjbﬁk + t(uﬁj — ll;-i)nk
+ (t-DUlm; - Tfjak — tTyjo’, (4.3)

where

{ ex = Viox— oo —(t— 1)7‘[iu]€(5p - tﬂkaOp + %gikOpO'p, (4.4)

fii = Viok = ojo + (t = DUl oy + trUl o, + 390”0,

Using (2.5), the expression (4.3) becomes

Rl = Rl b 8lon —Slow 4 g fl— g fl + Tlow — (£ — Do

Rij" = Rij" + i€ik €k + g’kfj g]kfi + Tl']Uk (t 1)T1]k6 . (4.5)

Theorem 4.1. In a Riemannian manifold (M, g)(dimM > 3) if 1-form o and B are closed form, then the volume

c
curvature tensor of V is zero, namely
C
P;; =0. (4.6)
C C . C
where Pjj = Rijklgkl is the volume curvature tensor of V.
Proof. Contracting the indices k and [ of the expression (4.5), then we have
c t x X
Pij = P,']' +eij —eji + fji — fij + Ti].ok —(t- 1)T,'jk0‘ .

On the other hand, by (4.4), we have

Substituting these expressions into the above expression, we obtain
C

t
Pi; = Py;. (4.7)

t
If 1-form a and g are closed, then P;; = O(Theorem 2.2). Hence from the expression (4.7), we obtain the
expression (4.6). [
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Theorem 4.2. Suppose that (M, g)(dimM > 3) is a connected Riemannian manifold associated with an isotropic

symmetric-type quarter-symmetric conformal non-metric connection family v, If there holds
20, —ts, =0, (4.8)
then the Riemannian manifold (M, g, 6) is a constant curvature manifold.
Proof. Substituting the expression (2.16) into the second Bianchi identity of the curvature tensor of the
symmetric-type quarter-symmetric conformal non-metric connection family 6, we get
cC C i c C I c C ! - C i - C I m C i
ViRije" + ViRjue" + ViRpix " = TpiRjmi " + Tjj Riie ™ + T Rk,

and using the expression (4.2), then we have

Vik(p)(0igjx — 5;%) + Vik(P)((S;ghk = 8,9j%) + Vik(p)(0},gik — 0:9)

—2k(p)[on(Olg ik — 5;gik) + O'i((szghk —8.gjx) + 00, gix — 0tgme)]

—(t = 2k(p) [ (8 U j — 6éuik) + ﬂi(éﬂ-uhk — &), Uj) + 18} Uy — 61Ue)]

= k(p)[mn (iU — 5§-Uﬂ<) + ni(ééuhk — &, Uji) + 78, Uik — Uk

+r(Ulg e — u;!]ik) + ni(u;_l]hk = U gi) + (U gix — Ulgue)].
Contracting the indices i, ! of this expression, then we arrive at

c Cc

(n = 2)(gxVik(p) — gV ik(p)) — 2(n — 2)k(p)(0ngjx — 0jgn) — (n = 2)(t = 2)k(p) (0 U — 10;Unk)

= k(p)[(n = 3) (U jx — 7t;Unk) + ghk(u;ni - Uim)) + gp(Uimy, — Ujmy)].
Multiplying both sides of this expression by g/, then we obtain

c . .

(n—1)(n = 2)Vk(p) = 2(n — 1)(n — 2)k(p)oy — (n — 2)(t — 2)k(p)(rm,U; — :l},)

= 2(n - 2)k(p)k(p)(Uiry, — U, ;).
From this equation above we obtain

Vik(p) — k(p)(20y, — ts,) = 0.

Consequently, if 20), — ts;, = 0, then k(p) = const. [J
cm C
From the expression (4.1), the coefficient of the mutual connection V of V as
cm
T i(] = {i{]} + (51;01' + 5?(7]' - gijdk + tn,-U’]Y +(t— 1)71]‘1,1;(,

pm
and from this expression, the curvature tensor of the mutual connection family V is

cm m m tm tm
I 1, <M m el el 1m m T 7
Rijk = K,]k +6].e,k—6ie]k+g1kfj—g]kfi+Uja,k—uiajk—n,bjk+n]bik
1 1 ) ! )
+ (- 1)(Ul.]. - uﬁ)ﬂk + tUkT(ij - Ti]Uk - tT,‘jkG , (4.9)
where

m o

Cij = ViGj —0i0j — tT(,'u;’T(p —(t- 1)Uf0p7'(j + %gijﬁpﬁp, (4.10)
m o 1 .
fz-]» = V,'Uj —0i0j + tTliu]‘pGP + (t — 1)U,’j0p7'[p + Egijapop
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Using the expression (2.11) and (4.9), we have
cm tm

m m
Rijkl = Rijkl + 6;2‘11'1( - 5%1]']( + g,'kfé- - gjkff' - Tll-j(jk - tTijkGl. (4.11)

The expressions (4.10) and (4.11) are not different in the form from the expressions (4.4) and (4.5). Hence
the volume flat and constant curvature condition of the mutual connection family coincide with those of
the symmetric-type quarter-symmetric conformal connection family.

Thus, we know that by Theorem 4.1 and Theorem 4.2 there holds

cm
Theorem 4.3. In a Riemannian manifold (M, g) if 1-form a and B are closed, then the volume curvature tensor of V
is zero, namely

cm

Pij=0 (4.12)

cm cm cm
where Pij = R,-]-klgkl is the volume curvature tensor of V.

Theorem 4.4. Suppose that (M, g) is a connected Riemannian manifold associated with an isotropic mutual connec-
cm C
tion family V of V. If
oy — (t - 1)Sh =0, (4.13)

cm
then the Riemannian manifold (M, g, V) is a constant curvature manifold.

Ift = 1, and using Remark. 2.3, the expression (4.5) becomes

c

=

_ L . . 1
ijkl = Rijkl + (S;Eik - 656]‘k + gikf;- - g]kfi + TE]-Ok + ETijkOJ~ (4.14)

where

o
5. =V —g e L Py — 1o 7P 1,
&j =Vio; a,a]+2nlujap 271]U1.n,,+2g1]ap07’,
o

! (4.15)
fij = ViU]' - O'iO']' + %ﬂiu]‘pﬁp + %a’”uijnp + %gijO'pUp.
From the expressions (4.10) and (4.11), we have
B 1_p 1 s Iz 1 e 1 !
Ri/’k = Rz’jk + 5]»61'}( - 5i€jk + gikfj — gjkfi + Tijok — ET,']'kU . (4.16)
where
m o
¢;j =Vioj—oio;j-inlUlo, + InU'n, + 1gi0,07,
mj] ol] i0j = 3Tt 0p T 514U, Ty T 5 Gij0p (4.17)
fij = Vi(fj —0i0j + %n,-ujpo” - %O’puijﬂp + %g,-japa”.
Theorem 4.5. In a Riemannian manifold (M, g), the tensor below
~ n
Ci]'kl + Cijkl (4.18)
. ¢ < cm
is an invariant under the conformal connection transformation D — D; D — D, where
Cix! =Rip' - L5 0'Rj - 6§-Rik +giRl - gikR;) - MT_Z)((S;% - 8lgin),
ol ool sk % R 1 R ! ! (4.19)
Cig' = Rij' = 55 0ORjk = 6. Rix + gixR; = gieR ) = =y (0,9 — 0,9 )-

m m
(Ciz!, Cijx " are called the so-called Weyl conformal curvature tensor of D, D, respectively)
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Proof. Adding the expressions (4.14) and (4.16), we obtain

C cm m

Rige!+ Rige! = Rip" + Ripe" + 5§'ﬁik — B+ gz‘kﬁ; - 9B, (4.20)
where f;; from the expressions (4.15) and (4.17) satisties
m L o
ﬁij = éij + éij = fij + fij = ZviO']' - 20'1'0']' + g,']'(fk(fk.

Contracting the indices i, of the expression (4.20), we get

C cm m

R]‘k + R]k = R]k + R]k - (Tl - Z)ﬁ]k - glkﬁi (421)

Multiplying both sides of expression (4.21) by g/, then we arrive at

CZH - 711 .
+R=R+R-2(n-1).

e

From this expression above we have

1

ﬁiZW(Rﬁ-R—R—R)

By a direct computation similar to that in Theorem 3.4, we obtain

R A Al
Ci+ Cip=Cip+Cipe (4.22)

c cm
where C ﬁjk +C ﬁjk are Weyl conformal curvature tensors of symmetric-type quarter-symmetric conformal

C cm
non-metric connection D and its mutual connection D, respectively. This ends the proof of Theorem 4.5. []
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