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Abstract. In this paper, we provide some characterizations and representations for the m-core-EP inverse.
We give a relationship between the m-core-EP inverse and an invertible bordered matrix. Also, some char-
actizations for the m-core-EP inverse as an {2}-inverse with prescribed range and null space are presented.
The Cramer’s rule for the solution of a singular equation Ax = b is also given. Perturbation bounds related
with the m-core-EP inverse are estimated. Furthermore, the successive matrix squaring algorithm for com-
puting the m-core-EP inverse is constructed. Finally, we show that the m-core-EP inverse can be used in
solving appropriate systems of linear equations.

1. Introduction

Throughout this paper, we denote the set of all n X n complex matrices by C,,. Let A*, N (A4), R(A),
IAll, p, M and rk (A) represent the conjugate transpose, the null space, the range space (column space), the
spectrum norm, the spectral radius, the Minskowski space and the rank, respectively, of A. The smallest

nonnegative integer k, which satisfies rk (Ak”) =rk (Ak), is called the index of A and is denoted by Ind(A).
In particular, if Ind(A) = 1, that is,

C = {A A€y, rk(A?) =1k(A)}.

Let C,, be the space of complex n-tuples, we shall index the components of a complex vector in C,, from
0ton —1, thatis, u = (1o, U1, Uy, - - - y—1). Let G be the Minkowski metric tensor defined by

Gu = (1/[0, —Ui, —Uz, -, _Mn_l).

Moreover, the Minkowski metric tensor G can be written as

c=|1 0 , G=G" and G*=1,. (1.1)
0 _Infl
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In [2], Minkowski inner product on C, is defined by (u,v) = [u, Gv], where [.,.] denotes the conventional
Hilbert (unitary) inner product. A space with Minkowski inner product is called a Minkowski space and
denoted as M. For A € C,,,, x,y € C, in Minskowski space, by applying (1.1), the Minskowski conjugate
matrix A~ of A can be defined as follows

(Ax, y) = [Ax, Gy] = [x, A"Gy]
=[x, G(GA*G)y]
=[x,GA™y] = (x,A™y)

where A~ = GA*G (see [2]).
In 2000, Meenakshi [3] defined the generalized inverse in M. For A € C,,,, the Minkowski inverse A™
of A is the unique matrix X € C,, satisfying the following four equations:

AXA=A, XAX=X, (AX)” = AX, (XA)” = XA.
For A € C,,,;, the Minkowski inverse A™ of A exists if and only if
rk(A) = rk (A™A) = rk (AA™).

In [4, 5], Kiligman and Al-Zhour studied the weighed Minkowski inverse in M. More propeties of the
Minkowski inverse can be seen in [6, 7].

In 2019, Wang, Li and Liu [22] defined the m-core inverse in M. For A € C3", the m-core inverse A® of
A is the unique matrix X € C, , satisfying the following three equations:

AXA=A, AX*=X, (AX)” = AX. (1.2)
For A € C™, A is m-core invertible if and only if
rk(A) = rk(A™A).

In recent years, the core-EP inverse was studied in numerous papers. For A € C,, with Ind(A) = k, the
core-EP inverse A® of A is the unique matrix X € C,, satisfying the following four equations [8]:

XA = A%, XAX =X, (AX)' = AX, R(X) S R(A).

In [9], Ferreyra, Levis and Thome generalize the core-EP inverse to rectangular matrices. In [12], Ma and
Stanimirovi¢ studied perturbations and SMS algorithm of the core-EP inverse. In [13], Mosi¢, Stanimirovi¢
and Katsikis applied the core-EP inverses to study some constrained matrix approximation problems. In
[14], Gao, Chen and Patricio studied continuity of the core-EP inverse and its applications to semistable
matrices. More propeties of the core-EP inverse can be seen in [10, 11, 16-18].

In 2021, Wang, Wu and Liu [23] generalize the core-EP inverse to Minkowski space, and defined the
m-core-EP inverse in M. For A € C,,,, with Ind(A) = k, the m-core-EP inverse A® of A is the unique matrix
X € C,, satisfying the following four equations:

XA =AY, XAX =X, (AX)" = AX, R(X)CR(A"). (1.3)
For A € C,,,, with Ind(A) = k, A is m-core-EP invertible if and only if
rk(A¥) = rk((AF)~AF).

Motivated by recent researches about the core-EP inverse, we give some characterizations and repre-
sentations for the m-core-EP inverse. The main structures of this paper are as follows

(1) Some characterizations for the m-core-EP inverse is investigated.

(2) A Cramer’s rule for the solution of a singular equation Ax = b is given.

(3) Perturbation bounds for the m-core-EP inverse are established.

(4) A successive matrix squaring (SMS) algorithm for the m-core-EP inverse is proposed.

(5) Applications of the m-core-EP inverse in solving linear equations.
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2. Preliminaries

In this paper, we mainly use the core-EP decomposition. The core-EP decomposition is defined as
follows

Lemma 2.1 ([15], core-EP decomposition). Let A € C,,,, with Ind(A) = k and rk(A¥) = r. Then

T s],.
A:u[o N]u, 2.1)

where U € C,,,, is unitary, T € C,, is nonsingular, S € C,,_,, N € Cy_,,—, is nilpotent, and Nk =0.

Let A be asin (2.1), then

1 0
® *
A —U[ 0 O]U’ (2.2)
K Tk T § 1 Tk+1 T .
A—U[O O]U,A —U|:O OU, (2.3)

where T = TF1S + TF2SN + - + TSN*2 + SN*1, and T = T*S + T< 1SN + --- + TSNE1. Tt is easy to get
T'T=T.
Let U be as in (2.1). Denote

Gy Gz]

Gs Gy (2.4)

uGcu = [

where G; € C,,.

Lemma 2.2 (123]). Let A € C,,, with Ind(A) = k, tk (A¥) = rk ((A¥)” A%) = r if and only if G, € C,, is invertible.
Lemma 2.3 (123]). Let A be as in (2.1), rk (A¥) = rk ((A¥)" A¥) = r. Then

T'G* 0

® _
A—U[ 0 0

] . 2.5)

A AT

Lemma 2.4 ([19]). Let A € C,,, and M € Cypp, partitioned as M = I:S A B

]. Then

rk(M) = rk(A) + rk(B — SAT).
Lemma 2.5 ([1]). Let A € C,,,, with Ind(A) = k, the Drazin inverse AP of A is the unique matrix X € C, ,, satisfying
the following three equations:
A*XA = AF, XAX =X, AX = XA.
Lemma 2.6 (123]). Let A € C,,,, with Ind(A) = k, rk (A¥) = rk ((A¥)” A¥) = 7. Then
A® = AFAP (AF)”.

Lemma 2.7 ([1]). Let E and F be complementary subspaces of C,,, Pgr represents the projector on the subspace E
along the subspace F and M € C,,,,. Then

1) PE,FM =Mes& R(M) CE

(i) MPgr =M & F C N(M).
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3. Some characterizations for the m-core-EP inverse

It is obvious that if A is an invertible matrix, then X = A~ is the unique matrix satisfy following rank
equality

off o

In this section, by applying the m-core-EP inverse A® of A, we give an analogous result.

Theorem 3.1. Let A € C,,, with Ind(A) = k, rk (Ak) =k ((Ak)~ Ak) = r. Then there exist a unique matrix X such
that

(AR AX =0, XAF =0, X2 =X, tk(X) =n -1, (3.1)
a unique matrix Y such that
YA =0, Y=Y, Y=Y, tk(Y)=n-r, (3.2)

and a unique matrix Z such that

rk([ln‘:‘x Ly 2 Y]) = rk(A). (3.3)

The matrix Z is the m-core-EP inverse A® of A. Furthermore, we have
X=1,-A®A, Y=1I,-AA®.

Proof. Let A be as in (2.1). It is easy to verify that

(3.4)

_ -1 -1
qu[g T (s;rc1 GQN)]U*

satisfies condition (3.1). By applying (2.5), we obtain X = I, — A®A. Next, we verify the uniqueness of X.
Firstly, suppose that both X and X; satisfy (3.1). Let X = UXoU", and Xj can be denoted by
E F
Xo = [K H] , (3.5)

where E € C,,. By applying X14F = 0, (3.5) and (2.3), we obtain

E F|[T T|_,

K Hjlo of ™~
Therefore, E = 0 and K = 0. Moreover, it follows from (3.1) that rk(X;) = n —r and X% = Xj, and it is easy to

obtain that rk(H) = n — r, H> = H and F = FH. Therefore, H is invertible and H = I,,_,.
Besides, by using (3.1), we have

k+1\*
k+1\~ _ (T ) 0 * T S " 0 F .
(A )AXl_GU[ 7 O]UGU[O NN I, u
U 0 (T"“)*E}TF + (T':l)*cls i(T"*l)*GzN U7 =0
0 T GiTF+T GiS+T G,N ’
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Since Gy and T are invertible, by using (T¥*1)*G;TF + (T**1)*G;S + (T**!)*G,N = 0, we obtain F = -T~}(S +
G;'GoN). Thus, X; = X.
In a similar way, we can also verify (3.2), where Y can be denoted by

0 —Gl‘le] 0

By applying (2.1) and (2.5), then

I —AA® =1, - U g If,] u*u[T_loGIl 8] u'G
LU :Gol_l 8: UG=1I- u[cé—l g] UrGuur
-n-ul G glle Euw=n-uly Gu
_ u[g —CI;}isz =Y

The matrices X = [, — A®°Aand Y = [, — AA® satisfy

A L-Y] [A Aa®
L-X Z |Tlaca z

By applying Lemma 2.4 and (3.3), we get
rk(Z — APAA®) =0,
which is equivalent to Z = A®AA® = A®. The above proof is completed. O

In the following, by using X = I, — A®A and Y = I, — AA®, we obtain another representation of the
m-core-EP inverse.

Theorem 3.2. Let A be as in Theorem 3.1. Then

A=A-X)L,-VN=A+X)U,-Y), (3.6)
where X = I, — A®A, Y =1, — AA®.
Proof. Let A be of the form (2.1), by using (3.4), we obtain

-1 -1
A_qu[T S 0 -TXS+G; GZN)]U*

0 N 0 Ly
[T S+T S+ GIGN)
_u[o N1t ur.

]U*—U

Since T and N — I,,_, are invertible, we have

_ T' TS+ TS+ G 'GoN)|(N = L,_,) ™"

_ 1 _ 1 n—r "

A-X)" = U| 0 (N =1, ) u
and

A-X) (I, -Y)=U 71 —T'l[S+T'1(S+G1‘1GZ_N)](N—In4)_1 U*U[Gfl o] UG
0 (N-In-)! 00

] uG = A®.
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In a similar way, we can also obtain the equality A® = (A + X)"'(I, — Y). Then
AP =(A-X)" L - =A+X)" L - Y),
which prove the representation (3.6). [
In the following, we take an example to verify the results of Theorem 3.1.

Example 3.3. Let

0 4 -1 2 1 _21r3 3 312 1 _2
|- =i %7 i3 7
A=|-1 3 1[=1|3 7 3 0 0 3|3 ] 5
2 2 o] |3 1 gl o ol 1

TG 0
® _ 1 *
A _u[ 0 O]UG
2 1 2 2 1 2 4 2 4
2 L 2ir3 002 L 21 0 o] [-%2 2 -4
(122 S o | P I T B
B 32 3 31 0 0 O 32 % 1 0 ! 0 B 43 32 43 '
-5 5 —3/L0 0 0f]-5 5 —3]0 O -1} |5 -5 3
The block matrix
0 4 -1 2 —% %
-1 3 -1 1 -3 1
p| A B-Y[_|A AA®|_|-2 -2 0 -2 Z -z
Tleex oz Tlaa At |Tlg oy o3 g
17 _2 1 _1 1
9 9 9 3 9 9
2 1 & 2 2 2
9 9 9 3 9 9

satisfies rk(B) = rk(A) = 2. Furthermore,

(11 _14 4
X=h-aa=|1 2 1
- |2on o
9 9 9
and
r 2 2
-1 z _§
Y=L-AA®=|-1 3 -1
2 2 5
L 3 3

satisfy (3.1) and (3.2), respectively.

In the following, we give characterizations for the m-core-EP inverse as an {2}-inverse with prescribed
range and null space.

Lemma 3.4 ([1], Theorem 14, p.72). Let A € C,,,, with rk (A) = t. Let T be a subspace of C,, of dimension s < t,
and let S be a subspace of C,, of dimension n —s. X is a {2}-inverse of A with prescribed range T and null space S if

XAX =X, RX)=T, N(X) = S.

. . . 2
In this case, X is unique and denoted by A ;.
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Theorem 3.5. Let A be as in Theorem 3.1. Then

R(AA®) = R(AF), N(AA®) = N((AF)).
Furthermore, AA® = P‘R(AA®),N(AA®) = P’R(A“’),N((Ak)”)'

Proof. Let A be of the form (2.1), by applying Lemma 2.6, we obtian R(AA®) C R(A¥). Next, we just need
to verify R(A¥) C R(AA®). By applying (1.3), we known that APA**! = A¥. Premultiplying both sides of
equality with A, we obtain AA®PA*! = A1 Therefore, R(A¥1) € R(AA®). Since Ind(A) = k, we obtain
R(AF) = R(A1) € R(AA®). From above, R(AF) = R(AA®).

In the following, we verify N(AA®) = N((AF)™). Let any x € N(AA®), that is, AA®x = 0. Denote

U*Gx:[xl],

X2

ey = ylT SITGT 0] e
Y=Y Nl o o™

Since AA®x = 0, and G; is invertible, we obtain x; = 0, thatis, x = GU [x ], where x; € C,,_;; is arbitrary.
2

In a similar way, let any y € N/ ((AFY), that is, (A%)~ y = 0. Denote

. |
ey ‘L/z]’
Ky
(A">~y=GU[(§~3 8] UGy
_ T 0][w] _ (T*Y 1
R AR

Since (A")Ny =0, and T is invertible, we obtain y; = 0, thatis, y = GU [; ], where 1, € C,_;; is arbitrary.
2

Hence AA®x = 0 and (A¥)~y = 0 are the same solution, we obtain N(AA®) = N((A%)").
Furthermore, AA® is idempotent matrix, then AA® is projection operator, that is, AA® = Pgyae) yaa®) =
Pranpany- O

Theorem 3.6. Let A be as in Theorem 3.1. Then

® _ A2
A _Aﬂ(Ak»N«Akr)' (3.7)

Proof. By applying Lemma 2.6, we obtian R(A®) C R(A*). From (1.3), we known that A®A¥*! = Ak, that is,
R(AF) € R(A®). Therefore, R(A®) = R(AX). By applying (1.3), we have N(AA®) C N(APAA®) = N(A®) C

N(AA®). Therefore, N(A®) = N(AA®) = N((A¥)™). From (1.3), we obtain APAA® = A®. Hence, by applying
Lemma 3.4, we have (3.7). O
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4. The Cramer’s rule for the solution of a singular equation Ax = b

In the following, we study the relationship between the m-core-EP inverse A® and an invertible bordered
matrix. The relationship is derived by the Cramer’s rule.

Theorem 4.1. Let A be as in Theorem 3.1. Let B and C* be full column rank matrices such that
N((A")) = R(B), R(A*) = N(O).

Then the bordered matrix

acfe ]

is invertible and

= A® (I, — ARA)CY
T |B(I, - AA®) BY(AA®A — A)CT|

Proof. Let
7 [ A® (I, — A®A)C' ] _
B'(I, — AA®) B'(AA®A — A)C'
By applying Lemma 2.6, we have
CA® = CAFAP(A%)® = 0.
By applying Theorem 3.5 and Lemma 2.7, we have

BB'(Iy = AA®) =BB' Py riat
=P iy raty = In — AA®.

Then
Az - [AA® + BB'(I, — AA®) A(l, — A®A)C' — BB*(I, — AA®)AC*
| CA® C(I, - A®A)C*
_[AA® + 1, - AA® A, — APA)CT - (I, — AA®)ACY
1 CA® CC' — CAPACY
| A, - A®A)C - (I, - AA®)ACY
~|o cct
1, 0
= 0 Irl—r = 1211*7-

In a similar way, we can verify ZA = I,_,. So, A is invertible with Z = Al O
Theorem 4.2. Let A be as in Theorem 3.1. Let B and C* be full column rank matrices such that
N((A5) = R(B), RA") = N(C).

If b € R(AX), then the unique solution x = A®b of a singular linear equation Ax = b is denoted by

o A(j—b) B A Bl .
x,—det[c(]._>0) 0]/det[c 0],]_1,2, .
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Proof. Since x = A®b € R(AF) and R(A¥) = N(C), we obtain Cx = 0. The solution of Ax = b satisfies:

& ol =[ol

Applying Theorem 4.1, we obtain the unique solution x = A®b of the singular linear equation Ax = b is
given by

o A(j—b) B A Bl .
x,—det[c(]._>0) 0]/det[c 0],]_1,2, .

O

5. Perturbations of the m-core-EP inverse
In this section, we investigate perturbation bounds for the m-core-EP inverse.
Lemma 5.1 ([21]). Let A € C,,, with ||A|| < 1. Then I, + A is nonsingular and
I + A< (1= Al

Theorem 5.2. Let A be as in Theorem 3.1, B = A+ E € C,,. If the perturbation E satisfies AA®E = E and
IA®E|| < 1, then

B® = (I, + A®E)'A® = A®(I, + EA®)"!, BB® = AA®.

Furthermore,
® ®
|A®]| < IB¥|| < |A®]| ’
1+ [|A®E]|| 1 - [|A®E]||
|IB® — A®|| < |A®E]]
lA®]]  — 1 —||A®E||

Proof. Let A be of the form (2.1). Suppose that the perturbation E can be expressed as

En En|,n.
E=U u.
|E21 Ezz]

Since E satisfies AA®E = E, then

T S||T'Gt o Gy Go||En1 En
oF _ 1 *
AA E‘u[o NH 0 OHG3 Ga||En x|
_ o |En+G{'GeEsn Enn+G'GeEx |, |Enn Enzf, .
—U[ 0 0 U—UE21 Ezzu.

Then, we have Ey; = 0 and E», =0, and

Ein Ep

0 0 (5.1)

- £y 5

]U*, B=A+E=U

T+Ey; S+ Elz] 0

By applying (2.5) and (5.1), we have

T1G71 0 G Go||E11 En
oF _ 1 *
I,+A E_In+u[ 0 0][G3 Gill o 0 u

-u L+T'Ey T 'Ep U
B 0 Iy '
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Since ||A®E|| < 1, we known that I,, + A®E and T + Eq; are invertible. Then, we have

(5.2)

(I, + AE)™! = U[(T +En)”'T —(T+ E11)_1E12] U

0 Iy

Since T + Ey; is invertible, by applying (5.1), we obtain rk (Bk) =rk ((Bk)~ Bk) = r. It follows from Lemma
2.3 that the m-core-EP inverse of B exists. Then,

(T +En)'G;t 0

® _
B —U[ 0 0

] uG. (5.3)

By applying (2.5) and (5.2), we have

-1 _ -1 —1-1
(In + APE) AP = u[(T HETT = En) E”] u*u[T N 8] G
-1-1
—u [(T HETG, 8] ue. (54)
From (5.3) and (5.4), we obtain B® = (I,, + A®E)"A®.
On the other hand,
[Evy Ei, ... [T7'Gi 0], .
® — 1
I, + EA _I,7+Ll_0 O]uu[ 0 OUG
_ [Ex TG 0], e EnTGY 0], e
—In+ll» 0 OUG—In+U 0 OUGUU
_ -EllTilGlil 011G1 Gaof, .. _ E11T71 E11T71G171G2 .
—I,,+ll» 0 ollc G4U—In+ll 0 0 u
-Uu I + E11T_1 E11T_1GI1G2 u
B 0 Ln—y ’
-1 _ -1 —1-1
(I, + EA® ' = U [T(T + OEH) (T + EH)I EnT™Gy Gz] . (5.5)
By applying (2.5), (5.3) and (5.5), we have
A(1, + EA®) ! = U [T-1G! 0 roulTT+ En)' —T(T + En)'EnT'G{'G, 0
" “ o o0 0 Li-r
U [(T+En)™" —(T+En)'EnT GG + T71G{!G, 0
0 0
_ylT+ gu)*1 (T+ Enrl[—EnT*Gfgz +(T+ En)TlGlle]} 0
—u (T +En)™ (T+En) ' [(-En + T+ En)T7'G{'G,] U
7l o 0
[ -1 -1~-1
T 511) T+ Ellz) G;'Gy o, (5.6)
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E(T + Ell)_lcl_l

| 0

—(T + Ell)_lGl_l
0

uG
ucuur

(T + Enn) ™' G G & U
0 G; Gy

(T +En)™ (T+ Eu)_lG{le] 0
0 .

co oo OO

0 (5.7)

From (5.6) and (5.7), we obtain B® = A®(I, + EA®)™L.
By applying (2.1), (2.5), (5.1) and (5.3), we have

o

T+ Enn S+E12

BB® = U (T + Elé)_lGl_l

U*U[ ]U*G

o

-1-1
AA®:U[T S]U*U[T OGl 8}U*G

Therefore, BB® = AA®.
Next, we prove the perturbation bound inequality. From Lemma 5.1, we obtain

1

ery-1 <
I, + 4B <

(5.8)
By applying B® = (I, + A®E)"'A® and (5.8), we obtain

151l < - Al

T ACE (5.9)

By applying (2.5), (5.1) and (5.3), we have

o_ g0 |T+EDG? 0] o [TGH 0] .
B® - A® = LI» 0 0 uc-u 0 0 ucG
-u (T + E11)71G11 - T71G171 0 UG
_ 0 0
_ |l =TT+ EwIT + En)'GE 0] s
_ 0 0
-u —T_lEu(T(J)r En)7'Gy! 8] UG,
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ABEB® = U 'T_loGl_l 8] U*GU[Eél Egz] wu|T+EW7G 8] uG
o s s LA
U 'T—loEn T‘;Eu] [(T + Ela)*lGil 8] G
_yu (T Eyy(T B Ei)™' Gy 8] Uc.

From above, we obtain

B® — A® = —A®EB®, (5.10)
that is, (I, + A®E)B® = A®. Therefore,

A% < (1 + IA®EIDIB®I,

1 Jﬁj@HEn < 1Bl 4D
From (5.9) and (5.11), we have

A® A®
A ey < N
T+ A = A%

By applying B® = (I, + A®E)'A® and (5.10), we obtain

1B® — A®|l lA®E]
< .
llA®]] 1 - [lA®E]|

O

Corollary 5.3. Let A be as in Theorem 3.1, B = A + E € C,,. If the perturbation E satisfies R(E) C R(A¥) and
IA®E|| < 1, then

B® = (I, + A®E)"'A® = A®(I, + EA®)"!, BB® = AA®. (5.12)
Furthermore,
[|A®]| 5 [|A®]|
- " < <K -
T+ naeE = P S Ty 613)
IB® — A®| |A®E]]
< . 5.14
A S T [AE] 614

Proof. By applying Lemma 2.7 and Theorem 3.5, we known that R(E) C R(A¥) is equivalent to AA®E = E.
Next, similar to the proof of the Theorem 5.2, we obtain (5.12), (5.13) and (5.14). O

Corollary 5.4. Let A be as in Theorem 3.1, B = A+ E € C,,. If the perturbation E satisfies A°AE = E and
IA®E|| < 1, then

B® = (I, + A®E)'A® = A®(I, + EA®)"!, BB® = AA®. (5.15)
Furthermore,
|A®| o |A®|
_ < < —
T+ nacE] <P T ey (5.16)

® _ A® ®
IB® — A%l _ _[IA®E]|

< . 517
ARl S T—[AeE] 617
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Proof. Let A be of the form (2.1). Assume that the perturbation E can be denoted by

Enn En|; .
E=U u.
[E21 Ezz}

Since E satisfies A°AE = E, we have

—T‘lG‘l 011G1 Go||T S||Eu1 Er
® — 1 *
AMAE=UL 0HG3 Gi|0 N||Ex En|Y
-u >E11 + (T_ls + €_1G1_1G2N)E21 Epp + (T_ls + 'g_lGIleN)Ezz u
[Evi Enpl, .
=Uu u-.
| E21 Ezz]

Then, we get Ey; = 0 and E», = 0. Next, similar to the proof of the Theorem 5.2, we obtain (5.15), (5.16) and
(5.17). O

6. Successive matrix squaring algorithm for computing the m-core-EP inverse

In this section, we give successive matrix squaring (SMS) algorithm for computing the m-core-EP inverse
A®. By applying Lemma 2.5, Lemma 2.6 and (1.2), we have

AKAF)AA® = AHAR) AAFAP (AP = AF(AF) AT AP(AR)®
— Ak(Ak)~Ak(Ak)® — Ak(Ak)~(Ak(Ak)®)~
= ARk APAY) = ARAN.

Then
A® = A® — B(AR(AR)"AA® — AR(ARYY) = (I, — BAK(AF)"A)A® + BAK(AFY~.
Set
P =1, - BAKA*) A, Q=pANAN~, p>o0. (6.1)

The iterative scheme for finding the m-core-EP inverse A® will be given by [20]:

Xi = Q=pANAY", Xy =PXy+Q, meN. (62)
Taking
m m—1pi
T= [g IQ] and T" = [PO Zi“)IPQ],

X is the top right block of T™, i.e. X,, = £ ' P'Q. Notice that

n

Wzﬁ"%ﬁﬂ
0 :

Applying [20], we have the following Theorem 6.1.
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Theorem 6.1. Let A be as in Theorem 3.1. The approximations
21 ‘
Xon = Z(I,, — BAR(AR)~AYBAK(AF) (6.3)
i=0
determined by the SMS algorithm

To=T, T =T, i=0,m—1,

1

converges in the matrix norm || - || to the m-core-EP inverse A® if spectral radius p(l, — AX1) < 1. In the case of
convergence, we have the error estimates,

IA® — Xoul| < |A®NII(L, — AX1)*"]l.

Moreover,
lim sup “V|IA® — Xon|| < p(I, — AX3).
m—00

Proof. By applying A®AF*! = AF and (6.3), we have
A®AX2m = ern.

Next, we verify following equality
I, = AXy = (I, — AXy)™. (6.4)
By the mathematical induction, for m = 1, the equality (6.4) is true. Assume that it holds for m = k—1. Next,
we just need to prove that it holds for m = k. From (6.1), it is easy to obtain P = I, — QA, and by applying
(6.2), we have
I, —AXy = I, - A(PXk-1 + Q)
= I = Al = QA) X1 = AQ
=1, —AXj1 + AQAXi—1 — AQ
=1, — AXj—1 — AQ(Ly, — AXy-1)
= (I = AQ)(Iy — AX1)
= (In = AX1)(I, = AX)*!
= (I — AXy)~.
Therefore,
IA® = Xoul| = [|IA® = A®AXon]|
= A%y — AXon)|
< 1A%, — AXonll
< AP, — AX2)?" |

and

Lim sup “VIIA® ~ Xanll < lim “VIA®II(T, ~ AX0)?"]| = p(l, — AXa).
In the last equality, we use the fact that lim ||B"||'/* = p(B) for any square matrix B and any norm. It
n—o0
completes the proof. 0O

Remark 6.2. In order to achieve the convergence criterion p(I, — AX1) = p(I, — BAF1(AF)™) < 1, the parameter
B can be chosen as an arbitrary real number satisfying Ilnaxll — BAil < 1, where Ai(i = 1,...,5) are the nonzero
<i<s

eigenvalues of AF1(AF)~.
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1
Example 6.3. Let A = |— —% with Ind(A) = 2. Taking
Q=pBA* A%, P=1-BA*(A*A, B=1/2.
The eigenvalues A; of A3(A2)~ are {0,0,0.642}. The nonzero eigenvalues A; satisfies
max|l — Al =1-0.642/2 = 0.679 < 1.
An approximation of A® can be generated from the upper right corner of the 29th approximation (T?)* of the SMS
algorithm, equal to

-1 06667 -0.6667 | -4 2 -4
-1 13333 -03333|-2 1 =2
2 -0.6667 16667 | 4 -2 4

0 0 0 1 0 0}
0 0 0 0o 1 0
0 0 0 0 0 1

which gives

-4 2 -4
A®=|-2 1 -=2|.

4 -2 4

7. Applications of the m-core-EP inverse

In this section, we apply the m-core-EP inverse to solve systems of linear equations. If the system
is consisten, we give the general solution of linear equations in the Minkowski space. If the system is
inconsisten, we give the least squares solution of constrained systems of linear equations.

In the following, we consider the general solutions of matrix equation in the Minkowski space

(A" Ax = (A"b, be Gy, (7.1)
where A € C,,, with Ind(A) = k, rk (A¥) = rk ((4¥) A¥) =r.
Theorem 7.1. Then the equation (7.1) is consistent and its general solution is

x =A%+ (I, - APA)y, (7.2)
for arbitrary y € Cp 1.
Proof. Let A be of the form (2.1), A® and U*GU are given in (2.4) and (2.5), respectively. By applying Lemma

2.2, we obtain G is invertible. Denote

, (7.3)

—-1-1
Ux = ["1], uGh = [bl] and A®b = u[T G, bl]
X2 by 0

where by, x1 and T™'G['b; € C,1. By using (2.1) and (2.4), we have

(AR~ Ax — (A% b

W Orcufl SJure-cu X Yuy
<ol %3l el wll]-[)

T 0|\[Gs Gu][0 N||x2| |b2

[(T¥)'G1Tx1 + (T¥)'G1Sx + (T¥)"GoNxa — (T")*bl]
T'GiTx1 + T'G1Sx2 + T'GoNxp — T'by ‘

=GU ]UGU[

=GU (7.4)
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Since G; and T are invertible, we obtain
x1 =T'G'b = TS + G{'GoN)x,
such that
(TY'G1Tx1 + (T)'G1Sxz + (TF)*GoNxp — (T¥)*by = 0

and
T*GlTx1 + T*G15X2 + T*GzNJQ - T*b1 =0,

that is, there exists x such that (A¥)"Ax = (A¥)~b. Hence, we obtain the equation (7.1) is consistent.
By using (7.3) and (7.4), we obtain

-1G-1p, — -1 -1
e U[T G{'by - TX(S+G; GZN)xz], 7.5)
X2
for arbitrary x; € C,_,1. Applying (2.1) and (2.5), it is easy to get
_7-1 -1
I, — A®A = u[g LG 1+ G &N )] u. (7.6)

Therefore, by applying (7.3), (7.5) and (7.6), we obtain
U [T—lcglbl] U [—T‘l(S + G;lczN)xz]
0 X2
= A®b + (I, — A®A)y,
where x; € C,—,1 and y € C,,; are arbitrary. Hence, we obtain the general solution (7.2). [

In [13], Mosi¢ et al. considered constrained matrix minimization problem in the Euclidean norm:

min [|Ax — D,
xER(AF)

where A € C,, with Ind(A) = k, and b € C,;. Futhermore, the least squares solution of the constrained
system can be expressed as A%D.
In the following, we seek for the least squares solution of the problem

min ||(AA®)~Ax —bll,,
XeR(A)

where A € C,,, with Ind(A) = k, rk (A¥) = rk ((A¥) " A¥), and b € C, 1.

Theorem 7.2. Let A be as in Theorem 3.1. Then

min [[((AA®)"Ax — bll» = ||(I, — AA®)GD||,. (7.7)
XER(AF)
Furthermore,
x =A% (7.8)

is the unique solution of (7.7).
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Proof. Let A, A®, A® and U*GU be of the form (2.1), (2.2), (2.5) and (2.4), respectively. By applying Lemma
2.2, we obtain G is invertible. Since x € R(AF), there exists y € Cpq such that x = Ak y. Denote

< _ |y ey _ |1 on _ 17| TGy
Uy—[w],UGb—[bz] and A b—U[ 0 , (7.9)
where y; € C,; and by € C,1. Since G is unitary, we have
I(AA®)Ax = bll> = JAA®GAFy — Gbll,
— GlTk+1y1 + GlTyz — b1
—b, ,
= |GiT** 1 + GiTya — ba|, + [1ball, - (7.10)
Since G; and T are invertible, we have min ”G1 THk+1 v+ G1Ty2 - 171”2 =0, when
Y1,Y2
y1 = (TG oy = (T ' Ty, (7.11)

Therefore, applying (7.10) and (7.11), we have

Jmin [laa®) Ax = b, = [zl

On the other hand, by applying (2.1), (2.2) and (7.9), we obtain ||(I, — AA®)Gb|l, = b,. Therefore, we have
(7.7). Applying (7.9) and (7.11), we obtain

_ Ak, _ Tk Tf . Tkyl +Tf]/2
x—Ay—U[O O]Uy—ll[ 0

_u [T—lcol_lbl] _ A%,

that is, (7.8) is the unique solution of (7.7). O

Conclusion

In this paper, we present characterizations and representations for the m-core-EP inverse. For Cramer’s
rule, perturbation bounds and SMS iterative algorithm are also studied. Moreover, the m-core-EP inverse
can be used to solve linear equations. We believe that the research on the m-core-EP inverse will be
popularized in the next years.

Some possibilities for further research are given as follows

1. New iterative algorithms and splitting methods for computing the m-core-EP inverse.

2. In addition, we can further generalize the m-core-EP inverse to tensors.
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