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Generalization of parametric Baskakov operators based on the I-P-E
distribution

Neha?**, Naokant Deo?

?Delhi Technological University, Department of Applied Mathematics, Bawana Road, Rohini, New Delhi, 110042

Abstract. This study explores the approximation properties of a non-negative real parametric generaliza-

tion of the Baskakov operators using the inverse Pélya-Eggenberger (I-P-E) distribution. As a result of this
study, we can obtain some approximation results, including the Voronovskaya type asymptotic formula,
error estimate in terms of modulus of continuity and sense of k-functional, and weighted approximation.

1. Introduction

In literature, the inverse Pdlya-Eggenberger (I-P-E) distribution is defined as:

&
¢

o Mu+e T B+es)
P(X=¢')=(m+§_1) =0

p—— , ¢=0,1,...,m, (1)
IT (A+B+¢S)
¢=0

shows the probability that ¢ white balls are selected preceding the 7i-th black ball. The details have been
given about this distributions (1) in [4, 8, 13].

In 1957, Baskakov [22] presented a sequence of positive linear operators, known as Baskakov operators

on the unbounded interval [0, o) for appropriate functions specified on the interval [0, o). Afterwards,

many mathematicians who studied the Baskakov operators came up with various modifications, including
[3,12,15-17,19, 21].
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Recall that for every h € Cg [0, o) classical Baskakov operators are defined as:

[ee]

L9 =) 0,.00(2), @

+=0

where 2> 1, x € [0, ) and

() = e+ -1 x’
A WA T

Furthermore, using the inverse Pélya-Eggenberger distribution (1), Stancu [20] presented a special class
of positive linear operators contextualising the Baskakov operators tied to a real-valued function bounded
on [0, o0) as follows:

~ ) ~ j
)t = oD wh (—)
+g-1\ 1letxls-al 4
= Z ’ o (9 ©)
J (1 + x)lera=al

In the case when ¢ = 0, operators (3) reduce to the classical Baskakov operators [22]. We came across
a manuscript where in 2019, Ali and Hasan [1] introduced a-Baskakov operators, which are non-negative
real parametric generalisations of Baskakov operators. The operators are reduced to classical Baskakov
operators for &« = 1. Higher order derivatives are represented as a-Baskakov operators in this paper to

obtain their new representation of independent variable x.

Now, for every h € C [0, o), the parametric generalization of the Baskakov operators is defined as:

£ () = Zp Jh(2), @

where 2> 1, x € [0, 00) and

RN S B o ax [ 2+s-1 2+ -1
p“(h’x)_;(1+x)“ﬂ{1+x( g )_(1_“)(1”)( I=2 )

+(1—a)(1+x)( ’;f;l )+(1—a)x( “j_l )}h('Z)

we call these operators a-Baskakov operators.

The a-Baskakov operators for h (x) can also expressed as:

[ 2+ 52 x?
Lihyx)=(01- —,
(h;x) = ( a>;( 0 )(l+x),,+,1,g

(et a—1 x? J
B R )
; I (1+x) z
where

J J J+1 J
‘%_h(_z)(“_z—l)_h( 2 )@—1'
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In this manuscript, we consider generalised a-Baskakov operators (4) based on the inverse Pdlya-
Eggenberger distribution (1). This work was prompted by the Stancu [20], who introduced two classes
of positive linear operators depending on a non-negative parameter a that may only depend on the nat-
ural number, and proceeded to establish some of their approximation properties to real-valued functions.
In 2019, Deo and Dhamija [6] considered new modified Baskakov operators based on the inverse Pélya-
Eggenberger distribution, and he also examined various modifications of the Baskakov operators in the
context of the Lupas operators based on the inverse Pélya-Eggenberger distribution. In 2016, Dhamija
and Deo [8] provided Jain-Durrmeyer operators connected to the inverse Pélya-Eggenberger distribution
and examined the approximation properties of the Jain-Durrmeyer operators based on the inverse Pdlya-
Eggenberger distribution, including uniform convergence and degree of approximation. Baskakov-Szész
type operators on the inverse Pélya-Eggenberger distribution were presented by Kajla et al. [14, 15]. The
rate of convergence for functions with bounded variation derivatives is established by using a Durrmeyer-
type operator with basic functions in summation and integration based on Stancu [20] and Pltanea (2008).
Numerous authors contributed to the ”Baskakov operator and inverse Pdlya-Eggenberger distribution” see
[2,4,09].

Now we propose a-Pélya-Baskakov operator based on inverse Pdlya-Eggenberger distribution (1) as
follows:

_x([)(,@)

Q" tx =Y 42 wn(2), ©)
#=0

where « is a non-negative parameter, which may depend only on the natural number ¢ with « — 0 when
z2— 00, 2>1,x €[0,00)

R 2+ J—1 1['?7_@]x[4/_@]
q(’:;@) (x) =a J [e+5—0]
(1 +x)teroe

2+ J-3 1["&*1r*@]x[f1/*@]

~(1-a) C

J-2 1+ x)["t+f—2/—@]

st a1\ 1rL-dyla-dl
J (1 + x)[zwrl,—@]'

+(1—a)(

Another way to express the above operators is as follows:

4‘(“/@) b 2+ J— 2 1[’/’71/7@]3([47@]
Q, (hx)=~1-a) ( )ﬁ%
;)a J (1 +x)[m—1, 0l

R BN | o) 1Y O R
ol ()
= 7] +xlrrd e

where

J J J+1\ o
=G ) )
7 2 -1 v ) e—1
The purpose of this note is to investigate the approximation behaviour of the proposed operators. The
following is how the paper is structured: Section 2 discusses moments, central moments, and limits of
the operators we’ve proposed. The next proceeding section of our article contains a general conclusion

involving the Korovkin theorem for unbounded intervals, as well as definitions of moduli of continuity
and K-functional. The last section is concerned with the approximation of functions in weighted space.
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2. Premiinary

Lemma 2.1. Deo and Dhamija [5] use the Vandermonde convolution formula and the substitutions A =0, p =0 to

derive the moments of I-P-E distribution based operators (3). Stancu [20] however, already calculated these moments
using hypergeometric series.

12(1;x) =1

1 (v; x) =—

1-5

p( 2y X(@(e—=1)+a+x+1)

L) == aa-20s

5[ 3 (2+ 1)x((z+2)x+3)—x(@z((3—2z)z— 1)—@(—3z(zx+1)+3x+2)—1)
(v%) (1-9)(1-20)(1-3p)7

4, — 1 —_725 —3H —4pH
) Tz s g (1200 7300 -4

—(z+l)(g+x){6 ((e=3)2+4) + 0((2+2)(52—9)x + 122— 25)
+(2+2)x((2+ 3)x + 6) + 7}]

—(a,0)
Lemma 2.2. The moments of Q, (f;x) are given as follows:

—(@0)

had 24+ J=2 1[%1/_@]3([4_@]
Q" w=a-a ) T
=0

(1 + x)[z+j—1,—§]
N i 2+ -1 1[?/7@]3([47@]
& s |t

—(a,0)

Q, (v;ix)=(1- a)Z( vt I 2)1[“ “olyal [d(z 2)]

(1+x)[z+é—1 —0] z(@ 1)

v+ =1\ 1o dylo=a 1y
+a Z( )1+x)[e+.} 0][]

=(1- )(Z 2) (tx)+a1"(tx)

B (z—2) X ax

== ==+ 1 5
2a+ z— 2
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~(@d) [ ot g—2 | Uelmdyladl [ 2(,-3)
QZ (Vz;x)z(l—a)Z( g )(1+x),)+d_1 -0 |rz2(z 1)]

e+ -2 | 1lellylo-e 7
-(1- )Z( 4 )(1+x)[@w—1—@][z2(z 1)]
24+ 4—1 2~ Q]xe’ 0l j
_a- a)(z;)(z 1)13_1(#;) (1;‘) () +ald ()

_ (4az+(2-3)2) 24 4ap(2—2)+4a+ 0((2—5)e+8)+ 2—4
S (1-0(1-20)2 (1-091-29)2

~ (@) o [ 2+ a—2 \ 1l 2 (— 4)
3..) (1 - 2‘
Ql (V ,X) =(1-a ( 4 )(1 +x)[z+J—1 -0l [;(a 1)]

vt -2\ 1leL-0lyls-al y
:—3(1 Q)Z( ) )[&'*'L"1 -0l [?3(2—1)]

1+x

v+ =2 | 1lerltlyla-e P
1—04)2( 4 )(1+x)[””_1 g][g(z 1)]
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(1-0(1-20)(1-302
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(1-0(1-20)(1-39)7
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(1-0)1-20)(1-30)78 | —2a(0Bd(A22—7)+8)+92—20) +4)
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- - e
— 7 )@+l A(e-1)

(2t a—2 | 1yl P
-(1-a) Z ( 4 )(1 T | A (- 1)

=0
24+ g—1 \ 1le-0lyla-al [ A
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(1-0(1-20)(1-30)(1-4p#
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T - a1 -20)(1-30)(1 - 40) 7 (+ ;(18n)—+139))+ 291)) i
+72—57)
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T - a1 -25)(1 - 30)1 - 40y’ +@24:£(2?, ((fég) Fa;g)) s6s |
+0(2—6)(72—24)) + 2— 16

Lemma 2.3. We establish the following limits of central moments by using Lemma 2.2 and, lim 2 = I:

—(a,0)

(i) lim Q, ;x)=0+Dx1+x).

_\ao

(ii) lim Q, (8;%) =3x2(1+ 1’1 +x)*.

where 9(v) = (v —x) and, i = 2,4. .

3. Direct Results

The renowned Bohman-Korovkin-Popoviciu theorem is used to obtain the uniform convergence of the
a-Pélya-Baskakov operator (5).

Theorem 3.1. Let h € C[0, 00) and a being a non-negative parameter, which may depend only on the natural number
2, with p — 0 when 2 — oo, then we have
—(@0)
lim Q, (;x)=h(x)

uniformly on each compact subset of [0, 00), where C[0, 00) is the space of all real-valued functions continuous on
[0, ).
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Proof. Taking Lemma 2.2 into consideration, it follows that:

—(@,0)

limQ, (vix)=x i=0,1,2

200

uniformly on each compact subset of [0, ). Thus, we arrive at the desired conclusion by applying the
well-known Bohman-Korovkin-Popoviciu theorem. [J

a-Pélya-Baskakov operator (5) asymptotic behaviour is now presented.

Theorem 3.2. Let h be a bounded and integrable function on [0, 00). In the case where there are first and second
derivatives of h at a fixed point x € [0, 00), then the function could be written as follows.

—(a,0)
lim (@,
2—00

2

(h;x) —h(@)| = +1)x(1+x)h (x) + 3221 + )*(1 + )’ (2).
Proof. We can express the function /1, using Taylor’s expansion by writing,
h(v) = h(x) + (v — x)h’(x) + %(v —x)?h"’(x) + (v, x)(V — x)?,

where ¢(v, x) is a bounded function and lim,_,, £(v, x) = 0. By linearity of a-Pélya-Baskakov operator (5), it
follows
—(a,0) —(@0) 1=

Q, (hx)—hx)=Q, (v-xx)h'(x)+ Q (v = 0% x)h" (x)+

—(a,0)

+Q, (e(v, x) - (v — x)z;x).

2

Taking Lemma 2.3 into account, we get

—(@0)

l1_}r£1o z(Q,,/ (h;x) - h(x)) =(-2+Dxh" (x)+ (I +1)x(1+x)h"(x)

+ lim z(ég@ (e(v, ) (v - 2% x)) . ©)

200

As a result of Cauchy-Schwarz inequality, we have

—(a,0)
Q, (e(v x)(v — x)2 \/ (é (v, x); x)\/zZQ V x)* x) (7)

Because £%(x,x) = 0 and £%(-, x) € C[0, o), using uniform convergence from Theorem 3.1, we find

—‘(ar@)
limQ, (ez(v, X); x) =&2(x,x) = 0. (8)
Therefore, from Lemma 2.3 and (8) yields
—(@0)
lim «Q, (e(v, xX)-(v— x)Z;x) =0
and using (6) we obtain the asymptotic behavior of the a-Pélya-Baskakov operator (5). [

Lemma 3.3. The following inequality is true for positive linear operators (5).

—(@0)

Q, (hx)|<Ihl.
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Proof. From operators (5), we obtain

mw@m()

—(@0)

Q, {hx)|=

()

<Y 4P @
=0

< Z 42 (x) sup Ih(x)| = [Ih]l.
=0

O

Let Cg[0, ) denotes the space containing the real-valued continuous and bounded functions h € Cg[0, o),
equipped with the norm.

Ilh]| = sup |h(x)].

x€[0,00)

The Peetre’s K-functional for h has been characterized as follows:

’’

Ky (;6):= inf {[h—g||+5]g

xeC2[0,00) }'6>0'

where C3[0, ) = {g € Cp[0,0) : ¢, 9" € Cp[0, 0)}. By DeVore and Lorentz( [7], p.177. Theorem 2.4) there
exists C > 0, such that

K5 (h;0) < Cwy (h; \/5), ©9)
The modulus of continuity of second order w; (h; \/3) is specified by

w2 (h; V8) = sup suph(x+2k) - 2h(x + k) + h(x)|.
0<h< V5 X€l

Furthermore, the modulus of smoothness of the first order is provided by

w (h; ‘/5) = sup sup |h(x+h) —h(x).
0<h< Vo xel

Theorem 3.4. For h € Cg[0, o0), we conclude

Y@

2 7

—(a,0)

Q, (hx)—h() <

2 Oe—2
(h wx)wm h,
1-9)2

where C > 0 is a constant and

Amw Qa+p2-2) \°
¢( A(x ,& ((V - X)z; X) + {(1——@)ZX} .

Proof. We proceed with auxiliary operators

—(a,0)

(h;x) = Z(M@+Nﬂ—h(

(a 0)

20+ 2—2 ) (10)

1-0)2
—(a,0)
We found that Q, (h;x) are linear for all x € [0, o) , hence

( g)(l x)=1 and Q (v;x)zx,
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. (@0) . . .
ie, Q, preserves linear functions intact as a result.

Q" (v—xx) =0. (1)

Let g € C2[0, o) and v, x € [0, o), then according to Taylor’s theorem we can imply that,

mw=garuv—w¢aw1[<v—wwwwm@

X

Applying the operator Q(;'@) on both sides of above inequality,we can write
(@,0) , (@,0) @o [ .
Q, (7% -9 =90,  (v-1;0)+Q, ( f (v - @)g" (@)dw; x
(@0) ¥ "
=Q, (f (v - 2)g" (0)do; x)

A(ar@) v
=Q, ( f (v— (D)g"(@)d@;x)

_fz(qjgfx 20+ -2
" (1-0)2

X - (D) g’ (®)do.
Furthermore, we acquire

—(a,0) v
<Q, : (f (v-o)g" (@)do ;x)

T 20+ 2-2 .
f (—(1—@)z x—co)g (@)do

(a,0)

Q, (g:x) —gx)

+ : (12)

and

2a+ 2—2 :
<q————x—-x¢ |lg"|l.

g/l

T 20+ 2-2
—x-o|g’ (®)do
/ (u—wz )g(

Since fx " - cD)g”(cD)ch| < (v—x)?

(1-02

As a equation, (12) indicates

—(a,0 _ 2
< [Q(, : ((V - x)Z;x) + {%x - x} }

G bo— 2
o o (] o
, (13)

’’

(@,0)
Q, (%) —g(x)

9

’’

= |l
In accordance with Lemma 3.3 and auxiliary operators,we have

— (ar@)

(,0) (,0)
Q Q,"” ((h-g);x) Q," (9;%) - gx)

200+ 2—2
+ Ih(—(1 ~ o) x)—h(x)

<4l = gl| + %) ()

(h;x) —h(x)| < +]g(0) = h(x)| +

2

2 O2— 2
g (Ra+p2 )x)

+w@’ a-07
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taking infimum on both side over g € C[0, c0),

( )
4K, [h ¢T] + a)(h; Mx).

—(@0)

Q, (h;x) —h)|<

(1-0)2

using equation (9), we get

- (a/@)

Q, (hx) —hx)| < Cw:|h;

2z

Y Qa+p2-2)
— +a)(h;—(1_@)z x).

|
For B € (0, 1], the Lipschitz-type space is defined as: (see [18])

—_ P
|'U xl 'X,Z)E[0,00)},

Lipp(B) = {h € Cel0, o) : Ih(@) ~h@I < De ~— 5

Here, D > 0 is constant and g € (0, 1].

Theorem 3.5. For all x € [0, c0) and h € Lipi,(B), 0 < B € (0, 1] we get

(D(a 0) )J

— (ar@)

Q, (hyx) - )‘ , (14)

where (IJ( )(x) A(:( ? ((V - x)z;x).

Proof. Let us suppose that = 1. Then, for h € Lip},(1) and x € [0, ), we conclude

—(@0)

Q,

2

(h;x) —h()| <

2 @i (2) - heo

Zq(“” @n(2)- £

<@Zq(a@) (x) |i_;|/z'

(—i +x
Applying the Cauchy-Schwarz inequality for sum and \/?_ \f’ we obtain
— (@) 2) 12
Q, v - Z 0 (x){( x) }

{w | S oti-)

) /2
D P R (e
%{Qz (1;x)} {Q, ((V - x)z,'x)} =D ——

As a result, the outcome for § = 1 is correct.

N



Neha, N. Deo / Filomat 38:14 (2024), 4863-4876 4873

As we continue, we will demonstrate the necessary outcome for 0 < g < 1 and Consider h € Lipi,(f).

) . . s
—‘(“/\.0) b J 25 I _ X
Q, (hx) —he)| < ) " @ |h(;) ~h@|<D}Y 4 L L/z-
#0 0 (—‘; + x)
making use of inequality \/117 < \/% and using Holder’s inequality to the sum with p = 2/8,q9 = 2/(2 — )
— (@) DS L, 22
Q, (hyx) —h)| < =5 Zq(z;@) (x){(;—x) }
+=0
o B2 [ o =
D a0 J 2 0
< xﬁT{Z 7 (x)(; - x) } {Z g7 (X)}
#=0 20
—(@,0) B/2 812
Q v —x)%x (a.0)
o ((x yix) :@[ob,,,x(x) |

O

4. Weighted Approximation

Gadjiev [10, 11] investigated the weight spaces Co[0, ) and Bs[0, o) of real-valued functions defined
on [0, co) with @(x) =1+ x2, to demonstrate Korovkin’s theorem, which does not commonly hold to all of
these spaces.

Bo[0, 00) := {h : |h(x)| < Dp®(x)},
with

[h(x)|
Ihilp = sup ——,
0 b Ok

and
Col[0, ) := {h : h € Bg[0, o)},

i.e. Co[0, 00) = C[0, 0) N By [0, 00) is the subspace of By[0, o0) containing continuous functions and

[0, 00) = {h € Col0,00) : Tim DOl oo}.

o )

Korovkin’s theorem, however, is valid throughout the range C; [0, ).

The usual modulus of continuity of h on [0, b] is defined as follows:

wp(h,0) = sup sup |h(v) —h(x)|.

[v—x]<0 x,ve[0,b]

—(a,0)
Theorem 4.1. Let h € C[0, o) then for operators Q,  (h; x) we conculde

<42, (1+1?) o) + 20 (h, Vol*d) (x)), (15)
—(@,0

where CDga'@) x=Q, ((v —x)% x).

—(@0

Q,

2

) (h;x) — h(x)

Cla,b]
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Proof. suppose x € [0,b], v € (b+1, ), and v — x > 1 we conclude
Ih(v) = h(x)] < D@ = x) = Dy {1+ (v = 2} = Dy (V2 = 2xv + 22 + 1)
SDh(V2+x2+Z) =Z)h{(v—x)2+2x(v—x)+2+2x2}
< Dy(v - x)? {2x2 +2x + 3} <4Dp(v - x)? (1 + xz)
<ADR(v - 0)? (1 + 7).
For x € [0,b] and v € [0, b + 1], we conclude

v — x|

Ih(v) = h()] < pe1 (v - x]) < (1+ )wm (h,6),8 > 0.

We find by solving (16) and (17)

v — xf

Ih(v) — h(x)| < 4D4 (1 +07) (v =202 + (1 + )a)h+1 (h,5).

making use of Cauchy-Schwarz inequality, we obtain

—(@0)

<4 (1+17)Q, (v-7%x)

—(a,0)
Q, h(v;x)—h(x)

1=
(1 +-Q, (v-4y ;x)) wp+1 (h, 0)

—(a,0)

<4 (1+19)Q, (v-27%x)
1 (=@ ,
+ [1 + S{Q& ((v - X) ;x)} ]CL)[H.l (h, 0)

<42, (1+1?) 0" 9)(x)+[1+ : VO ()| wper (8)

choosing 6 = \/(D( )(x) we receive the desired outcome.
O

Theorem 4.2. suppose h € C[0, o) then, we obtain

—(a,0)
lim ||@Q,

2z
>0

=0.
@

(h; x) — h(x)

Proof. From [11], This is sufficient to validate the three equations shown below.

—(a0)

lim (@, (Vi;x)—vl

200

=0,i1=0,1,2.
®

—(a0)

Clearly equation (19) holds fori = 0as Q, (1;x) = 1. Now using Lemma 2.2 we have

— (ar@)

Q,

z

s 1
p) D(x)

(v;x) —x

2a+z—2x_ ‘
(1-02

200+ p2— 2 200+ pe—2
sup (2a @f )<(0é @?: ),
[Ow)x +1 1-9)e 1-9)e

0]

4874

(16)

(17)

(18)

(19)
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—(a,0)

This implies that lim ||Q, (v;x) —x|| = 0. similarly, we have

[0

(4aet(2-3)n) 2
— (1-9)(1-29) 2
= sup —— 4af(-2)+4a+0((+-5) e+8)+ e—4 2
o eloe) PR |+ 1-0)(1-20) 2 r—x

~ (@)

Q, (VZ,‘.X) —x?

< su X’ | (daet(2-3)9)
S ooy @) (1= 9)(1 - 29) 2
N x |x(4ap(2—2)+4a+ 6((2—5)2+8) + 2—4)
su
relom D) (1-01-20)7

—(a,0)

Thus lim ||Q, (Vz;x) - 2% =0.
2—00

The anticipated outcome is attained. [J

Significance statement

This work is carried out to find the rate of convergence of modified a-Pélya-Baskakov operators in terms
of K-functionality, error estimate in terms of modulus of continuity, and weighted approximation. We have
also proved Voronovskaya'’s theorems to establish the degree of approximation.
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