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On inequalities involving some renowned degree-based graph
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Abstract. Let G be a graph with the vertex set V = {vy,...,v,}. We use the notation i ~ j (respectively,
i # j) for indicating that the vertices v; and v; are adjacent (respectively, non-adjacent). Denote by d; the
degree of the vertex v;. Most of the well-known vertex—-degree-based topological indices and coindices
can be represented in the forms TI(G) = };. ;jF(d;, dj) and TI(G) = Ziﬁ- F(d;, d;), respectively, where F is a
real symmetric function depending on d; and d;. In this paper, several novel inequalities between some

well-known topological indices/coindices are presented. The graphs for which the obtained inequalities
become equalities are also characterized.

1. Introduction

In this paper we consider only simple graphs, that is graphs without directed, weighted or mul-
tiple edges, and without self-loops. Let G = (V,E) be a such graph, where V = {v;,v,,...,v,} and
E = {ei, e, ..., ey}, are its vertex and edge sets, respectively. The degree of vertex v; is denoted by d(v;),
or d; if it is clear from the context. Denote by (d1,dy,--- ,d,) the sequence of vertex degrees satisfying
A=dy >dy>--->d, = 0. The complement of G, denoted as G, has the same vertex set V(G), and two
vertices are adjacent in G if and only if they are not adjacent in G, that is G = (V, E). If vertices v; and v; are
adjacent in G, we write i ~ j. On the other hand, if v; and v; are adjacent in G, we write i # j.

In graph theory, a graph invariant is a property of graphs that remains the same under graph isomor-
phism. Topological indices and coindices are special kinds of numerical graph invariants; these terms are
often used in chemical graph theory. Various topological indices and coindices have been introduced in
mathematical chemistry literature in order to predict different properties of chemical compounds (see for
example [9, 26]).

Many degree-based topological indices can be viewed as the contributions of pairs of adjacent vertices.
But, equally important are the degree-based topological indices that are defined over the non-adjacent pairs

of vertices for computing some topological properties of graphs, and such topological indices are named
as topological coindices.
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Most of the vertex—degree—based topological indices can be represented in the form

TIG) = ) F(d;,d)), (1)
i~

where F is a real symmetric function depending on d; and d;. In this paper, we consider the following
particular cases of topological indices defined by (1):

e for F(x, y) = x + y, we obtain the first Zagreb index M;(G), first appeared in [13], which is defined (see

for example [4]) as
My(G) =) (di+d) =) &,
i~j i=1
o for F(x,y) = xy, we get the second Zagreb index M>(G), first appeared in [14], which is defined (see
for example [4]) as

Ma(G) = ) didj,

i~

o for F(x,y) = xl—y, we obtain the modified second Zagreb index M;(G), defined in [22] as

. 1
Mz(G) = Z d-_d]"
inj

2

el the inverse degree index ID(G) and the harmonic index H(G) are

o for F(x,y) = %+ % and F(x, y) =
obtained [11], respectively, as

1 1 = 1 2
ID(G)ZZ[_2+d_2]=ZE and H(G)ZZdej,
i~j \ Ui i i=1 i~j

o for F(x,y) = % and F(x,y) = i + %, the inverse sum indeg index ISI(G) and the symmetric division

deg index SDD(G) are obtained [27], respectively, as

did;
ISIG) = ),
i~j b

and SDD(G) = Z

2, 2
(di d].) _ dl, +d].
i~j

d 4] T =,

More about these topological indices and their mathematical and chemical properties can be found, for
example, in [1-4, 6, 18-21].

In [10] a concept of topological coindices was introduced. In this case the sum runs over the edges of
the complement of G. In a view of (1) the corresponding coindex of G can be defined as

TIG) = ) F(d;,d)). (2)

i*j
Here we list topological coindices which are of interest for this study:

e the first and the second Zagreb coindices, Ml(G) and ]\_/IZ(G) respectively, are defined in [10] as

Mi(G) = Z(di +d;) and My(G) = Z did;,

irj it
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e the inverse sum indeg coindex ISI(G), defined as

_ did
Mszd],

it

e the modified second Zagreb coindex, ]\T;(G), defined as

MG =Y -1
MZ(G) - Z didj/

itj

e symmetric division deg coindex, SDD(G), defined in [23] as

a7 + d
SDD(G) = ), ——
]

irj

In [25] some bounds for linear combinations of topological indices M;(G) and M(G) were established.
In this paper we present some novel inequalities between various topological indices/coindices and char-
acterize graphs for which equalities in these inequalities are attained.

2. Some Known Results

In this section, we recall some results from the literature for linear combinations of the topological
indices M1(G) and M;(G).
In [5], the following inequality for connected graphs was proven

My(G) — M1(G) = 11m — 12n,

and in [7] it was shown that
M;1(G) + 2M,(G) < 4m?.

Inspired by these results, in [25], the following inequalities were established:

SM1(G) — Ma(G) < md?, 3)

AM;1(G) — Mx(G) < mA?, (4)
and

AM;(G) — M»(G) = mAb. )

The inequalities presented in this section are the inspiration for current work.

3. Main Results

3.1. Inequalities between ISI(G) and H(G), and their coindices

First, we prove a result involving the inverse sum indeg index and the harmonic index when the size
and minimum degree or maximum degree of the considered graph are known.



S. Stankov et al. / Filomat 38:14 (2024), 4805-4815 4808

Theorem 3.1. Let G be a connected graph of size m and minimum degree 0. Then

ISI(G) + %H(G) > md (6)

with equality if and only if each edge of G is incident to at least one vertex of degree 5. However, if G is a connected
graph of size m and maximum degree A, then

A2
ISI(G) + —-H(G) 2 mA, @)
where the equality in (7) holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. Let (dy,d>,--- ,d,) be the sequence of vertex degrees of G satisfying A =dy >d, > --- > d, = 6. For
anyiand jwith1 <i<mnand1 < j<un,itholds that

(di=06)dj—06)20 and (A-d;)(A-dj) =0,
that is
did; + 6 > 6(d; +d;) and did; + A* > Ad; +d)). (8)
After multiplying the inequalities in (8) by #d, we obtain

did e did; A?
A L R ©)

The summation of (9) over all pairs of adjacent vertices v; and v; of G, yields

d,‘d]‘ 5? A2
>
Lidivd; 2 d+d —521 L d+d T2 d+d A;1

from which we arrive at (6) and (7).

Equality in the first inequality in (8), and consequently in (6), holds if and only if each edge ¢; of G is
incident to at least one vertex v; of degree 0.

Equality in the second inequality in (8), therefore in (7), holds if and only if each edge ¢; of G is incident
to at least one vertex v; of degree A. [

Remark 3.2. Certainly, equalities in (6) and (7) hold for all regular connected graphs. However, it seems to be
interesting to note that the equalities in (6) and (7) hold also for many well-known classes of non-regular connected
graphs. Figure 1 illustrates some graphs for which the equality in (6) is attained, while Figure 2 depicts some graphs
for which the equality in (7) holds.

el =

Figure 1: Examples of graphs satisfying the equality in (6)
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Figure 2: Examples of graphs satisfying the equality in (7)

Next, we present some corollaries of Theorem 3.1.

Corollary 3.3. Let G be a connected graph with size m and minimum degree 1. Then
1
ISI(G) + EH(G) > m.

Equality holds if and only if G is the star graph.
Corollary 3.4. Let G be a connected graph with size m, minimum degree 6 and maximum degree A. Then

(A% + 5*)H(G)

2ISI(G) + >

> m(A + ).

Equality holds if and only if G is either a regular graph or a complete bipartite graph.
Corollary 3.5. Let G be a connected graph with n vertices and m edges such that the maximum degree of G is n — 1.

Then )
ISI(G) + @

H(G) 2 m(n—-1).
Equality holds if and only if each edge of G is incident to at least one vertex of degree n — 1.

Corollary 3.6. Let G be a connected graph of order n, size m and minimum degree 6 such that G % K,,. Then
— 0% — o
ISI(G) + ?H(G) > E(n(n -1)—2m) (10)

with equality if and only if each edge of G is incident to at least one vertex of degree 6. Also, if G is a connected graph
of order n, size m and maximum degree A such that G £ K,, then

SI(G) + A—ZH(G) %( n(n - 1) - 2m). (11)

Equality in (11) holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. As before, let (d1,d», - - ,d,) be the sequence of vertex degrees of G satisfying A =dy > dp > -+ >
d, = 6. After summation of (9) over all pairs of non-adjacent vertices v; and v; in G we obtain

d+d 22d+d _621 d+d 2Zd+d _AZl

17‘] lo‘/] l'/v] l-ﬂ]

from which (10) and (11) are obtained. Also, the equalities characterizations follow directly. [J

Remark 3.7. After summation of (8) over all pairs of adjacent vertices v; and v; in G we obtain (3) and (4).
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Corollary 3.8. Let G be a connected graph of order n, size m and minimum degree 0. Then
— — 52
OM1(G) — M(G) < ?(n(n -1)-2m)

with equality if and only if each edge of G is incident to at least one vertex of degree 6. Also, if G is a connected graph
of order n, size m and maximum degree A, then

AMi(G) — Ma(G) < A;(ﬂ(ﬂ = 1) —2m),

where the equality holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. The desired results follow after applying the summation on (8) over all pairs of non-adjacent vertices
viandv; of G. [J

Next, we establish an inequality involving the inverse sum indeg index and the harmonic index when
the size, minimum degree and maximum degree of the considered graph are known.

Theorem 3.9. Let G be a connected graph of size m, minimum degree 6 and maximum degree A. Then
2ISI(G) + ASH(G) < m(A +9). (12)
Equality holds if and only if G is a reqular graph.

Proof. Let (d1,d,, - - ,dy) be the sequence of vertex degrees of G satisfying A =dy >d, > --- > d, = 6. For
anyiand jwithl <i<nand1 < j<n, wehave

(A-d)d;—6)>0 and (d;—08)(A—dj) >0,
ie.
didj+ A6 < 6d;i+ Ad; and did; + A6 < Ad; + 6d;. (13)
By summing up the inequalities in (13), we get
2didj + 206 < (A + 8)(d; + d)). (14)
After multiplying the both sides of (14) with d,-+d,- we get

did; L2480
di+d]‘ d,'+d]'

<A+0. (15)

Finally, after summation of (15) over all pairs of adjacent vertices v; and v; in G we obtain (12).

It remains to prove the equality characterization. Suppose that v; and v; are two adjacent vertices in G.
Then equality in (14) holds if and only if either d; = 6 or d; = A, and d; = A or d; = 6. This implies that
equality in (14) holds if and only if d; = d; = A = 6, which means that equality in (12) holds if and only if G
is aregular graph. [

Next, we give several corollaries of Theorem 3.9
Corollary 3.10. Let G be a connected graph of size m, minimum degree 6 and maximum degree A. Then

ISI(G) + %H(G) < Am.

Equality holds if and only if G is a reqular graph.
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Proof. Based on (13) we have
didj + A6 < A(d; + d). (16)
If we divide this inequality with d; + d; we get

did;
L4 A0 <A.
di+d]' d,'+d]'

Now, after applying the summation on the above inequality over all pairs of adjacent vertices v; and v; of
G, we obtain the desired result. O

Corollary 3.11. Let G be a connected graph of size m, minimum degree 0 and maximum degree A. Then

2m2AS
M:(G)

Equality holds if and only if G is a regular graph.

2ISI(G) +

< m(A +9). (17)

Proof. In [12] it was proven that
H(G)M,(G) = 2m>.

From the above and inequality (12) we obtain (17). O

Corollary 3.12. Let G be a connected graph of order at least 2, size m, minimum degree 6 and maximum degree A.

Then
2m2AS

2m(A + 6) — nAd
Equality holds if and only if G is a reqular graph.

2ISI(G) + < m(A + ).

Proof. In [8] it was proven that
Mi(G) < 2m(A + ) — nAb.

From the above and inequality (17) we obtain the desired result. [J

Corollary 3.13. Let G be a connected graph of order n, size m, minimum degree 6 and maximum degree A such that
G £ K,,. Then

2ISI(G) + ASH(G) < %(A +0)(n(n —1) - 2m).

Equality holds if and only if each edge e; of G is incident to two vertices v; and v; in G of degrees 6, or e; is incident to
two vertices v; and vj in G of degrees A.

Proof. The desired resultis obtained after applying summation on (15) over all pairs of non-adjacent vertices
viandv;inG. [

Remark 3.14. After applying the summation on (16) over all pairs of adjacent vertices v; and v; in G we obtain (5).

Corollary 3.15. Let G be a connected graph of order n, size m, minimum degree 6 and maximum degree A. Then
— — Ab
AM;(G) — M(G) > 7(11(” - 1) —-2m).
Equality holds if and only if G is a regular graph.
Corollary 3.16. Let G be a connected graph of order n, size m, minimum degree 6 and maximum degree A. Then

(A + 6)M1(G) — 2M(G) = Ad(n(n — 1) — 2m).

Equality holds if and only if each edge e; of G is incident to two vertices v; and v; in G of degrees o, or e; is incident to
two vertices v; and vj in G of degrees A.
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3.2. Inequalities between M1(G) and SDD(G), and their coindices
The next result reveals a connection between the first Zagreb index and symmetric division deg index
when the order, size, and minimum degree or maximum degree of the considered graph are known.

Theorem 3.17. Let G be a connected graph of order n, size m and minimum degree 0. Then
M;i(G) = 6SDD(G) = 6(2m — nd) (18)

with equality if and only if each edge of G is incident to at least one vertex of degree 0. Also, if G is a connected graph
of order n, size m and maximum degree A, then

ASDD(G) — My(G) < A(nA - 2m), (19)
where the equality in (19) holds if and only if each edge of G is incident to at least one vertex of degree A.
Proof. Let (d1,da,- -+ ,d,) be the sequence of vertex degrees of G satisfying A =dy > dy > --- > d, = 9. After
multiplying (8) with dli + dlj we get
. )2
> 5@/
did;
d; + d]‘)z
didj '

L

1
. . 2 —
di+dj+6 (di+dj

. (20)
di+dj+A2(f+—)zA

i.e.

di+dj+6°(++—|26 +2],

4" d; dd;
2 2

divd+n2[LeL)sa di+dj+2.

A P e W]

After applying the summation on the above inequalities over all pairs of adjacent vertices v; and v; of G,
we obtain

Since

from the above we arrive at (18) and (19).
Equalities in (20) hold under the same conditions as in (8) and (9). Therefore equalities in (18) and (19)
hold under the same conditions as in (6) and (7). O

Corollary 3.18. Let G be a connected graph of order n, size m, minimum degree 6 and maximum degree A. Then
0SDD(G) < 2mA — nd(A - 0)

and
ASDD(G) < 2md + nA(A - 0).

Equality in the first inequality holds if and only if G is a bidegreed graph in which every edge of G is incident to at
least one vertex of degree . Also, equality in the second inequality holds if and only if G is a bidegreed graph in which
every edge of G is incident to at least one vertex of degree A.
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Corollary 3.19. Let G be a connected graph of order n, size m and minimum degree O such that G # K,,. Then
M;i(G) + &*(n — DID(G) — 6SDD(G) > 8(n(n — 1) — 2m + nd) (21)

with equality in if and only if each edge of G is incident to at least one vertex of degree 6. Also, if G is a connected
graph of order n, size m and maximum degree A such that G £ K, then

M;i(G) + A*(n — 1)ID(G) — ASDD(G) > A(n(n — 1) — 2m + nA), (22)
where equality in (22) holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. Let (d1,d,,- -+ ,d,) be the sequence of vertex degrees of G satisfying A =dy > dy > --- > d,, = 6. After
applying the summation on (20) over all pairs of non-adjacent vertices v; and v; of G, we obtain

dz+al2 ]

Z(d+d)+622( ) 52[ i )

l’fv]

Since

1 1) v 1
Z(d_i+d_j)zz(n_1_di>d—i = (1~ DID(G) -

i=1

the above inequalities become
M,(G) + 8*((n — 1)ID(G) — n) > 8(SDD(G) + n(n — 1) — 2m)
and
M;(G) + A%((n — 1)ID(G) — n) > A(SDD(G) + n(n — 1) — 2m),

from which we get (21) and (22).
Equalities in (21) and (22) hold under the same conditions as in (10) and (11). I

Theorem 3.20. Let G be a connected graph of order n, size m, minimum degree 6 and maximum degree A. Then
2M;(G) — (A + 6)SDD(G) < 2m(A + 0) — 2nAd (23)
with equality if and only if G is a reqular graph.

Proof. After multiplying (14) with dl‘_ + dl/ we get

1 d2+d]2
Z(di+d)+2A6(d+d—])<(A+6) i, +2], (24)

where (dq,dy, -+ ,dy) is the sequence of vertex degrees of G satisfying A =dy > dp > --- > d, = 5. After
applying the summation on (24) over all pairs of adjacent vertices v; and v; of G, we obtain

&2 + d?
22d+d)+2A62( +—)<(A+6)[1~j e +2m]

~] ~]

from which we get (23).
Equality in (23) is attained under the same condition as in (12). O
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Corollary 3.21. Let G be a connected graph of order n, size m and minimum degree O such that G # K,,. Then
2M;(G) + 2A8((n — 1)ID(G) — n) = (A + 6)SDD(G) < (A + 8)(n(n — 1) — 2m) — 2nAS.

Equality holds if and only if both the end vertices of each edge of G have either degree & or degree A.

3.3. Inequalities between M>(G), M;(G) and SDD(G), and their coindices

In the next theorem, we establish a connection between topological indices M»(G), M;(G) and SDD(G),
when either the minimum degree or the maximum degree of the considered graph is given.

Theorem 3.22. Let G be a connected graph with the minimum degree 6. Then
My(G) — 6*SDD(G) + §*M(G) = 0 (25)

with equality if and only if each edge of G is incident to at least one vertex of degree 6. Also, if G is a connected graph
with the maximum degree A, then

My(G) — A*SDD(G) + A*M(G) > 0. (26)
Equality in (26) holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. Let (d1,d,,- -+ ,d,) be the sequence of vertex degrees of G satisfying A =dy > dy > --- > d,, = 6. After
squaring the inequality (8) we get

(did;)* + 6% > 6% (d? + d?) and (did))* + A* > A*(d? + df.).

If we divide these inequalities with d;d; we have that

54 ) d]z d? A4 ) dlz + dz
> >
did; + dd >0 i, and d;d; +dd A i, (27)
After applying the summation on (27) over all pairs of adjacent vertices v; and v; of G, we obtain
d; +d; 4 +d;
4 2 4 > A2
de+6zdd _5; i de+A;dd AZ T
from which we arrive at (25) and (26).
Equalities in (25) and (26) hold under the same conditions as in (6) and (7), respectively. [
Corollary 3.23. Let G be a connected graph with the minimum degree 0. Then
M;(G) - 6°SDD(G) + 6*M;(G) > 0. (28)

Equality in (28) holds if and only if each edge of G is incident to at least one vertex of degree d. Also, if G is a connected
graph with the maximum degree A, then

M;(G) — A’SDD(G) + A*M;(G) > 0. (29)
Equality in (29) holds if and only if each edge of G is incident to at least one vertex of degree A.

Proof. The desired inequalities follow after applying the summation on (27) over all pairs of non-adjacent
vertices v;and v; of G. [
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