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Reconstruction of the Sturm-Liouville operator from nodal data

Rauf Amirov?

?Sivas Cumhuriyet University, Faculty of Science, Department of Mathematics, 58140 Turkey

Abstract. In this study, the inverse nodal problem for second order differential operators on a finite
interval with discontinuity conditions inside the interval is studied. For each discontinuity point d €
R = {rn,r € (0,1) N Q}, the existence of the solution of the inverse nodal problem has been proven and a
constructive procedure for the solution is provided.

1. Introduction

One of the solution methods for the inverse problems of the Sturm-Liouville operators is to use the
zeros of the eigenfunctions. These zeros are also called nodal points. Trying to reconstruct the coefficients
of the operator from the asymptotic formula of the nodal points is known as inverse nodal problem. This
problem for Sturm-Liouville operator was first investigated by McLaughlin in [1].She accomplished to
prove that this type of inverse problem has a unique solution. Same further numerical calculations for
potential reconstruction are give in [2]. In 1997, Ch.-E.Yang [8] obtained a definite algorithm for the solution
of inverse nodal problems with separated boundary conditions. Later, similar results for various boundary
conditions were obtained in (see [3 — 7,9 — 16] and references there in ). Next, inverse nodal problems for
Sturm-Liouville operators with discontinuous conditions was first investigated by Chung-Tsun Shieh and
V.A. Yurko in [11]. Later, the result obtained in the [11] generalized the by C.F. Yang in [10] using the
same method. In particular, in the study [10], the uniqueness theorems and the stability feature of these
problems were examined according to different characteristics regarding the solution of the inverse nodal

1
problem for the Sturm-Liouville operator with discontinuity at d = = € [0, 1] (midpoint of the part). In [21]
studied a boundary value problem consisting of a Sturm-Liouville equation with conditions dependent of
the spectral parameter and discontinuous conditions in point x = g is investigated. Additionally, in studies

[22 — 25], inverse nodal problems and their important properties were examined for regular Sturm-Liouville
and Dirac operators given with different properties. In this paper proved the uniquenessed theorem for
solution of the inverse nodal problem, present constructive procedure for the potential function by using
nodal lengths and studied Lipschitz stability for the inverse problem. In this study, the uniqueness theorem
is proved for the solution of the inverse nodal problem to determine the potential function when the
discontinuity point is the midpoint of the segment. However, the solution of the nodal inverse problem is
not given when the point of discontinuity is any point in the interval.
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In this paper, unlike previous studies on this subject, when the discontinuity point (0, 7t) is any of the
countable number of irrational points in the form of d, = rr, (r € (0,1) N Q), the proof of the uniqueness
theorem is given for the solution of the inverse nodal problem and give an algorithm for the reconstruction
of the coefficients of the problem using asymptotic of the nodal points.

Consider the following boundary value problem L = L(g,h, H,a1,a,,d) with discontinuity conditions
inside the interval:

—y” +gx)y=Ay, O0<x<m, (@)
U(y) ==y (0) —hy(0) =0, V(y) := y (1) + Hy (1) = 0, 2)
y@d+0) =amy@d-0), y (d+0)=a;'y (d-0)+a y(d-0). 3)

Hered € R := {rm,r € (0,1) N Q}, A is the spectral parameter, 4(x) is a real valued function, i, H, a1, a, are
real numbers, g(x) € L (0, ©) and a; > 0.
Without loss of generality we assume that

f g(x)dx = 0. (4)
0

2. Main results

In the first part of this section, the asymptotics of the nodal points of the problem L are given. Then,
we obtain uniqueness theorem and a procedure of recovering the potential g(x) on the whole interval (0, 77)
from a dense subset of nodal points.

Let y(x) and z(x) be continuously differentiable functions on [0, d] and on [d, 7t]. Denote(y,z) := yz' —y z.
If y(x) and z(x) satisfy the matching conditions (3), then

(}/, Z) ly=d—0= <]// Z> ly=d+0 - ®)

Let ¢ (x, A) be the solution of equation (1) satisfying the initial conditions y(0,A) = 1, y (0, A) = h and
the discontinuity conditions (3). Then U () = 0. Denote A (1) := =V(¢). The function A (A) is entire in A of
order % and its zeros {A,},5¢ coincide with the eigenvalues of L. The function A (1) is called the characteristic
function for L. Since the boundary value problem L is self-adjoint, all zeros of A (1) are real and simple (see
(11

Let A = p?, 7 := Im p. For |A| = co uniformly in x on has (see [1] and [17]);

sin px

@ (x,A) = cos px + (h + Q(x)) + 0(% exp (|1] x)),x <d, (6)

pxA) = (111r cos px +aj cos p (2d — x)) + Q1 (x) sir21§x + Qo (x) %;i—x) +0 (% exp (|1] x)) ,x>d, (7)
@’ (x,A) = —psin px + (h + Q(x)) cos px + o (exp (7] X)), x < d, (8)

@' (x,A) = p(—a] sin px +aj sin p(2d —x)) + %Ql (xx) cos px — %Qz (x)cosp(2d —x)+o(exp (|7|x)), x> d, (9)
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where
Q) = % f g(t)dt, Qi (x)=aj(2h+2Q(x)) +az, Q2 (x) = ay(2h —2Q(x) +4Q(d)) — a2,

0

1 _ o1 -
aj = E(al +a11), ay = 5(:11 —all).
Theorem 2.1. Let {A,},»1 be the eigenvalues and ¢ (x, A,,) be the eigenfunctions of problem L. For sufficiently large
n, the following asymptotic relations hold:

d, 1
pn=92+—o+0(—o)f 10
Pn P
0 sin pYx 1
@ (x,Ay) = cos px + (h + Q(x) — dyx) 550 +o|—exp (tlx)|,x<d (11)
Pn Pn
0
@ (x,Aw) = af cos px +aj cos p)(2d — x) + [Qy (x) — dyux] Slz;"x
sin p%(2d — x) 1 ’ (12)
+[Q2 (¥) = d,(2d — )] ———F—— +o| 5 exp(tlx)|, x> d,
2pu P
where p),’s are the zeros of the Ay (A) = p (—111r sin p7t + a; sinp (2d — n)) function and
(Ha;r + %Ql (n)) cos pom + (Ha; - %QZ (n))cos p%(2d — n)
d, = .
aicos pym —ay (2d — ) cos pf) (2d — )
Proof. It follows from (7) and (9) that for |A| — oo
AA)= p (—a{r sin p7t +a; sinp (2d — 7'()) + (Ha{r + %Ql (n)) Cos pT
(13)

+ (Hazr - %Q2 (n)) cos p(2d — 1) + o (exp (|7| )) .
Let

AA)=p (—a{' sin prt + a7 sin p (2d — Tl)) .

Denote Gs := {p : )p — p2| >6>0,n=0,1,2, }, where 6 is sufficiently small number. As shown in [2]

that for p € Gj, |A (p)| > C(0) |p’ exp (It 7).

Since the function p'A () is type of “sine” ([13] p.119), the number y; exists such that for all n > 1,
[20 o)

It can be shown using classical methods in [1] that the sequence {p,},., satisfies the asymptotic relation
(10), i.e. first part of theorem is provided.

Let ¢ (x, A,) be the eigenfunctions of the problem L. From (6), (7) and (10), we can see easily the asymptotic
formulas (11) and (12) are valid for sufficiently large n. Hence, the second part of the theorem is provided.

For the boundary value problem L an analog of Sturm’s oscillation theorem is true. More precisely, the
eigenfunction ¢ (x, A,,) has exactly n (simple) zeros inside the interval (0, 7t), namely: 0 < x} < x2 < ... <
xn < T

The set X(L) := {x{l n=12,.,j7=12,... n} is called the set of nodal points of the boundary value
problem L. O

> ys > 0. If the study [10] is used then we get that p) = 1 + I, where sup |1,| < M. Also, A = 0.
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Theorem 2.2. The following asymtotic expression is provided

o _ (100 —3)m i) _ g o)1 11| w
o = ot [+ Q (") - )| o +0 o )" € (0,d), (14)
o) — 1 o jin)
I M " loarctan( 4 sin2dp, 0) +AHB(x" 2) vo| —— |4 e @), (15)
Pn Jo al +aj cos 2dp}, 5 (po) (pg

for sufficiently large n, uniformly with respect to j, where

. ({11r +aj cos 2dp2)2
=

(ai“ + a7 cos 2dp9,)2 + (bz sin de(r)l)Z ,

Q1(x) — Qa(x) cos 2dp® — dx + d,, (2d — x) cos 2dp’) A [Qa(x) —d, (2d = x)]

B, (x) = sin deg.

= 0
aj +ay cos 2dp, (a{r +a; cos 2dp9,)

Proof. Use the asymptotic formulas for the case x < d and x > d respectively (11) and (12) to get

. . , o7 sin px/™ 1 - ;
0=¢ (xfz(n), )\,,) = cos pOx™ + [h +Q (xf,(")) - dnxﬂl(")] # +o0 (E exp (|T| xﬁ,("))) ™ € (0,d),

Pn n
jim 0. jm 0 i jim o7 sin pix)”
_ n _ + n - n n n n'n
0= go(xn ,An) = af cosp,x,  +ajcosp, (Zd — X ) + [Q1 (xn ) —dx), T
i 0 j(n)
i) jo SN PR (24 — x, )
+[Q2 (1)) - du(2d - 2] —
1 ji(n i(n
+0(E exp (lrlx,]q( ))),x{f Ve, n),
and so
joy | T\ _ ) jon1 1 L) o
tan (pux)” + 5 =[n+Q(x") - dux) ]E+o ) € (0,d), (16)
—_ . O
oy T ) _ _ % sin2dp, oy 1 (1) 17
tan(pnxn +3 o+ cos 2490 + B, (xn )ng +0 0 X, € (d, m). (17)
If we apply the identity
. o - |
arctan o — arctan § = arcsin ,
Va+a?)(1+p%)

we get the asymptotic formulas (14) and (15) for the nodal points from the equations (16) and (17). Theorem
2.2is provided. [

It is clear from the expression of {p‘,’,}n>1 that {h,},> is a real sequence. Since sup |h,| < M < +oo, let’s

n
choose subsequence {1;};-o C IN as %imhnk = h, < +oo. Let’s define the set R = {rn v = 5, p<qg,p g€ ]N}.
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It is clear that the set R is dense in the range (0, 7t) and consists of irrational numbers in the form rn,r €
(0,1) N Q, in this range.

Letustakeany pointd € R C (0, ) and choose the sequence {1 };»o with r = gy ,(mk eN, I}im My = +oo) .

1t
me ()’
asymptotic formulas for the nodal points of the problem L, for k — oo uniformly in j:

In this case, since sin 2dp,, = sin2dh,,, cos2dp,, = cos2dh,, and p% = 0 (#) , we get following
n, k

. 1 . 1
) (](nk) - E)n B (](nk) B f)n ) jo] 1 1 ](”lk) 18
X" = " TR T, [h + Q( ) dy X)), —(nk)2 +0 wr) € (0,d), (18)
oy (=3 (joy-3)n a7 sin 24,
Xy = - hy, + — arctan | ——
1k (1x)? 1k ay +ay cos 2dhy, (19)
— hnk arctan M Bnk (x’]n(l\nk)) 1 nk) c (d n)
(113)2 a; + aj cos 2dhy, M2 ()2 n)?)’
where

A (a{' +a; cos Zdh,,k)2
' (a{ +a; cos Zdhnk)2 + (al’ sin Zdhnk)2 ,

Q1 (¥") = Qa (v/") cos 2y, = d " + d (2 = x[) cos 24,
aj +aj cos2dhy,
a7 [Qa (6h™) = d, (2 - )]
(ai’ +a; cos Zdhnk)z

() -

(sin2dh,, ).

j(n)

Let Xy (L) = { ), =12, 70m) =1,2,.. nk} be a subsequence of the numbers x,; ' that is dense on

(0, ). According to above result the existence of such set is obvious.

Theorem 2.3. For x € (0,7), let Xo (L) € X (L) and %L%x']}knk) = x. Then, for any point d € R the following limits

exist and are finite:

fi@):= lim [ X (] (1) — -) ] — xhy,x € [0,d), 20)
i _1
g1 (x) := limn [nkx](”k) ( i (i) — %) T+ (](nkl—‘l)nh} =+ Q) - xdy, x €[0,d) 1)
k

aj sin 2dhg

Wm), x€(dn], (22)

fo(x):= hm [nkx’( ) (] (ny) — %)7‘(] = xhy + arctan(

] —1
g2(x) = llm”k [”kx]( " (] () — %)7‘( + M

hy, — arctan( (23)

P —T
al +aj cos2dhy,

aj sin 2dhy,
N

a; sin 2dhyg

= hparctan| ——
0 (a;f +a; cos 2dhy

)+ 34080 0, x € 7,
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where

(azr +a; cos 2dh0)2

Ag=1i An = ’
0T (a;f +aj cos chho)2 + (a; sin 201110)2

. jony _ Q1 (¥) = Qa (x) cos 2dho — dox + do (2d — x) cos 2dlhg
Bo(x) = ]}1_{10103"1{ ('x”k ) - aj +aj cos2dhy

a7 [Q2 (x) — do (2d — )]

(a;f +a; cos Zdho)

(sin 2dhy)?,

(Ha;r + %Ql (n))cos 1thy + (Hal‘ - %Qz (n)) cos(2d — m)hy

do = limd,, =
0 kg?o k ajmcos thy —ay (2d — 1) cos (2d — 1) ho

Proof. Letd € R c (0, ) be any point. For each fixed x € [0, 7]\ {d}, there exists a sequence (x{,(”)) converges

to x. For ny = qmy, my. € IN, the subsequence (x,];(knk)) converges also to x. Since we get from the asymptotics

from (18) and (19), the limits (20)-(23) exist and they are finite. Therefore the theorem is provided. O

Let us now state a uniqueness theorem and present a constructive procedure for solving inverse nodal
problem.

Theorem 2.4. Let Xy (L) € X (L) be a subset of nodal points which is dense in (0, 7). Then, for any d € R the
specification of Xo (L) uniquely determines the potential q(x) a.e. on (0, 7t) and the coefficients h and H. The potential
q(x) and the number h can be constructed via the following algorithm:

1. For each x € [0, ], we choose a sequence {x{f”)} C Xo (L) such that

limx/™ = x.

n—o0

2. From (21), we find the function g1(x) and from g,(0) we calculate
= g1(0). (24)

3. From (23), we find the function g,(x) and from g,(mt) we calculate

d
fq(t)dt =2G (H, gl (0) ,I’lo, 111,{12) . (25)

0

4. The function g(x) is determined from the equalities (21) and (23) as follows:

[ 14 1) + %2 | cos eho + [y (1 = 1y + 2| cos (2 = ) g

q(x) = zgl (JC) - (1‘1"7'( cos nho - al_ (Zd - ﬂ) COS (Zd - ﬂ) l’lO (26)
2a7 cos (2d — 1) hoG (H, 91 (0) , ho, a1, a2)
x €[0,d),

aymcos mthy — a; (2d — 11) cos (2d — 1) ho’




R. Amirov / Filomat 38:14 (2024), 5051-5060 5057

2 [(a{' +a; cos ZdhO)2 + (a; sin Zdho)z]

9(x) = 5 e
(ai’ +aj cos Zdho) +a; sin? 2dhy
[a{f (H+ 4:1(0)) + %2] cos 1thy + [”1_ (H-1(0)) + %2] cos (2d — m) hy
+ 2A0 (27)
[ai’n cos thy — aj (2d — 1) cos (2d — 7) hO] (a{f +aj cos Zdho)
4 [(a{f +a; cos 2dh0)2 + (a; sin 2dh0)2] aj cos (2d — 1) ho sin? dhyG (H, 71 (0), ho,a1,a7)
+ ,
[a;n cos 1thy — a; (2d — 7t) cos (2d — 1) hg] [(af +a; cos 201%10)2 +a; sin® 2dh0] (al+ +a; cos 2dh0)
x€,mnl,

Proof. Formulas (24), (25), (26) and (27) can be derived from (21) and (23) step by step. We obtain the
following reconstruction procedure:
i) By taking value of g; (x) at x = 0, then we obtain & = g,(0).
d

ii) By taking value of g, (x) at x = 7, then we obtain f q(t)dt = 2G (H, g1 (0), ho, a1, a2) .

0
iii) By taking derivatives of the functions g;(x), (i = 1,2), we obtain (26) and (27).
Let the function 1 (x, 1) be the solution of (1) under the initial conditions ¢ (7, A) = 1,9 (%, A) = —H,
and discontinuity conditions (3). It is clear that ¢ (x, A,) = B¢ (x, A,,) , where 8, = 1;/ 0,7,).

To complete the proof, consider a sequence {x{,(n)} C X (L) that converges to ™ and write equation (1) for
Y (x, A,) and 1,3 (x, Xn) as follows

(o) a0 (0 T) = T (6 ),
=" (x, An) + g (x, Ay) = A (x, An) -
If these equations are multiplied by i (x, A,,) and IF/; (x, Xn) , respectively, subtracted from each other and
integrated over the interval (xil("), 71), the equality

Y (7, A (10, An) = 97 (%, A0) 9 (1, A) = (A = A) f{p”(xﬁn) ¥ (x, ) dx

jin)

X

is obtained. Using (10), we get the following estimate for sufficiently large n

Tt

H- =24~ 8) +o)] [§(67,) 900
le(n)
Since the sequences (d,) and (Zi:,) are bounded, then H = H. This completes the proof. [
Corollary 2.5. If hy =0, then f1 (x) = 0and f, (x) = 0. In this case h = g1 (0),

1
s (a{f + ”1_) —2a7d

YH+h “(H-nh
al_Q(d)z{_(“T+”1_)92(n)+(“1+_ﬂf)91(0)+a2+(n_d)a( +h) +a;( )+a2}x

T (aT + al‘) —2a7d

(n—d) —2[n((af +a;) - 2a7d)]
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1
+ — X
ajm —a;(2d — )
R _
al(H+h)+a1(H—h)+a2}

T (111’ + a[) —2a7d

aj(H+h)+a (H-h) +ay
afm —a;(2d — )

q(x) = 2 [9'1 (x) +

X {—(a; +a;7) g2 () + (@} = a7) 91 (0) + a2 + (m — d)
s (a{r + al‘) —2a7d

-y —2[r((ar +a7) - 27d)]

,x€[0,d),

at(H +h) +a(H—h) +a }+ 2 y
(a] +ay) [n (a{r + al‘) - 2a1‘d] (a7 +ay) [7‘( (air + ul‘) - Zal‘d]
at(H +h) +a;(H - h) +a2}

i (a; + al‘) — 2a1‘d

qx) = 2 [9'2 (x) +

X —(a{f +a1‘)gz(n)+(a1' —al‘)gl 0)+ay +(m—d)
T (al* + al’) —2a7d

“r—d) -2 [7e((at +a;) - 2074)]

,x € (d,n].

Corollary 2.6. Letd = g Then hy, = 0 for all n, consequently hy = 0. In this case, we get the following equalities:

71(0) =h,
2 +
a;Q(3) = sz—;azf) {— (111r + a;)gz (m) + (111r - a;)gl 0)+ar + % [aT(H +41(0)) + a7 (H — 1(0)) + az]},

q(x) = {2g'1 (x) + ﬁ [— (a{r + a[)gz (m) + (a{f - al‘)gl 0) + az]

2

+ n(ﬁ—l) [QT(H +41(0)) + a7 (H — g1(0)) + az]},x c [0, g),

3 , 4
90) = 2{92 @+ 71(1 —4al+ (al+ +a;
2[— (af +a;)gz (m) + (ﬂf —ﬂi)!]l ©) +ﬂ2]}/x . (E,n].
71(4111+ —1) <a1+ +a1’)

2
Corollary 2.7. Inthe (1)-(3) problem, if the interval [0, 1] is taken instead of the interval [0, 7], it must bed € (0, 1)NQ
for the inverse nodal problem to be solvable.

[af (H + 91(0)) + a; (H = 2(0)) + a2

+

Corollary 2.8. In the (1)-(3) problem, if the interval [0, T] is taken instead of the interval [0, 1t], it must be % €
(0,1) N Q for the inverse nodal problem to be solvable.

Example 2.9. We consider the following discontinuity boundary value problem:
Cy:=—-y' +q(x)y=Ay, xeQ=[0,n]\{d},
¥y (0)=hy(0) =0,y (1) + Hy () = 0,
y@d+0)=myd-0), y(d+0) = a;ly’ (d—0)+a, y(d-0),

where g(x) € C'[0,7], h and H are unknown coefficients of the problem. If we take d = Z, then it is clear
that ho =0.
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For sufficiently large n, the nodal points provide the following asymptotic:
1

0 017 1) )

nd 6 nd nd

o VOB ) L

n n2

N =

o _ (](n) %) d, (ZXL(") - n) . 2h (al+ - al’) + 245, 2a; f;

+ - + -
n Ll1+ﬂ1 Ll1+ﬂ1 a +(l

(hat

. . 3
Jma | alim-3)m aller -yl (L) e (Zom).
T+ay | 6 nd 6 nd nd 27
According to these data, we can calculate g(x) and h. Let ny = 2k, k € Z, one can calculate that

j 1
lim 42 | /@ _ M

I 11, .
k—o0 2k 2k _gl(x)_h dox 6x+6x /xe(orz)/

. i(2k) — 1) T h (a —aj
2| R (] ( 2) ! f do (x 71)
lim 4k~ | x5, T =g (x) = v a e (Hdt

k—oo

ay—ay (11,
T a6 '
1 1

By the formulas (24), (25) and (26);
h=g1(0)),
q(x) =24, (x) + @ [—( al)(ZH + g2 (n) — (a —ay )gl 0) - az]
:xz—%—2d0+L[ (a -a )(2H+g2( ) — (a —a )gl(O) ] X € [0,;],

T (4511r — 1)

g(x) = 29/2(x>+7z(4a+—14)(a++a‘)[ (a +a- )gz(n)+(a -a )91(0)+a2

_2a+;(H + 1) =207 (H = 1) - 25
_ al —a; (xz_l)_ 2d

al +a; 3/ aj +aj
n(4a+—l4)(a++a)[ (I’ )(gz(n +2H) - (a —-a )gl(O)—az] xe[g,n],
1 1T
where
doznilT {H(a{'+a[)+%(l+%)H+;(1—2—})91(0)——+292(n)},
- hat —a7) Tz(af—a;)(nz—l) nd
“T“'al_fq(t)dt:_m(n)Jr ”Irl"'”fl T 6(a¥+a;) o +(111_.
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