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On graded fuzzy 1-absorbing primary hyperideals
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Abstract. Let G be a group with identity e and R be a graded commutative multiplicative hyperring. In
this article, we aim to introduce the concepts of graded fuzzy radical of a graded fuzzy hyperideal and
graded fuzzy primary hyperideals of a graded hyperring. Moreover, we introduce and study the notion of
graded fuzzy 1-absorbing primary hyperideals of R as a generalization of graded fuzzy primary hyperideals
and we give its relationship with graded fuzzy 2-absorbing primary hyperideals. Many properties and
characterizations of graded fuzzy 1-absorbing primary hyperideals of R are stated. Then, we investigate
the notions of graded fuzzy strongly 1-absorbing primary hyperideals, graded fuzzy weakly completely
primary hyperideals and graded fuzzy weakly completely 1-absorbing primary hyperideals. We obtain

some basic properties and new results of these cases of structures and we state the relationship between
them.

1. Introduction

Fuzzy sets and hyperstructures were introduced by Zadeh [40] in 1965, and by Marty [30], in 1934,
respectively, and are now used in the world both from the theoretical point of view and for their many
applications. Rosenfield applied the concept of fuzzy sets in the group theory [37]. In commutative algebra,
W.J. Liu [26, 27] explained about improvement approach of the algebraic structure of fuzzy sets by initiating
the notion of fuzzy subring, fuzzy normal subgroup along with the confection of fuzzy sets, and introduced
the notion of a fuzzy ideal of a ring. Malik and Mordeson presented the direct sum of fuzzy rings and fuzzy
ideals [29]. Eslami explained a concept of graded fuzzy rings on natural numbers by direct sum of fuzzy
subgroups and then found a way for fuzzification polynomial rings [15]. Since then several authors have
obtained interesting results on L-fuzzy ideals of rings and L-fuzzy modules. For a comprehensive survey
of the literature on these developments see [28, 38, 41].

Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a classical
algebraic structure, the composition of two elements is an element, while in an algebraic hyperstructure,
the composition of two elements is a set. Hyperstructures have many applications in several sectors of
both pure and applied mathematics, for instance in geometry, lattices, cryptography, automata, graphs
and hypergraphs, fuzzy set, probability and rough set theory, and so on (see [12, 13]). The notion of
hyperrings was introduced by M. Krasner in 1983, where the addition is a hyperoperation, while the
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multiplication is an operation [24]. K. Hila et al. in [23] introduced and studied (k, r1)-absorbing hyperideals
in Krasner (m, n)-hyperrings. Multiplicative hyperrings are an important class of algebraic hyperstructures
which are a generalization of rings, initiated the study by Rota in 1982, where the multiplication is a
hyperoperation, while the addition is an operation [36]. Procesi and Rota introduced and studied in brief
the prime hyperideals of multiplicative hyperrings [32-35] and this idea is further generalized in a paper
by Dasgupta [14]. R. Ameri et al. in [4] described multiplicative hyperrings of fractions and coprime
hyperideals. The notion of n-absorbing ideals over commutative rings which is a generalization of prime
ideals has been introduced and investigated by A. F. Anderson and A. Badawi in [7]. In [18], P. Ghiasvand
introduced and studied the concept of 2-absorbing hyperideals. Then M. Anbarloei in [5] studied the
concepts of 2-absorbing and 2-absorbing primary hyperideals of a multiplicative hyperring. 1-absorbing
prime hyperideals in a multiplicative hyperring has been studied by M. Anbarloei [6]. Furthermore, in
[20], has been studied 1-absorbing prime avoidance theorem in multiplicative hyperrings. Also, many
researchers have observed generalizations of prime hyperideals in multiplicative hyperrings. The principal
notions of algebraic hyperstructure theory can be found in [12, 13].

The study of graded rings arises naturally out of the study of affine schemes and allows them to
formalize and unify arguments by induction [39]. However, this is not just an algebraic trick. The
concept of grading in algebra, in particular graded modules is essential in the study of the homological
aspect of rings. Much of the modern development of commutative algebra emphasizes graded rings.
Gradings appear in many circumstances, both at elementary and advanced levels. Studying graded prime
ideals and their generalizations is important for several reasons. First, graded prime ideals are a natural
generalization of prime ideals in commutative algebra, algebraic number theory and algebraic geometry,
which are fundamental concepts in mathematics. Additionally, graded prime ideals are related to other
important mathematical concepts such as graded rings and modules, which are important in areas such as
algebraic geometry and algebraic topology. Understanding these concepts can help to provide a deeper
understanding of the underlying structures in these areas of mathematics. Finally, the study of graded
prime ideals and their generalizations can also have practical applications in areas such as computer science
and engineering. For example, the theory of graded prime ideals can be used to study error-correcting
codes and cryptography. Overall, studying graded prime ideals and their generalizations is important
for both theoretical and practical reasons, and can help to deepen our understanding of many areas of
mathematics and its application to other fields. In recent years, rings with a group-graded structure have
become increasingly important and consequently, the graded analogues of different concepts are widely
studied (see [2, 3, 11, 21, 31]). Also, the theory of graded hyperrings can be considered as an extension
theory of hyperrings [16, 17, 21, 22]. Moreover, Fuzzy prime hyperideals play an important role in fuzzy
multiplicative hyperring theory. The notion of 1-absorbing prime ideals which is another extension of
prime ideals was introduced in [42] and 1-absorbing primary and weakly 1-absorbing primary ideals were
investigated in [8, 9]. R. Abu-Dawwas ef al. in [1] studied graded 1-absorbing prime ideals and in [10],
introduced the concept of graded weakly 1-absorbing primary ideals which is a generalization of graded
1-absorbing primary ideals. In [19], we introduced and studied the notions of graded fuzzy multiplicative
hyperrings and graded fuzzy n-absorbing hyperideals of R. In this paper, we study the concepts of
graded fuzzy radical of a graded fuzzy hyperideal of a multiplicative hyperring as a generalization of
fuzzy radical of a fuzzy ideal of a ring and graded fuzzy primary hyperideals of a graded hyperring. We
introduce and study the notion of graded fuzzy 1-absorbing primary hyperideals of R as a generalization of
fuzzy primary hyperideals. Many properties, examples, and characterizations of graded fuzzy 1-absorbing
primary hyperideals of R are introduced. Moreover, we investigate the concepts of graded fuzzy strongly
1-absorbing primary hyperideals, and graded fuzzy weakly completely 1-absorbing hyperideals. We obtain
some basic properties and new results of this case of structures and we state the relationship between them.

2. Preliminaries

In this section, we would like to reproduce some definitions and examples which were proposed
earlier. The second type of hyperring was introduced by R. Rota [36] in 1982. The multiplication is a
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hyperoperation, while the addition is an operation, that is why she called it a multiplicative hyperring. Let
us give the definition.

Let R be a non-empty set. By p*(R), we mean the set of all non-empty subsets of R. Let o be a
hyperoperation from R x R to p*(R). (R, +, o) is a multiplicative hyperring, if it has the following properties:

(i) (R, +)is an abelian group;

(ii) (R, o) is a hypersemigroup;
(iii) Foralla,b,c e R,ao(b+c)Caob+aocand(b+c)oaCboa+coa;
(iv) ao(=b)=(-a)ob=—(aob).

If in (iif) we have equalities instead of inclusions, then we say that the multiplicative hyperring is strongly
distributive.
Here, we mean a hypersemigroup by a non-empty set R with an associative hyperoperation o, i.e.,

ao(boc)= U aot= U soc=(aob)oc
te(boc) se(aob)

foralla,b,c € R.
Further, if R is a multiplicative hyperring withaob = boa foralla, b € R, then R is called a commutative
multiplicative hyperring. Let us give an example.

Example 2.1. Let K be a field and V be a vectorial space over K. If for all a,b € K we denote by (a,b) the subspace
generated by the subset {a, b} of V, then we can consider the following hyperoperation on V: foralla,b € V,aob = (a,b).
It follows that (V, +, o) is a multiplicative hyperring, which is not strongly distributive.

In what follows, we give some definitions and properties of a multiplicative hyperring that we need in
this article.

Definition 2.2. [13] (a) Let (R, +, 0) be a multiplicative hyperring and S be a non-empty subset of R. Then S is said
to be a subhyperring of R if (S, +, o) is itself a multiplicative hyperring.

(b) A subhyperring I of a multiplicative hyperring R is a hyperideal of (R, +,0) if =1 C I and forallx € I, v € R;
xorUroxCl.

Definition 2.3. [14] (a) A proper hyperideal P of a multiplicative hyperring R is said to be a prime hyperideal of R,
if foranya,b € R,aob C P, thena€ Porb € P.

(b) A proper hyperideal Q of a multiplicative hyperring R is said to be a primary hyperideal of R, if for any a,b € R,
aobCQ, thenae Qorb" CQ for somen € IN.

Example 2.4. Let R = (Z][i], +, ) be the Gaussian integers ring. Consider the multiplicative hyperring (Ra,+,0) =
(Z]i],+,0) ={a+bi|a,b e Z} with A = {-1,3}, where Ra = Rand forall x,y € Rg, xoy={x-a-y:a e A}
Then, (Ra, +, o) is a multiplicative hyperring. The hyperideal P = 2R = {-2a — 2bi,6a + 6bi : a,b € Z} is a prime
(primary) hyperideal of R.

This paragraph reviews the concepts and notations of fuzzy sets in commutative multiplicative hyper-
rings which we need in the following.

Definition 2.5. [28] (a) A fuzzy subset u in a set X is a function p : X — [0, 1]. We denote by F(X) the set of all
fuzzy subsets of X.

(b) Let u and v be fuzzy subsets of X. We say that u is a subset of v, and y C v, if and only if u(x) < v(x), for all
xeX.

(c) Let p € F(X) and t € [0, 1]. Then the set u* = {x € X | pu(x) > t} is called the t-level subset of X with respect to

1.
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Definition 2.6. [28] (a) Let x € X and r € (0,1]. A fuzzy point, written as x", is defined to be a fuzzy subset of X,
given by

0, otherwise.

X(y) = {" L

If x" is a fuzzy point of X and x" C u, where y € F(X), then we write x" € L.
(b) For A C X the characteristic function of A, xa € F(X), is defined by

(x) = 1, x€eA;
Xar) = 0, otherwise.

Definition 2.7. [41] Let u and v be two fuzzy subsets of a commutative multiplicative hyperring R. Define the
product v and the composition 1 o v respectively as follows: For all w € R,

(uv)(w) = sup{inf_ {u(r;) Av(si)} | ri,si € R,n e N,w € Yi_, risi},
(4 ov)(w) = sup{u(r) Av(s) | r,s € R,w € rs}.

Definition 2.8. [41] Let p be a fuzzy subset in a commutative multiplicative hyperring R with identity 1 that

©(0) = 1.
(@) u is said to be a fuzzy subgroup of R if for all x, y € R, we have

plx = y) = minfu(x), p(y)}-
(b) We call fuzzy subgroup u a fuzzy hyperring of R if for all x, y € R, we have
infzeroy p(2) = min{u(x), u(y)}.
(c) We call fuzzy subgroup u a fuzzy hyperideal of R if for all x, y € R, we have

infrevoy pi(2) > max{p(x), u(y)}-

Definition 2.9. [29] Let {u; | i € I} be a family of fuzzy subsets on a commutative multiplicative hyperring R. Fuzzy
subset Y ;e; i on R is defined as below,

(Xier 1) (x) = suplinf{ p;(x;) | x = Y xi, Vi€ I}} Vx €R.

Remark 2.10. Let {y; | i € I} be a family of fuzzy subgroups, fuzzy hyperrings or fuzzy hyperideals on a commutative
multiplicative hyperring R, then easily it can be shown that Y ;c; w; is a fuzzy subgroup, a fuzzy hyperring or a fuzzy
hyperideal on R, respectively. For every x € R, if i = j, we set x; = x and if i # j, x; = 0, then by the definition of
Yier Wi, we have

Wi € Yjerpj, Vjel

Definition 2.11. [29] Let y; and p with i € I be fuzzy subsets on a commutative multiplicative hyperring R. Then
R is called the weak direct sum of {p; |1 € I}, if = Yy i and pij O Y pi = 1o such that,

1, x=0;
1n(x) =
o) {Q x#0.

In this case, 1 = ®jer; is written.

In this paragraph, we present the notion of graded multiplicative hyperrings and present an example.
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Definition 2.12. [21] Let G be a group with identity element e. A multiplicative hyperring R is called a G-graded
multiplicative hyperring if there exists a family {R,}ec of additive subgroups of R indexed by the elements g € G
such that R = @gec Ry and RyRy € Ry for all g,h € G where RyRy, = U{ryor, i vy € Ry, 1y € Ry}

An element of a graded hyperring R is called homogeneous if it belongs to e Ry and this set of homogeneous
elements is denoted by H(R). If x € R, for some g € G, then we say that x is of degree g, and it is denoted by x,. If
X € R, then there exist unique elements x, € H(R) such that x = Y je¢ x4

Example 2.13. Let G = (Z,, +) be the cyclic group of order 2 and R = {a,b,c,d}. Consider the multiplicative
hyperring (R, +, o), where operation + and hyperoperation o defined on R as follow:

+|a b c d ol a b c d

ala b ¢ d a | {a} {a} {a} {a}
b|b a d c b|{a {ad H{ac} {ab}
clc d a b c|{a} f{a,c} {a} Ha,c}
d|d ¢ b a d| {a} f{a,b} {a,c} {ad}

It is easy to see that Ry = {a,d} and Ry = {a, b} are subgroups of (R, +). We havea =a+a,b=a+b,c =d+band
d = d + a and these forms are unique and also we have RoRy € Ro, RoR1 € Ry, RiRg € Ry and RiR; € Ry. Hence,
R =Ry EB Ry. Therefore (R, G) is a graded hyperring and H(R) = {a, b, d}.

Throughout this paper, R is a commutative graded multiplicative hyperring with non-zero identity 1.

3. Graded fuzzy 1-absorbing primary hyperideals

In this section, the basic properties of graded fuzzy 1-absorbing primary hyperideals are studied. Firstly,
we will give the structure of graded fuzzy hyperrings and graded fuzzy primary hyperideals of a graded
hyperring.

Definition 3.1. [19] Let G be a group with identity element e and u be a fuzzy hyperring on graded multiplicative
hyperring (R, +, o). A fuzzy hyperring u is called a G-graded fuzzy hyperring if there exists a family {ui4}gec of fuzzy
subgroups of R such that y1 = @gEG g and ugpiy S pgn for all g, h € G, where

(gn)(x) = sup{infl_; {t1y(ri) A pn(si)} |7i,si € R,n € N,x € Y.L i 053},
For any x € R, pg(x) = p(xy) where x = 3. e X,

Example 3.2. [19] Let (R, +,-) be a ring. Then corresponding to every subset A € P*(R)(|A| > 2), there exists a
multiplicative hyperring with absorbing zero (R4, +, o), where R4 = Rand forany a, p € Ry, aof ={a-a-f:a € A).
Let R = (Z]i], +,-) be the Gaussian integers ring and G = (Zy,+) be the cyclic group of order 2. Consider the
multiplicative hyperring (Ra, +,0) = (Z4li], +,0) = {a+ bi | a,b € Z4} with A = (1,2}, where Ry = R and for any
X,y €Ra, xoy={x-a-y:ae A} Then, (Ra,+,0) is a G-graded multiplicative hyperring with Ry = Z4 and
Ry =iZ4and Ry = Ro @ Ry. Consider the fuzzy multiplicative hyperring p by definition

x=0;
x€{l1,2,3};
x € Z4[i] -1{0,1,2,3}.

p(x) =

N N

However, an easy computation shows that u is a graded fuzzy multiplicative hyperring of R such that u = o P w1
where

(x) _ 1 xe€ iZ4,‘
Ho - ?I X € Z4[l] —iZy4

and
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(x)_ 1 xeZy
Y=L vezylil- 2

Example 3.3. Let G = (Z3, +) be the cyclic group of order 2 and R = {a, b, c,d}. Consider the graded multiplicative
hyperring (R, +, o), where operation + and hyperoperation o are defined on R as follows:

+|la b c d o| a b c d
ala b c d a|f{a} Aa} {a} {a}
b|b a d ¢ b|{a} {a,d} {a,c} {a b}
clc d a b c|{a} {a,c} {a} fa,c}
dld ¢ b a d|{a} {a,b} {a,c} f{ad}

Consider the fuzzy hyperring u by definition
@ =1, ub) = p(e) = 3, u(d) = 3.
Then u = uo P w1 is a G-graded fuzzy multiplicative hyperring such that
Ho(@) = o(b) =1, pio(c) = po(d) = §,

p@) = ) =1, uib) =) =}
and

Hoto € Mo, o1 € p1, pafo € p1, Hap € Ho-

Definition 3.4. [19] (a) A fuzzy set 1) of the graded hyperring R is said to be a graded fuzzy set of R if n,(r) = n(r)
forallge Gandr e R.

(b) Let 1 be a fuzzy hyperideal of R. Then 1) is said to be a graded fuzzy hyperideal of R if ) is graded as a fuzzy
set of R.

It is easy to see that a fuzzy hyperideal 1 of R is graded if and only if n = ng, where ng = 1 N (Ngecny)-
More generally, 7 is the largest graded fuzzy hyperideal of R contained in 7.

Example 3.5. Let (R4, +,0) = (Zylil, +,0) = {a+bi | a,b € Zy4} be the graded multiplicative hyperring with
A ={1,2}. Consider the fuzzy hyperideal n by definition

x=0;
x €(2)—{0};
x € Z4i] — (2).

n(x) =

Qll= WIN

Then n is a graded fuzzy hyperideal of R. For this purpose, it is enough to show 1 is graded as a fuzzy set of R. We
have

M0(0) =12>1(0) =1,
no(x) = % >n(x) = % Vxe{1,3,1+i,3+1,1+2{,3+2i{,3+3i1+2i},
) =32ny) =% Vye(2,2+2i),
Nno(z) =1>1n(z) = L vz eli,2i,3i),

nB)=2>nt) =1 Vte{2+i,2+3i,
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and
m©0) =12n(0)=1,m@ =12102) =3
mQ+2i)=3>n2+2i) =%,

Vxeli,3i,1+i,2+i3+i,1+3i,2+3i,3+3i},

Uil

mE) =1 =n() =
m@=1zn@=% Yze{l,3},
m)=32>nt) =1 Vte{l+2i3+2i}

Definition 3.6. (a) Let I be a graded hyperideal of a graded multiplicative hyperring R. The graded radical I is
denoted by Grad(I) and defined by

Gmd(l):{x=ngeR|\7’geG,xZ'] =x50---0x, CI for somen, € IN}.
7€G —_—

ng times
(b) Let A be a graded fuzzy hyperideal of R. The graded fuzzy radical A is denoted by FGrad(A) and defined by

(FGrad(A))(x) = sup{inf{ A(x,") | x = Z xy, Vg € G,n, € N}}
g9€G

= sup { inf Alt) | x = x5, Vg € G,n, € N}
ngzl tego...oxg gezc g g
N——

ng times

= \/ A Ah).

ny21teXy; O +++ 0 Xy
—_———

ng times

Example 3.7. Consider Z,-graded multiplicative hyperring Z s[ilwith A = {1,2,4}. Take the graded fuzzy hyperideal
A by definition

1 x=0;
AMx)=133 xe(8)—{0}
L xez,lil- ().
It is easy to see that
1 x=0;
FGrad(A)(x) =32 x€(2)—{0};
1 xeZalil-(2).

Definition 3.8. Let A be a non-constant graded fuzzy hyperideal of R. Then A is said to be a graded fuzzy primary
hyperideal if for any fuzzy points x;, y; € FH(R),
xy oy, C© Aimplies that either xj; € A or y; € FGrad(A).
Example 3.9. Consider Z,-graded multiplicative hyperring R = Zli] with A = {1,4} and the graded fuzzy
hyperideal C by definition
x=0;
x €(2) - {0}
x € Zali] —(2).

) =

W0 Ul =



P. Ghiasvand, F. Farzalipour / Filomat 38:14 (2024), 5021-5039 5028

Then Cis a graded fuzzy primary hyperideal of R.

Proposition 3.10. Let A be a graded fuzzy hyperideal of R. If A is a graded fuzzy primary hyperideal of R, then for
all x4, y, € H(R)

Axg 0 yp) > Alx,) implies that A(x, o yy) < FGrad(A)(yp).
Proof. Let A(x, o yp) = > A(xy), sowehave A(x;oy,) = A A(t) = 7> A(xy). Then (x; 0 y)" = xgoy, <A

texgoyy,
and x; ¢ A. Since A is a graded fuzzy primary hyperideal of R, then y; € FGrad(A). Thus A(xg o y) =
A M) =r < FGrad(A)(yn). O

texgoyy

Theorem 3.11. Let I be a graded hyperideal of R. The characteristic function x; is a fuzzy primary hyperideal of R if
and only if I is a graded primary hyperideal of R.

Proof. LetIbe a graded primary hyperideal of R. Suppose for x;, y; € H(R), x1(x; © y) > x1(x,). Since x1(x;)
is either zero or 1, we find from x,, y, € H(R), x1(x; © yu) > x1(x,) that x;(x;) = 0 and xi(x, o y;) = 1. Hence
xg0yn CIand x; ¢ I. Since [ is a graded primary hyperideal,

yZ:yho-uoyh: U tCli
teyp 0 - oYy
N—— ———

n times

for some positive integer n. Hence

xiyp = A xi®)=1=xlgoy)= A xit),
teyy ooy t'exgoyy
so that x; is a graded fuzzy primary hyperideal of R.
Conversely, assume that x; is a graded fuzzy primary hyperideal. Let x, 0y, € I and x, ¢ I. Then
xi(xgoy) = A xi(t') = 1and xi(x;) = 0. Hence x1(x; o y;) > x1(x,). Since xp is a graded fuzzy primary

t'exgoyy

hyperideal, there exists a positive integer n such that x;(y}) > xi(x; o yn). Hence x1(y;) = A xi(t) = 1.
teyyo--oyy

This shows that i) = y, o -+- o y, € I. Consequently I is a graded primary hyperideal. [

Theorem 3.12. Let A be a graded fuzzy hyperideal of R. Then A is a graded fuzzy primary hyperideal if and only if
A% = {x € HR) | AMx) > a} is a graded primary hyperideal of R for all a € [0, A(0)].

Proof. For any graded fuzzy hyperideal A, it is known that A“ is a graded hyperideal of R. Now suppose
A is a graded fuzzy primary hyperideal of R. Let x; oy, € A% and x; ¢ A for x,,y, € H(R). Then
Axgoyn) = A At') 2 a and A(x;) < a. Since A is a graded fuzzy primary hyperideal, there exists a

t'exgoyy
positive integer n such that A(yy) = A A(t) 2 A(xyoyn)= A A{)2a.Theny; = A tCA%s0
teyy0-+-oyy, t'exgoyy teyyo--oyy
that A% is a graded primary hyperideal of R.
Conversely, assume that A* is a graded primary hyperideal of R for all @ € [0, A(0)]. Suppose A(x; 0 y;) =
A At') =2 Ax,) where x;, y, € H(R). Let A(x;oy;) = A A(t') = a. Then a € [0,A(0)], x; 0y, € A®
t'exgoyy texgoyy
and a > A(x,;) implies that x, ¢ A*. From the assumption, there exists a positive integer n such that
Yy =yno---oy, ©A% Hence A(y;) = A Alt) 2a=AMxgoyn) = A A{t). This proves that A is a
N— —— teypo oy f’EXgOyh
n times

graded primary fuzzy hyperideal of R. [J

Definition 3.13. (a) Let A be a graded fuzzy hyperideal of R. A is said to be a graded fuzzy 1-absorbing prime
hyperideal of R if it is non-constant and if for any non-unit elements x}, y;, z, € FH(R),

X}, o y; 0z, C A implies that either x, o y5 C A or z; € A.
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(b) Let A be a graded fuzzy hyperideal of R. A is said to be a graded fuzzy 1-absorbing primary hyperideal of R if
it is non-constant and if for any non-unit elements xj, y;,z, € FH(R),

X}, 0 y; oz, C A implies that either x; o y; C A or z € FGrad(A).
(c) Let A be a graded fuzzy hyperideal of R. A is said to be a graded fuzzy 2-absorbing primary hyperideal of R if

it is non-constant and if for any x}, y;, z, € FH(R),

X}, o y; oz, C A implies that either xj, o y; C A or x}, 0 z; C FGrad(A) or y;, o z; C FGrad(A).

It is clear that every graded fuzzy 1-absorbing prime hyperideal of R is a graded fuzzy 1-absorbing
primary hyperideal of R.

Example 3.14. In the Z,-graded multiplicative hyperring R = (Zali], +, o) with A = {1,2} consider the fuzzy
hyperideal

1 x=0;
nw) =1% xe3)-{0};
1 xez[i]-@3).

However, an easy computation shows that 1) is a graded fuzzy 1-absorbing primary hyperideal of R.

Proposition 3.15. Every graded fuzzy primary hyperideal of R is a graded fuzzy 1-absorbing primary hyperideal of
R and every graded fuzzy 1-absorbing primary hyperideal is a graded fuzzy 2-absorbing primary hyperideal.

Proof. The proof is straightforward. [J

The following example shows that a graded fuzzy 2-absorbing primary hyperideal need not be a graded
fuzzy 1-absorbing primary hyperideal of R.

Example 3.16. In the Z,-graded multiplicative hyperring R = (Zalil, +, o) with A = {1,2,4} consider the fuzzy
hyperideal

x=0;
x € (12) - {0};
x € Z[i] - (12).

n(x) =

W= Ul =

Then 1 is a graded fuzzy 2-absorbing primary hyperideal, but it is not a graded fuzzy 1-absorbing primary hyperideal.
Because (2§ 0230 3%) cn, but 25025 ¢ n and 31 ¢ FGrad(n).

Theorem 3.17. Let A be a graded fuzzy 1-absorbing primary hyperideal of R. Then FGrad(A) is a graded fuzzy prime
hyperideal of R.

Proof. Let xj o y; C A for some xj, y; € FH(R) . We may assume that xj, y; are non-unit elements of R. Let
n > 2 be an even positive integer such that (x; o ;)" € A. Then n = 2m for some positive integer m > 1.
Since

(goy)" =(goy)oxgoy)o---oxgoy)=(xp)" o(y,)" = (xp)" o (xp)" o (y,)" €A

n times
and A is a graded fuzzy 1-absorbing primary hyperideal of R, we conclude that (x)" o (x()" = (xp)" € A

or (y;)" € A. Hence xj, € FGrad(A) or y; € FGrad()). Thus FGrad(A) is a graded fuzzy prime hyperideal of
R. O

Theorem 3.18. Let A be a graded fuzzy hyperideal of R. If A is a graded fuzzy 1-absorbing primary hyperideal of R,
then A“ is a graded 1-absorbing primary hyperideal of R, for every o € [0, A(0)] with A% # R.
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Proof. Let A be a graded fuzzy 1-absorbing primary hyperideal of R. Assume that a € [0, A(0)] with A* # R
and x; oy, 0z € A%, where v, zx € H(R). Then A(x; 0y, 0z¢) > a. So, we have x; oyyozy = (xgoynoz)* C A.
Since A is a graded fuzzy 1-absorbing primary hyperideal of R, we get

(xg 0 yp)* = xgoy, CAorzie FGrad(A).
Thus x; o y, € A% or zx € FGrad(A®). Therefore A* is a G-graded 1-absorbing primary hyperideal of R. [J
Corollary 3.19. If A is a graded fuzzy 1-absorbing primary hyperideal of R, then
A = {x € HRR) | A(x) = A(0)}
is a G-graded 1-absorbing primary hyperideal of R.

Proof. Since A is a non-constant fuzzy hyperideal of R, then A. # R. Now the result follows from the above
theorem. [

Theorem 3.20. Let I be a graded 1-absorbing primary hyperideal of R. Then the fuzzy subset of R defined by

A(x):{l, xel

0, otherwise

is a graded fuzzy 1-absorbing primary hyperideal of R.

Proof. We have I # R because I is a graded 1-absorbing primary hyperideal of R. Thus A is a non-constant
graded fuzzy hyperideal of R. Suppose that x}, y;,z; € FH(R) are homogeneous fuzzy points such that

Xy oy o z, C Abut xjy oy, ¢ Aand z, ¢ FGrad(A). Then
AMxgoyn) = A AP)<rAs

Bexgoyn
and

Mz = N Ma) < FGrad(A)(z) < t

(EZLO...0Z)

for all n > 1. Therefore

Axgoyn)= A AP)=0andx;oy, £

Bexgoyy
and

A(z)") = . AN Ma)=0and z; =zc 0oz L Isoz ¢ Grad(l).
aezgom-ozg —_—
n times

Since I is a graded 1-absorbing primary hyperideal of R, we have x, o y; o zx € I and so A(x; o y; 0 z) = 0.
Also by our hypothesis, we have

— t
(xg © Yn © Zk)rasaty = Xy 0 Yj 02, S A
and

rAsAt<Alxgoypoz)= A APB)=0.

BEXg0Ynozk
Hence r As =0 ort =0, which is a contradiction. Thus
X, o y; C Aorz € FGrad(A)
and A is a graded fuzzy 1-absorbing primary hyperideal of R. [



P. Ghiasvand, F. Farzalipour / Filomat 38:14 (2024), 5021-5039 5031

Definition 3.21. Let A be a graded fuzzy 1-absorbing primary hyperideal of R. Then 1 = FGrad(A) is a graded prime
hyperideal of R by Theorem 3.17. Hence we call A a graded fuzzy n-1-absorbing primary hyperideal of R.

Theorem 3.22. Let Ay, Ay, ..., Ay, be graded fuzzy n-1-absorbing primary hyperideals of R for some graded fuzzy
1-absorbing primary hyperideal n of R. Then A = (" A; is a graded fuzzy n-1-absorbing primary hyperideal of R.

i=1
Proof. Suppose that x;; o y; o z, € A and xy oy, € A where x; ,Y;,2, € FH(R). Then x; oy & A; for some
n>i>1landxjoy;oz CA for alln>i> 1 Since 7j;is a graded fuzzy 1-absorbing primary hyperideal of R,

we have z € FGrad(A)) =n = ﬂ FGrad(\;) = FGmd(ﬂ Ai) = FGrad(A). So A is a graded fuzzy n-1-absorbing
primary hyperideal of R. [

Theorem 3.23. Let {A; | i € I} be a directed collection of graded fuzzy 1-absorbing primary hyperideals of R. Then
the graded fuzzy hyperideal A = \J A; is a graded fuzzy 1-absorbing primary hyperideal of R.
i€l

Proof. Suppose that x o y5 0z, € A and x}, o y; & A for some x}, y;,z, € FH(R). Then there exists j € I such
thatxj o y; 0z, C A;and xj o y5 ¢ A; forall j € I. Since A, is a graded fuzzy 1-absorbing primary hyperideal
of R, then we have

zl’i € FGrad(A;) € LéJIFGrad(/\i) = FGmd(gI Af) = FGrad(A).
1 1

Thus A = |J A, is a graded fuzzy 1-absorbing primary hyperideal of R. [

iel

Definition 3.24. [21] LetR = @gec Ryand S = ®geG S, be two G-graded multiplicative hyperrings. The function
f R — Sis called a graded homomorphism, if

(i) foranya,b e R, f(a+0b) = f(a)+ f(b),
(ii) foranya,b e R, f(aob) C f(a) o f(b),
(iii) f(Ry) €S, forany g € G.

In particular, f is called a graded good homomorphism in case f(a o b) = f(a) o f(b). The kernel of a
graded homomorphism is defined as

Ker(f) = f'((0)) = {r e R: f(r) € (0)}

and note that f(0) may not be a zero element.

If Q is a graded hyperideal of Sand f : R — S is a graded good homomorphism, then f~1(Q) is a graded
hyperideal of R. If I is a graded hyperideal of R and f : R — S is an onto graded good homomorphism,
then f(I) is a graded hyperideal of S.

Theorem 3.25. Let f : R — S be an onto graded good homomorphism of graded multiplicative hyperrings. If A is a
graded fuzzy 1-absorbing primary hyperideal of R, which is constant on Ker f, then f(A) is a graded fuzzy 1-absorbing
primary hyperideal of S.

Proof. Assume that xj o yh oz C f(A), where x}, y;, z, are homogeneous fuzzy points of S where g,/,k € G
and r,s,t € [0,1]. Smce fis an onto graded good homomorphlsm, then there exist a,,, by,, ¢;; € H(R) such

that f(a,) = x4, f(bg,) = yn, f(cy;) = zx. Thus from

(xy O Y O Zk)rasnt = x; o ]/Z o Z]t( C f(h)
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we have
rasAts fDomez) = N\ fAP)
Bexgoynoz
= fO(f@g) o fbp) o fle) = [\ FNO)

Qef(’lm )of(bgz )Of(ch)
= fA)(flag, obgocs) = N fA)(F(@)

acag, obg, ocyy

=AMy obpoc)= N\ A

aedg, oby, ocgy

because A is constant on Kerf. Then we getaj, ob?, ocj. C A. Since A is a graded fuzzy 1-absorbing primary
hyperideal of R, then a o bs CAor c € FGmd(A) Thus

rAs<Aag oby) = [\ A@)

,
o’ €ag, obg,

= fM(f@ag o) =\ FA(f@))

/
a’€ag, by,

= fMgom = [\ FHO)

VEXGOYn
and so xj, o y; € f(A) or

t < FGrad(A)(cg,)

= f(EGrad(A))(f(cs))
= f(EGrad(A))(z)

so z; € f(FGrad(A)). Hence f(A) is a graded fuzzy 1-absorbing primary hyperideal of S. [

Theorem 3.26. Let f : R — S be a graded good homomorphism of graded multiplicative hyperrings. If u is a graded
fuzzy 1-absorbing primary hyperideal of S, then f~'(u) is a graded fuzzy 1-absorbing primary hyperideal of R.

Proof. Letx},oy; oz ~}(u), where X}, ¥;, 2, are homogeneous fuzzy points of R and g,k € G. Then

rASAES FI g omozm) = N\ FWE)

B €xy0ypozk

= u(f(xgoynoz) = /\ u(f(B)

B’ €x 002k

=u(f)o fywof@n = N\ p@.
acf(xg)of(yn)of(zr)

Assume that f(x,) = a,,, f(yn) = by,, f(zx) = ¢4, € S. Thus we have that

rAsAt < u(ag obg ocy)= A )

Beag obgyocq
and aj, o by, ocj, C . Since p is a graded fuzzy 1-absorbing primary hyperideal of R, then

ay, o by, C worcy, € FGrad(u).
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Ifa, o by, C u, then

rASs < p(ag, oby,) = /\ pa’)

/
a’€ag, oby,

=u(feofu) = N we)
0'ef(xg)of(yn)

=u(fegoy = /\ w(fe)

YEXgOYn
= o =\ ).
VEXgOYn

Thus we get x}, o y5 C f~'(w). If ¢}, € FGrad(u), then

t < FGrad(u)(cg,)
= FGrad(u(f(zx)))
= fY(FGrad(u(zy)))

so we have z;{ € f"Y(FGrad(u)). Therefore the proof is complete. [

Definition 3.27. Let A be a graded fuzzy hyperideal of R. A is said to be a graded fuzzy strongly 1-absorbing primary
hyperideal of R if it is non-constant and whenever v1, vy, v3 are graded fuzzy hyperideals of R with vi ovy o vz C A,
then

10V C Aorvs C FGrad(A).

Theorem 3.28. Every graded fuzzy strongly 1-absorbing primary hyperideal of R is a graded fuzzy 1-absorbing
primary hyperideal of R.

Proof. The proof is straightforward. O

Corollary 3.29. Let A be a graded hyperideal of a strongly distributive graded multiplicative hyrperring R. Then A
is a graded fuzzy strongly 1-absorbing primary hyperideal of R if and only if for any fuzzy subgroups 1,,,1g,, 14, of
Ry, Ry,, Ry, respectively, 04, © g, 0 1y, S A, then

Mgy © Mg, © A 0r 1y, C FGrad())
where g1, 92,93 € G.

4. Graded fuzzy weakly completely 1-absorbing primary hyperideals

In this section, we introduce the new concepts of graded fuzzy 1-absorbing primary hyperideals of a G-
graded multiplicative hyperring R such as graded fuzzy weakly completely 1-absorbing prime hyperideals,
graded fuzzy weakly completely primary hyperideals and graded fuzzy weakly completely 1-absorbing
primary hyperideals. Some basic properties and characterizations of these structures are proved.

Let R be a G-graded commutative multiplicative hyperring with identity. We denote by FH(R) the set
of all homogeneous fuzzy points of (R, +, o).

Definition 4.1. (a) Let A be a non-constant graded fuzzy hyperideal of R. Then A is said to be a graded fuzzy weakly
completely 1-absorbing prime hyperideal if for any non-unit elements x,, y;, zx € H(R),

Axgoypoz)= A Ma)<Axzoyn) = A AP)

QEXGOY0Zk Bexgoyy

or
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AMxgoynozi)= N Ma) < A(z)

(EX,OY},0Zk

(b) Let 11 be a non-constant graded fuzzy hyperideal of R. Then 1 is called a graded fuzzy weakly completely
primary hyperideal of R if for all non-unit elements x4, y, zx € H(R),

AMxgoyn) = N AMa) < Axy)

QEX,0Yp

or

Moxgoy)= A A@) < FGrad()(yy).

a€xgoyy,

(c) Let A be a non-constant graded fuzzy hyperideal of R. Then A is said to be a graded fuzzy weakly completely
1-absorbing primary hyperideal if for any non-unit elements x,, yu, zx € H(R),

Axgoypoz)= A Ma)<Alxgoyn) = A APB)

QEXGOY0Zk Bexgoyn

or

AMxgoypozi)= A Ma) < FGrad(A)(zy).

QEXGOY)OZk

Example 4.2. Consider Zy-graded multiplicative hyperring R = (Zali], +, o) with A = {1, 2, 4} and take the graded
fuzzy hyperideal

1 x=0;
C(x) =42 xe(@®—{0};
3 xez[i]-(8).

Then Cis a graded fuzzy weakly completely 1-absorbing primary hyperideal. Assume that C(x, o yy o zx) > C(x4 © yp,)
forany x4, yn, zx € H(R). Hence C(x;0yp0z;) = % and C(x;0yn) = %, soxgoypozx C(8)—{0}and x,0y, & (8)—{0}.
Since (8) is a graded primary hyperideal of R, then z; € FGrad(C) where

1 x=0;
FGrad(Q)(x) ={2 xe€(2)-{0}
1 xezil- ).

Theorem 4.3. Every graded fuzzy weakly completely primary hyperideal of R is a graded fuzzy weakly completely
1-absorbing primary hyperideal of R.

Proof. The proof is straightforward. [J

Theorem 4.4. (i) Every graded fuzzy primary hyperideal of R is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of R.

(ii) Every graded fuzzy weakly completely primary hyperideal of R is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of R.

Proof. (i) Let A be a graded fuzzy primary hyperideal of R. Assume that
AMxgoynoz)= N Ma)>Alxgoy) = A Ap)

QEX,O0YOZk ﬁexgoyh
for any x;, yi, zx € H(R). From the definition of a graded fuzzy primary hyperideal of R, we get
Axgoypozr)= A AMa) < FGrad(A)(zx).

QEXGOY; 0z
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So A is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.
(i) The proof is straightforward. [J

Theorem 4.5. Let A be a graded fuzzy hyperideal of R. The following statements are equivalent:
(i) Ais a graded fuzzy weakly completely 1-absorbing primary hyperideal of R.
(ii) For every a € [0, A(0)], the level subset A* of A is a 1-absorbing primary hyperideal of R.

Proof. (i) = (ii) Let A be a graded fuzzy weakly completely 1-absorbing primary hyperideal of R. Suppose
that x;, y, zx € H(R) and A(x; o yj © zx) € A® for some a € [0, A(0)]. Then

max {A(xg oyn)= AN A®Y), FGmd()\)(zk)} =Axgoynoz)= A AP =a.
VEXgOYn Bexgoynozk
Hence

AMxgoyn) = A A(y) 2 aor FGrad(A)(zx) > a,

V&XgoUn
which implies
X0 yn © A% or zx € FGrad(A®).

Therefore, A* is a 1-absorbing primary hyperideal of R.
(if) = (i) Suppose that A“ is a 1-absorbing primary hyperideal of R for every o € [0, A(0)]. Let

AMxgoynoz)= AN AP)=a

Bex oynoz
for any x;, yi, zx € H(R). Then x,; o y; 0 zx € A* and A® is a 1-absorbing primary hyperideal. Thus it gives
Xy 0y © A% or z; € FGrad(A®).
Thus
AMxgoyn) = A A(B) = aor FGrad(A)(zx) = a,

YEX oY)
which implies
max {)\(xg oyn)= A AD), FGmd(/\)(zk)} >a= A APB) = Axy0ypo0zg).
VEX oY Bexgoynozk
Also since A is a graded fuzzy hyperideal of R, we have
AMxgoypozr)= A A(B) 2 max {A(xg oyn)= A A®D), FGmd()\)(zk)}.
BexgoynozK VEXOUn
Hence
AMxgoypozr)= A A(f) = max {)\(xg oyn)= AN A®Y), FGmd(/\)(zk)}.
Bex oyp0zK YEXGoYn
Therefore, A is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R. [
Theorem 4.6. Let f : R — S be an onto graded good homomorphism of graded multiplicative hyperrings. If A is

a graded fuzzy weakly completely 1-absorbing primary hyperideal of R, which is constant on Kerf, then f(A) is a
graded fuzzy weakly completely 1-absorbing primary hyperideal of S.

Proof. Suppose that
fM&goynoz)= N fB) > f(Mxgoy) = A fNY)

}gexgoyhozk YEXGOYn
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for any x,, yi, zx € H(R). Since f is an onto graded good homomorphism, then

flag,) = xg, f(bg,) = yn, f(cg,) = 2k

for some ay,, by,, c;, € H(R). So

fGgoyoz)= [\ FAEB)

BEXOYnOzZK
= fOf@g) o fbp) o fle) = [\ FNO)

0cf(ag,)of(bg,)of(cgs)
£ fMom = [\ FHO)

)/Exgoyh

= fN(f@ag)o fb)) = N\ FNQ
Cef(ayl )of(bgz)

= fO(f@g obp) = [\ fANf(@).

acag, Obﬂz

Since A is constant on Kerf,

fM(f(ag 0bg, 0c5)) = N fAfO) = Aag, oby, 0c0) = N\ A(D)

0€ag, obg, ocg, 0€ag, obg, ocg,
and

fM(fag, 0bg,)) = A fIN(f(@) = Aag, 0bg) = N A@).

acag, obg2 acag, 01792
It means that

FM)(f(ag, o by, o cg)) = Alag, o by, 0 cgy) > Alay, o by,) = f(A)(f(ag, o by,)).

Since A is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R, we have

Mag obyoc) = /\  A©

b€ag, obg, ocg,

= fN(f(@ag,) © flbe) © fleg,)) = A (G

0€f(ag,)of(bg,)of(cgy)
= fMoyez)= N\ fNB)
ﬁexg°yh°Zk

< FGrad(A)(cg,) = f(FGrad(A))(f(c,,)) = f(FGrad(A))(z)

so, we get f(A)(x, o yy 0 zx) < f(FGrad(A))(zx). Thus f(A) is a graded fuzzy weakly completely 1-absorbing
primary hyperideal of S. [

Theorem 4.7. Let f : R — S be a graded good homomorphism of graded multiplicative hyperrings. If v is a
graded fuzzy weakly completely 1-absorbing primary hyperideal of S, then f~1(v) is a graded fuzzy weakly completely
1-absorbing primary hyperideal of R.

Proof. Assume that

0oz = A fOE) > 0oy = A fO0)

BEX 0YROZK YEXgOYn
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for any x,, y, zx € H(R). Then

o omom = [\ 0@

BExgoyn0zk

=v(frgoyoz) = [\ vfP)

ﬁEXgOyhozk

=v(fr)o fme fa) = N\ FoNO)
0" f(xg)of (yn)of (zx)

> 0oy = [\ 0@

QEXGOYy

=v(fergom) = /\ v(f@)

QEX oYy

=v(fe)o fM= N fOE).
Cef(xg)of(yn)

Since v is a graded fuzzy weakly completely 1-absorbing primary hyperideal of S, we have

o omoz = [\ 0@

BExgoYK0ZK

=v(fer)o fm e fa) = N\ FoxO)
0’ f(xg)of (yn)of (zx)

< FGrad(v)(f(z)) = £~ (FGrad(v))(z)
= FGrad(f~ (v)(z)).
Therefore f~!(v) is a graded fuzzy weakly completely 1-absorbing primary hyperideal of R. [

Corollary 4.8. Let f be a graded good homomorphism from R onto S. f induces a one-to-one inclusion preserving
correspondence between graded fuzzy weakly completely 1-absorbing hyperideal of S in such a way that if A is a graded
fuzzy weakly completely 1-absorbing hyperideal of R constant on Ker(f), then f(A) is the corresponding graded fuzzy
weakly completely 1-absorbing hyperideal of S, and if v is a graded fuzzy weakly completely 1-absorbing hyperideal of
S, then f~1(v) is the corresponding graded fuzzy weakly completely 1-absorbing hyperideal of R.

Remark 4.9. Note that the following diagram shows the transition between definitions of graded fuzzy hyperideals:

gfw.c. prime —— g.faw.c. 1-absorbing prime —— g.fw.c. 1-absorbing primary

| | |

g.f. prime ———— g.f. 1-absorbing prime ————— g.f. 1-absorbing primary

g.f. primary
and also we have

g.f. 1-absorbing primary ——s- g.f. 2-absorbing primary

| T

g.f. prime ————— g¢.f. 1-absorbing prime
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5. Conclusions

In this article, we introduced the concepts of graded fuzzy radical of a graded fuzzy hyperideal and
graded fuzzy primary hyperideals of a graded hyperring as a generalization of primary hyperideals.
We investigated the basic properties of these notions and presented some examples. Furthermore, we
introduced the concepts of graded fuzzy absorbing primary hyperideals of a G-graded multiplicative
hyperring R such as graded fuzzy 1-absorbing primary hyperideals, graded fuzzy strongly 1-absorbing
primary hyperideals, graded fuzzy 2-absorbing primary hyperideals, graded fuzzy weakly completely
primary hyperideals and graded fuzzy weakly completely 1-absorbing primary hyperideals. Many basic
properties and characterizations of these structures were proved. We proved that every graded fuzzy
1-absorbing primary hyperideal is a graded fuzzy 2-absorbing primary hyperideal and by an example, we
showed that its converse doesn’t hold. We investigated every graded fuzzy strongly 1-absorbing primary
hyperideal is a graded fuzzy 1-absorbing primary hyperideal, but its converse is an open problem. Many
results were given to show the relations between these new concepts and other fuzzy hyperideals. Finally,
by diagrams, we showed the relationship between these definitions.
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