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Abstract. Let G be a group with identity e and R be a graded commutative multiplicative hyperring. In
this article, we aim to introduce the concepts of graded fuzzy radical of a graded fuzzy hyperideal and
graded fuzzy primary hyperideals of a graded hyperring. Moreover, we introduce and study the notion of
graded fuzzy 1-absorbing primary hyperideals of R as a generalization of graded fuzzy primary hyperideals
and we give its relationship with graded fuzzy 2-absorbing primary hyperideals. Many properties and
characterizations of graded fuzzy 1-absorbing primary hyperideals of R are stated. Then, we investigate
the notions of graded fuzzy strongly 1-absorbing primary hyperideals, graded fuzzy weakly completely
primary hyperideals and graded fuzzy weakly completely 1-absorbing primary hyperideals. We obtain
some basic properties and new results of these cases of structures and we state the relationship between
them.

1. Introduction

Fuzzy sets and hyperstructures were introduced by Zadeh [40] in 1965, and by Marty [30], in 1934,
respectively, and are now used in the world both from the theoretical point of view and for their many
applications. Rosenfield applied the concept of fuzzy sets in the group theory [37]. In commutative algebra,
W. J. Liu [26, 27] explained about improvement approach of the algebraic structure of fuzzy sets by initiating
the notion of fuzzy subring, fuzzy normal subgroup along with the confection of fuzzy sets, and introduced
the notion of a fuzzy ideal of a ring. Malik and Mordeson presented the direct sum of fuzzy rings and fuzzy
ideals [29]. Eslami explained a concept of graded fuzzy rings on natural numbers by direct sum of fuzzy
subgroups and then found a way for fuzzification polynomial rings [15]. Since then several authors have
obtained interesting results on L-fuzzy ideals of rings and L-fuzzy modules. For a comprehensive survey
of the literature on these developments see [28, 38, 41].

Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a classical
algebraic structure, the composition of two elements is an element, while in an algebraic hyperstructure,
the composition of two elements is a set. Hyperstructures have many applications in several sectors of
both pure and applied mathematics, for instance in geometry, lattices, cryptography, automata, graphs
and hypergraphs, fuzzy set, probability and rough set theory, and so on (see [12, 13]). The notion of
hyperrings was introduced by M. Krasner in 1983, where the addition is a hyperoperation, while the
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multiplication is an operation [24]. K. Hila et al. in [23] introduced and studied (k,n)-absorbing hyperideals
in Krasner (m,n)-hyperrings. Multiplicative hyperrings are an important class of algebraic hyperstructures
which are a generalization of rings, initiated the study by Rota in 1982, where the multiplication is a
hyperoperation, while the addition is an operation [36]. Procesi and Rota introduced and studied in brief
the prime hyperideals of multiplicative hyperrings [32–35] and this idea is further generalized in a paper
by Dasgupta [14]. R. Ameri et al. in [4] described multiplicative hyperrings of fractions and coprime
hyperideals. The notion of n-absorbing ideals over commutative rings which is a generalization of prime
ideals has been introduced and investigated by A. F. Anderson and A. Badawi in [7]. In [18], P. Ghiasvand
introduced and studied the concept of 2-absorbing hyperideals. Then M. Anbarloei in [5] studied the
concepts of 2-absorbing and 2-absorbing primary hyperideals of a multiplicative hyperring. 1-absorbing
prime hyperideals in a multiplicative hyperring has been studied by M. Anbarloei [6]. Furthermore, in
[20], has been studied 1-absorbing prime avoidance theorem in multiplicative hyperrings. Also, many
researchers have observed generalizations of prime hyperideals in multiplicative hyperrings. The principal
notions of algebraic hyperstructure theory can be found in [12, 13].

The study of graded rings arises naturally out of the study of affine schemes and allows them to
formalize and unify arguments by induction [39]. However, this is not just an algebraic trick. The
concept of grading in algebra, in particular graded modules is essential in the study of the homological
aspect of rings. Much of the modern development of commutative algebra emphasizes graded rings.
Gradings appear in many circumstances, both at elementary and advanced levels. Studying graded prime
ideals and their generalizations is important for several reasons. First, graded prime ideals are a natural
generalization of prime ideals in commutative algebra, algebraic number theory and algebraic geometry,
which are fundamental concepts in mathematics. Additionally, graded prime ideals are related to other
important mathematical concepts such as graded rings and modules, which are important in areas such as
algebraic geometry and algebraic topology. Understanding these concepts can help to provide a deeper
understanding of the underlying structures in these areas of mathematics. Finally, the study of graded
prime ideals and their generalizations can also have practical applications in areas such as computer science
and engineering. For example, the theory of graded prime ideals can be used to study error-correcting
codes and cryptography. Overall, studying graded prime ideals and their generalizations is important
for both theoretical and practical reasons, and can help to deepen our understanding of many areas of
mathematics and its application to other fields. In recent years, rings with a group-graded structure have
become increasingly important and consequently, the graded analogues of different concepts are widely
studied (see [2, 3, 11, 21, 31]). Also, the theory of graded hyperrings can be considered as an extension
theory of hyperrings [16, 17, 21, 22]. Moreover, Fuzzy prime hyperideals play an important role in fuzzy
multiplicative hyperring theory. The notion of 1-absorbing prime ideals which is another extension of
prime ideals was introduced in [42] and 1-absorbing primary and weakly 1-absorbing primary ideals were
investigated in [8, 9]. R. Abu-Dawwas et al. in [1] studied graded 1-absorbing prime ideals and in [10],
introduced the concept of graded weakly 1-absorbing primary ideals which is a generalization of graded
1-absorbing primary ideals. In [19], we introduced and studied the notions of graded fuzzy multiplicative
hyperrings and graded fuzzy n-absorbing hyperideals of R. In this paper, we study the concepts of
graded fuzzy radical of a graded fuzzy hyperideal of a multiplicative hyperring as a generalization of
fuzzy radical of a fuzzy ideal of a ring and graded fuzzy primary hyperideals of a graded hyperring. We
introduce and study the notion of graded fuzzy 1-absorbing primary hyperideals of R as a generalization of
fuzzy primary hyperideals. Many properties, examples, and characterizations of graded fuzzy 1-absorbing
primary hyperideals of R are introduced. Moreover, we investigate the concepts of graded fuzzy strongly
1-absorbing primary hyperideals, and graded fuzzy weakly completely 1-absorbing hyperideals. We obtain
some basic properties and new results of this case of structures and we state the relationship between them.

2. Preliminaries

In this section, we would like to reproduce some definitions and examples which were proposed
earlier. The second type of hyperring was introduced by R. Rota [36] in 1982. The multiplication is a
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hyperoperation, while the addition is an operation, that is why she called it a multiplicative hyperring. Let
us give the definition.

Let R be a non-empty set. By ℘∗(R), we mean the set of all non-empty subsets of R. Let ◦ be a
hyperoperation from R×R to ℘∗(R). (R,+, ◦) is a multiplicative hyperring, if it has the following properties:

(i) (R,+) is an abelian group;

(ii) (R, ◦) is a hypersemigroup;

(iii) For all a, b, c ∈ R, a ◦ (b + c) ⊆ a ◦ b + a ◦ c and (b + c) ◦ a ⊆ b ◦ a + c ◦ a;

(iv) a ◦ (−b) = (−a) ◦ b = −(a ◦ b).

If in (iii) we have equalities instead of inclusions, then we say that the multiplicative hyperring is strongly
distributive.

Here, we mean a hypersemigroup by a non-empty set R with an associative hyperoperation ◦, i.e.,

a ◦ (b ◦ c) =
⋃

t∈(b◦c)

a ◦ t =
⋃

s∈(a◦b)

s ◦ c = (a ◦ b) ◦ c

for all a, b, c ∈ R.
Further, if R is a multiplicative hyperring with a ◦ b = b ◦ a for all a, b ∈ R, then R is called a commutative

multiplicative hyperring. Let us give an example.

Example 2.1. Let K be a field and V be a vectorial space over K. If for all a, b ∈ K we denote by (a, b) the subspace
generated by the subset {a, b} of V, then we can consider the following hyperoperation on V: for all a, b ∈ V, a◦b = (a, b).
It follows that (V,+, ◦) is a multiplicative hyperring, which is not strongly distributive.

In what follows, we give some definitions and properties of a multiplicative hyperring that we need in
this article.

Definition 2.2. [13] (a) Let (R,+, ◦) be a multiplicative hyperring and S be a non-empty subset of R. Then S is said
to be a subhyperring of R if (S,+, ◦) is itself a multiplicative hyperring.

(b) A subhyperring I of a multiplicative hyperring R is a hyperideal of (R,+, ◦) if I − I ⊆ I and for all x ∈ I, r ∈ R;
x ◦ r ∪ r ◦ x ⊆ I.

Definition 2.3. [14] (a) A proper hyperideal P of a multiplicative hyperring R is said to be a prime hyperideal of R,
if for any a, b ∈ R, a ◦ b ⊆ P, then a ∈ P or b ∈ P.

(b) A proper hyperideal Q of a multiplicative hyperring R is said to be a primary hyperideal of R, if for any a, b ∈ R,
a ◦ b ⊆ Q, then a ∈ Q or bn

⊆ Q for some n ∈N.

Example 2.4. Let R = (Z[i],+, ·) be the Gaussian integers ring. Consider the multiplicative hyperring (RA,+, ◦) =
(Z[i],+, ◦) = {a + bi | a, b ∈ Z} with A = {−1, 3}, where RA = R and for all x, y ∈ RA, x ◦ y = {x · a · y : a ∈ A}.
Then, (RA,+, ◦) is a multiplicative hyperring. The hyperideal P = 2R = {−2a − 2bi, 6a + 6bi : a, b ∈ Z} is a prime
(primary) hyperideal of R.

This paragraph reviews the concepts and notations of fuzzy sets in commutative multiplicative hyper-
rings which we need in the following.

Definition 2.5. [28] (a) A fuzzy subset µ in a set X is a function µ : X −→ [0, 1]. We denote by F(X) the set of all
fuzzy subsets of X.

(b) Let µ and ν be fuzzy subsets of X. We say that µ is a subset of ν, and µ ⊆ ν, if and only if µ(x) ≤ ν(x), for all
x ∈ X.

(c) Let µ ∈ F(X) and t ∈ [0, 1]. Then the set µt = {x ∈ X | µ(x) ≥ t} is called the t-level subset of X with respect to
µ.
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Definition 2.6. [28] (a) Let x ∈ X and r ∈ (0, 1]. A fuzzy point, written as xr, is defined to be a fuzzy subset of X,
given by

xr(y) =

r, y = x;
0, otherwise.

If xr is a fuzzy point of X and xr
⊆ µ, where µ ∈ F(X), then we write xr

∈ µ.
(b) For A ⊆ X the characteristic function of A, χA ∈ F(X), is defined by

χA(x) =

1, x ∈ A;
0, otherwise.

Definition 2.7. [41] Let µ and ν be two fuzzy subsets of a commutative multiplicative hyperring R. Define the
product µν and the composition µ ◦ ν respectively as follows: For all w ∈ R,

(µν)(w) = sup{infn
i=1{µ(ri) ∧ ν(si)} | ri, si ∈ R,n ∈N,w ∈

∑n
i=1 risi},

(µ ◦ ν)(w) = sup{µ(r) ∧ ν(s) | r, s ∈ R,w ∈ rs}.

Definition 2.8. [41] Let µ be a fuzzy subset in a commutative multiplicative hyperring R with identity 1 that
µ(0) = 1.

(a) µ is said to be a fuzzy subgroup of R if for all x, y ∈ R, we have

µ(x − y) ≥ min{µ(x), µ(y)}.

(b) We call fuzzy subgroup µ a fuzzy hyperring of R if for all x, y ∈ R, we have

infz∈x◦y µ(z) ≥ min{µ(x), µ(y)}.

(c) We call fuzzy subgroup µ a fuzzy hyperideal of R if for all x, y ∈ R, we have

infz∈x◦y µ(z) ≥ max{µ(x), µ(y)}.

Definition 2.9. [29] Let {µi | i ∈ I} be a family of fuzzy subsets on a commutative multiplicative hyperring R. Fuzzy
subset

∑
i∈I µi on R is defined as below,(∑

i∈I µi
)

(x) = sup{inf{ µi(xi) | x =
∑

i∈I xi, ∀i ∈ I}} ∀x ∈ R.

Remark 2.10. Let {µi | i ∈ I} be a family of fuzzy subgroups, fuzzy hyperrings or fuzzy hyperideals on a commutative
multiplicative hyperring R, then easily it can be shown that

∑
i∈I µi is a fuzzy subgroup, a fuzzy hyperring or a fuzzy

hyperideal on R, respectively. For every x ∈ R, if i = j, we set x j = x and if i , j, x j = 0, then by the definition of∑
i∈I µi, we have

µi ⊆
∑

j∈I µ j, ∀ j ∈ I.

Definition 2.11. [29] Let µi and µ with i ∈ I be fuzzy subsets on a commutative multiplicative hyperring R. Then
R is called the weak direct sum of {µi | i ∈ I}, if µ =

∑
i∈I µi and µ j ∩

∑
i, j µi = 10 such that,

10(x) =

1, x = 0;
0, x , 0.

In this case, µ = ⊕i∈Iµi is written.

In this paragraph, we present the notion of graded multiplicative hyperrings and present an example.
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Definition 2.12. [21] Let G be a group with identity element e. A multiplicative hyperring R is called a G-graded
multiplicative hyperring if there exists a family {R1}1∈G of additive subgroups of R indexed by the elements 1 ∈ G
such that R =

⊕
1∈G R1 and R1Rh ⊆ R1h for all 1, h ∈ G where R1Rh =

⋃
{r1 ◦ rh : r1 ∈ R1, rh ∈ Rh}.

An element of a graded hyperring R is called homogeneous if it belongs to
⋃
1∈G R1 and this set of homogeneous

elements is denoted by H(R). If x ∈ R1 for some 1 ∈ G, then we say that x is of degree 1, and it is denoted by x1. If
x ∈ R, then there exist unique elements x1 ∈ H(R) such that x =

∑
1∈G x1.

Example 2.13. Let G = (Z2,+) be the cyclic group of order 2 and R = {a, b, c, d}. Consider the multiplicative
hyperring (R,+, ◦), where operation + and hyperoperation ◦ defined on R as follow:

+ a b c d
a a b c d
b b a d c
c c d a b
d d c b a

◦ a b c d
a {a} {a} {a} {a}
b {a} {a, d} {a, c} {a, b}
c {a} {a, c} {a} {a, c}
d {a} {a, b} {a, c} {a, d}

It is easy to see that R0 = {a, d} and R1 = {a, b} are subgroups of (R,+). We have a = a+ a, b = a+ b, c = d+ b and
d = d + a and these forms are unique and also we have R0R0 ⊆ R0, R0R1 ⊆ R1, R1R0 ⊆ R1 and R1R1 ⊆ R0. Hence,
R = R0

⊕
R1. Therefore (R,G) is a graded hyperring and H(R) = {a, b, d}.

Throughout this paper, R is a commutative graded multiplicative hyperring with non-zero identity 1.

3. Graded fuzzy 1-absorbing primary hyperideals

In this section, the basic properties of graded fuzzy 1-absorbing primary hyperideals are studied. Firstly,
we will give the structure of graded fuzzy hyperrings and graded fuzzy primary hyperideals of a graded
hyperring.

Definition 3.1. [19] Let G be a group with identity element e and µ be a fuzzy hyperring on graded multiplicative
hyperring (R,+, ◦). A fuzzy hyperring µ is called a G-graded fuzzy hyperring if there exists a family {µ1}1∈G of fuzzy
subgroups of R such that µ =

⊕
1∈G µ1 and µ1µh ⊆ µ1h for all 1, h ∈ G, where

(µ1µh)(x) = sup{infn
i=1{µ1(ri) ∧ µh(si)} | ri, si ∈ R,n ∈N, x ∈

∑n
i=1 ri ◦ si}.

For any x ∈ R, µ1(x) = µ(x1) where x =
∑
1∈G x1.

Example 3.2. [19] Let (R,+, ·) be a ring. Then corresponding to every subset A ∈ P∗(R)(|A| ≥ 2), there exists a
multiplicative hyperring with absorbing zero (RA,+, ◦), where RA = R and for any α, β ∈ RA, α◦β = {α ·a ·β : a ∈ A}.
Let R = (Z[i],+, ·) be the Gaussian integers ring and G = (Z2,+) be the cyclic group of order 2. Consider the
multiplicative hyperring (RA,+, ◦) = (Z4[i],+, ◦) = {a + bi | a, b ∈ Z4} with A = {1, 2}, where RA = R and for any
x, y ∈ RA, x ◦ y = {x · a · y : a ∈ A}. Then, (RA,+, ◦) is a G-graded multiplicative hyperring with R0 = Z4 and
R1 = iZ4 and RA = R0

⊕
R1. Consider the fuzzy multiplicative hyperring µ by definition

µ(x) =


1 x = 0;
3
4 x ∈ {1, 2, 3};
1
4 x ∈ Z4[i] − {0, 1, 2, 3}.

However, an easy computation shows that µ is a graded fuzzy multiplicative hyperring of R such that µ = µ0
⊕
µ1

where

µ0(x) =

1 x ∈ iZ4;
3
4 x ∈ Z4[i] − iZ4

and
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µ1(x) =

1 x ∈ Z4;
1
4 x ∈ Z4[i] −Z4.

Example 3.3. Let G = (Z2,+) be the cyclic group of order 2 and R = {a, b, c, d}. Consider the graded multiplicative
hyperring (R,+, ◦), where operation + and hyperoperation ◦ are defined on R as follows:

+ a b c d
a a b c d
b b a d c
c c d a b
d d c b a

◦ a b c d
a {a} {a} {a} {a}
b {a} {a, d} {a, c} {a, b}
c {a} {a, c} {a} {a, c}
d {a} {a, b} {a, c} {a, d}

Consider the fuzzy hyperring µ by definition

µ(a) = 1, µ(b) = µ(c) = 1
4 , µ(d) = 3

4 .

Then µ = µ0
⊕
µ1 is a G-graded fuzzy multiplicative hyperring such that

µ0(a) = µ0(b) = 1, µ0(c) = µ0(d) = 3
4 ,

µ1(a) = µ1(d) = 1, µ1(b) = µ1(c) = 1
4

and

µ0µ0 ⊆ µ0, µ0µ1 ⊆ µ1, µ1µ0 ⊆ µ1, µ1µ1 ⊆ µ0.

Definition 3.4. [19] (a) A fuzzy set η of the graded hyperring R is said to be a graded fuzzy set of R if η1(r) ≥ η(r)
for all 1 ∈ G and r ∈ R.

(b) Let η be a fuzzy hyperideal of R. Then η is said to be a graded fuzzy hyperideal of R if η is graded as a fuzzy
set of R.

It is easy to see that a fuzzy hyperideal η of R is graded if and only if η = ηG, where ηG = η ∩ (∩1∈Gη1).
More generally, ηG is the largest graded fuzzy hyperideal of R contained in η.

Example 3.5. Let (RA,+, ◦) = (Z4[i],+, ◦) = {a + bi | a, b ∈ Z4} be the graded multiplicative hyperring with
A = {1, 2}. Consider the fuzzy hyperideal η by definition

η(x) =


1 x = 0;
2
3 x ∈ ⟨2⟩ − {0};
1
5 x ∈ Z4[i] − ⟨2⟩ .

Then η is a graded fuzzy hyperideal of R. For this purpose, it is enough to show η is graded as a fuzzy set of R. We
have

η0(0) = 1 ≥ η(0) = 1,

η0(x) = 1
5 ≥ η(x) = 1

5 ∀x ∈ {1, 3, 1 + i, 3 + i, 1 + 2i, 3 + 2i, 3 + 3i, 1 + 2i},

η0(y) = 2
3 ≥ η(y) = 2

3 ∀y ∈ {2, 2 + 2i},

η0(z) = 1 ≥ η(z) = 1
5 ∀z ∈ {i, 2i, 3i},

η0(t) = 2
3 ≥ η(t) =

1
5 ∀t ∈ {2 + i, 2 + 3i},
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and

η1(0) = 1 ≥ η(0) = 1, η1(2) = 1 ≥ η(2) = 2
3 ,

η1(2 + 2i) = 2
3 ≥ η(2 + 2i) = 2

3 ,

η1(x) = 1
5 ≥ η(x) = 1

5 ∀x ∈ {i, 3i, 1 + i, 2 + i, 3 + i, 1 + 3i, 2 + 3i, 3 + 3i},

η1(z) = 1 ≥ η(z) = 1
5 ∀z ∈ {1, 3},

η1(t) = 2
3 ≥ η(t) =

1
5 ∀t ∈ {1 + 2i, 3 + 2i}.

Definition 3.6. (a) Let I be a graded hyperideal of a graded multiplicative hyperring R. The graded radical I is
denoted by Grad(I) and defined by

Grad(I) = {x =
∑
1∈G

x1 ∈ R | ∀1 ∈ G, xn1
1 = x1 ◦ · · · ◦ x1︸       ︷︷       ︸

n1 times

⊆ I for some n1 ∈N}.

(b) Let λ be a graded fuzzy hyperideal of R. The graded fuzzy radical λ is denoted by FGrad(λ) and defined by

(FGrad(λ))(x) = sup{inf{ λ(x1n1 ) | x =
∑
1∈G

x1,∀1 ∈ G,n1 ∈N}}

= sup
n1≥1
{ inf
t∈x1 ◦ · · · ◦ x1︸       ︷︷       ︸

n1 times

λ(t) | x =
∑
1∈G

x1,∀1 ∈ G,n1 ∈N}

=
∨
n1≥1

∧
t∈x1 ◦ · · · ◦ x1︸       ︷︷       ︸

n1 times

λ(t).

Example 3.7. ConsiderZ2-graded multiplicative hyperringZA[i] with A = {1, 2, 4}. Take the graded fuzzy hyperideal
λ by definition

λ(x) =


1 x = 0;
3
4 x ∈ ⟨8⟩ − {0};
1
3 x ∈ ZA[i] − ⟨8⟩ .

It is easy to see that

FGrad(λ)(x) =


1 x = 0;
3
4 x ∈ ⟨2⟩ − {0};
1
3 x ∈ ZA[i] − ⟨2⟩ .

Definition 3.8. Let λ be a non-constant graded fuzzy hyperideal of R. Then λ is said to be a graded fuzzy primary
hyperideal if for any fuzzy points xr

1, ys
h ∈ FH(R),

xr
1 ◦ ys

h ⊆ λ implies that either xr
1 ∈ λ or ys

h ∈ FGrad(λ).

Example 3.9. Consider Z2-graded multiplicative hyperring R = ZA[i] with A = {1, 4} and the graded fuzzy
hyperideal ζ by definition

ζ(x) =


1 x = 0;
4
5 x ∈ ⟨2⟩ − {0};
3
4 x ∈ ZA[i] − ⟨2⟩ .
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Then ζ is a graded fuzzy primary hyperideal of R.

Proposition 3.10. Let λ be a graded fuzzy hyperideal of R. If λ is a graded fuzzy primary hyperideal of R, then for
all x1, yh ∈ H(R)

λ(x1 ◦ yh) > λ(x1) implies that λ(x1 ◦ yh) ≤ FGrad(λ)(yh).

Proof. Let λ(x1 ◦ yh) = r > λ(x1), so we have λ(x1 ◦ yh) =
∧

t∈x1◦yh

λ(t) = r > λ(x1). Then (x1 ◦ yh)r = xr
1 ◦ yr

h ⊆ λ

and xr
1 < λ. Since λ is a graded fuzzy primary hyperideal of R, then yr

h ∈ FGrad(λ). Thus λ(x1 ◦ yh) =∧
t∈x1◦yh

λ(t) = r ≤ FGrad(λ)(yh).

Theorem 3.11. Let I be a graded hyperideal of R. The characteristic function χI is a fuzzy primary hyperideal of R if
and only if I is a graded primary hyperideal of R.

Proof. Let I be a graded primary hyperideal of R. Suppose for x1, yh ∈ H(R), χI(x1 ◦ yh) > χI(x1). Since χI(x1)
is either zero or 1, we find from x1, yh ∈ H(R), χI(x1 ◦ yh) > χI(x1) that χI(x1) = 0 and χI(x1 ◦ yh) = 1. Hence
x1 ◦ yh ⊆ I and x1 < I. Since I is a graded primary hyperideal,

yn
h = yh ◦ · · · ◦ yh =

⋃
t∈yh ◦ · · · ◦ yh︸        ︷︷        ︸

n times

t ⊆ I

for some positive integer n. Hence

χI(yn
h) =

∧
t∈yh◦···◦yh

χI(t) = 1 = χI(x1 ◦ yh) =
∧

t′∈x1◦yh

χI(t′),

so that χI is a graded fuzzy primary hyperideal of R.
Conversely, assume that χI is a graded fuzzy primary hyperideal. Let x1 ◦ yh ⊆ I and x1 < I. Then

χI(x1 ◦ yh) =
∧

t′∈x1◦yh

χI(t′) = 1 and χI(x1) = 0. Hence χI(x1 ◦ yh) > χI(x1). Since χI is a graded fuzzy primary

hyperideal, there exists a positive integer n such that χI(yn
h) ≥ χI(x1 ◦ yh). Hence χI(yn

h) =
∧

t∈yh◦···◦yh

χI(t) = 1.

This shows that yn
h = yh ◦ · · · ◦ yh ⊆ I. Consequently I is a graded primary hyperideal.

Theorem 3.12. Let λ be a graded fuzzy hyperideal of R. Then λ is a graded fuzzy primary hyperideal if and only if
λα = {x ∈ H(R) | λ(x) ≥ α} is a graded primary hyperideal of R for all α ∈ [0, λ(0)].

Proof. For any graded fuzzy hyperideal λ, it is known that λα is a graded hyperideal of R. Now suppose
λ is a graded fuzzy primary hyperideal of R. Let x1 ◦ yh ⊆ λα and x1 < λα for x1, yh ∈ H(R). Then
λ(x1 ◦ yh) =

∧
t′∈x1◦yh

λ(t′) ≥ α and λ(x1) < α. Since λ is a graded fuzzy primary hyperideal, there exists a

positive integer n such that λ(yn
h) =

∧
t∈yh◦···◦yh

λ(t) ≥ λ(x1 ◦ yh) =
∧

t′∈x1◦yh

λ(t′) ≥ α. Then yn
h =

∧
t∈yh◦···◦yh

t ⊆ λα, so

that λα is a graded primary hyperideal of R.
Conversely, assume that λα is a graded primary hyperideal of R for all α ∈ [0, λ(0)]. Suppose λ(x1 ◦ yh) =∧

t′∈x1◦yh

λ(t′) ≥ λ(x1) where x1, yh ∈ H(R). Let λ(x1 ◦ yh) =
∧

t′∈x1◦yh

λ(t′) = α. Then α ∈ [0, λ(0)], x1 ◦ yh ⊆ λα

and α > λ(x1) implies that x1 < λα. From the assumption, there exists a positive integer n such that
yn

h = yh ◦ · · · ◦ yh︸        ︷︷        ︸
n times

⊆ λα. Hence λ(yn
h) =

∧
t∈yh◦···◦yh

λ(t) ≥ α = λ(x1 ◦ yh) =
∧

t′∈x1◦yh

λ(t′). This proves that λ is a

graded primary fuzzy hyperideal of R.

Definition 3.13. (a) Let λ be a graded fuzzy hyperideal of R. λ is said to be a graded fuzzy 1-absorbing prime
hyperideal of R if it is non-constant and if for any non-unit elements xr

1, ys
h, z

t
k ∈ FH(R),

xr
1 ◦ ys

h ◦ zt
k ⊆ λ implies that either xr

1 ◦ ys
h ⊆ λ or zt

k ∈ λ.
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(b) Let λ be a graded fuzzy hyperideal of R. λ is said to be a graded fuzzy 1-absorbing primary hyperideal of R if
it is non-constant and if for any non-unit elements xr

1, ys
h, z

t
k ∈ FH(R),

xr
1 ◦ ys

h ◦ zt
k ⊆ λ implies that either xr

1 ◦ ys
h ⊆ λ or zt

k ∈ FGrad(λ).

(c) Let λ be a graded fuzzy hyperideal of R. λ is said to be a graded fuzzy 2-absorbing primary hyperideal of R if
it is non-constant and if for any xr

1, ys
h, z

t
k ∈ FH(R),

xr
1 ◦ ys

h ◦ zt
k ⊆ λ implies that either xr

1 ◦ ys
h ⊆ λ or xr

1 ◦ zt
k ⊆ FGrad(λ) or ys

h ◦ zt
k ⊆ FGrad(λ).

It is clear that every graded fuzzy 1-absorbing prime hyperideal of R is a graded fuzzy 1-absorbing
primary hyperideal of R.

Example 3.14. In the Z2-graded multiplicative hyperring R = (ZA[i],+, ◦) with A = {1, 2} consider the fuzzy
hyperideal

η(x) =


1 x = 0;
2
3 x ∈ ⟨3⟩ − {0};
1
3 x ∈ Z[i] − ⟨3⟩ .

However, an easy computation shows that η is a graded fuzzy 1-absorbing primary hyperideal of R.

Proposition 3.15. Every graded fuzzy primary hyperideal of R is a graded fuzzy 1-absorbing primary hyperideal of
R and every graded fuzzy 1-absorbing primary hyperideal is a graded fuzzy 2-absorbing primary hyperideal.

Proof. The proof is straightforward.

The following example shows that a graded fuzzy 2-absorbing primary hyperideal need not be a graded
fuzzy 1-absorbing primary hyperideal of R.

Example 3.16. In the Z2-graded multiplicative hyperring R = (ZA[i],+, ◦) with A = {1, 2, 4} consider the fuzzy
hyperideal

η(x) =


1 x = 0;
3
5 x ∈ ⟨12⟩ − {0};
1
3 x ∈ Z[i] − ⟨12⟩ .

Then η is a graded fuzzy 2-absorbing primary hyperideal, but it is not a graded fuzzy 1-absorbing primary hyperideal.
Because (2

2
3 ◦ 2

2
3 ◦ 3

1
2 ) ⊆ η, but 2

2
3 ◦ 2

2
3 ⊈ η and 3

1
2 < FGrad(η).

Theorem 3.17. Let λ be a graded fuzzy 1-absorbing primary hyperideal of R. Then FGrad(λ) is a graded fuzzy prime
hyperideal of R.

Proof. Let xr
1 ◦ ys

h ⊆ λ for some xr
1, ys

h ∈ FH(R) . We may assume that xr
1, ys

h are non-unit elements of R. Let
n ≥ 2 be an even positive integer such that (xr

1 ◦ ys
h)n
⊆ λ. Then n = 2m for some positive integer m ≥ 1.

Since

(xr
1 ◦ ys

h)n = (xr
1 ◦ ys

h) ◦ (xr
1 ◦ ys

h) ◦ · · · ◦ (xr
1 ◦ ys

h)︸                                      ︷︷                                      ︸
n times

= (xr
1)n
◦ (ys

h)n = (xr
1)m
◦ (xr

1)m
◦ (ys

h)n
⊆ λ

and λ is a graded fuzzy 1-absorbing primary hyperideal of R, we conclude that (xr
1)m
◦ (xr

1)m = (xr
1)n
⊆ λ

or (ys
h)n
⊆ λ. Hence xr

1 ∈ FGrad(λ) or ys
h ∈ FGrad(λ). Thus FGrad(λ) is a graded fuzzy prime hyperideal of

R.

Theorem 3.18. Let λ be a graded fuzzy hyperideal of R. If λ is a graded fuzzy 1-absorbing primary hyperideal of R,
then λα is a graded 1-absorbing primary hyperideal of R, for every α ∈ [0, λ(0)] with λα , R.
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Proof. Let λ be a graded fuzzy 1-absorbing primary hyperideal of R. Assume that α ∈ [0, λ(0)] with λα , R
and x1 ◦ yh ◦zk ⊆ λα, where yh, zk ∈ H(R). Then λ(x1 ◦ yh ◦zk) ≥ α. So, we have xα1 ◦ yαh ◦zαk = (x1 ◦ yh ◦zk)α ⊆ λ.
Since λ is a graded fuzzy 1-absorbing primary hyperideal of R, we get

(x1 ◦ yh)α = xα1 ◦ yαh ⊆ λ or zαk ∈ FGrad(λ).

Thus x1 ◦ yh ⊆ λα or zk ∈ FGrad(λα). Therefore λα is a G-graded 1-absorbing primary hyperideal of R.

Corollary 3.19. If λ is a graded fuzzy 1-absorbing primary hyperideal of R, then

λ∗ = {x ∈ H(R) | λ(x) = λ(0)}

is a G-graded 1-absorbing primary hyperideal of R.

Proof. Since λ is a non-constant fuzzy hyperideal of R, then λ∗ , R. Now the result follows from the above
theorem.

Theorem 3.20. Let I be a graded 1-absorbing primary hyperideal of R. Then the fuzzy subset of R defined by

λ(x) =

1, x ∈ I
0, otherwise

is a graded fuzzy 1-absorbing primary hyperideal of R.

Proof. We have I , R because I is a graded 1-absorbing primary hyperideal of R. Thus λ is a non-constant
graded fuzzy hyperideal of R. Suppose that xr

1, ys
h, z

t
k ∈ FH(R) are homogeneous fuzzy points such that

xr
1 ◦ ys

h ◦ zt
k ⊆ λ but xr

1 ◦ ys
h ⊈ λ and zt

k < FGrad(λ). Then

λ(x1 ◦ yh) =
∧

β∈x1◦yh

λ(β) < r ∧ s

and

λ((zk)n) =
∧

α∈zk◦...◦zk

λ(α) < FGrad(λ)(zk) < t

for all n ≥ 1. Therefore

λ(x1 ◦ yh) =
∧

β∈x1◦yh

λ(β) = 0 and x1 ◦ yh ⊈ I

and

λ((zk)n) =
∧

α∈zk◦···◦zk

λ(α) = 0 and zn
k = zk ◦ · · · ◦ zk︸       ︷︷       ︸

n times

⊈ I so zk < Grad(I).

Since I is a graded 1-absorbing primary hyperideal of R, we have x1 ◦ yh ◦ zk ⊈ I and so λ(x1 ◦ yh ◦ zk) = 0.
Also by our hypothesis, we have

(x1 ◦ yh ◦ zk)(r∧s∧t) = xr
1 ◦ ys

h ◦ zt
k ⊆ λ

and

r ∧ s ∧ t ≤ λ(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

λ(β) = 0.

Hence r ∧ s = 0 or t = 0, which is a contradiction. Thus

xr
1 ◦ ys

h ⊆ λ or zt
k ∈ FGrad(λ)

and λ is a graded fuzzy 1-absorbing primary hyperideal of R.
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Definition 3.21. Let λ be a graded fuzzy 1-absorbing primary hyperideal of R. Then η = FGrad(λ) is a graded prime
hyperideal of R by Theorem 3.17. Hence we call λ a graded fuzzy η-1-absorbing primary hyperideal of R.

Theorem 3.22. Let λ1, λ2, . . . , λn be graded fuzzy η-1-absorbing primary hyperideals of R for some graded fuzzy

1-absorbing primary hyperideal η of R. Then λ =
n⋂

i=1
λi is a graded fuzzy η-1-absorbing primary hyperideal of R.

Proof. Suppose that xr
1 ◦ ys

h ◦ zt
k ⊆ λ and xr

1 ◦ ys
h ⊈ λ where xr

1, ys
h, z

t
k ∈ FH(R). Then xr

1 ◦ ys
h ⊈ λi for some

n ≥ i ≥ 1 and xr
1 ◦ ys

h ◦zt
k ⊆ λi for all n ≥ i ≥ 1. Since ηi is a graded fuzzy 1-absorbing primary hyperideal of R,

we have zt
k ∈ FGrad(λi) = η =

n⋂
i=1

FGrad(λi) = FGrad(
n⋂

i=1
λi) = FGrad(λ). So λ is a graded fuzzy η-1-absorbing

primary hyperideal of R.

Theorem 3.23. Let {λi | i ∈ I} be a directed collection of graded fuzzy 1-absorbing primary hyperideals of R. Then
the graded fuzzy hyperideal λ =

⋃
i∈I
λi is a graded fuzzy 1-absorbing primary hyperideal of R.

Proof. Suppose that xr
1 ◦ ys

h ◦ zt
k ⊆ λ and xr

1 ◦ ys
h ⊈ λ for some xr

1, ys
h, z

t
k ∈ FH(R). Then there exists j ∈ I such

that xr
1 ◦ ys

h ◦ zt
k ⊆ λ j and xr

1 ◦ ys
h ⊈ λ j for all j ∈ I. Since λ j is a graded fuzzy 1-absorbing primary hyperideal

of R, then we have

zt
k ∈ FGrad(λ j) ⊆

⋃
i∈I

FGrad(λi) = FGrad(
⋃
i∈I
λi) = FGrad(λ).

Thus λ =
⋃
i∈I
λi is a graded fuzzy 1-absorbing primary hyperideal of R.

Definition 3.24. [21] Let R =
⊕
1∈G R1 and S =

⊕
1∈G S1 be two G-graded multiplicative hyperrings. The function

f : R→ S is called a graded homomorphism, if

(i) for any a, b ∈ R, f (a + b) = f (a) + f (b),

(ii) for any a, b ∈ R, f (a ◦ b) ⊆ f (a) ◦ f (b),

(iii) f (R1) ⊆ S1 for any 1 ∈ G.

In particular, f is called a graded good homomorphism in case f (a ◦ b) = f (a) ◦ f (b). The kernel of a
graded homomorphism is defined as

Ker( f ) = f−1(⟨0⟩) = {r ∈ R : f (r) ∈ ⟨0⟩}

and note that f (0) may not be a zero element.
If Q is a graded hyperideal of S and f : R→ S is a graded good homomorphism, then f−1(Q) is a graded

hyperideal of R. If I is a graded hyperideal of R and f : R → S is an onto graded good homomorphism,
then f (I) is a graded hyperideal of S.

Theorem 3.25. Let f : R→ S be an onto graded good homomorphism of graded multiplicative hyperrings. If λ is a
graded fuzzy 1-absorbing primary hyperideal of R, which is constant on Ker f , then f (λ) is a graded fuzzy 1-absorbing
primary hyperideal of S.

Proof. Assume that xr
1 ◦ ys

h ◦ zt
k ⊆ f (λ), where xr

1, ys
h, z

t
k are homogeneous fuzzy points of S where 1, h, k ∈ G

and r, s, t ∈ [0, 1]. Since f is an onto graded good homomorphism, then there exist a11 , b12 , c13 ∈ H(R) such
that f (a11 ) = x1, f (b12 ) = yh, f (c13 ) = zk. Thus from

(x1 ◦ yh ◦ zk)r∧s∧t = xr
1 ◦ ys

h ◦ zt
k ⊆ f (λ)
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we have

r ∧ s ∧ t ≤ f (λ)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f (λ)(β)

= f (λ)( f (a11 ) ◦ f (b12 ) ◦ f (c13 )) =
∧

θ∈ f (a11 )◦ f (b12 )◦ f (c13 )

f (λ)(θ)

= f (λ)( f (a11 ◦ b12 ◦ c13 )) =
∧

α∈a11◦b12◦c13

f (λ)( f (α))

= λ(a11 ◦ b12 ◦ c13 ) =
∧

α∈a11◦b12◦c13

λ(α)

because λ is constant on Ker f . Then we get ar
11
◦ bs
12
◦ ct
13
⊆ λ. Since λ is a graded fuzzy 1-absorbing primary

hyperideal of R, then ar
11
◦ bs
12
⊆ λ or ct

13
∈ FGrad(λ). Thus,

r ∧ s ≤ λ(a11 ◦ b12 ) =
∧

α′∈a11◦b12

λ(α′)

= f (λ)( f (a11 ◦ b12 )) =
∧

α′∈a11◦b12

f (λ)( f (α′))

= f (λ)(x1 ◦ yh) =
∧
γ∈x1◦yh

f (λ)(γ)

and so xr
1 ◦ ys

h ⊆ f (λ) or

t ≤ FGrad(λ)(c13 )
= f (FGrad(λ))( f (c13 ))
= f (FGrad(λ))(zk)

so zt
k ∈ f (FGrad(λ)). Hence f (λ) is a graded fuzzy 1-absorbing primary hyperideal of S.

Theorem 3.26. Let f : R→ S be a graded good homomorphism of graded multiplicative hyperrings. If µ is a graded
fuzzy 1-absorbing primary hyperideal of S, then f−1(µ) is a graded fuzzy 1-absorbing primary hyperideal of R.

Proof. Let xr
1 ◦ ys

h ◦ zt
k ⊆ f−1(µ), where xr

1, ys
h, z

t
k are homogeneous fuzzy points of R and 1, h, k ∈ G. Then

r ∧ s ∧ t ≤ f−1(µ)(x1 ◦ yh ◦ zk) =
∧

β′∈x1◦yh◦zk

f−1(µ)(β′)

= µ( f (x1 ◦ yh ◦ zk)) =
∧

β′∈x1◦yh◦zk

µ( f (β′))

= µ( f (x1) ◦ f (yh) ◦ f (zk)) =
∧

α∈ f (x1)◦ f (yh)◦ f (zk)

µ(α).

Assume that f (x1) = a11 , f (yh) = b12 , f (zk) = c13 ∈ S. Thus we have that

r ∧ s ∧ t ≤ µ(a11 ◦ b13 ◦ c13 ) =
∧

β∈a11◦b13◦c13

µ(β)

and ar
11
◦ bs
12
◦ ct
13
⊆ µ. Since µ is a graded fuzzy 1-absorbing primary hyperideal of R, then

ar
11
◦ bs
12
⊆ µ or ct

13
∈ FGrad(µ).
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If ar
11
◦ bs
12
⊆ µ, then

r ∧ s ≤ µ(a11 ◦ b12 ) =
∧

α′∈a11◦b12

µ(α′)

= µ( f (x1) ◦ f (yh)) =
∧

θ′∈ f (x1)◦ f (yh)

µ(θ′)

= µ( f (x1 ◦ yh)) =
∧
γ∈x1◦yh

µ( f (γ))

= f−1(µ(x1 ◦ yh) =
∧
γ∈x1◦yh

f−1(µ(γ)).

Thus we get xr
1 ◦ ys

h ⊆ f−1(µ). If ct
13
∈ FGrad(µ), then

t ≤ FGrad(µ)(c13 )
= FGrad(µ( f (zk)))

= f−1(FGrad(µ(zk)))

so we have zt
k ∈ f−1(FGrad(µ)). Therefore the proof is complete.

Definition 3.27. Let λ be a graded fuzzy hyperideal of R. λ is said to be a graded fuzzy strongly 1-absorbing primary
hyperideal of R if it is non-constant and whenever ν1, ν2, ν3 are graded fuzzy hyperideals of R with ν1 ◦ ν2 ◦ ν3 ⊆ λ,
then

ν1 ◦ ν2 ⊆ λ or ν3 ⊆ FGrad(λ).

Theorem 3.28. Every graded fuzzy strongly 1-absorbing primary hyperideal of R is a graded fuzzy 1-absorbing
primary hyperideal of R.

Proof. The proof is straightforward.

Corollary 3.29. Let λ be a graded hyperideal of a strongly distributive graded multiplicative hyrperring R. Then λ
is a graded fuzzy strongly 1-absorbing primary hyperideal of R if and only if for any fuzzy subgroups η11 , η12 , η13 of
R11 ,R12 ,R13 respectively, η11 ◦ η12 ◦ η13 ⊆ λ, then

η11 ◦ η12 ⊆ λ or η13 ⊆ FGrad(λ)

where 11, 12, 13 ∈ G.

4. Graded fuzzy weakly completely 1-absorbing primary hyperideals

In this section, we introduce the new concepts of graded fuzzy 1-absorbing primary hyperideals of a G-
graded multiplicative hyperring R such as graded fuzzy weakly completely 1-absorbing prime hyperideals,
graded fuzzy weakly completely primary hyperideals and graded fuzzy weakly completely 1-absorbing
primary hyperideals. Some basic properties and characterizations of these structures are proved.

Let R be a G-graded commutative multiplicative hyperring with identity. We denote by FH(R) the set
of all homogeneous fuzzy points of (R,+, ◦).

Definition 4.1. (a) Let λ be a non-constant graded fuzzy hyperideal of R. Then λ is said to be a graded fuzzy weakly
completely 1-absorbing prime hyperideal if for any non-unit elements x1, yh, zk ∈ H(R),

λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) ≤ λ(x1 ◦ yh) =
∧

β∈x1◦yh

λ(β)

or
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λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) ≤ λ(zk).

(b) Let η be a non-constant graded fuzzy hyperideal of R. Then η is called a graded fuzzy weakly completely
primary hyperideal of R if for all non-unit elements x1, yh, zk ∈ H(R),

λ(x1 ◦ yh) =
∧

α∈x1◦yh

λ(α) ≤ λ(x1)

or

λ(x1 ◦ yh) =
∧

α∈x1◦yh

λ(α) ≤ FGrad(λ)(yk).

(c) Let λ be a non-constant graded fuzzy hyperideal of R. Then λ is said to be a graded fuzzy weakly completely
1-absorbing primary hyperideal if for any non-unit elements x1, yh, zk ∈ H(R),

λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) ≤ λ(x1 ◦ yh) =
∧

β∈x1◦yh

λ(β)

or

λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) ≤ FGrad(λ)(zk).

Example 4.2. ConsiderZ2-graded multiplicative hyperring R = (ZA[i],+, ◦) with A = {1, 2, 4} and take the graded
fuzzy hyperideal

ζ(x) =


1 x = 0;
3
4 x ∈ ⟨8⟩ − {0};
1
2 x ∈ Z[i] − ⟨8⟩ .

Then ζ is a graded fuzzy weakly completely 1-absorbing primary hyperideal. Assume that ζ(x1 ◦ yh ◦ zk) > ζ(x1 ◦ yh)
for any x1, yh, zk ∈ H(R). Hence ζ(x1◦yh◦zk) = 3

4 and ζ(x1◦yh) = 1
2 , so x1◦yh◦zk ⊆ ⟨8⟩−{0} and x1◦yh ⊈ ⟨8⟩−{0}.

Since ⟨8⟩ is a graded primary hyperideal of R, then zk ∈ FGrad(ζ) where

FGrad(ζ)(x) =


1 x = 0;
3
4 x ∈ ⟨2⟩ − {0};
1
2 x ∈ Z[i] − ⟨2⟩ .

Theorem 4.3. Every graded fuzzy weakly completely primary hyperideal of R is a graded fuzzy weakly completely
1-absorbing primary hyperideal of R.

Proof. The proof is straightforward.

Theorem 4.4. (i) Every graded fuzzy primary hyperideal of R is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of R.

(ii) Every graded fuzzy weakly completely primary hyperideal of R is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of R.

Proof. (i) Let λ be a graded fuzzy primary hyperideal of R. Assume that

λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) > λ(x1 ◦ yh) =
∧

β∈x1◦yh

λ(β)

for any x1, yh, zk ∈ H(R). From the definition of a graded fuzzy primary hyperideal of R, we get

λ(x1 ◦ yh ◦ zk) =
∧

α∈x1◦yh◦zk

λ(α) ≤ FGrad(λ)(zk).
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So λ is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.
(ii) The proof is straightforward.

Theorem 4.5. Let λ be a graded fuzzy hyperideal of R. The following statements are equivalent:

(i) λ is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.

(ii) For every α ∈ [0, λ(0)], the level subset λα of λ is a 1-absorbing primary hyperideal of R.

Proof. (i)⇒ (ii) Let λ be a graded fuzzy weakly completely 1-absorbing primary hyperideal of R. Suppose
that x1, yh, zk ∈ H(R) and λ(x1 ◦ yh ◦ zk) ⊆ λα for some α ∈ [0, λ(0)]. Then

max
λ(x1 ◦ yh) =

∧
γ∈x1◦yh

λ(γ),FGrad(λ)(zk)
 = λ(x1 ◦ yh ◦ zk) =

∧
β∈x1◦yh◦zk

λ(β) ≥ α.

Hence

λ(x1 ◦ yh) =
∧

γ∈x1◦yh

λ(γ) ≥ α or FGrad(λ)(zk) ≥ α,

which implies

x1 ◦ yh ⊆ λα or zk ∈ FGrad(λα).

Therefore, λα is a 1-absorbing primary hyperideal of R.
(ii)⇒ (i) Suppose that λα is a 1-absorbing primary hyperideal of R for every α ∈ [0, λ(0)]. Let

λ(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

λ(β) = α

for any x1, yh, zk ∈ H(R). Then x1 ◦ yh ◦ zk ⊆ λα and λα is a 1-absorbing primary hyperideal. Thus it gives

x1 ◦ yh ⊆ λα or zk ∈ FGrad(λα).

Thus

λ(x1 ◦ yh) =
∧

γ∈x1◦yh

λ(β) ≥ α or FGrad(λ)(zk) ≥ α,

which implies

max
λ(x1 ◦ yh) =

∧
γ∈x1◦yh

λ(γ),FGrad(λ)(zk)
 ≥ α = ∧

β∈x1◦yh◦zk

λ(β) = λ(x1 ◦ yh ◦ zk).

Also since λ is a graded fuzzy hyperideal of R, we have

λ(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

λ(β) ≥ max
λ(x1 ◦ yh) =

∧
γ∈x1◦yh

λ(γ),FGrad(λ)(zk)
.

Hence

λ(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

λ(β) = max
λ(x1 ◦ yh) =

∧
γ∈x1◦yh

λ(γ),FGrad(λ)(zk)
.

Therefore, λ is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.

Theorem 4.6. Let f : R → S be an onto graded good homomorphism of graded multiplicative hyperrings. If λ is
a graded fuzzy weakly completely 1-absorbing primary hyperideal of R, which is constant on Ker f , then f (λ) is a
graded fuzzy weakly completely 1-absorbing primary hyperideal of S.

Proof. Suppose that

f (λ)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f (λ)(β) > f (λ)(x1 ◦ yh) =
∧

γ∈x1◦yh

f (λ)(γ)
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for any x1, yh, zk ∈ H(R). Since f is an onto graded good homomorphism, then

f (a11 ) = x1, f (b12 ) = yh, f (c13 ) = zk

for some a11 , b12 , c13 ∈ H(R). So

f (λ)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f (λ)(β)

= f (λ)( f (a11 ) ◦ f (b12 ) ◦ f (c13 )) =
∧

θ∈ f (a11 )◦ f (b12 )◦ f (c13 )

f (λ)(θ)

, f (λ)(x1 ◦ yh) =
∧
γ∈x1◦yh

f (λ)(γ)

= f (λ)( f (a11 ) ◦ f (b12 )) =
∧

ζ∈ f (a11 )◦ f (b12 )

f (λ)(ζ)

= f (λ)( f (a11 ◦ b12 )) =
∧

α∈a11◦b12

f (λ)( f (α)).

Since λ is constant on Ker f ,

f (λ)( f (a11 ◦ b12 ◦ c13 )) =
∧

δ∈a11◦b12◦c13

f (λ)( f (δ)) = λ(a11 ◦ b12 ◦ c13 ) =
∧

δ∈a11◦b12◦c13

λ(δ)

and

f (λ)( f (a11 ◦ b12 )) =
∧

α∈a11◦b12

f (λ)( f (α)) = λ(a11 ◦ b12 ) =
∧

α∈a11◦b12

λ(α).

It means that

f (λ)( f (a11 ◦ b12 ◦ c13 )) = λ(a11 ◦ b12 ◦ c13 ) > λ(a11 ◦ b12 ) = f (λ)( f (a11 ◦ b12 )).

Since λ is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R, we have

λ(a11 ◦ b12 ◦ c13 ) =
∧

δ∈a11◦b12◦c13

λ(δ)

= f (λ)( f (a11 ) ◦ f (b12 ) ◦ f (c13 )) =
∧

θ∈ f (a11 )◦ f (b12 )◦ f (c13 )

f (λ)(θ)

= f (λ)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f (λ)(β)

≤ FGrad(λ)(c13 ) = f (FGrad(λ))( f (c13 )) = f (FGrad(λ))(zk)

so, we get f (λ)(x1 ◦ yh ◦ zk) ≤ f (FGrad(λ))(zk). Thus f (λ) is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of S.

Theorem 4.7. Let f : R → S be a graded good homomorphism of graded multiplicative hyperrings. If ν is a
graded fuzzy weakly completely 1-absorbing primary hyperideal of S, then f−1(ν) is a graded fuzzy weakly completely
1-absorbing primary hyperideal of R.

Proof. Assume that

f−1(ν)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f−1(ν)(β) > f−1(ν)(x1 ◦ yh) =
∧

γ∈x1◦yh

f−1(ν)(γ)
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for any x1, yh, zk ∈ H(R). Then

f−1(ν)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f−1(ν)(β)

= ν( f (x1 ◦ yh ◦ zk)) =
∧

β∈x1◦yh◦zk

ν( f (β))

= ν( f (x1) ◦ f (yh) ◦ f (zk)) =
∧

θ′∈ f (x1)◦ f (yh)◦ f (zk)

f (ν)(θ′)

> f−1(ν)(x1 ◦ yh) =
∧
α∈x1◦yh

f−1(ν)(α)

= ν( f (x1 ◦ yh)) =
∧
α∈x1◦yh

ν( f (α))

= ν( f (x1) ◦ f (yh))) =
∧

ζ′∈ f (x1)◦ f (yh))

f (ν)(ζ′).

Since ν is a graded fuzzy weakly completely 1-absorbing primary hyperideal of S, we have

f−1(ν)(x1 ◦ yh ◦ zk) =
∧

β∈x1◦yh◦zk

f−1(ν)(β)

= ν( f (x1) ◦ f (yh) ◦ f (zk)) =
∧

θ′∈ f (x1)◦ f (yh)◦ f (zk)

f (ν)(θ′)

≤ FGrad(ν)( f (zk)) = f−1(FGrad(ν))(zk)

= FGrad( f−1(ν)(zk)).

Therefore f−1(ν) is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.

Corollary 4.8. Let f be a graded good homomorphism from R onto S. f induces a one-to-one inclusion preserving
correspondence between graded fuzzy weakly completely 1-absorbing hyperideal of S in such a way that if λ is a graded
fuzzy weakly completely 1-absorbing hyperideal of R constant on Ker( f ), then f (λ) is the corresponding graded fuzzy
weakly completely 1-absorbing hyperideal of S, and if ν is a graded fuzzy weakly completely 1-absorbing hyperideal of
S, then f−1(ν) is the corresponding graded fuzzy weakly completely 1-absorbing hyperideal of R.

Remark 4.9. Note that the following diagram shows the transition between definitions of graded fuzzy hyperideals:

g.f.w.c. prime // g.f.w.c. 1-absorbing prime // g.f.w.c. 1-absorbing primary

g.f. prime //

OO

))

g.f. 1-absorbing prime

OO

// g.f. 1-absorbing primary

OO

g.f. primary

44

and also we have

g.f. 1-absorbing primary // g.f. 2-absorbing primary

g.f. prime //

OO

g.f. 1-absorbing prime

jj
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5. Conclusions

In this article, we introduced the concepts of graded fuzzy radical of a graded fuzzy hyperideal and
graded fuzzy primary hyperideals of a graded hyperring as a generalization of primary hyperideals.
We investigated the basic properties of these notions and presented some examples. Furthermore, we
introduced the concepts of graded fuzzy absorbing primary hyperideals of a G-graded multiplicative
hyperring R such as graded fuzzy 1-absorbing primary hyperideals, graded fuzzy strongly 1-absorbing
primary hyperideals, graded fuzzy 2-absorbing primary hyperideals, graded fuzzy weakly completely
primary hyperideals and graded fuzzy weakly completely 1-absorbing primary hyperideals. Many basic
properties and characterizations of these structures were proved. We proved that every graded fuzzy
1-absorbing primary hyperideal is a graded fuzzy 2-absorbing primary hyperideal and by an example, we
showed that its converse doesn’t hold. We investigated every graded fuzzy strongly 1-absorbing primary
hyperideal is a graded fuzzy 1-absorbing primary hyperideal, but its converse is an open problem. Many
results were given to show the relations between these new concepts and other fuzzy hyperideals. Finally,
by diagrams, we showed the relationship between these definitions.
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[3] K. Al-Zoubi, R. Abu-Dawwas, S. Çeken, On graded 2-absorbing and graded weakly 2-absorbing ideals, Hacet. J. Math. Stat. 48(3)

(2019), 724–731.
[4] R. Ameri, A. Kordi, S. Hoskova-Mayerova, Multiplicative hyperring of fractions and coprime hyperideals, An. St. Univ. Ovidius

Constanta 25(1) (2017), 5–23.
[5] M. Anbarloei, On 2-absorbing and 2-absorbing primary hyperideals of a multiplicative hyperring, Cogent Math., 4 (2017), 1–8.
[6] M. Anbarloei, On 1-absorbing prime hyperideals and some of its generalizations, J. Math. 2022, Article ID 4947019, 11 pages.
[7] A. F. Anderson, A. Badawi, On n-absorbing ideals of commutative rings, Comm. Algebra 39 (2011), 1646–1672.
[8] A. Badawi, E. Yetkin Celikel, On 1-absorbing primary ideals of commutative rings, J. Algebra and its Application 19 (2019), 1–10.
[9] A. Badawi, E. Yetkin Celikel, On weakly 1-absorbing primary ideals of commutative rings, J. Algebra Colloquium 29(2) (2022), 189–202.

[10] M. Bataineh, R. Abu-Dawwas, Graded weakly 1-absorbing primary ideals, Demonstratio Mathematica 56 (2023), 1–9.
[11] M. Cohen, S. Montgomery, Group-graded rings, smash products, and group actions, Trans. Amer. Math. Soc. 282(1) (1984), 237–258.
[12] P. Corsini, V. Leoreanu-Fotea, Applications of Hyperstructures Theory, Adv. Math., Kluwer Academic Publishers, 2013.
[13] B. Davvaz, V. Leoreanu-Fotea, Hyperring theory and applications, Internationl Academic Press, USA, 2007.
[14] U. Dasgupta, On prime and primary hyperideals of a multiplicative hyperring, Annals of the Alexandru Ioan Cuza University-

Mathematices 58(1) (2012), 19–36.
[15] E. Eslami, J. N. Mordeson, Completion and Fuzzy Power Series, Fuzzy Sets and Systems 82(1) (1996), 97–102.
[16] F. Farzalipour, P. Ghiasvand, On graded hyperrings and graded hypermodules, Algebraic structures and their applications 7(2) (2020),

15–28.
[17] F. Farzalipour, P. Ghiasvand, Graded ϕ-2-absorbing hyperideals in graded multiplicative hyperrings, Asian-European J. Math. 15(6)

(2022), 2250113, 15 pages.
[18] P. Ghiasvand, On 2-absorbing hyperideals of multiplicative hyperrings, in Second Seminar on Algebra and its Applications, Iran

(2014), 58–59.
[19] P. Ghiasvand, K. Al-Zoubi, F. Farzalipour, On graded fuzzy n-absorbing hyperideals in graded multiplicative hyperrings, Soft Computing

27(23) (2023), 17493–17504.
[20] P. Ghiasvand, F. Farzalipour, 1-absorbing prime avoidance theorem in multiplicative hyperrings, Palestine J. Math. 12(1) (2023), 900–908.
[21] P. Ghiasvand, F. Farzalipour, S. Mirvakili, On expansions of graded 2-absorbing hyperideals in graded multiplicative hyperrings, Filomat

35(9) (2021), 3033–3045.
[22] P. Ghiasvand, M. Raeisi, S. Mirvakili, A generalization of graded prime hyperideals over graded multiplicative hyperrings, J. Algebra and

Its Applications 22(11) (2023), 2350235, 19 pages.
[23] K. Hila, K. Naka, B. Davvaz, On (k,n)-absorbing hyperideals in Krasner (m,n)-hyperrings, Quart. J. Math. 69 (2018), 1035–1046.
[24] M. Krasner, A class of hyperrings and hyperfields, Inter. J. Math. Math. Sci. 6(2) (1983), 307–312.
[25] K. H. Lee, On fuzzy quotient rings and chain conditions, J. Korea Soc. Math. Educ. Ser. B: Pure Appl. Math. 7(1) (2000), 33–40.
[26] W. J. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy Sets and Systems 8 (1982), 133–139.
[27] W. J. Liu, Operation on fuzzy ideals, Fuzzy Sets and Systems 11 (1983), 31–41.
[28] D. S. Malik, J. N. Mordeson, Fuzzy commutative algebra, World Scientific Publishing, 1998.
[29] D. S. Malik, J. N. Mordeson, Fuzzy direct sums of fuzzy rings, Fuzzy Sets and Systems 45 (1992), 83–91.
[30] F. Marty, Sur une generalization de la notion de groupe, in: 8iem Congres Math. Scandinaves, Stockholm (1934), 45–49.
[31] N. Nastasescu, F. Van Oystaeyen, Graded Rings Theory, Mathematical Library 28, North Holland, Amsterdam, 1937.
[32] R. Procesi, R. Rota, Complementary multiplicative hyperrings, Discrete Math. 208/209 (1999), 485–497.
[33] R. Procesi, R. Rota, On some classes of hyperstructures, Combinatories Discrete Math. 1 (1987), 71–80.



P. Ghiasvand, F. Farzalipour / Filomat 38:14 (2024), 5021–5039 5039

[34] R. Procesi, R. Rota, The hyperring spectrum, Riv. Mat. Pura Appl. 1 (1987), 71–80.
[35] R. Rota, Strongly distributive multiplicative hyperrings, J. Geometry 39 (1990), 130–138.
[36] R. Rota, Sugli iperanelli moltiplicativi, Rend. Di Mat Series 7(2) (1982), 711–724.
[37] A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35 (1971), 512–517.
[38] M. K. Sen, R. Ameri, G. Chowdhury, Fuzzy hypersemigroups, Soft Computing 12(9) (2008), 891–900.
[39] J. P. Serre, Local Algebra, Springer Verlag, 2000.
[40] L. Zadeh, Fuzzy Sets, Information and Control, 8, 1965.
[41] J. Zhan, B. Davvaz, K. P. Shum, Generalized fuzzy hyperideals of hyperrings, Comput. Appl. 56 (2008), 1732–1740.
[42] A. Yassine, M. J. Nikmehr, R. Nikandish, On 1-absorbing prime ideals of commutative rings, J. Algebra and its Application 20(10) (2021),

1–13.


