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New fractional refinements of harmonic Hermite-Hadamard-Mercer
type inequalities via support line
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Abstract. In this research, we first provide new and refined fractional integral Mercer inequalities for
harmonic convex functions by deploying the idea of line of support. Thus, these refinements allow us to
develop new extensions for integral inequalities pertaining harmonic convex functions. We also provide
some new fractional auxiliary equalities in Mercer sense. By employing Mercer’s harmonic convexity on
them, we exhibit new fractional Mercer variants of trapezoid and midpoint type inequalities. We prove new
Hermite-Hadamard (H-H) type inequalities with special functions involving fractional integral operators.
For the development of these new integral inequalities, we use Power-mean, Holder’s and improved Holder
integral inequalities. We unveiled complicated integrals into simple forms by involving hypergeometric
functions. Visual illustrations demonstrate the accuracy and supremacy of the offered technique. As an
application, new bounds regarding hypergeometric functions as well as special means of R (real numbers)
and quadrature rule are exemplified to show the applicability and validity of the offered technique.

1. Introduction

The study of convex functions always gives stunning and magnificent sight of the beauty in advanced
mathematics. The mathematicians always pay attention and work hard in this direction to explore a large
variety of results that are fruitful and notable for applications. Inequalities in science and engineering have
seen a remarkable theoretical and practical development in recent years. One of the primary applications

of convex functions is in the construction of inequalities with useful applications (see [1-4]). The classical
convex mapping is defined as:

Definition 1.1. [1] A function ¢ : ] € R — Ris called convex (¢ € H())), if
Y(lor + (1 =0)oz) < ty(o1) + (1 = O)Y(o2), 1)

for each 61,0, € J and € € [0, 1] holds.
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The classical (H-H) inequality is a well-established inequality in the theory of convex functions with
geometrical interpretation and many applications. It states that if i is a convex function on the interval
[o1,07], then:

O'1+O'2 I1b((71 +ll)(02)
y(7 o f ped

The inequality holds in reversed direction if the function is concave on [o1, 02].

The (H-H) is a powerful tool for inequalities involving convex functions, and it can be used to prove other
important inequalities, such as the Jensen inequality. In [5], the authors discuss the importance of convex
functions in mathematics and other fields. They also provide a detailed overview of the (H-H) inequality and
its applications. In [6, 7], authors focuses on refinements of the (H-H) inequality. They introduce a new type
of weighted integral that can be used to improve the lower bound for the integral mean of a convex function.

The following characteristics of convex mappings are employed for further main findings.

Definition 1.2. [1] A mapping  on interval | has a support at point €y € ], if there exists an affine function
A(e) = Y(eo) + c(e — €9) such that A(e) < Y(e) for all € € |. The graph of support function A is support line for
function 1 at point €.

Theorem 1.3. [1] ¢ : (01,02) — R is a convex function iff there is at least one line of support for { at each
€ € (01,02).

Harmonic convex functions are a significant development of convex functions. Many work have been
devoted to generalising harmonic convex functions and finding (H-H) type inequalities for them. Several
interesting and important inequalities can be derived from harmonic convex functions. In the papers [8-10]
one can see many excellent inequalities for harmonically convex functions.

Definition 1.4. [8] A mapping ¢ : ] € R\ {0} — R is harmonically convex ( € Hx(])), if

0102
‘P(m) < ty(02) + (1 = OY(ov), o

forall 61,05 € Jand € € [0,1].
Proposition 1.5. [8] If i) : (0, 00) — R is convex and nondecreasing on (0, 00), then 1 € Hk(]).

Dragomir in [9] gave an important characterization of harmonic convex function as:

Remark 1.6. [9] Let [01,02] € ] C (O, oo) if functionl) : [+, L] — Rdefined ash(e) = gb(%), then 1 is harmonically
convex on [01, 0] iff b is convex on [+

a2’ 01
24 01

(H-H) inequality is the utmost important and extensively used result in inequality theory. In [8], Iscan
gave (H-H) type inequalities for harmonically convex mapping stated as:

Theorem 1.7. Let ¢ € Hx(]) and 01,02 € J with 61 < 02. If ¢ € L[o1, 03], then
2010, )< 0102 72 lP(e) 1#(01) +1)(02)
2 7

01+ 07 Oy — 01 €2

o ®)
A huge literature represent improvements and refinements of (H-H) integral inequalities pertaining har-
monic convex functions see [11-13].

Recently, Dragomir in [14], gave the notable Jensen type inequality for harmonic convex function ¢ € Hg(J)
on the interval | C (0, ), as:

k

l’b(k;f/) < Z CY(x;), 4)

Y vl
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holds for all x; € ], £; € [0,1] such that Z]]le tj=1for(j=1,2,3,..,k).
In 2020, a new variant of Jensen-type inequality was introduced by Baloch et al. in [15] as
if ¢ € Hg(J) on the interval | = [01, 02] € (0, o), then

1

1.1
(71+Uz Z]l)(/

¥ =) < Plon) + Plo2) - Z G, 5)

for all x; € [01,02], {; € [0,1] and (j = 1,2,3,....,k). Moreover in [15], they also gave a new variant of
Hermite-Hadamard-Mercer (H-H-M) inequalities by utilizing (5) for i € Hx([o1,02]) and A1, Az € [01,02]
as:

1 1 1A,
IP(L 1k ) < Ylon) +¢lo2) - fo ¢(m1 (1= f)Az)df

01 o) 2/\1A
< 9lon) + o - 9 222 ),

(6)

Theorem 1.8. [16] Let p, q > 1 are conjugate exponents. If 1,Y are real functions defined on | = [01,02] and if
[P, Y17 are integrable functions on interval |, then we have

f 2 [Y(e)Y(€)lde

01

< =o{( [ e -oweora) f (02 - enviere)
( f (e—al)|z,b(e)|”de) ( f " (e—ol)lY(e)que);}
< (fg e)Ipde f IY(e)que

Fractional analysis is one of the most attractive math topics due to its implementations. The fractional
operators of integral and derivative serve to improve the links between mathematics and other fields,
by giving answers that are more directly connected to real-world situations. In recent decades, a strong
direction of development in fractional calculus has caught the attention of researchers from numerous
disciplines to examine several possible approaches to construct fractional integrals. Fractional integral
and derivative operators have developed over time [17-19]. R. P. Agrwal and D. Baleanu, two well
recognized scholars, present the most up-to-date, short summary of fractional calculus in their research
paper "Fractional calculus in the sky" [20].

Tan et al. studied multi-parameterized inequalities involving the tempered fractional integral operators
[21]. They derived new inequalities for tempered fractional integrals via convex functions, and also applied
these inequalities to solve some problems in the theory of fractional calculus. Furthermore, Du et al.
studied Bullen-type inequalities via generalized fractional integrals along with their applications [22]. Du
et al. in [23, 24] presented fractional integral inclusions relations having exponential kernels via interval-
valued convex and co-ordinated convex mappings. They established new inclusion relations for fractional
double integrals of interval-valued convex functions, and they also applied these inequalities to solve
some problems in the theory of interval convex analysis. For more important results pertaining fractional
integral inequalities by different techniques (see [25-28]). In [17], Kilbas et al. presented well-known
Riemann-Liouville fractional operator defined as:
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Definition 1.9. [17] Let 01,0, € R with 01 < 0 and 1 € L[o1, 03], the Riemann-Liouville fractional operators are:

NARTGE ﬁ f (e — 0> 'Y(b)dl. € > oy,
o W(e) = ﬁ f 2 (€ —e)’Y(b)de, € < 0y,

where 9 > 0 and T(9) = j(;oo e~ed-1de.

In recent decades, a strong direction of development in fractional calculus has caught the attention of
researchers from numerous disciplines to examine several possible approaches to construct fractional
integrals. In [29], Iscan and S. Wu presented (H-H) type inequalities for ¢ € Hi(]) in fractional integral
forms as follows:

Theorem 1.10. Let ¢ : | = [01,02] € (0,00) — R be a function such that ¢ € L[oy,02] with 0 < 01 < 0. If
Y € Hk(J) on the interval | = [01, 02], then

3
l/)( 2010, )S F(9+1)( 0102 ) [ 3_(¢ob)(1)+ji+(¢ob)(l)
2 o 01

o1+ 02 2 0y — 01 o1 o

< Y(o1) JZF 111(02)_

We need some important special function used for our study:.
Definition 1.11. [30]

1. The Beta function has real number domain and defined as:

1
ﬁ(O‘l,Gz) = % = L fgl_l(l - f)gZ_ldf, 01,02 > 0. (7)

2. The Hypergeometric function is defined as:

1 ! o .
281(01,02; G3) = M£ (1= 0T (1= 307 de, ®)

where ¢ > 0, > 0, ]3| < 1.

Lemma 1.12. [31] For0 <9 <1and 0 < 01 < 0y we have
|(71‘9 - 029| <(op — 01)8.

The aim of this analysis is to utilize fractional calculus to derive novel refinements of Mercer type
inequalities for harmonically convex mapping. We employ the concept of line of support to obtain new
fractional (H-H-M) type inequalities. Also our objective is to acquire some fractional trapezoid and midpoint
type inequalities by utilising right and left Riemann-Liouville fractional integral operators via Mercer
approach. In the case when we take 9 = 1 in the obtained results, inequalities of the classical Mercer type
and their different refinements are derived too. Finally, the reported results were verified by diminished
results and implementations.
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2. Fractional Refinements of (H-H-M) type Inequalities
In this section, we develop several fractional refinements of (H-H-M) type inequalities

Theorem 2.1. Under the same assumptions as in Theorem 1.10 with 9 > 0, we get following two inequalities

9
) 7L e N

“b( 1,1 : Sy )S P(01) + P(02) ~T(® + 1)(
ot e T Geoa
(8 + Duds) )

< 9ion) + (o) - 9 Sk

and
1 Mz Vg 1 1 1
Y Jeroen( 2 won(he i)
g i N e
(el 2] ewwen]
< (H*E‘Az) (HJ'E_H)
- S+1
P(A1) + 99P(A2)
< TN Ve
< (o) +Y(o2) - T, (10)
forall Ay, Az € [01,02] and be) = (1), e € [(Tz 011]
Proof. Since 1 is harmonic convex on [01, 02] by using Remark 1.6, h(e) = 4)( ) is convex on [U ‘o L1, Hence,
using 1.3, there is at least one line of support.
A(e) = beo) + c (e — €0) < ble), (11)
weput€0=;—1+gl2—(§ﬁ%ande=;—l+glz—}\—i—(l 20 in11.
1 1 A+ Ay 1 1 I+ Ay
Ae)=h|—+ — - ——— - ———t | =
© b(al o O+ 1)/\1A2) ( o o O+ 1))\1/\2) < b,
foralle € [, Zland c € [0 (3 + & - wiyig) 04 (5 + & - weng )|
1 1 ¢t (1-¢ 1 1 I+ A )
= +cl-+t---—-"—— - — =
lp[gll + % - (9‘9311)3’1‘32) (01 oy Ay A o o2 (F+DHAA
< 1 12
_ll)L L_L_(l_g). ( )
o1 02 Ao A1
Multiplying above inequality (12) with 9¢°~! and integrating w.r.t "¢’ over [0, 1], we obtain
sb[ 1 ) (_ Shtdz S+l )
Aty
U'll % — (9+1;l1/\2 (\9 + 1)/\1)\2 (\9 + 1))\1)\2
1 1
<9 f 59-1¢( ]dé’
a-=9
0 TR i
(13)

1 b 1
lp[l 1 _ SA1+A2]SS‘£€ I’D[LJFL_L_MJ‘M'
o1 02 /\2 /\1

R TS Y v
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Applying Mercer’s inequality, we have

1
IP[ — 1 — ] < Sf 59—1[¢(01) + P(02) — (P(Ay) — (1 - f)lp(Al)]df. (14)
o T o T A 0
Since 1P is harmonic convex, we have —(¢y(A,) + (1 = O)Y(A1)) < = (Mlj(lﬁ‘zmz) and (14) becomes
L T s MAz
¢[a% r -k ] = vl i) = Sfo f "”(m)d& (15)

Substitute % Sp—

= ooy in (15), we obtain

E(E-)" d
‘7”(1 118A1+A2)S¢(01)+¢(02)_Sf1 (jl ) l’b(%)i_ui

91
o1 + o (S+1)A1A, 1 (/\_1 - /\lz) e 1,
1 My s 1
IP(l T Suk ] < Y(o1) + P(o2) —T(S + 1) (/\2 — A1) j%+(¢ o b)(A_1)' (16)
o T T AL
Now for second inequality of (9). Put €y = % and € = —”1;(11;25)/‘2 in (11) we get:

b I+ Ay ‘e ‘A + (1 - 5)/\2 _ IA + Ay < A + (1 - [)Az
(\9 + 1)/\1/\2 AAy (\9 + 1)A1/\2 - AMAy

S+ 1DAA; ‘e A+ (1 -0, _ I+ Ay < A1y
A+ Ay Ao (\9 + 1)A1/\2 - 5/\1 + (1 - 5)/\2 !

for all £ € [0, 1]. Multiplying above inequality with ¢°~! and integrating over [0, 1] w.r.t ¢/, we have:

(‘9 + 1)/\1/\2 fl 9—1 /\1A2
1P(Mlmz <V Cvlonra-on)

Put % = %, we obtain
. 9-1
(8 + A, jml(%—u) 1 du
1P( I+ Ay )S‘9 i (%1_/\%)9_1#}(11)/\%_%2
O+ DA, My g T
(m) Sr(erl)(Az—/\ ) Iy b)(M)
MAa Vg 1 (8 + DA,
TE (5] g5 e < —w(m) 7)
Adding ¢(01) + ¢(02) on both sides of 17, we have
MAz 1
Plon) + o) =T + D(25) T3, @ on()
S+ 1A
<vo+ vioy -y SN2, 18)
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and on combining (16) and (18), we obtain (9). This completes the proof.
Now we prove (10). Lete = =~ -+ - £_ (1}\_16) == AMZ [ - (% +1- l)] and (13) becomes

rey o A
1
¥ 1.1 _ Shh
01 02 (S+1)A1/\2

1 1 1
MAs, \° (atam [( 1 )]9‘1 1
< (= 4+ = - = —
- 9()\2_/\1) ]‘1_,,1_‘1 ( + (o) ) gb(u)du

g o1 M

e

AMAy
Ay —

=r(9+1)( i>f(”l’°b)(al_1 +l_%1)

Uz P 02

1
lp(l_’.l_ IM+An ]
o1 o (DA
A )
Ay —

<1+ 1) Tey gy Wov(s+ - 1) (19)

IR o2 A

Now we prove other two inequalities of (10). By using the harmonic convexity of i on [01, 02], we have:

1 1
e R e e

1
A
1 1 1
:>¢[l+L_L_M]S€¢(l+ J+(1 {W(L L_L]
o1 02 Az A o1 02 o o A

< P(01) + P(02) = (P(A2) = (1 = Oip(Ar).

Multiplying above inequality with 8¢°~! and integrating over [0, 1] with respect to ¢, we have:

1 1
9-1
Sfof ¢[L+l_i_(l_f)]df

o1 02 /\2 /\1
1

1
< P(01) + P(02) — SP(Ay) fo £%de — S (Ay) fo (%1 — %de

- S+1

< Y(o1) + Plog) — PN+ §()

d+1 ! (20)
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by changing variable, (20) becomes

N A (RSN
S(Az—/\l 1,11 ( +Oz ) ¢(1l)du

‘9‘/’( A)“P( \) SY(A A
< it 2 2\9_{_1 it 2 M S¢(01)+¢(0'2)— 11[)( ;):14)( 1)
MAs Vg 1 1 1
:»1"(\9+1)(A2_/\1) j( +72 Alz_(¢0b)(0_1+;2_A_1)
Ssb( A)“/’( \) SY(A A
SERAULEEY RS T S I - A ] @

By combining (19) and (21), we obtain (10). O

Remark 2.2. Ifwe put 9 =1 in Theorem 2.1, we get (H-H-M) inequalities (6) and

1 < AA T }2 = 4’()
Y + L _ Mt Ay =M\

02 T 2004, ,+L_L
1
(1 1_1)+¢( _)
a o A "1 72 \2

for all Ay, Ay € [01,02]. It is pertinent to mention that (H-H-M) inequalities (22) are better than the inequalities
proved by Baloch et al. in [32]. As (22) are refinements of these inequalities in [32].

Ql,_;

< 901) + §og) - LRI, @

Remark 2.3. Ifwe put 9 = 1,01 = Ay and 05 = Ay in (10), we have (3) (H-H) inequality appeared in [8].

3. New Mercer Trapezoidal Type Equalities

Throughout the rest of the paper we assumed the following assumptions:
A1 =Lety : ] =[o1,02] €(0,0) = R be a differentiable function on [o1, 03]
with 0 < 01 < 0y.

J1 'fz /‘2 1 “2 A1
Ly, (0; 9, A1, A2) = ST 1

] Mz) ; (1 1_1
r@+ 1| 77, %_i)_(woh) —+—-),
01 JZ /\1 ﬁl 02 Ay
s (68, A1, Ao) = ——
AMiAy )9 s (1 1 1)
TS +1 =+ = - —
©+ )( ) T e (S 1),

where A1, A; € J with A1 < A,.
New Mercer Trapezoidal type Lemmas for harmonic convex function are presented in this section.
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Lemma 3.1. If Y’ € L[o1,0>] along with assumption Ay, then following identity for fractional integral holds:

A= Ay L 1-®+1ned 1
Iy, (5; 9, A1, Ay) = ’ dt 23
Uy (b/ XA V] 2) /\1A2(8 + 1) L (L N 1 ¢ (1_5))2110 1 1 £ (1-0) ’ ( )

01 02 A2 A

wherebh(e) = 1, ee[L, L]and 8 > 0.

0'20‘

Proof. Let A, = 2 + 2 — L — 20 Tt suffices to note that

02 /\2

A= My fll (1) )\2—)\1[1[‘9 (1)
Ly (08, A, Ag) = ———— | —y' () dC - — (= )de
0O 0) = T Uy A;”b A MAz Jo Ag"b A

=L - D. (24)

Integrating by parts we get

Az—/\1 1 1 1 1
- [ e (e
O +DhiAy Jo A 9 Al
1 1 1
:_S+1{¢[L+L_1)_¢(1+1_1)]‘ (25)
01 02 Az o1 02 A

Similarly, we get
1

b:%f A2¢(1 )df——fsgb(Ai[)o+9f - 14;(1;)015

e R A SR R
- 1’[}01 oy A Ay — Ay 141 g o1 o0y M l’bu

1
op 092 M

{E L Dereen (A g, won(2eL-1)

Using 25 and 26 in 24, we get the equality 23. O
Remark 3.2. If we put 9 =1 in Lemma 3.1, then we obtain

1
‘#(m—;)w(ﬂ ) Mo f A

2 IR —
a1 02 Ay
_/\z—)hfl 1-2¢ 1!)’[ 1 ]d{)
2044 N2 |11 ¢ a-0)"
42 0 ((}T"'%_ﬁ_%) 01+02 )\z /\1

which is new in literature.

Remark 3.3. If we put 01 = Ay and 05 = A, in Lemma 3.1, then we obtain

SP(A1) +P(Aa)

AMAy
V0D po (22 ) gt o)
_/\1/\2(/\2—)\1)f 1-+1° MAy g
a 9+1 A+ (A —-0OM)2 " A+ (1 =-0A )

which is appeared in [33].
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Remark 3.4. If we put 01 = A1, 02 = Ay and S = 1 in Lemma 3.1, then we obtain

P +P(d)  Mdr (2 e

2 /\2 - A] M e? de
My fl 1-2¢ , iAo e
C20A o (A + (1 - f)Al)Z‘b A+ (1 -0A1)
which is appeared in [8].

Lemma 3.5. Under the same assumptions as in Lemma 3.1, we have following identity:

_ =A@+ -1 1
Ill)z(b/S/Al//\Z) - /\1A2(\9 + 1) 0 1 1 ¢ (1-0) ZI)D 1 + 1 ¢ M d{, (27)
(E + o A h ) op 02 A A

wherebh(e) =1, ee[L, L]and 9 > 0.

€’ gy’ 01

Proof. Let Ay = ail + Ulz - A_[z - % It suffices to note that

=M (Ta-0° (1) A= Ay f11 (1)
= )ae- =L | —y'(—)de
Ao 0 A% Y Ay S+ DA, 0 A% Y Ay

=1 - L. (28)

A
Iy, (b; 9, A1, A2) =

Integrating by parts we get

I = Ail_;\jl 01 (1 ;1;)9 W (%ﬁ)cyg =—(1- f)w(%f) :— sfolu —f)s‘ll,b(A%)df

N R 9-1
o R L [ ESUURE AN ot
01 (o) /\1 )\2—/\1 1419 01 ()] /\2 €e?
a1 o A

2 M

1 1 1
9
Teror o wom (v - ).

P 02

9

=z,b(al1+O—2—/\—1)—1“(\9+1)()\2_)\1

Similarly, we get
Ay — Aq 1 (1) 1 (1)
L=—2""t | —y(=)de= —
2 (9+1)A1A2f0 Ag‘” A¢ s+17\a )l
1
1

1 1

Using 29 and 30 in 28, we get the equality 27. [

1

Remark 3.6. If we put 01 = Ay and 0, = Ay in Lemma 3.5, then we obtain an equality appeared in [33].

Remark 3.7. If we put 01 = A1, 02 = Ay and 8 = 1 in Lemma 3.5, then we obtain an equality appeared in [8].

4. Mercer Trapezoidal Type Fractional Integral Inequalities

Now we derive some novel trapezoidal type fractional integral inequalities by utilising above equalities.
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Theorem 4.1. If ['|7 € Hx(]) for g > 1and  + { = 1 and ¢’ € Loy, 02] along with assumption Ay, then the
following inequality for fractional integral holds:

Ly, (D; 3, A1, A2)]

P P To(Ar, Ag, )Y (@0)11 + I(Ay, Az, )W (@)l |
<22 21 v(A, A9 , , , 31
S oL A2 A S (A L, A, S (A1) G
where
WS 1-1 Sp+1
M1 (A1, A2, 9) = ! +(s s )
VI+1¥p +1) VO +1(9p +1)
1 1 17% nte T n
=|—+—=—-=| LF|291,2,1-2 2 X
]IZ(/\llAZIS) [Ul +02 Az] 2 1( q/ 74y l_}_l_L
o1 02 /\2
1 1 17¥ st n
I;(A, Ay, 9) = | — + — — —| ,F|29,2,31 -2 2 2
3( 172, ) 2[01 [op) Az] 2 1( q 3 l.,.L_L
o1 02 /\2
171 1 17¥ mtEmTn
LA, Ay, 9) = =| —+ — - —| ,F|29,1;31-2—2 ~1|
4( I 2,) 2[01+O'2 Az] 21(‘7 3 14,1_ 1
o1 a2 /\2
and 0 <Jd < 1.

Proof. Using Lemma 3.1 and Holder’s inequality, we exploit the harmonically convex property of [¢’|7 to

deduce:
L (59, A A < 2= (1 B-Ernel |, ! ‘dt’
LA TMALSH+D Yy (1,1 e -0\ 1,1 _+¢_00
F+a-£-%) @AM

|Il[)1 (br ‘9/ Al/ /\2)|
Ay —A ! ot 1 ‘l’
ST, (1-@rnera) [ [ =Wz df]
4
A=A (1 swant( 1 W/ @) + [y @) |\
< TneeD ), (-Esneva) (fo A_;q[ —y A = (1 = O’ (Al a)

A=Ay 1

SLTECEN) >

1 1 i
W/ (0l fy Jmdl+ '@l [ ~5de ]
¢ ¢

1
11— (9 +1)£°pde)’ X L
( ) —Y ()l [ e -y (Al [ S5tae
14 (4
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After evaluating the integrals in (32), we obtain

1 V& 1
f 11— (9 +1)°pPde = f (1- (S +1)edyde+ f (S +1)¢° —1yde
0 0 .

9+1

Ve o
sf 1-(Vo+1 f)spd€+f%/_(\/‘8+1€—1)spd€
0 e

_ 5110 i/q_1 (VS 16— 1)+
T Wsriepanb T sriepen IVE
_ 1 (\/W 1)%+1
- W(sn) VS+1(8p+1)
=1T1(A1, A2, 9) (33)

[ = [ 1 i
(e a-0G &4

1

:f(; [t’(l+ )+(1 )(1+l—l)]2qdf

o1 02 o A
1 1 1
1 1 17# el vl A
e A (I (i
01 02 AZ 0 J_1+0_2_/\_2
1 1 1
1 1 17% aten T n
:[—+———] oFi|29,1,2,1 - 2—2 20
01 02 AZ a+0—2—/\—

= (A1, Az, 9) (34)

_fl 1-¢ v
= 7
0 [5(L+L_L)+(1_5)(L+L_L)]

o1 02 A2
1 1 1
1 ‘2‘7 TR NN
:[g—l i f(l O\1- 5[ m) dt
o1 02 /\2
1 1 1
1 1 17% ato T
:[_+——A—] 2F1(2q,131 — “12 Al]
01 02 2 o 5

= I3(A1, Az, 9) (35)
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fll_zfd‘):f 1-¢ e
R RO

t

g (e H)ra-oG - R

o 2 02 Az

1 l 1 *Zq L.'.l_L *Zq
=[_+——A—] ff(l—f(l—%) dt

01 02 2 0 a+0_2_/\_2

1 1 1

1[1 ]2‘7 st n
=—|—+— Fi129,2;3,1 - —>—"1

201 (o)) A 2b11 ()_1_14_0%_%2
= ]14(/\1/ AZ/ ‘9) (36)

Using 33, 34,35 and 36 in 32, we get 31. This completes the proof. []
Remark 4.2. If we put 9 =1 in Theorem 4.1, then we obtain

= ; o
‘IP(* ) l/)( ) My f e w(e)d’
— €
€

2 Ay =My

</\2 7\1]I F (A1 ) L (A1, A (01 + Mo (A1, AW’ (02)7 ]
=20, VR S (A, Al (Al = Lu(Ag, ARl (A |

where

1
1
I = 1-24Pd¢ = ——
1(/\1//\2) fo | €| ac p+1/

and I, I3 and 1y are same as in Theorem 4.1. Which is new in literature.
Remark 4.3. If we put 01 = Ay and 05 = Ay in Theorem 4.1, then we obtain an inequality appeared in [33].
Remark 4.4. If we put 01 = A1, 02 = Ay and S = 1 in Theorem 4.1, then we obtain an inequality appeared in [8].

Example 4.5. Case 1: Let (€) = %, €>0. Ifwesetd =1,01=A7A1,01 =71, Ay =1, A, =5and g € [1.1,100],
then by Proposition 1.5 mapping, [’ (€)1 = € is harmonic convex. So, we can say that the inequality 31 will deduce
to

- 19| qq_ ] x [ + s3]’
5 (Ce
<21_‘1]; —de = 16
g-—1 ? 1
f 2 2q17
< 10[2q—_1] X I:yg,(l) 1 4+ [,l4(5) ﬂ]] ", (37)

[12-20 + 51-20[4(1 - 29) - 1]]
B = TEra - pa - 29)

[52-2ff +11721[4(1 - 2g) — 1]]
B A - -29)
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Case 2: Let (e) = %, €>0. Ifweset $=1,01=1,0,=549g=2and Ay =[1,1.5], A, = [4,5], then we can say
that the inequality 31 will deduce to
A=A Zs() + Z5(5)* |
200, | =Zs(A)t = Zy(Ar)t

- /\1Z 1 Zs(1)* + Zs(5)* |?
| =Ze(Aa)t - Zz(M) |

where

1 1
Zy = [1—26Pde ==
0 3

1

1,.1_1
1 17 A
Z5=[—+———] 2F1(4,1;2,1— T 11
1 5 A j+i-+
1.1_ 1
1 1 17* I
Z6=—[—+———] 2P1(4,2;3,1— T 11
211 5 A P+i-%
1,11
i1 1 17* Y
Z7:—[—+———] 2F1(4,1;3,1— 1 1 11 .
211 5 A 1+i-4
X2 5.0
300 40
407
_. 200 [
\}q 100 207
S o — Right Wrx2) O
é ’1°°¥ — Middle _20b
- — Left a0t
T T w s s 100 10 12\\7‘L‘1‘4‘"“'
Variable q X1 .
Figure 1: Case 1 visual illustration Figure 2: Case 2 visual illustration
ford=1,01=A1,00= A, A1 =1, ford=1,01=1,0,=5¢=2and
Az =5and g €[1.1,100]. A =1[1,1.5], A, = [4,5].

Left, middle, and right mappings from the inequalities (31) are plotted against q € [1.1,100] in Figure 1. Left,
middle, and right mappings from the inequalities (31) are plotted against Ay = [1,1.5], A, = [4,5] in Figure 2. The
graphs of the functions prove the correctness of the Theorem 4.1 with § = 1.

Theorem 4.6. If |[i)’'|7 € Hx(]) for some fixed q > 1 and ¢ € L[o1, 02] along with assumption A,, then the following
inequality for fractional integral holds:

[Ty, (0; 9, A1, A2)

A2—Ar g1 I5(A1, Az, DY (01)11 + U5(A1, Az, Y (o)l g
< 274 g
SE LS A o A, A = T(A, A, YA | 7 (38)
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where
hohy Ll 11y aty i ]
27/ . gl 92 1
- 1,11
-2+ L -+ 21D1(2,1;2,1 - ; _;)
I[5 = P -2 1 L_Li *
2 8 1 1 1 . o1 op A
e (R e - ) R st g
-2 1,11
+[(}—1 + - ALZ] oFy (2,1;9 +2,1- +2:)
op o2 M2 |
1 % S 1 A=Ay 011+é_ﬁ ]
o (k) oo - gt
—1[l + 1 i] oF (2 1,3,1- “11“2_"1)
2l "o A, 1 7y 1,1 1
fo= oy
2 2(9+1) A=A Yo T
(s+1) 3:2 ( s}rl( /\Zmzl)"'((; E - /\11 ) 2Fy (2 LI+3,1~ \/_(Azl \12 il 1_1)
— S+1 \1/\2 Jll 012 /\11
+%[%+(}2—%] 2F1(2,1;S+3,1— f+1_‘f)
I7(A1, Az, 9) = T5(A1, A2, 9) — Ie(A1, Az, B),
and 9 > 0.
Proof. Using Lemma 3.1 and Power-mean inequality, we exploit the harmonically convex property of [¢|7
to deduce:
Ao — Ay L -®+ 1) 1 ‘
Iy, (h; 9, A1, A2)| < ’ dae
s (079, A1, Aa)l < A (9 +1) 0 (2 +L_£_M)2¢ 1,.1_2<_00
o oa 1, T o1 02 Ay M
_ ¢ (1=0 _
LetA;=1+1l-L-GO0-p(lil_Lyia-p(l+1l-1)
Iy, (0; 9, A1, Ao)
A=Ay (f 11— (9 +1)6 )1 [ -+ v ( ) df]
/\1/12(\9 +1) (Ae)? @A 1T\
Ay — My f 11—+ 1) df 5
Al/\2(\9 + 1) A[)z
1
1-@+1)e% ., , , ,
[f AR Lo+ Del 1Y (o) + [’ (@)l = LY’ (A7 = (1 = Oy’ (A))dE
Aa—A gt I5(A1, A2, P (01)|7 + Ts(A1, A2, O)Y’ (02)I
I A1, Ao, S , , , 39
57 (s )[ gy, Az, O (AN = T (A, A, ' (Al 39)

< <
- Al/\2(\9 + 1)
calculating IIs(A1, A2, 9), Is(A1, A2, 9) and I7(A4, A, 9), we have

-+, V-9 + 1 L@+ -1
f = e . — @ar “

q\/ggs

A2

1

Jm i

1

fS
At ]

foﬁ dt’—(8+l)[f0 —f:/T
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Vi 1 Vi £° 1 ps
_ LAY (LA
zfo @’ f <Ae>2‘” (‘“1)[[0 At fo A
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B rerrerer e ey

1,1 1)y
o 02 Al))

—f L du
0 (u( +l )+(1 u)( 2_L))z

A2
/ "
du
o f Erd ) a- YR -y
_ (1-w)?°
®+1) ; u(al+l_l)+(1_u)(L+L_L))2du]

1
:zs\lsilf : e
" (Ysaa-a(E+i-1 \ L)p

1 1
mo ) - - (E -4

1 1 d
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9 l+L_L -2
:2"911( 9+1(/\/\ (s ___)] f[l_e —— )] de
142 01 02 A=A 1
ﬁ(jlﬁzl)-’-%-kﬂlz_/l_l
-2 rl 1,11y -2 ) 1
—[l+l—i] f(l—ul——g1 e M ) du—|———
o1 02 Al Jp L+l-1 9+1V9+1
-2
11 1) [ 1411
—+ — - — 1-e¥|1=-¢l1=- o o2 A de
( 19+1( A Az ) ((71 (o) Al)J L( ) N L(/\z—/\l)_i_ +l_L
S+1Y MAz o1 o M

])Zdu]

.?IH ==

72 1,1
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S+1 S+1( S+1\ A, 01 [} A 241 . VE( ‘21/\2 J1_'_5_H
+[;—1+glz—%2] 2F1(218+2 1—“1 ’TV
“1 ’2 /\2
=1I5(A1, A2, 9)
1—(9+ 1) Vi 1- (e +1)e° 1 e -1
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11 vaﬂ £+ 1 £3+1
=2 8+1[f L7 —df]
fo g f an V), ar® ), ar
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1
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1
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% 1 _ ~)9+1
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1 \¢ 11 1) A -
o) N e veeet
S+1 ( 9+1( Al/lz) Gta Al) fo ¢ R |

G o pry
1 1 112 1 1,1 1N -2
(1-epe—| -+ — - ] f(l—u 122 0 ) -
o o Al Jo mtmTm
[ 1\5 (s A=A 1,1 N 941 R N
2 1 91 2 1
[EE T R A -
1,1_1\\2
—(9+1)[6l1+é— ] fO(l u)9+1(1 u(1—+_)) du
1 § 1 A-A 1 1 - T3
() (e o - ) oo - i)
) 1
_%01_1 1-1 21r1(2131—’1 2 })
= 7‘] {72
22041 [ o) 1 A=A 1 1 1 o1 T‘T
) 1
+%[(}—1 %—%] 21E1(21s+3 1—“1 ‘n ;1)
‘71 “2 2
=I(A1, A2, B) (41)
I7(A1, Az, 9) = I5(A1, A, 9) — Ig(A1, A2, 9). (42)

Using 40, 41 and 42 in 39, we get the inequality of 38. This completes the proof.

Remark 4.7. If we put 9 =1 in Theorem 4.6, then we obtain

1
¢(01+02 /‘z) all 512 % l/’(e)
e2
1 T

Jl +5; A

1

a1 02 A

) A1As
Az - M

+1/z(
2

de’

Al I 0 ) I5(A1, A2 (1)1 + T5(A1, AP (02)]7
=24, V2 —Ig(A, Al (AT = Tz (Ag, A)lg’ (A1 |
where
1AM 1,1 _13)7? ity A
GEI+G+E-D) 2F1(2,1;2,1— ERyE——
- 1-2 B J11 glz /‘11
-[2+1-4 21E1(2,1,-2,1—31 L_g
1[5(/\1//\2)2 = ) ) ) 1 L]_Lz ’
1(1//A2— 1 1 . 90y 4
(R + G+ - ) TR (2031 A
. L
Hi+ i+ 21f—*1(2131 1 “j_?
L A 01 Ly

O
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(GG

Ig(A1, A2) =

AAp

I7(A1, A2) = I5(Aq, A2) = T6(A4, A2),

which is new in literature.

o A

-2 o o A
l_l)) 21:‘1(2,1,3,1—)\2;14
Y DU

2[01 +02

) 1
1N4 (1 A—A 1 1 1 . o G A
_(Z)g (E( : 1) + (a + - _)) 2F1 2/ 1/4/1 - /\27,\11 21 +11 )

a2 /\1

-2

N
ofl1 .1 _ 1 , wtna
+§[;+g—,\—2] 21:1(2,1,4,1— "

2 1,1 1)
1 o Yo Ty
— /\_2 2F1 2, 1,’3,1 T I, 11T

1 1 1

Lyl L

3(
2% Ay g1 oy A

o1 Loy Ay
1 1 1

1
2 et Ty

Remark 4.8. If we put 01 = Ay and 0, = A, in Theorem 4.6, then we obtain an inequality appeared in [33].

Remark 4.9. If we put 01 = A1, 02 = Ay and S = 1 in Theorem 4.6, then we obtain an inequality appeared in [8].

Example 4.10. Case 1: Let (€) = "73—3, €>0. Ifweset d =1,01 = A, 01 =2, A1 =2, Ay =5and q € [1.1,100],
then by Proposition 1.5 mapping, |4’ (€)1 = €21 is harmonic convex.
Case 2: Let Y(e) = %, €>0. Suppose weset 9 =1,01=2,00=5,q=2and A, =[1,1.5], A, = [4,5].

100

50

Function Value ¥ (q)
o

-50

Figure 3: Case 1 visual illustration
fOI‘\9=1,01 =/\1,(71 =/\2,/\1 =2,
Az =5and g €[1.1,100].

— Right
— Middle

— Left

40 oo

20/
100
Wxtx2) OF
~10f

-20 ¢

Figure 4: Case 2 visual illustration
ford=1,01=2,00=5¢=2and
A1 =1[1,1.5], A, = [4,5].

Left, middle, and right mappings from the inequalities (38) are plotted against q € [1.1,100] in Figure 3. Left,
middle, and right mappings from the inequalities (38) are plotted against Ay = [1,1.5], A, = [4,5] in Figure 4. The
graphs of the functions prove the correctness of the Theorem 4.6 with $ = 1.

Theorem 4.11. Under the same assumptions as in Theorem 4.1, following inequality for fractional integral holds:

Ay = A

Ly, (b; < —
| lPl(b/S/AllAzﬂ = (\9+ 1)/\1A2

frod [ AW/ )l + Aaly @)l ]

M| (A2)T = Asly’ (A1)l

L Al (o)l + Adly (o))
v [ =As[ (A)|T = Mgl (A1)

[}
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where
1 1 1
11 17% ate T n
Ar=z|—+—-—| 2F|291;31-2—22
201 02 /\2 o U_z_/\_z
1 1 1
71 1 174 ate
A2=8_+__/\_ 2oF1 2‘7/2;4,1—%2?
o 02 aten
1 1 1
11 17% ate
As=g|—+—==| R 141- 57 A
LO1 02 2 Tt %
1 1 1
1111 17% ato o
M= —+———| WFi|20,231- 5% o
o 02 wte
1 1 1
1 1 17™ aten T n
As=3| =+ —-+]| 2R 2,3;4,1- 222
o1 o2 A2 ate " n
1
f(1 Ol - (8 + 1)e°pde)’
1
Y, = f (a1 - (s +1)e°pde)’,
and 0 <9 < 1.

Proof. Using Lemma 3.1 and improved Holder’s inequality, we exploit the harmonically convex property
of [¢’]7 to deduce:

Ay — A 1 |1—(3+1)59|

Iy, (0; 9, A1, A2)| <

+____

02 /\2 /\1

e b Bl o0 b

02 Ay /\ 02 Ay o 02 M
Iy, (5;9, A1, A2)|

Ay — Ay 1 s ra-op 1\,
g—AMZ(SH){fO((1—£)|1—(3+1)g pdc) [fo A lp(z)‘ dt

! e RUAL

_ o P =
+f0(£|1 (9 + 1)e*pdc) [fo Aiqlp(A[)‘ dt }

A=A [ (! soant( Q=0 W@l + 1Y (@) ]\
—ZE@Tﬁﬁﬂﬁ“”m‘”+”“”@(o Af[—wwhw—a—mwmqud
LM _ sooi( € W/ @)l + 1 o)l ]\
O (”1(9+”*W”)(l:Af[—wwmgw—a—€Wanw]”)}

1 1
:%{fo ((1—5)|1—(s+1)59|w)”

w«meAM+¢wnﬁgﬁfﬁ
RAOUN wmwlﬂ@

1[ meﬁﬁ+wmwﬁﬁ]}

1 ) 1
—y ()l [ & -y [ G52
t

A kS
/\1A2(\9 + 1)

=

1 (a1 = (9 + ) pde)
0
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After evaluating the appearing integrals, we obtain

1
flfdf
0o A

(4

_fl 1-¢ it
= 7
 [(F+E-g)ra-o(tei-1)
1 1-¢
:fo 1,1 1_1 2t
[€<01+0 )+(1 €)( o1 o2 Az)]
1 ‘Zq ( ]—Zq
:[— — - = f(l Ol1-¢ 1——) dt
01 o1 Ay
- 1 L_L
g —-—1 -2

_ fl {1 -0)
I UCRERr AU TRl

:f 01— 6)
o fe(R+i-H)+a-0(2+2

1 1 17% [ -+
:[—+———] f{’(l—é’)(l—f 122 b
o1 02 A 0 +
71 1 1714 =
= |l=—+=——=| LF|29,2:41-
6G1+Gz Az] 21(%,’ ol
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1 2
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e
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~Jo [5(l+L_L)+(1_5)(L+L_L)]zq
o1 02 Ay o1 02 A
= 1 -0 dat
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01 02 01 02 Az
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1
j‘édf
0o A

e ra =) ea-0 - 1)

1
o v ) =022

1 1 _ 1
o1 o g2 A
1 1 1 —Zq 1 L+l_L —Zq
{—+———]kfdyw14%%L$) at
o1 02 AZ 0 a-l—a—z
-2q 14,1 _ 1
:l[l_,_l_l] »F; zq,2;3,1_%
2 01 (o)) Az a+0—2—)\—2
1 2
4
f—zth
0 A,
1 2
= 4 quf
1 1 1 1 1 1
O leGra-R)ra-o(G -4
1

52
=L 1.1_1 _p(L L_Lzﬂf
[t(d+a-5)+a-0(x+%- 1)

o1 02 o2 A
-2 1 111N -2
[rennl [
o1 02 2 0 U_1+U_2_A_2
1 1 1
1F 1 17™ win TN
= |—+—=-—| JF|2g341-2 2 M|
301 02 Az i % Ulz_)\lz

This completes the proof. [
Remark 4.12. If we put 9 = 1 in Theorem 4.11, then we obtain

S S (_;L_)
“”() T f e
2 Ay =M

< Ay =M
T 2MA

fru? Al @) + Al (o)l |
] —alg @0l = Aslr (A

[ A )l + Al (o)l |
*“[—mwmw—mwmw]}
where

1 —
20+1)

and A — As are same as in Theorem 4.11. Which is new in literature.

1
T :f [1-26Fde =
0

Yo,

5200
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Remark 4.13. If we put 01 = A1, 02 = Ay and S = 1 in Theorem 4.11, then we obtain

‘IP(M) +P(h2) Ay (R Yle)
2

AA2(Az — Aq) 1 G
/\2 — A] A €2

de‘ = 2 20 + 1)

{ [ty @l + Al () + Lol )l + Aty P

where

1 {(1-20)
Ay = de
2 fo (A + (1 - OA)Y

1 [/\2 (/\21—211 _ All—Zq) (/\22—217 _ A12—2q)]

T M-y (1-29) 229
1 AZZ <A21—2q _ All—Zq) (/\23—211 _ A13—2q) 21, (A22—2q _ /\12—2q)
T (M- w[ (1-29) BN R 2-29) ]

1
Az = f a-o° 5 de
0 (LA + (1 =01

1 /\22 (Azl—Zq _ /\11—257) (A23_2q _ /\13—2(]) 2/\2 (/\22_2q _ A12—2q>
= + — ,
(A2 = Ar)? [ (1-2q) (3 -2q) (2-29) ]

and As is calculated above. Which is new in literature.

4.1. Comparison Between Holder and Improved Holder Fractional Integral Inequalities

Here, we give comparative analysis of Holder’s and improved Holder’s integral inequalities. In The-
orem 4.11, by utilising the improved form of the Holder’s inequality, we obtain the lower upper bound
better than that of the original form in Theorem 4.1.

Example 4.14. If one chooses 1(€) = 3€2, € > 0, then by Proposition 1.5, mapping |¢’(e)l = €' for g > 1and e > 0
is 1 € Hx(J). In the instance of Ay =2, A, = 3 and q = 2, let us find the right side of the inequalities in Theorem 4.1
and Theorem 4.11 with 8 = 1 and 01 = Ay, 02 = Ay i.e. Remark 4.4 and Remark 4.13, respectively. After reducing

common factor w, the right side of Remark 4.4 is

=[] Jintyraor « i

1
q

1712 7 1 1
{ﬂxkﬁw+a®]
~ (0.2645.

The right side of Remark 4.13, is

1 P ’ ’ 1
- [m] X { [Aaly’ (ADI + Al (A2)[]

+ LA )+ Asly ()]}

i1 <[+ 0] + [+ 0] )
~ 02598,
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Clearly,
0.2645 > 0.2598,

which verifies that the Remark 4.13 error estimate is more accurate than the one in the Remark 4.4. We obtain the
lower upper bound better than that of the original form of Holder inequality.

Case 1: Furthermore, let us set Ay =1, A, = 3 and q € [1.1,100] as the unknown. The right-hand sides of Remark
4.4 and Remark 4.13 are denoted by 11(q) and 1,(q), respectively.

g o »
o 53 =}
T T T

N
S}
T

Function Value w(q)

20

0 20 40 60 80 100
Variable q

Figure 5: For the case A; =1, A, = 2 and g € [1.1,100] the diagram for Example 4.14.

Plotting 1(q) and 1(q) in Figure 6, which illustrates the upper bound derived in Remark 4.13 is better than that
of Remark 4.4.

Case 2: Now, weset 9 =1,01=1,00 =4, q=2and Ay =[1,1.1], A, = [3,4] as the unknown. The right-hand
sides of Theorem 4.1 and Theorem 4.11 are denoted by Y3(A1, A2) and Ya(A1, A2), respectively. Plotting ys3(Aq, A2)

X2 40
3.5

X1 1.10

Figure 6: For the case 01 =1, 0, = 4,9 =2 and Ay =[1,1.1], A, = [3, 4] the diagram for Example 4.14.

and Y4(A1, Ap) in Figure 6, which illustrates the upper bound derived in Theorem 4.11 is better than that of Theorem
4.1.

Theorem 4.15. Under the same assumptions as in Theorem 4.1, then following inequality for fractional integral
holds:

Ly, (D; 3, A1, A2)

MM paston ay | S8 Az D@+ s, A, g ()l

SCEE TN “Lo(Ar, Az, O (A = Lig(Ar, Az, DY (A | (43)
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where
A=A TR
22 (SL( 2y 4 (1 +———)) oF (2121 ot Ty )
1 1 Ag—A
S+ S+1\ Ay o ' 0 i A T
- L L_L
(L4 1_ 1 E 21.21_01+ﬂz 1
T B e
Is = A=A " -
—57 5 S+ (F+ -] R (219421 ST
el (R + e - ) i
+ + 112 01 Uz 1 S+1(A2M21) z a_%
- 1 1 1
1 1 1 . ooy N
+[E+5_A_z] 21—“1(2,1,\9+2,1—11 12_11)
g1 oy Ay
3 A=A - St
_1 )\ 31 (A=A 1,1 _ 1 Fl21:31—- “1“21
\91)( Sl(/\)\)—i_( + /\)21(///
’ ! . . ’ ! 5 V“l(M/\z %4—%_%
- 1,1 1
1|1 1 1 . o T A
—z[a%_z‘rz] 2F1(2,1,3,1—f+ff)
1[9: - . . all ay Ay
2 2(3+1) 1 A 1 1 it A
_(s+1) s+2( S+1(/\1A2)+(01 0_2_/\_1) 2F1(21‘9+31 Vol (2, +1_1)
2 S+1Y A4 \2 ﬂ] a A
- 1 1 1
+E DLy L1l R (2,1;9+3,1- 220
342 o "o T A 2L\ & b , 1, 1_1
01 0y A
HlO(Alr AZ/ ‘9) = ]IB(All /\2/ ‘9) - H9(/\1/ A21 ‘9)/
and 9 > 0.

Proof. Similarly to the proof of Theorem 4.6, using Lemma 3.5, Power-mean inequality, and the harmonic
convexity of [{’|7, we obtain (43). [

Remark 4.16. If we put 01 = Ay and o, = A, in Theorem 4.15, then we obtain

‘M—F(S 1)( Ay )S L(Wo b)(—)'

d+1
MAs(Ag — A1) 1t , ,
<= (2\572 ) D71 (M, Ao, 9) [Zs(hs, A, I QI + Zo(As, Az, S (A,
where
-2 A T
. > S
9 2? ( /S+ (A — Ap) + /\1)) oF (2, 12,1 m(/\z—/\l)‘*'/\l)
. —A % (2,1;2,1- &
7= -2
2 91 e 1 _ . /¢ R
3+1 s+1( 571 (A2 = A1) + Al)) 2h1 (2’ 121 Ve (ha- /\1)+A1
+A B (2,19 +2,1- 4
1 % N
(m) ( \9+ (Az /\1) + Al)) 2F1 (2/ 1/ 3/ 1- ,_SH (A= /\1)+A1)
L —107%F (2,1;3,1- 4
g = -2
2 2(8+1)
_(ﬁ)s 8:2 ( R ﬁ()\z -A)+ )\1)) 2Fq (2 1;,9+3,1- V- /\1)+/\1)
+ R (2,8 +3,1- 1) |
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Zo(A1, A2, 8) = Z7(A1, A2, 8) — Zg(A1, Az, 9),
which is appeared in [33].
Remark 4.17. If we put 01 = A1, 02 = Ay and S = 1 in Theorem 4.15, then we derive an inequality appeared in [8].
Theorem 4.18. Let i be defined as in Theorem 4.1, then following inequality for fractional integral holds

Iy, (D; 9, A1, A2)l

Ay — M

< I (A1, Az, )Y’ (01)I7 + (A1, A2, DY (02)17 |7
N (\9 + 1)/\1A2

—lI3(A1, Ao, DY (AT = Lg(A1, Ag, )P (A | 7

where 1(A1, Az, 9) — I4(Aq1, Ay) are same as in Theorem 4.1 and 0 < 9 < 1.

7 (A1, Aa, 9) (44)

Proof. Similarly to the proof of Theorem 4.1, using Lemma 3.5, Holder’s inequality, and the harmonic convexity of
[y’7, we obtain (44). O

Remark 4.19. If we put 01 = A1 and 05 = Ay in Theorem 4.18, then we derive an inequality appeared in [33].

Remark 4.20. Ifweput 8 = 1and o1 = Ay, 02 = Ay in Theorem 4.18, then we derive an inequality appeared in [8].

5. Applications

5.1. Special Means
Now, for numbers 0 < A; < Ay, we consider special means and j-logarithmic means:

A+ A
2 7
G(A1, A2) = (LiAa)?,

Al Ag) =

and

/\z(f+1) _ /\1(}*'1)

m] , ] € Z{—l,O}

Lj(A1, A2) = [

Proposition 5.1. Using the same assumptions as in Theorem 4.1, if we take (o) = "k(:l) witho > 0,k > 1 and

O =1, then we get

1 k+1 1 k+1
‘A [( 1 1 1 ] ’( 1 1 1 ] ]
01 02 A o1 02 A

3 1
—(k+ 1)G2(/\1,A2)L1(€k_11) [(L L L _1 ]'(

o1 Az

a4 k)(A2 = Ay)
T 2G% (M, M)

LA, A2) ()M + I(Ag, A2)(A2) |F
—T3(A1, A2)(A2)M — Ty(Aq, Ap) (ALK | 7

X 111%(/\1,/\2)

where I; — I are same as in Remark 4.2.
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Corollary 5.2. Under the same assumptions as in Proposition 5.1, if we take 01 = A1 and 0, = Ay, then we get

A, A5 = GP (A, AL (A, A2)

G* (A1, M)A — A 1
2 p+1

1
q
’

<(1+K) ]wmmW+muﬁﬂ

where 1 and i, are same as in Remark 4.4.
Proposition 5.3. Under the same assumptions as in Theorem 4.6, if we take (o) = ‘}((:1) witho > 0,k > 1 and
9 =1, then we get

1 k+1 1 k+1
‘A [( 1 1 1 ] ’( 1 1 1 ] ]
01 02 A 01 02 A

_(k”)Gz(Al’AZ)Lﬁk_—ll)[(L + i _ L]’(i + i _ l))’

o1 02 /\2
(L+k)(A2 = Ay)
T 2G(A, M)

Is(Ar, A2) ()M + Is(Ag, A2)(A2) |7
—Te(A1, A2)(A1)M —T7(A1, Ap)(AR)KT | 7

X 1151_%(/\1,/\2)

where Is — II; are same as in Remark 4.7.

Corollary 5.4. Under the same assumptions as in Proposition 5.1, if we take 01 = A1 and 0, = Ay, then we get

[, 451 = G, AR (o)

1
q
’

(A1, A2)(A2 = Ay)
2

where Ay — A3 are same as in Remark 4.9.

<(1+k) G A7 [/\2(&1)"’1 + Ag(Az)kq]

5.2. Applications to Numerical Quadrature Rule

In this section, we analyse how the integral inequalities engaging fractional integral proposed in the
previous section can be used to yield an estimate of composite quadrature rules that, it turns out have a
significantly smaller error than those that may be acquired by the classical results. We will extend the idea
by giving applications to numerical quadrature rule for harmonic convex inequality.

Theorem 5.5. Under the assumption of Theorem 4.6 for 8 =1, let |, : 01 =€y < €1 < €2... < €n_1 <€, = 02154
partition of [01,02], A1, Az € [€1, €i1] and by = (€141 —€1), 1 =0,1, ..., 1 = 1, then we have:

fwaaﬂ@k:mmw+MMW'

e2

= ¢h+f—;)+¢@+f—:)
Bl ) = ), —

Zei,yei,

bi, (45)

1
i=0
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and the remainder term satisfy the estimation:

IR(w, P)I

-1 1
Z 0, 1=t Il ()l + Is[Y" (ein)l7 |
—~ 2(e1,gel =Isl’ (€ " — Tz (eI | 7

where 15, I¢, I are same as defined in Remark 4.7.

Proof. Applying Theorem 4.6 with § = 1 on interval [e;, €141],1 =0,1,...,n =1, we get

‘llf(ﬁw )+¢( E‘])bi_fgqg e ‘

2€i4€;, 1 e?

4
G Gy

< b -t 5|y’ ()17 + L5y’ (eisn)? |
= 2(eig€ ) > =Isl (€ )l7 = 70" (eI | 7

foralli=0,1,..,n—1. Summing over 0 to n — 1 and using the triangular inequality we obtain the above
estimation. [J

6. Conclusion

The study dealt with the analysis of novel (H-H-M) type inequalities in fractional calculus for harmonic
convex functions. We presented two new Riemann-Liouville fractional trapezoidal type auxiliary equalities
in Mercer sense. We enhanced the study of Mercer type integral inequalities using Power-mean, Holder’s
and modified Holder integral inequalities using the novel approach. Similarly, smaller upper bounds can
be deduced by using modified Power-mean integral inequality. Which is left for reader interest. The
remarkable techniques and ideas presented in this article may be developed to coordinates and fractional
integral calculus. Our goal for the future is to continue and expand our research in this regard.
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