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Stochastic dynamics of a hybrid delay food chain model with
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Abstract. In this paper, we propose a stochastic hybrid delay food chain model with harvesting (under
catch-per-unit-effort hypothesis) and jumps in an impulsive polluted environment. First, we study some
stochastic dynamic properties of the system by stochastic analysis techniques, such as stochastic persistence
in mean, extinction and global attractivity of the system. Then, we research the optimal harvesting problem
of the system by ergodic theory. The accurate expressions for the optimal harvesting effort (OHE, for short)
and the maximum of expectation of sustainable yield (MESY, for short) are given. Our results show that the
stochastic dynamics and optimal harvesting strategy (OHS, for short) of the system are closely correlated

with both time delays and environmental noises. Finally, some numerical simulations are introduced to
illustrate the main results.

1. Introduction

In modern natural resource management, one of the most significant problems is to establish ecologically,
environmentally and economically reasonable optimal harvesting policy ([1]). Overfishing may lead to the
extinction of some species, which will be seriously disruptive to the ecological balance. Many animals are
endangered by unrestricted harvesting or hunting. Hence, the study of OHS is undoubtedly significant
for the development and utilization of animal resources. Many researchers noted that single-species or
two-species population systems cannot fully describe some natural phenomena, but numerous critical
behaviors can only be exhibited by models with three or more species ([2], [3]). The classical three-species
food chain model with harvesting under catch-per-unit-effort hypothesis can be expressed as follows ([4],

[5]):
dxi(t) = x1(t) [r1 — a1 x1(t) — appx2(t)] dt = hyxq (H)dt,
dxa(t) = xa2(t) [=72 + anixa(t) — anxo(t) — assxs(t)] dt — hoxo(#)dt,
dxs(t) = x3(t) [-73 + asxa(t) — aszxs3(t)] dt — haxa(t)dt,
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where x1(t), x2(f) and x3(t) represent, respectively, the population densities of prey, intermediate predator
and top predator at time . 7; and a;; are all positive constants. /; > 0 represents the harvesting effort of x;(t)
(i=1,23).

In the real world, time delays are common and inevitable, “to ignore time delays is to ignore reality”
([6]). Any species in nature will not always react at once to variation in its own population size or that of
an interacting species, but will do so after a time delay preferably ([7]). Thus, incorporating time delays
into ecosystems makes them much more realistic than those without time delays ([6], [8], [9]). It is well
known that systems with discrete time delays and those with continuously distributed time delays do not
contain each other but systems with S-type distributed time delays contain both ([10], [11]). Motivated by
the above discussion, introducing S-type distributed time delays into system (1) yields:

dxq(t) = x1(t) [r1 — D11(x1)(t) — Dr12(x2)(H)] At — hyx1(£)dt,
dxo(t) = x2(t) [=12 + D1 (x1)(t) = Do (x2)(t) — Doz (x3)(1)] dt — hox(f)dt, )
dxs(t) = x3(t) [-73 + Daa(x2)(t) — D33(x3)(t)] dt — haxs(t)dt,

where Di(x;)(t) = ajixi(t) + f_OT]_, xi(t + 0)du;i(0), tji > 0 are time delays, T = max {T]‘i}. u;i(0), 6 € [-1,0] are
nondecreasing bounded variation functions.

On the other hand, the deterministic system has its limitation in mathematical modeling of ecosystems
since the parameters involved in the system are unable to capture the influence of environmental noises
([12], [13]). Hence, itis of enormous importance to study the effects of environmental noises on the dynamics
of population systems. First, let us take white noises into account. One usually use an average value plus
an error term to estimate the growth rate r; and death rates ; (i = 2,3). In view of the central limit theorem,
the error term is normally distributed. Assume that r; are affected by white noises, i.e., 11 < 11 + 01 Wi (t),
—1y = =12+ 0. Wh(t), =13 < —1r3+03W3(t), where W;(t) are standard Wiener processes defined on a complete
probability space (€, 7, P) with a filtration {F}}:»0 satisfying the usual conditions. Then, system (2) becomes

dxi(t) = x1(t) [r1 — 1 — D11(x1)(t) — D12(x2)(B)] At + o121 (AW (2),
dxo(t) = x2(t) [=12 = o + Doy (x1)(t) — Do (x2)(t) — Dz (x3)(1)] At + 0222 (£)dWo(£), 3)
dxs(t) = x3(t) [-73 — I3 + Da2(x2)(t) — D3s(x3) ()] dt + a3x3(t)dW5(#).

However, it has been noted that white noises cannot describe some sudden environmental perturbations
(for example, typhoon, epidemics, earthquakes and so on) which are often encountered in the growth
of species. The majority of scholars claimed that Lévy jumps can be used to describe these sudden
environmental perturbations and have introduced Lévy jumps into population systems to analyze the
effects of these sudden environmental perturbations ([14], [15], [16], [17], [18]). Incorporating Lévy jumps
into system (3) yields:

dxy(t) = x1(t) {[7’1 = h1 = D1 (x1)(t) — Dia(x2) ()] dt + o1 dWi () + f Yl(H)ﬁ(dt/ d#)} ,
z

dxy(t) = x2(t) {[—rz = ha + D1 (x1)(t) — Daz(x2)(t) — Doz (x3)(1)] dt + o2d Wi (t) + fz y2(N(dt, d#)} , (4)

dxs(t) = x3(t) {[—7’3 —h3 + D (x2)(t) — Daz(x3) ()] dt + 03dWs(t) + L Vs(#)ﬁ(df/ d#)} ,

where N(dt,du) = N(dt, du) — A(dp)dt, N is a Poisson counting measure with characteristic measure A on
a subset Z C [0, +00) with A(Z) < +o0 and y;(u) are bounded functions.

As we all know, there are various types of environmental noises. Now, let us take a further step by
considering telephone noises into system (4). It can be described as a random switching between two or
more environmental regimes and the switching is memoryless and the waiting time for the next switch
has an exponential distribution ([19]). Many academics have argued that parameters in ecosystems often
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switch because of environmental changes, for example, some species have different growth rates at different
temperatures and these changes can be well described by a continuous-time Markov chain p(t) with finite-
state space ([20], [21], [22], [23], [24], [25], [26]). System (4) under regime switching can be described by the
following stochastic hybrid delay system:

dxq(t) = x1(t) [(r1(p(t)) — h1 — D1 (x1)(t) — Dra(x2)(1)) dt + Sq (8, p(1))],
dxa(t) = x2(t) [(=72(p(t)) — h2 + D1 (x1)(t) — Do (x2)(t) — Das(x3)(t)) dt + Sa (¢, p(t))], 5)
dxa(t) = x3(t) [(=73(p(t)) — h3 + Dz (x2)(t) — D3(x3)(t)) dt + Sz (¢, p(h))],

where S; (¢, p(t)) = oi(p(£))dWi(t) + fz yi(u, p(£))N(dt, du) and yi(u, p(t)) are bounded functions.

Furthermore, environmental pollution has become an important issue of concern to ecologists all over
the world. When considering the impacts of environmental pollution on ecosystems, many models assumed
that the emission of pollutants was continuous. However, in reality, the discharge of toxic pollutants was
often regular, for example, with the rapid development of industrial and agricultural production, some
chemical plants and other industries often periodically discharge sewage or other pollutants into rivers,
soil and air ([27]). These pollutants can cause direct damage to ecosystems, such as species extinction.
Therefore, it is vital to assess the risk of toxicant on populations ([28]). Motivated by above discussions, we
refine system (6) as follows:

dxy(t) = x1(8) [(r1(p(#)) = h1 = r11Cro(t) — D1 (x1)(t) — Dra(x2)(t)) dt + Sy (¢, p(1))],

dxa(t) = x2(t) [(=72(p(t)) — h2 = r22Co0(t) + D1 (x1)(t) — Do (x2)(t) — Das(x3)(t)) dt + Sa (8, p(t))],

dxs(t) = x3(t) [(=73(p(t)) — hs — 133C30(t) + Daz(x2)(t) — Ds3(x3)(t)) At + Sz (¢, p(H)], t#ny,
dCio(t) = [kiCe(t) — (g: + m;) Cio()] dt,

dC.(t) = =hC,(t)dt,

Axi(t) =0, ACo(t) = 0, ACu(t) = b, t=ny, ne Ny (i=1,2,3),

where Af(t) = f (") — f(t). For other parameters in system (6), see Table 1.

Table 1: Definition of some parameters in system (6)

Parameter Definition

Cio(t) the toxicant concentration in the organism of species i at time ¢
C(t) the toxicant concentration in the environment at time ¢

Tii the dose-response rate of species i to the organismal toxicant
k; the toxin uptake rate per unit biomass

gi the organismal net ingestion rate of toxin

m; the organismal deportation rate of toxin

h the rate of toxin loss in the environment

4 the period of the impulsive toxicant input

b the toxicant input amount at every time

The rest of this paper is organized as follows. Section 2 begins with some fundamental assumptions,
notations and the theorem of existence and uniqueness of global positive solution to system (6). Section 3
focuses on stochastic persistence in mean and extinction of each species in system (6). Section 4 is devoted
to the global attractivity of system (6). Section 5 discusses about the optimal harvesting strategy of system
(6). Some numerical simulations are given in Section 6. Finally, we conclude the paper with a perspicuous
conclusion and discussion in Section 7.
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2. Existence and Uniqueness of Global Positive Solution

We have three fundamental assumptions for system (6).

Assumption 2.1. Wy(t), Wa(t), W3(t), p(t) and N are mutually independent. p(t), taking valuesin 5 = (1,2, ..., 5},
is irreducible with one unique stationary distribution 7 = (11, M2, ..., nS)T.

Assumption 2.2. (i) > 0, aj > 0 and there exist y}(i) > yi(i) > =1 such that y.(i) < yi(u,1) < y;(i) (uez),
VieS, j,k=1,23.

Remark 2.3. Assumption 2.2 implies that the intensities of Lévy jumps are not too big to ensure that the solution
will not explode in finite time.

Assumption2.4. 0 <k;<g;+m; (1=1,2,3),0<b<1- e

Remark 2.5. Assumption 2.4 means 0 < Cip(t) < 1and 0 < C,(t) < 1, which must be satisfied to be realistic because
Cio(t) and C,(t) are concentrations of the toxicant (i = 1,2, 3).

Lemma 2.6. ([29], [30]) Cio(t) involved in system (6) satisfies

' kib
. -1 ] _ i _ ) .
tl_lglot fo Cio(s)ds = T G m)y =K (i=1,2,3). (7)

Denote R, = (0, +), R, = [0, +o0) and

! kib
Ajj = aij + IT duij(0), Ki= G my
2
bi() =n() - ﬁ —f Vi) = In(1 + y(u, )] Adp),

i) = r}()+ f [yiw ) = In( + i, D] A (1=2,3),

s
Ly = Z b1 (i) — Ky, Ej = _Z mibj(i) = 1j;K; (j = 2,3),

By =Xy -l By=Xp—hy+52By, By=X5— I3+ 42
Al = AnAg + AnAz, [A| = ApAss + ApAz, |Ad] = AzzB1 — A (Bz - %Bl)/ |Az| = A1 By,
An An 0 2[A] (A21 —A1p) Ass  AnAns + AnAs
=[-An  An  Axn|, Q= (An - An) Az 2AnAss An (A — Azs)
0 -Apn As; AAx + AnAsz  An (Asp — Az) 21A]

Denote B = (Bl,Bz - %BLB v Bz) .Y = (1, v2, y3)T. From Cramer’s Rule, for system Ay = B, if
the determinant of coefficients |A| = det(A) is nonzero, then it has a unique solution which is given by
y = A" (IA1], 1Asl, |As]) T, where A; is A with column j replaced by B(j=123).

Denote £ = (1, Lo, Xa)', H = (1, o, h3)", A = ([Ad], [A;
by I. By Cramer’s Rule, for system QH = A, if |Q| # 0, then it has a unique solution which is given by

(1, h;,h;) = 1QI™1(1Qul,1Qal, 1Qs))", where Q; is Q with column j replaced by A (j = 1,2,3).

|) where K] is A with column j replaced

Theorem 2.7. Foranyinitial condition ¢ € C ([—T, 0], ]Ri), system (6) has a unique global solution (x1(t), x2(t), Xg,(t))T €

R3 on t € Ry a.s. Moreover, for any constant p > 0, there exist Ki(p) > 0 such that sup,.g, E [xf (t)] < Ki(p)
(i=1,23).

Proof. The proof is rather standard and hence is omitted (see e.g. [31]). O
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3. Stochastic persistence in mean and Extinction
Lemma 3.1. ([32]) Suppose Z(t) € C(Q X [0, +00), Ry) and lim;_, o 22 =
(1) If there exists constant 69 > 0 such that for t > 1,

¢
InZ(t) < ot — 60f Z(s)ds + o(t),
0
then

t
limsup ¢! f Z(s)ds < O as. ©20);
0 o

t—+00

lim Z(t) =0 as. (6<0).

t—+co

(it) If there exist constants 0 > 0 and 0 > 0 such that for t > 1,
t
InZ(t) > ot — (Sof Z(s)ds + o(t),
0

then

t—+00

t -
lim inf ¢~ f Z(s)ds > 5 a.s.
0 0o

Now, let us consider the following auxiliary system:

dCio(t) = [kiCe(t) — (g + m;) Cio(t)] dt,
dC,() = —hC,(H)dt,
AXi(H) = 0, ACo(t) =0, ACo(H) = b, t=ny, ne Ny (i = 1,2,3).

Lemma 3.2. System (12) satisfies Table 2, where

¢ ¢ ¢
XT(o0) =tl_1>rflot_1 (fo Xl(s)ds,fo Xz(s)ds,j; Xg(S)dS).

0.

dXy(t) = Xa(8) [(n(p(t) = b1 = rmCro(t) = D (X1)()) dt + Su (¢, p(1)],
dXy(t) = Xo(t) [(=r2(p(t)) = ha = r22Coo(t) + D (X1)(t) — D (X2)(t)) dt + Sa (¢, p(t))],
dXs(t) = X3(t) [(—3(p(t)) — hs — r33C30(t) + Do (X2)(t) — Da3(X3)(4)) dt + Sz (8, p(1)], + t # ny,

Table 2: Persistent in mean and extinction of system (12)

Bs B, By m
>0 >0 >0 (£ 25 22)
<0 >0 >0 (zf_l]l’ /1\3_222’0)
<0 >0 (zf_ll]’o’ 0)
<0 (0,0,0)

4827

(10)

(11)

(12)
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Proof. Consider the following stochastic hybrid delay logistic model with Lévy jump in an impulsive
polluted environment:

dXq(t) = X1(t) [(r1(p(t)) — h1 — r11Cro(t) = D11 (X1)(H)) dt + Su(t, p(t))],
dCyp(t) = [k1Ce(t) — (g1 + m1) C1o(t)] dt, t#ny,
dC,.(t) = —hC,(t)dt,

AXy() =0, ACio(H) = 0, ACs(t) = b, t = ny, neNj.

(13)

Thanks to Lemma 2.6 and Lemma 2.3 in [33], system (13) satisfies

thm Xl(t) =0 as. (Bl < 0),
—+00

¢ (14)
lim t_lf Xi(s)ds = B as. (B1=0).
0 An

t—+o0
By Itd’s formula, we compute

~T1(X1)(t)
T21(X1)(t) = T(X2)(t)

t
InX(t) = Bt — Aof X(s)ds +
T32(X2)(t) — T33(X3)(F)

where

In X, (t) [ X1(s)ds An 0 o

+o(t), (15)
In X, (1) |, f X(s)ds = | [ Xa(s)ds |, —Ay  Ax
In X5(t) [ Xs(s)ds 0 -Ap Az

1
,o<t>—o<t>[]
THX() = f f X(6)dsd(6) - f f (5)dsdyis(0).

Case (i) : By < 0. Then, lim;_,, X1(t) = 0 a.s. Hence, for Ve € (0,1) and > 1,

InX(t) = Ag =

t
In X (f) < (B2 - g—iBl + e)t —am f Xa(s)ds, (16)
0

which implies lim;_,+« X>(t) = 0 a.s. Similarly, lim;_, .. X3(t) = 0 a.s.
Case (ii) : By > 0. Consider the following auxiliary function:

dXa(8) = X [(~ra(p(H) = 12 = ra2Can () + Don (X)(t) = an Xa(B) dt + Salt, p(H)] . (17)
Then X5(t) < 5(2\(?) a.s. By Itd’s formula, we get

In X>(F) = Bt — ax fo t X>()ds + o(b). (18)
In view of Lemma 3.1, we deduce that for arbitrary C > 0,

Jim ! £ C Xi(s)ds =0 as. (i=1,2). (19)

Combining (19) with system (15) yields

t
In Xz(t) =Byt — Ay f Xz(S)dS + O(t). (20)
0



S. Wang, Z. Yue / Filomat 38:14 (2024), 4823-4851

Thanks to Lemma 3.1, we deduce

thI-P Xz(t) =0 as. (BQ < 0),
' B
lim ¢+ f Xo(s)ds = == as. (B, >0).
t—+o00 0 A22
If B, <0, then for Ve € (0,1) and t > 1,
Az '
In Xs(t) < (33 _f2p e)t —as | Xs(s)ds,
Ap 0

which implies lim;_,+ X3(t) = 0 a.s.
Case (iit) : By > 0, B, > 0. Consider the following SDDE:

dX3(E) = Xa() [ (~r3(p(®) = s = r33Ca0(t) + Do (Xa)(t) = az X5 (D) dt + Sat, p(1))].

Then, X5(f) < )/(3\J(t) a.s. By Itd’s formula,

t
In X5(F) = B3t—a33f X5(s)ds + o(b).
0

Thanks to Lemma 3.1, we derive that for arbitrary C > 0,

t—+o00

¢

lim 7! f Xi(s)ds =0 as. (i=1,2,3).
t=C

Hence, for Ye € (0,1) and t > 1,

t
In X5(t) = B3t — Ass f X3(s)ds + o(t).
0

In view of Lemma 3.1, we obtain

thm X3(t) =0 as. (B3 < 0),
—+00

lim t‘lf X3(s)ds = Bs as. (B3>0).
0

t—+o0 A33
The proof is complete. [

Lemma 3.3. For system (6):
(i) limsup, ' Inx;(t) <0as. (i=1,2,3).
(i) limy 10 Xi(t) = 0 = limy 100 Xj(t) = 0as. (1 <i<j<3).

4829

(21)

(22)

(23)

(24)

(25)

(26)

(27)

Proof. From Lemma 3.2, system (12) satisfies lim; t1InX;(t) = 0as. (i = 1,2,3). By the stochastic
comparison theorem, we obtain the desired assertion (). The proof of (i) is similar to that of Lemma 3.2

and here is omitted. [

Assumption 3.4. AxpAszz |A| > A1pA2Ax3Asz.

Theorem 3.5. Under Assumption 3.4. System (6) satisfies Table 3, where

xT(c0) = Jim £ 1(f x1(s)ds, f x(s)ds, f X3(S)dS)
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Table 3: Persistent in mean and extinction of system (6)
|As| |As| By xT(c0)

[Aq] |Ag] M)
+ (|A|' AL’ TA|

- + (}3;10 0)

- (O/ Or O)

Proof. Compute |Asz] < A3 |As| < A21A3B1. Thanks to Lemma 3.2, for any C > 0,

t
lim + f xi(s)ds =0as. (i=1,2,3). (28)
.

t—+o00 C

By It6’s formula, we compute

¢
Inx(t) = (E-h)t - Af x(s)ds + o(t). (29)
0
Case (i) : |Az] > 0. Thanks to system (29), we compute

t
lim ! (A21A32 In xl(t) + A11A3 11’1.XQ(t) + |AlIn X3(t) + |A|f x3(5)ds) = |As]. (30)
0

t—+o0
By Lemma 3.3 (i) and Lemma 3.1, we deduce

¢
lim inf t‘lf x3(s)ds > M a.s. (31)
0

v, Al

Based on system (29), we derive

t—+o0

t t
lim ! (Azz Inx1(t) — Ap Inxp () + |A] f x1(s)ds — A1pAz; f X3(S)d5) = |A4q]|. (32)
0 0

By Lemma 3.3 (i), for Ve € (0, 1) and ¢ > 1,

t ¢
Ax In xl(t) < (|A1| + A12A23 lim sup i’_l f Xg(S)dS + 6) t— |A| f xl(s)ds. (33)
t—>+00 0 0
In view of (31), we deduce
f |As| A
|A1| + A12A23 lim sup i'_l f X3(S)d5 > |A1| + A12A23—3 = |A| =1 > 0. (34)
t—+o0 0 |A| |A|
Thanks to Lemma 3.1, we obtain
¢ ¢
limsup t™! f x1(s)ds < |A™! (|A1| + AppAgz limsup t7! f x3(s)ds) 2137 (35)
t—+o0 0 t—+o0 0

According to (31), (35) and system (29), for Ve € (0,1) and t > 1,

t
Inx(f) < (B2 _Anp - a Bl e)t . f %a(s)ds. (36)
An |A| 0
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Combining (34) with (35) yields

A A
B, - =2B, +AnIy" - A23| d

An |A]
A A, IAsl 1] (37)
> By — A—HBl + Ay AT (|A1| + A1pAns |A3| ) A23ﬁ = A22|T2| > 0.

Thanks to Lemma 3.1, we obtain

t
Ay A

lim sup 1 f X(s)ds < Az_zl (32 - B1 + A211*SMP A23d) (38)
t—+oco 0 A |A|

Therefore, for Ve € (0,1) and t > 1,

In X3(t) < [Bg - i—ziBz A32 ( An

t
By— —=Bi+AnTy" - A M) ]t—A f ) 39
Azz 2 A 1+ Ao 23 Al +€ 33 Oxa(S)dS (39)

Thanks to (37), we obtain

A A A
By - Z2By + (Bz - ZEBy + AnlyY - A

Bs— —By+Ap—=A
Ary Ax Ay Al 3 2+ Az 3B3TAT

sl p, A 1l
> 0. 40
An Al Al (40)

According to Lemma 3.1, we obtain

AnAz B, A32
AnAp A2

(Azlr”*’ Ayl )] as. 41)

¢
lim sup 1 f x3(s)ds < A3_31 [B3 -
0 Al

t—+oco
Under Assumption 3.4, (41) is equal to
. 1 |As]
limsupt x3 (s)ds < — as. (42)
t—+00 Al

Combining (31) with (42) yields

R _ 1As] 43
tl_lgéot foxg,(s)ds A a.s. (43)

Therefore, l"fffp = Iml and

t
lim sup 1 f X(s)ds < ] a.s. (44)
0 Al

t—+00

In view of system (29), we compute

t—+o0

t t
lim 7! (A21 Inx1(t) + A1r Inxp () + |A] Xo(s)ds + A11A03 f X3(S)d5) =|A,]. (45)
0 0

Thanks to Lemma 3.3 (i), for Ve € (0,1) and ¢ > 1,

t
Anin() 2 (1Al - A“A23||A3|| )e-1al f xa(5)ds, (46)
0

where |Ay| — A11A23 |@3|| |A| ‘lizll > 0. According to Lemma 3.1,

t—+00 - |A| -

t
lim inf t‘lf Xo(s)ds > M a.s (47)
0
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Combining (44) with (47) yields

t
A
tl_l}E_I'olo t_lfo Xa(s)ds = % a.s.

Substituting (48) into system (29) yields

t
A
lim 7! (lnxl(t) +A11f x1(s)ds) = AHu a.s.
0

t—+o0 |A|

Therefore, by Lemma 3.1, we obtain

t
A
lim t‘lf x1(s)ds = Ad] a.s
0

t—>+oo N

4832

(48)

(49)

(50)

Case (it) : [Az] > 0 > |Az|. From (30) and Lemma 3.3 (i), lim;—+ x3(t) = 0 a.s. Hence, (32) and (45) are

transformed into

¢
Jim 1 (A22 Inx((t) — App Inxo(t) + A f xl(s)ds) = A4,
—+00 0
¢
thI-P t_l (A21 lnxl(t) + Ay In XQ(i’) + |A| f XQ(S)dS) = |A2| .
—+00 0
Based on Lemma 3.3 (i), for Ye € (0,1) and t > 1,
¢
Anlnx(0) < (Ad+ o1 - 1Al [ xi@ds
0
¢
Autnza() > (Al =€)t~ A] [ s
0

Thanks to (52) and Lemma 3.1, we have

L |Aq]
limsupt™ f x1(s)ds £ — a.s.
t—+oco 0 |A|

lim inf ¢! ftx (s)ds > 1A| a.s
f—>+00 0 T\
Substituting (53-1) into system (29) yields that for Ve € (0,1) and t > 1,
¢
lan(t) < (B2 - @Bl + AﬂM + E) t— Azzf XZ(S)dS.
An Al 0

On the basis of Lemma 3.1, we have

¢
. _ _ An |Aq] |A,|
limsu tlfx sdssAl(B——B + A —):—a.s.
msup ™ | x2(o)ds < Ag (Bo = 7 0B+ Ao ) =T

Therefore, combining (53-2) and (55), we get

¢
A
tl_lgéo t‘lfo Xo(s)ds = % as.

(51)

(52)

(53-1)

(53-2)

(54)

(55)

(56)
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By (56) and system (29), we compute

t
lim t_l (ln xl(t) + Ay f xl(s)ds) =B; - AlZM = A11M a.s. (57)
b0 0 |Al |Al

Hence, in view of Lemma 3.1, we obtain

t
N _ a4 58
tEIEéot L x1(s)ds = Al a.s. (58)

Case (iii) : B > 0 > |Az|. Then, lim;_, ;e x3() = 0 a.s. Thanks to (51) and Lemma 3.3 (ii), we deduce that
lim;—, 1o x2(t) = 0 a.s. Hence,

t
Inxy(t) = Byt — Aqq f x1(s)ds + o(t). (59)
0
From Lemma 3.1, we obtain
' B
lim £ f x1(s)ds = - a.s. (60)
t—+00 0 An

Case (iv) : By < 0. By Lemma 3.2, lim; o X;(f) =0as. (i=1,2,3). O

Remark 3.6. If$ = (1}, h; = r;; = 0 and u;;(0) = Cj;, then system (6) becomes model (3) discussed in [34]. Hence,
Theorem 3.5 contains Lemma 4 in [34] as a special case.

Remark 3.7. If§ = {1}, h; = r;; = yi(u, 1) = 0, wii(0) = Cii, aij = 0 (i # j), and p;;(0) are defined as follows:

1y T3, £0<0, s —Te 2020,
pa(6) =47 T2 N IORS e :
0, —T1p <0< —Tior 0, -1 <0< —Ty1s

*

0, —-T3 <0< —Tys, 307

a -1, <0<0
) = %23/ 3 =0USY
,U23( ) { 0, —p<0<-1

152(6) = {a;z, -1, <0<0,

then system (6) becomes the following system discussed in [35]:
dxi(t) = x1(t) [r1 — ann(t) — ajyx (£ = 73,)] dt + o (WA (D),
dxy(t) = xp(t) =12 + a1 (= T3y ) = anxa(t) — dhys (£ — T )| At + o2x2()AWA(E),
da(t) = x3(t) 13 + a2 (= T3y) — azaxa(t)| At + oax3()AWS(E).

Hence, Theorem 3.5 contains Lemma 2.5 in [35] as a special case.

Remark 3.8. If§ = {1}, h; = r;; = 0, u;i(0) = Cis, aij = 0 (i # j) and p;;(0) are defined as follows:

a’—Er _TISGSO/ é};/ —’CQSQSO,
0) = 0) =
H12( ) {O, —T1p £ 0 < —14, y21( ) {0, —T73 £ 0 < —15,
ﬁzg/ _T3SGSO/ ﬂ?i, _T4SQSO,
0) = 0) =
t25(0) {0, —T3 <0 <-13, a2 (6) {0, —T3 <0 < -1y,

then system (6) becomes the following system discussed in [36]:
dxi(f) = x1(t) [(r1 — anxa(t) — anaxa (= 71)) dt + Sa (8, 1)],
dxo(f) = xo(t) [(—r2 + az1x1 (t — 12) — a20x2(F) — azzx3 (t — 13)) dt + Sa(t, 1)],
dxs(t) = x3(t) [(—7'3 + @XZ (t - T4) - a33x3(t)) dr + S3(t, 1)] .

Hence, Theorem 3.5 contains Theorem 2 in [36] as a special case.
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4. Global attractivity
Assumption 4.1. 2a;; > Y7 A;j (j=1,2,3).
Theorem 4.2. Under Assumption 4.1. System (6) is globally attractive, namely, for any ¢ and ¢* € C ([—T, 0], lRi),

limy_, 400 E [”x(t; P) - = 0, where x(t; ¢) = (x; (t;¢),x2(t;¢),x3(t;¢))T is the solution to system (6) with
¢ € C([-7,0, R3).

Proof. We prove that
Jim E|xi(t; ¢) — xi(¢")| = 0 (1= 1,2,3). (61)

For (i, j) # (1,3) and (i, j) # (3,1), we define function as follows

NAEE W

i,j=1~ "
Applying It6’s formula, we obtain

Wt o, ¢7) =

t
ft ) |xi(s; ¢%) = xi(s; )| dsdpi(6).

L[W(E P, o] < - Z [2“11 ZAU (6 ) — (85 )| - (62)
j=1

According to (62), we deduce

f E||xi(t; ¢") = xi(t; )| | dt < +o0 (i =1,2,3). (63)

0
Define Hy(t) = E[xi(t; ") - xi(t; §)|| (i = 1,2,3). Then,

IHi(tz) = Hi(t)] < [ [xi(ta; ¢°) = xi(t; )| + E [ |xiCta; ) = xit1;9)]] (64)

Denote max (i) = r;, max |oj(i)) =0%,supCj(s) =C;, sup |yj(y, )| =y, Lj = max{r;, 0%, C%,y"}. In view of
ieS I ies " =0 7 wiezxs i T

system (6) and Holder’s inequality, for £, > t; and p > 1,

3
(B [Feitt2) - xi(t)l])” < E [lejtt) - xie0P] <371 Y s, (65)

i=1

where Y; will be listed later. By Theorem 7.1 in [37], for p > 2, we obtain

’ p (plp-1) g p2 P
YZ:IE[ ]SL]. (22)? (ta— 1) 2 ftl IE[x].(s)]ds. (66)

t
[ atoemmame

From Holder’s inequality, we derive

ty 3 !
{ ftl xj(s) [L]’ +hj+ il + ; z)ﬁ(x,-)(s)] ds] l

3 2
< g1 [Lii n h? + (rijj)P] (t, tl)Pfl f IE[ X (s) ]dS +9r-1 Z 1(t2 —H)” 1 ft E [xf(s)x?(S)] ds (67)

b

Y, =E

1

i=1
3 5] 0
+1Y (b - tl)”‘llE[f (f xi(s + O)xj(s d#ﬂ(g] }
i=1 i\
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On the basis of Holder’s inequality, we get

) 0 P
E[f; (f: ) xj(s)xi(s + G)duji(e)] ds]
0 Pt 0 Pl a0
< % (f;[ﬁ d#]l(e)] L E [x?p(s)] ds + %(‘f_Tﬁ d‘l,l],(e)] L ITﬁ E [X?P(s + 9)] d[J]l(Q)dS

According to the Kunita’s first inequality in [38], for p > 2, we get

(68)

ty _ p
Y3=]E[jt‘ fzxj(s)yj(y,p(s))N(ds,dy) ]
< D) {IE ( f fz Ixi(s)y; (y,p<s>)|2A<du>ds) +1E[ f fz |xj<s>yj(w(s))h(du)ds]} (69)

g 2 2] 12
sD(p){L’;( fZ /\(dp)) by — 1| T ftl IE[xi.’(s)]ds+L? fz A(dp) ftl ]E[xi?(s)]ds}.

Thanks to (65)-(69), for p > 2 and |t — 1] < %, there is a constant M > 0 such that

(B [lxi(t2) — xj(t)l]) < Mt — 1. (70)
Combining (64) with (70) yields
|Hj(t2) — Hj(t1)] < 20Mlt2 — 1]y (71)

Consequently, (61) follows from (63), (71) and Barbalat’s conclusion in [39]. O

5. Optimal harvesting strategy

Now, let us consider the optimal harvesting problem of system (6). Our goal is to find the optimal
harvesting effort H = (11, ho, h3)" such that (i) All of x;(#), x2(t) and x3(t) are not extinct; (ii) The expectation

of sustained yield Y(H) = lim;, .o E [HTx(t)] is maximum.
Denote H = (11, hy,13)" € RS & h; € R, (i = 1,2,3).

Theorem 5.1. Under Assumption 3.4. Let

T —
Y'(H) = _H SH +HTA. (72)
(i) If
A3l (H) |y s > 0, 4An [A] > Az |A12 - Anl*, 1QI>0, (73)

T * *
then the OHE is H* = (h;,h;,h;) and MESY = %-

(it) If one of the following conditions holds, then the OHS does not exist:

(1) 0> |As| (H");
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(0) H' ¢ R;
() 4An [A] < A3 |A12 — Anl;

(®) Q| <0.

Proof. Based on Theorem 2.7, there exists a constant C(p) > 0 such that

t
t‘lf]E
0

Thanks to Theorem 3.1.1in [40], Theorem 3.1 in [41] and Theorem 3.2.6 in [42], we deduce that (x1(t), x2(t), x3(t), p(if))T
has a unique ergodic invariant measure v(- X -) in R3 X $. Hence,

3
ds < C(p). (74)

2(s)
1

i=

S t
Z f 6:v (461, d6,ds, k) = lim ! f xi(s)ds as. (i=1,2,3). (75)
k=1 VR o Jo

Define U = {H € IR_§r| |As] (H) > 0}. By Theorem 3.5, for any H € U, we have

t
lim + f xi(s)ds = A as. (i=1,2,3). (76)
0

t—+o0 |A|

On the other hand, if the OHE H* exists, then H* € U.
Proof of (i). Under condition (73), for H € U, we have

t *
lim 7! f H'x(s)ds = Y (H). (77)
t—+o0 0 |A|
Let o(- X -) be the stationary probability density of system (6), then we get
s
Y(H) = lim E[H"x(t)] = Z f H"00(0, k)do. (78)
t—+o00 = RS

Noting that system (6) has a unique ergodic invariant measure v(- X -) and that there exists a one-to-one
correspondence between g(- X -) and v(- X -), we deduce

S S
Y f H'00(0,)d0 = ) | f H0v(d0, k). (79)
k=1 ]Ri k=1 Ri

Inview of (75), (77), (78) and (79), we deduce Y(H) = “$2. Solving {2 = 0yields H' = Q| (1Qi/,1Qal,1Qs])"-

Compute the Hessian matrix A of Y*(H) is —Q. -2 }K| < 0and 4Ay4 )K| > Ass |A1p — An[? implies that A is
negative definite. Hence, Y*(H) has a unique maximum, and the unique maximum value point of Y*(H) is
H".

Proof of (it). Thanks to Theorem 3.5, under condition (a), the OHS does not exist. Finally, let us show
that if the following condition holds, then the OHS does not exist (i.e. prove (¢) and (d)):

As|(H) |, = >0,
. HeR} , (80)
4A1 )A| < As3|A1p — Anl® or Q| <0.

Clearly, A is not positive semidefinite. (80) implies that A is not negative semidefinite. Hence, A is
indefinite. Thus, Y*(H) does not exist extreme point. So, the OHS does not exist. [
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Remark 5.2. If§ = {1}, r;; = yi(u,1) = 0, a;; = 0 (i # j) and p;;(0) = Ci;, then system (6) becomes the following
system discussed in [7]:

- 0
dxi(t) = x1(t) |11 — b1 — anxa(t) - f x(t + G)d#u(@)] dt + o1 (H)dWi (1),

T12

. 0
dxa(t) = xao(t) [—1r2 — ha + fﬂ x1(t + 0)dp21(0) — axnxa(t) — f x3(t + 0)du2s(0) | dt + o2x2(H)dWa(t),

23

dxs(t) = x3(t) | —r3 — h3 + ﬁ Xt + 9)(1#32(9) - 6133X3(t)] dt + o3x3(H)dW;s(1).

Hence, Theorem 5.1 contains Theorem 4 in [7] as a special case.
Remark 5.3. If § = {1}, r;; = yi(u, 1) = 0 and p;;(0) = Cij, then system (6) becomes

dx1(t) = x1(t) [r1 — 1 — anxa(t) — apxe(t)] dt + o1x1 (AW (F),
dXQ(l’) = JCQ(t) [—1’2 - h2 + llzlxl(f) - tlszz(t) - 6123X3(t)] dt + OzXQ(f)sz(t),
dxs(t) = x3(t) [=73 — h3 + az2x2(t) — azzxs()] dt + o3x3(H)dWs(1).

Therefore, Theorem 5.1 contains Theorem 2 in [3] as a special case.

6. Numerical simulation

In this section we introduce some examples and figures to illustrate our main results. For simplicity, we
suppose that 5 = {1,2}. Then system (6) is a hybrid system of the following two subsystems:

dxi(#) = x1(8) [(r1(1) = I — 111 Cr0(t) — Dr11(x1)(#) — D12(x2)(#)) dt + S (¢, 1],

dxa(t) = x2(t) [(=72(1) = ho = r22Cop(t) + D (x1)(t) — Do (x2)(t) — D (x3)(t)) dt + Sz (£, 1)],

dxs(t) = x3(t) [(—73(1) = h3 — r33C30(t) + Da2(x2)() — Daz(x3)(t)) dt + S5 (¢, 1)], t#12n, (81)
dCi(t) = [0.1C,(f) — (0.1 + 0.1) Cip()] dt,

dC,.(t) = —0.5C,(t)dt,

Axi(t) = 0, ACo(t) = 0, AC,(f) = 0.6, t =121, n €N, (i =1,2,3),

and

dxi () = x1(t) [(r1(2) = h1 = r11Cr0(t) — D11 (x1)(t) — D12(x2)(t)) dt + S1 (¢, 2)],

dxa(t) = xa(t) [(—72(2) = ha — r22Ca0(t) + Da1(x1)(t) — Daa(x2)(t) — Das(x3)(t)) dt + Sz (¢, 2)],

dxs(t) = x3() [(—73(2) — I3 — 133C30(t) + Daa(x2)(t) — Daz(x3)(H)) dt + S5 (£, 2)], t#12n,
dCi(t) = [0.1C(E) — (0.1 + 0.1) Co(B)] dt,

dC.(H) = —0.5C,(H)dt,

Axi(t) = 0, ACio(t) = 0, ACu(t) = 0.6, t =121, ne N, (i =1,2,3).

(82)

Lettji =In2, u;ji(0) = u jiee, yi(u,i) = y(i) and A(Z) = 1. In the following examples, we choose the initial
conditions x;(0) = 2e%, x,(0) = 1.2e?, x3(0) = 0.5, 0 € [-In2,0].
Denote

rm o an a0 pin o pe 0 o1()) ()
Param(i) = |72 a1 ax 43 po1 M oz 020)  y20)].
ras 0 azm az 0wz wsz o3(i)  ys(d)
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Then system (6) may be regarded as the result of regime switching between subsystems (81) and (82) with
the following parameters, respectively,

0
0.1
0.5

0.4

0.3
Param(1) =04

0.5
0

0.1
0.4
04

0.1
0.2
0

0.1
0.1
0.1

0.1
0.1
0.1

0.1
01|,
0.1

0.1

0.4 0.2

04 03 01 0 01

0.1
Param(2)=[0.4 05 04 01 02

0.1
0.1

1.2
0.2
0.2

0.2
0.2].
0.2

0.1
0.2

04 0 04 05 O
Compute |A| = 0.172125 and |A| = 0.2475.

6.1. example 1

Consider the effects of telephone noise on the persistence in mean and extinction of system (6). Let
hy = hy = h3 = 0. In regime 1, we choose (1) = 0.9, 2(1) = 0.5, 3(1) = 0.3. Compute

|A1] = 0.30825 + 0.27In 1.1, |Az| = 0.1700625 + 0.5175In 1.1, |As| = 0.005625 + 0.675In 1.1 > 0.

Based on Theorem 3.5, all species in subsystem (81) are persistent in mean and

t
A

lim 7! f x1(s)ds = Al _ 1.9404 a.s.
t—+o00 0 |A|

' |Az|
tlir+n t‘lf Xo(s)ds = W =1.2746 a.s. (83)
—+00 O

f |As|
lim t‘lf x3(s)ds = 3= 0.4064 as.
t—+o0 0 |A|

In regime 2, we choose r1(2) = 0.5, r(2) = 0.3, r3(2) = 0.2. Calculate By = —0.44 + In1.2 < 0. Thanks to
Theorem 3.5, all species in subsystem (82) are extinctive.
Case 1. (111, 712) = (0.9,0.1). We gain

|A1] = 0.266445 + 0.243In1.1 + 0.0271In1.2, |A;| = 0.12818625 + 0.465751n1.1 + 0.051751n1.2,
|Az] = —0.0262125 + 0.6075In1.1 + 0.06751In 1.2 > 0.

On the basis of Theorem 3.5, all species in system (6) are persistent in mean and

¢
lim t_lf x1(s)ds = Ad] =1.7111 as.
t—+00 0 |A|
' 1A
lim 7! f x2(s)ds = —= = 1.0574 a.s. (84)
t—+o00 0 |A|
' 1Az
lim t‘lf x3(s)ds = — = 0.2556 a.s.
t—+o0 0 |A|
Case 2. (111, m2) = (0.5,0.5). We have
|As] = —0.1535625 + 0.3375In 1.1 + 0.3375In 1.2 < O,
|[A1] = 0.16275 + 0.15In 1.1 + 0.15In 1.2, |A,| = —0.103375 + 0.475In 1.1 + 0.475In 1.2 > 0.
In view of Theorem 3.5, x1(t) and x,(t) are persistent in mean, while x3(t) is extinctive and
¢
A
lim t‘lf x1(s)ds = A4 =0.8258 a.s.
t—+o00 0 |A|
, Al (85)
lim t‘lf Xp(s)ds = 220201152 as.
t—+00 0 |A|
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Case 3. (111, 12) = (0.4,0.6). We deduce
Azl = -0.1733 + 0.38In1.1 + 0.57In1.2 < 0, B; =0.046 + 04In1.1 + 0.6In1.2 > 0.

From Theorem 3.5, x;(t) is persistent in mean, while x,(t) and x3(t) are extinctive and

t—+00

t
lim tlf x1(s)ds = B =0.5529 a.s. (86)
0 A

Case 4. (111, 12) = (0.2,0.8). We get B; = —0.197 +0.2In1.1 + 0.8In 1.2 < 0. By Theorem 3.5, all species in
system (6) are extinctive.

6.2. example 2

Consider the influences of telephone noise on the existence of the OHS. Compute
AnAs3 |Al - AnAn ApsAzy = 0.0608 > 0, |Q| = 0.07746 > 0, 4A1; [A| - Asz|A1z — Anf* = 0.3510 > 0.

In regime 1, we choose r1(1) = 1, 2(1) = 0.2, 3(1) = 0.1. We gain

hy =0.2320 > 0, h; = 0.5495 > 0, h; = 0.1377 > 0, |As|(H") |H*e]ITi =0.0104 > 0.
According to Theorem 5.1 (i), the OHE in subsystem (81) is

H* = (0.2320,0.5495,0.1377)" (87)
and

MESY = Y*|(AI-|I*) = 0.8016. (88)

In regime 2, we choose r1(2) = 1.1, 12(2) = 0.2, r3(2) = 0.2, 61(2) = 0.4 and the values of other parameters
are the same with those in subsystem (82). We have

hi = 0.2746 > 0, h; = 0.5577 > 0, h; = 0.0444 > 0, |As|(H") |H*e11T~1 =-0.0121 < 0.
Based on Theorem 5.1 (ii) , the OHS in subsystem (82) does not exist.
Case 1. (111, 72) = (0.9,0.1). Then
hy = 0.2363 > 0, h; = 0.5503 > 0, h; = 0.1284 > 0, |As|(H") |H*e11T~1 = 0.0082 > 0.
In view of Theorem 5.1 (i) , the OHE in system (6) is
H* = (0.2363,0.5503, 0.1284)" (89)
and
MESY = Y*|(AI—|F) = 0.8012. (90)
Case 2. (111, 112) = (0.5,0.5). Then
hi = 0.2533 > 0, h; = 0.5536 > 0, h; = 0.0911 > 0, |As|(H") |H*€]R—3 = —0.00083 < 0.

By Theorem 5.1 (i), the OHS in system (6) does not exist.
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6.3. example 3

Consider the effects of Lévy jumps on the stochastic dynamics of population systems. Let r1(1) = 0.8,
r2(1) = 0.5, r3(1) = 0.3. We study the effects of Lévy jumps on the persistence in mean and extinction of the
species by changing the values of y;(1) and the remaining parameters of the examples are the same with
those in system (81).

6.3.1. The effects of y j(1) on the persistence in mean and extinction of system (81)
Case 1. Let y1(1) = v2(1) = 0.1, y5(1) = —0.9. We derive

|As| = 0.226165 + 0.24751n 0.1 + 0.4275In 1.1 < 0,
|Aq] = 0.3975 + 0.31n 1.1, |A,| = 0.18625 + 0.95In 1.1 > 0.

By Theorem 3.5, x1(t) and x,(t) are persistent in mean, while x3(¢) is extinctive (see Figure 1(a)) and

t
A
lim t_lf x1(s)ds = 1Aq] =1.7216 as.
0

t—+o00 B A
+ |A] 1)
lim ! tx (s)ds = @ =1.1184 as
f—+oo 0 T A =
Let y1(1) = y2(1) = 0.1, y3(1) = 0.2. We calculate
|A1] = 0.27225 + 0.24751n 1.1 + 0.0225In 1.2, |A,| =0.1393125 + 0.57In1.1 - 0.0525In 1.2,
|Az| = —0.046125 + 0.4275In 1.1 + 0.2475In 1.2 > 0.
According to Theorem 3.5, all species in system (81) are persistent in mean (see Figure 1(b)) and
¢
lim t‘lf x1(s)ds = Ad] =1.7426 as.
t—+o0 0 |A|
' 1A
lim tlf Xp(s)ds = —— = 1.0694 a.s. (92)
v o IA|
' A
lim t_lf x3(s)ds = — = 0.2309 a.s.
t—+o0 0 |A|

Let y1(1) = y2(1) = 0.1, y3(1) = 1.2. We deduce
|Az] = —0.293625 + 0.42751n1.1 + 0.2475In2.2 < 0, |A,| = 0.18625+0.95In1.1 > 0.

On the basis of Theorem 3.5, x1 () and x,(t) are persistent in mean, while x3(t) is extinctive and (91) holds
(see Figure 1(c)).

Table 4: Changes of y3(1) when y1(1) = y2(1) = 0.1 in system (81)

@) | 72(1) | Q) xT () Figure
0.1 01 | -09 (1.7216, 1.1184, 0) 1(a)
0.1 01 | 02 | (1.7426, 1.0694, 0.2309) 1(b)
0.1 01 | 12 (1.7216, 1.1184, 0) 1(c)

By comparing, as y3(1) increases (see Table 4), x3(t) goes from extinction to persistence in mean and then
extinction again, while x;(t) and x,(t) remain persistence.
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Case 2. Let y1(1) = 0.1, y2(1) = -0.8, y3(1) = —=0.9. Then
|Az| = 0.50125 + 0.6In1.1 + 0.35In0.2 < 0, B; =0.675+1n1.1 > 0.

From Theorem 3.5, x(t) is persistent in mean, while x,(f) and x3(t) are extinctive (see Figure 1(d)) and

t—+o00

¢
lim t‘lf x1(s)ds = B =2.2009 a.s. (93)
0 An

Let y1(1) = 0.1, y2(1) = 1.9, 5(1) = —0.9. Then
|As| = —0.44375+ 0.6In1.1 + 0.35In2.9 < 0, B; = 0.675+1In1.1 > 0.

According to Theorem 3.5, x1(t) is persistent in mean, while x,(¢) and x3(t) are extinctive and (93) holds (see
Figure 1(e)) .

Table 5: Changes of y>(1) when y1(1) = 0.1 and y3(1) = —0.9 in system (81)

1@ | 720 | yQ) xT(c0) Figure
01 | -08 |-09 (2.2009, 0, 0) 1(d)
0.1 0.1 -09 | (1.7216, 1.1184, 0) 1(a)
0.1 19 | -09 (2.2009, 0, 0) 1(e)

Let y1(1) = 0.1, y2(1) = —0.8, y3(1) = 1.2. Compute
|[A| = 0.50125 + 0.6In1.1 + 0.35In0.2 < 0, B; =0.675+1n1.1 > 0.
By Theorem 3.5, x1(t) is persistent in mean, while x,(t) and x3(t) are extinctive and (93) holds (see Figure
1(f){et 71(1) = 0.1, (1) = 1.9, ¥3(1) = 1.2. Compute
|Az] = —0.44375+0.6In1.1 + 0.35In2.9 <0, B; =0.675+1In1.1 > 0.
On the basis of Theorem 3.5, x1(t) is persistent in mean, while x,(¢) and x3(t) are extinctive and (93) holds

(see Figure 1(g)).

Table 6: Changes of y>(1) when y1(1) = 0.1 and y3(1) = 1.2 in system (81)

1@ | y20) | ys1) XT(c0) Figure
0.1 -08 | 12 (2.2009, 0, 0) 1(f)
0.1 0.1 1.2 | (1.7216, 1.1184, 0) 1(c)
0.1 1.9 1.2 (2.2009, 0, 0) 1(g)

By contrast, for fixed y3(1) = —0.9 or y3(1) = 1.2, x3(t) is extinctive. With the increasing of y»(1) (see
Tables 5 and 6), x»(t) goes from extinction to persistence in mean and then extinction again, while x;(t)
remains persistence.

Case 3. Let y1(1) = —0.9, y2(1) = —0.8, 3(1) = —0.9. Calculate B; = 1.675 +1n 0.1 < 0. Based on Theorem
3.5, all species are extinctive (see Figure 2(a)).

Let y1(1) = 1.9, y2(1) = -0.8, y3(1) = —0.9. Calculate B; = —1.125 + In2.9 < 0. On the basis of Theorem
3.5, all species are extinctive (see Figure 2(b)).
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Table 7: Changes of y1(1) when y»(1) = —0.8 and y3(1) = —0.9 in system (81)

y1(1) | v2(1) y3(1) m Figure
-0.9 -0.8 | 09 0, 0, 0) 2(a)
0.1 -0.8 | =09 | (2.2009, 0, 0) 1(d)
1.9 -0.8 | 09 0, 0, 0) 2(b)

Table 8: Changes of y1(1) when y»(1) = 1.9 and y3(1) = —0.9 in system (81)

yi) | y2(D) | ys(D) xT(0) Figure
09| 19 | -09 ©, 0, 0) 2(c)
01 | 19 |-09 | (22009, 0, 0) 1(e)
19 | 19 |-09 0, 0, 0) 2(d)

Let y1(1) = —0.9, y2(1) = 1.9, y5(1) = =0.9. We derive B; = 1.675 + In0.1 < 0. In view of Theorem 3.5, all
species are extinctive (see Figure 2(c)).

Let y1(1) = 1.9, 2(1) = 1.9, y3(1) = —=0.9. We derive B; = —1.125 + In2.9 < 0. By Theorem 3.5, all species
are extinctive (see Figure 2(d)).

Let y1(1) = —0.9, y2(1) = =0.8, 3(1) = 1.2. We deduce B; = 1.675 + In 0.1 < 0. Based on Theorem 3.5, all
species are extinctive (see Figure 2(e)).

Let y1(1) = 1.9, y2(1) = 0.8, y3(1) = 1.2. We deduce B; = —1.125+1In2.9 < 0. In view of Theorem 3.5, all
species are extinctive (see Figure 2(f)).

Table 9: Changes of y1(1) when y,(1) = 0.8 and y3(1) = 1.2 in system (81)

y11) | y201) | y3(1) m Figure
-0.9 -0.8 1.2 0, 0, 0) 2(e)
0.1 -0.8 1.2 (2.2009, 0, 0) 1(f)
1.9 -0.8 1.2 0, 0, 0) 2(f)

Let (1) = —0.9, y2(1) = 1.9, y3(1) = 1.2. We have B; = 1.675 +In0.1 < 0. From Theorem 3.5, all species
are extinctive (see Figure 2(g)).

Let y1(1) = 1.9, 2(1) = 1.9, y3(1) = 1.2. We have B; = —=1.125 + In2.9 < 0. On the basis of Theorem 3.5,
all species are extinctive (see Figure 2(h)).

Table 10: Changes of y1(1) when (1) = 1.9 and y3(1) = 1.2 in system (81)

1@ | 12D | 73Q) XT(0) Figure
09| 19 | 12 0, 0, 0) 2(g)
0.1 1.9 | 1.2 | (2.2009, 0, 0) 1(g)
19 | 19 | 12 (0, 0, 0) 2(h)

Through comparison, when x,(t) and x3(t) are extinctive, as y1(1) increases, x1(t) goes from extinction to
persistence in mean and then extinction again (see Tables 7, 8, 9 and 10).
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Figure 1: The sample paths of system (81) for Case 1 and Case 2 in 6.3.1. For the parameters of each subfigure, see Tables 4, 5 and 6.
(a) and (c) represent that both x1 (f) and x;(t) are persistent in mean, while x3(t) is extinctive; (b) represents that all species are persistent

in mean; (d), (e), (f) and (g) represent that in Case 2, x;(f) is persistent in mean, while x,(t) and x3(f) are extinctive.
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Figure 2: The sample paths of system (81) for Case 3 in 6.3.1. For the parameters of each subfigure, see Tables 7, 8, 9 and 10. These
subfigures represent that all species in Case 3 are extinctive.
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6.3.2. The effects of y1(1) on the persistence in mean and extinction of system (81)

Case 1. Let y1(1) = —0.8. Compute B; = 1.575 + In 0.2 < 0. Based on Theorem 3.5, all species in system
(81) are extinctive.

Let y1(1) = —0.7. We derive

|Az| = 0.66625 4+ 0.35In1.1 4+ 0.6In0.3 <0, B; =1.475+1In0.3 > 0.

By Theorem 3.5, x1(f) is persistent in mean, while x,(¢) and x3(t) are extinctive and

¢
lim 7! f x1(s)ds = B 0.7744 a.s. (94)
f—+00 0 Aqq

Let y1(1) = —0.5. We calculate

|Asz] = 0.140625 + 0.405In 1.1 + 0.27In 0.5 < 0,
|[A1] = 0.6675—-0.15In1.1 + 0.45In 0.5, |A;| = 0.54625 +0.35In1.1 + 0.61n 0.5 > 0.

From Theorem 3.5, x1(t) and x,(t) are persistent in mean, while x3(t) is extinctive and

t
lim t_lf x1(s)ds = Aq] =1.3789 a.s.
0

t—>+oo N
, Al (95)
lim ¢+ f x(s)ds = == = 0.6615 a.s.
t—+00 0 |A|
Let y1(1) = —0.2. We deduce
|A1] = 0.37575 - 0.0675In 1.1 + 0.33751n 0.8, |Az| = 0.2420625 + 0.1575In1.1 + 0.36In 0.8,
|Az] = 0.059625 + 0.405In1.1 + 0.27In 0.8 > 0.
On the basis of Theorem 3.5, all species in system (81) are persistent in mean and
t
lim t‘lf x1(s)ds = M =1.7081 a.s.
t—+00 0 |A|
* 1Ay
lim ¢! f xy(s)ds = == = 1.0268 a.s. (96)
t—+o0 0 |A|
f |As]
lim t‘lf x3(s)ds = — =0.2206 a.s.
f——+00 0 |A|
Case 2. Let y1(1) = 0.3. We have
|A1] = 0.207 — 0.06751In 1.1 + 0.3375In 1.3, |A;| = 0.0620625 + 0.1575In1.1 + 0.361n 1.3,
|Az] = —0.075375 + 0.405In1.1 + 0.27In 1.3 > 0.
In view of Theorem 3.5, all species in system (81) are persistent in mean and
¢
lim t‘lf x1(s)ds = A =1.6797 as.
t—+o00 0 |A|
f A2
lim f x(s)ds = == = 0.9965 a.s. (97)
t—+00 0 |A|
t |As|
lim t‘lf x3(s)ds = — = 0.1979 a.s.
t—+00 0 |A|
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Let y1(1) = 0.7. We compute

|As] = —0.183375 + 0.405In1.1 + 0.27In 1.7 < 0,
|A1] = 0.1275-0.15In1.1 + 045In1.7, |A,| = -0.17375+ 0.35In1.1 + 0.6 In 1.7 > 0.

Based on Theorem 3.5, x;(t) and x,(t) are persistent in mean, while x3(t) is extinctive and

¢
A
lim t‘lf x1(s)ds = Aq] =1.4222 as.
t—+00 0 |A|

(98)
lim 7! tx (s)ds = M =0.7191 as
Pl 0 IA| : =
Let y1(1) = 1.3. We gain
|Az| = —0.53375 + 0.35In1.1 + 0.6In2.3 < 0, B; = -0.525+1n2.3 > 0.
According to Theorem 3.5, x1(t) is persistent in mean, while x,(t) and x3(f) are extinctive and
¢
B

lim ¢! f x1(s)ds = —— = 0.8797 a.s. (99)
t—+00 0 All

Let y1(1) = 1.9. We get B; = —1.125+1n2.9 < 0. By Theorem 3.5, all species in system (81) are extinctive.

6.4. example 4

Consider the influences of Lévy jumps on the existence of the OHS. Let r1(1) = 0.9, r2(1) = 0.1 and
r3(1) = 0.1. By changing the values of y;(1) to see the effects of Lévy jumps on the existence of the OHS and
the rest parameters of the examples are the same with those in system (81).

6.4.1. The influence of y3(1) on the existence of the OHS
Case 1. Let y3(1) = —0.4. Then
hy =0.1756 > 0, hy = 0.5753 > 0, h3 = 0.0898 > 0, |As| (H") | ;. zz = —0.0040 < 0.
According to Theorem 5.1 (ii), the OHS in system (81) does not exist.
Let y3(1) = —0.2. Then

hi =0.1602 > 0, h; = 0.5602 > 0, h; = 0.1459 > 0, |As| (H") |
Based on Theorem 5.1 (i), the OHE in system (81) is
H' = (0.1602,0.5602, 0.1459)" (100)

iorr = 00103 > 0.

and
Y*(H")
Al
Case 2. Let y3(1) = 0.3. Compute
hi =0.1628 > 0, h; = 0.5627 > 0, h; = 0.1366 > 0, |Az|(H")|
In view of Theorem 5.1 (i), the OHE in system (81) is

H' = (0.1628,0.5627,0.1366)" (102)

MESY = = 0.6941. (101)

g = 0.0079 > 0.

and
Y*(H")
Al
Let y3(1) = 0.6. Compute
hi =0.1789 > 0, h; = 0.5786 > 0, h; = 0.0775 > 0, |As] (H") |

By Theorem 5.1 (i), the OHS in system (81) does not exist.

MESY =

= 0.6934. (103)

e = ~0.0072 < 0.
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6.4.2. The influence of y1(1) on the existence of the OHS
Case 1. Let 1(1) = —0.6. Calculate

hi =0.1414 > 0, h; = 0.3280 > 0, h; = 0.0455 > 0, |As|(H") |H*€]R—3 =-0.0028 < 0.
According to Theorem 5.1 (ii), the OHS in system (81) does not exist.
Let y1(1) = —0.3. Calculate
hi =0.1544 > 0, h; = 0.5188 > 0, h; = 0.1390 > 0, |As|(H") |H*e11T~1 = 0.0106 > 0.
Based on Theorem 5.1 (i), the OHE in system (81) is
H* = (0.1544,0.5188,0.1390)" (104)
and
MESY = % = 0.6090. (105)
Case 2. Let y1(1) = 0.4. Then
hi =0.1541 >0, k; = 0.5138 > 0, h; = 0.1365 > 0, |Az| (H") |H*e1173 =0.0103 > 0.
In view of Theorem 5.1 (i), the OHE in system (81) is
H* = (0.1541,0.5138,0.1365)" (106)
and
MESY = Y*|(AP|I*) = 0.5980. (107)
Let 1(1) = 0.9. Then
hi =0.1443 > 0, h; = 0.3707 > 0, h; = 0.0664 > 0, |As| (H") |H*e1173 =-0.0002 < 0.

From Theorem 5.1 (ii), the OHS in system (81) does not exist.

7. Conclusion and Discussion

The interdisciplinary stochastic population dynamics which is of great theoretical and practical sig-
nificance has been a hot topic of international research, but there are still many urgently problems to be
solved, for example, what is the critical effects of environmental stochasticity on coexistence, extinction and
optimal harvesting of populations? From the viewpoint of biology, the sudden catastrophic shocks may
seriously affect the asymptotical behaviors of ecosystems. As is well known, white noises cannot describe
sudden environmental perturbations. Therefore, in this paper, we use Lévy jumps to describe these sudden
environmental perturbations. Besides, the fertility and mortality of the species are inevitably affected by
temperature, humidity, nutrients, acidity and other factors. We utilize a continuous-time Markov chain p(t)
with finite-state space to model the telephone noises in the environment and propose a stochastic hybrid
delay three-species food chain model with harvesting and jumps in an impulsive polluted environment.
Our main results are Theorem 3.5 and Theorem 5.1. Theorem 3.5 establishes sufficient and necessary cri-
teria for stochastic persistence in mean and extinction of each species in system (6). Theorem 5.1 provides
sufficient and necessary conditions for the existence of optimal harvesting policy and gives the accurate
expressions for the optimal harvesting effort and the maximum of expectation of sustainable yield. Our
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results reveal that both environmental noises and time delays have close relationship with the persistence,
extinction and existence of optimal harvesting policy for system (6).

First of all, let us consider the effects of telephone noise on the stochastic dynamics of system (6). Many
interesting and surprising results about influences of regime switching on the dynamical properties of
system (6) are obtained. According to Subsection 6.1, we observe that all species in subsystem (81) are
persistent in mean while all species in subsystem (82) are extinctive. For the stochastic hybrid system (6),
as the result of regime switching, in Case 1, all species are persistent in mean; in Case 2, both x;(t) and x,(f)
are persistent in mean, while x3(t) is extinctive; in Case 3, x1(t) is persistent in mean, while both x,(t) and
x3(t) are extinctive; in Case 4, all species are extinctive. By comparing the above four cases, one can find
that regime switching can change the properties of ecosystems significantly. More precisely, Theorem 3.5
gives a fascinating result that if some subsystems are persistent in mean while some are extinctive, as the
result of regime switching, every species in the hybrid system may be persistent in mean or extinctive.

Moreover, regime switching can also affect the existence of OHS. There are two methods to study the
optimal harvesting problem of stochastic population systems. One is to use the explicit solution of the
system or to use the explicit solution of the corresponding Fokker-Planck equation ([43], [44]). Due to
the fact that for most stochastic population systems, the corresponding Fokker-Planck equation can not be
solved explicitly, in this paper, we use another approach based on the ergodic theory ([45]) to study the
optimal harvesting problem of system (6). This method does not need to solve the Fokker-Planck equation.
Based on Subsection 6.2, the OHS of subsystem (81) exists while the OHS of subsystem (82) does not exist.
Thanks to regime switching, for the stochastic hybrid system (6), in Case 1, the OHS exists; in Case 2, the
OHS does not exist. Through the above discussion, one can draw a conclusion that if the OHS of some
subsystems are existent while some are nonexistent, thanks to regime switching, the OHS of the stochastic
hybrid system may be existent or nonexistent.

Next, let us consider the effects of Lévy jumps on the stochastic dynamics of system (6). For simplicity,
we only consider the influence of Lévy jumps on the persistence in mean and extinction of system (81).
Theorem 3.5 reveals that the stochastic persistence in mean and extinction of top predator in system (81)
depends only on the sign of |Az|. Compute

a2(1)
|Az| =A21 A3 (71(1) - 12 = y1(1) +In(1+y1(1)) =y - 7’11K1]
a3(1)
- A11A32 1’2(1) + 5 + ]/2(1) —In (1 + )/2(1)) + h2 + 1’22K2 (108)
a3(1)
- |A| 1’3(1) + + )/3(1) —In (1 + )/3(1)) + h3 + 1’33K3 .
Then, £2 = —|A| 2200 and Timy, a1y 1] = 1imy, )51 [As] = —co. Assume that |As||,y)-0 > 0, if

-1 < y3(1) < 0, with the increasing of y3(1), the top predator goes from extinction to persistence in mean;
if y3(1) > 0, with the increasing of y3(1), the top predator goes from persistence in mean to extinction.
Regardless of either case, y3(1) has no influence on the persistence of prey and intermediate predator. More
distinctly, let us see Table 4 in Subsection 6.3.1, by comparing Figure 1(a), 1(b) and 1(c) we find that with the
increasing of y3(1), the top predator goes from extinction to persistence in mean and then extinction again,
while both prey and intermediate predator remain persistence in mean. In a real ecosystem where the top
predator dies out, the intermediate predator can be persistent better. Theorem 3.5 shows that persistence
in mean and extinction of intermediate predator in system (81) depends only on the symbol of |A;| when
top predator is extinctive. Compute

o3(1)
-

a3(1)

|Az| =An (7’1(1) - y1(1) +In(1 + y1(1)) —h1 — 7’11K1]

(109)

— A11 (1’2(1) + + )/2(1) —In (1 + )/2(1)) + h2 + 1’22K2) .
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Then, #24 = -An 11;,‘21()1) and 1im,, 151 [Aa] = lim,,1)1e0 [Ag] = —co. Assume that [As||,,a)=0 > 0, if
-1 < y2(1) < 0, with the increasing of y>(1), the intermediate predator goes from extinction to persistence
in mean; if y»(1) > 0, with the increasing of y,(1), the intermediate predator goes from persistence in
mean to extinction. In either case, the prey is still persistent in mean. In view of Table 5 and Table 6 in
Subsection 6.3.1, by comparing Figure 1(d), 1(a), 1(e) (or Figure 1(f), 1(c) and 1(g)), one can observe that
with the increasing of y,(1), the intermediate predator goes from extinction to persistence in mean and
then extinction again, while the prey remains persistence in mean. Furthermore, if both x,(t) and x3(t) are
extinctive, then the stochastic persistence in mean and extinction of the prey in system (81) depends only
on the symbol of B;. Compute

a3(1)
By =|r(1) - 12 —y1(1) + In (1 + y1(1)) = hy — r Ky |. (110)
Then, 95?(11) = —13:;(]1()1) and lim,; (1) (-1)» B1 = lim,, 1)+ By = —00. Assume that Bi,,1)=0 > 0, if =1 < p1(1) <

0, with the increasing of y1(1), the prey goes from extinction to persistence in mean; if y1(1) > 0, with the
increasing of y1(1), the prey goes from persistence in mean to extinction. By comparing the final column of
Table 7, 8, 9 and 10 in Subsection 6.3.1, when both the intermediate predator and top predator are extinctive,
as y1(1) increases, the prey goes from extinction to persistence in mean and then extinction again.

On the other hand, according to (108), (109) and (110), we obtain that the stochastic persistence in mean
and extinction of every species are closely related to y1(1). Therefore, it is natural to consider the effect of

. . 9| 1) 9 1
y1(1) on the stochastic dynamics of system (81). Compute g}lﬁsll) = —-AxnAzx %, &}l/ﬁzll) = —-Ap 11;(1 ()1) and
% = —#(11()1). Thus, if =1 < y1(1) < 0, with the increasing of y1(1), the persistent levels of all species

increase (see Case 1 in Subsection 6.3.2); if y1(1) > 0, with the increasing of y1(1), the persistent levels of all
species decrease (see Case 2 in Subsection 6.3.2).

Finally, let us take y1(1) and y3(1) as examples to consider the effects of Lévy jumps on the existence of
OHS. Apparently,

o1(1)
|Az] (HY) =AnAs |r1(1) - > Y1) +In(1+91(1)) = h) =Ky
a5(1) )
—AnAz (1"2(1) + 5 + 7/2(1) —In (1 + ]/2(1)) + h2 + 7"22K2) (111)
a3(1)

— |A| [1’3(1) + + ’)/3(1) —In (1 + )/3(1)) + h; + 7331(3] .

Then, 2221050 = — |A] 22005 and Timy ) 1)+ [As] () = limy, 1) 4o [As] (HY) = —00. Assume [As| (H') |yy1)-0 >
0, if =1 < y3(1) < 0, with the increasing of y3(1), the OHS will appear (see Case 1 in Subsection 6.4.1); if
y3(1) > 0, with the increasing of y3(1), the OHS may be disappear (see Case 2 in Subsection 6.4.1). The
similar result can be obtained for y1(1) (see Subsection 6.4.2).

Biodiversity is the basis for the survival and development of human society. Many aspects of our
clothing and food are closely related to the maintenance of biodiversity. Nowadays, human activities lead
to the destruction of the living environment of wild animals and even disappear. In order to maintain
biodiversity, help people rationally develop resources and make natural resources sustainable, we can take
the following measures:

¢ Controlling Lévy jumps in a reasonable range: protecting natural habitats and minimizing deforesta-
tion, land development and ecological destruction;

e Increasing the period of the impulsive toxicant input and decreasing the toxicant input amount:
reducing environmental pollution from industry, agriculture and urbanization, such as improving the
treatment of waste water and waste gas.
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Some interesting topics deserve further investigation. It is interesting to consider other parameters are
also affected by telephone noises, for instance, the following model:

dx1(t) = x1(5) [(r1(p(®) — b1 — an(p))x1 () — ar2(p(B)x2()) At + Su(t, p(#))],
dxa(f) = x2(8) [(=72(p(H)) — ha2 + 421 (p(#))x1(F) — ax(p(D)x2(t) — azs(p(t)x3(t)) dt + Sa(t, p(t))],
dxs(f) = x3(8) [(=73(p(1) — hs + az2(p(t))x2(t) — ass(p(D)x3(t)) dt + Ss(t, p(t))] -

It is also meaningful to study the optimal harvesting problem of the stochastic multi-population food
chain model and other stochastic population systems, for instance, competitive systems and cooperative
systems. One may also propose some more realistic systems, such as considering the generalized functional
responses and the influences of impulsive perturbations. We will investigate these problems in the future.
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