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The equation characterization of Hermitian elements in a ring with
involution

Angqi Li?, Junchao Wei?

?College of mathematical science, Yangzhou University, Yangzhou, Jiangsu 225002, P. R. China

Abstract. In this note, some new characterizations of Hermitian elements are considered by the solution to

some related equations. Especially, the form of the general solution to these related equations is discussed,
which has a pivotal role in the linear system theories and applications.

1. Introduction

Let R be a ring associate with an identity and a € R. If there exists b € R such that
aba = a, bab = a, ab = ba,

then a is called a group invertible element of R and b is called a group inverse of a [3, 4, 14, 18, 19], and it is
unique, usually we write it by a*. We write R* to denote the set of all group invertible elements of R.
If amap *: R — R satisfies

@) =a, (a+b) =a" +b", (ab)' =b'a" fora, beR,
then R is said to be an involution ring or a *—ring.

Let R be a »-ring and a € R. If there exists b € R makes
a =aba, b = bab, (ab)* = ab, (ba)* = ba,

of R.

then a is called a Moore-Penrose invertible element, and b is called the Moore-Penrose inverse of a [5, 13, 16],
and it is unique, usually we record it as a*. Let R denote the set of all Moore-Penrose invertible elements

If a € R* N R* and a* = a*, then a is called an EP element. On the studies of EP, the readers can refer to
[2,11-13,15,17,20-23].

If a € R and a = a*, then a is called a Hermitian element [2, 6]. We write RF®" to denote the set of all
Hermitian elements of R. Clearly, if a € R*, then a is Hermitian if and only if a* = (a*)* [2].
Let R be a +—ring and a € R. If there exists b € R such that

a =aba, Rb = Ra*, aR = bR,
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then a is called a core invertible element, and b is called the core inverse of a, usually we write it by a®,
Let R be a *~ring and a € R. If there exists b € R such that

a =aba, bR = a’R, Ra = Rb,

then a is called a dual core invertible element, and b is called the dual core inverse of 4, usually we write it
by IZ@.

It is not difficult to find that a® and agg, are all unique and a® =gt

aa*, ag = a‘taa®.

The research hotspots of Hermitian elements are mainly matrix directions, Hermitian matrix plays
important roles in system theory, such as observer design, eigenstructure assignment, and detection. The
study ways contain Lyapunov and Sylvester equations and their various forms of deformation equations
[7-10]. In [2], many characterizations of Hermitian elements from the perspective of ring theory are given.
In this paper, we gives some new portrayals of Hermitian elements from the perspective of ring theory and
equations.

2. Characterizing Hermitian elements by Patricio-Puystjeus Theorem

In [1, Theorem 4], Patricio and Puystjens shows that a regular element  in a ring R is EP if and only if
a* = v~ lau, where
u=(aa") (@ —1)+1,0=(@*-1aa +1

are invertible for some (any) inner inverse a~.
Leta € R* N R*. By [2, Theorem 1.4.2], we know that a € RH*" if and only if a* = a*a*a*. This inspires us
to give the following theorem.

Theorem 2.1. Leta € R* N R*. Then a € R1 ifand only if a* = a*a*au, whereu € R and u™ = a*a® + 1 - a*a.

Proof. ” = ” Assume that a € RH". Then

# #

a' =a'a'a’ =a'aaata’ = a*ata(ata® + 1 -ata).

Take u = a*a* + 1 — a*a. Then
u@ta® +1-ata)=@a* +1-ata)@*'i® +1-ata) =1,

and
(@a®+1-a"au=@a+1-ata)ata®"+1-ata)=1.

Consequently, u € R™! and a* = a*a*au, where u™! = a*a’ + 1 —a*a.

7 & " If there is u € R7! that makes a* = a*a*au and u~! = a*a® + 1 — a*a, then
a‘(ata® +1-ata) =aa‘au(@ a® +1—aa) = a*a'a,

that is
a =a'ata—aatd® +aata.

Multiplying the equality on the right by a*a, one has a* = a*a*a. Hence, a € REP. Now we obtain
a=aata-aadd +aada=a —aa® +aada,

i.e., a'a® = a*a*a. Multiplying the equality on the left by (a*)*, one gets 4> = aa*a*a = a*a. So we infer that
a € RE by [2, Theorem 1.4.1]. [

Corollary 2.2. Leta € R* N\ R*. Then a € RH if and only if a* = a*a*au, where u € R™' and a*a = ua’a™.



A. Li, . Wei / Filomat 38:15 (2024), 5333—-5352 5335

Proof. 7 = ” Assume that a € RHer . Then, by Theorem 2.1, we have a* = a*a*au, where u € R and
ul =a*ta® +1—a*a. It follows that

ultata= @ +1-ata)ata =atal.

3 3

Hence ata = ua*ta® = ua“a™.
” < " If there exists u € R™! that makes a* = a*a*au and a*a = ua®a*. Then

aalat = (@atau)a’a” = a'a*a(ua’at) = a'aaata = a'a’a.

Multiplying the equality on the left by (a*), one has

aat =aata‘a = (aataa)ata = a®atata.

Again multiply the last equality on the left by a*(a*)?,

a‘a? = a*aPat = a*a*a. Then

one gets a* = a*a*a. Hence a € REP. Tt follows that

2 _#

a'a = a'a*d" = a*a’ad®

=a'a‘aat = a'a".
This infers a> = a*a. Thusa € RH. [
Theorem 2.3. Leta € R* N R*. Then a € R™ ifand only if a* = a*ua*a®, where u € R and ua*(a*)* = aa®.
Proof. ” = ” Sincea € RHer, by [2, Theorem 1.4.2], we have
a =aaa’ =a'atanta® =a*(@a+1—-aa)atat.
Take u = a*a+1—aa*. Then u™! = a*(a*)* + 1 — aa* and
ua* (@) = (@a+1-aat)a* (@) =ata+ (1 —aa*)a*(a*)".

Sincea € RE?, (1 —aa*)a* = (1 —a*a)a*t = 0 and a*a = aa*. Hence ua*(a*)* = aa” and a* = a*ua*a®.
” < ” From the assumption, we have a* = a*ua*a® and ua*(a*)* = aa*. Then
a' =au@ (a*)a)a" = a*(uat (@) a'a®
=a'aa’aa® = (a*aa*a*a"ata = a*a*a.
Hence a € REP. This induces that
#oe 4

# #

a'=aad’a’a” = d'aa*a*a” = a'a’a”.
Thus a € R#" by [2, Theorem 1.4.2]. [
Theorem 2.4. Leta € R* N R*. Then a € RM ifand only if a* = a*ua*a®, where u € R™ and u(a*)'a* = aa®.
Proof. ” = " Sincea € RHer, by [2, Theorem 1.4.2], we have

a =aa'a® =ataa*a’a® = at(aa* + 1 — aa)a'a®.
Take u = aa* +1 —aa™. Then

w(@yYa*+1-aa*)=1=(@@")a*+1-aa")u.
This infers that u € R™'. Now we have

u@*)at = (aa* +1-aa*)a*)a* =aa*(@a*)a" =aa" = aa

and a* = atua*a®.
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” & ” Assume that a* = a*ua*a® and u(a*)*a* = aa*. Then

# #

aata =atuaa"ata = atua'a” = a".

Hence a € REP. Tt follows that

* * %

a* = atu(aata)a® = atu(@)a'ata® = at(uat) at)aa*a*a®

# # # #

=atad"aa’a’a” = ataa'a’a” = a'a’a”.

Thus a € R# by [2, Theorem 1.4.2]. [

Theorem 2.5. Leta € R* N\ R*. Then a € R if and only if a* = uaa*a®, where u € R™' and uaa* = a*a*.

Proof. ” = ” Assume that a € R Then we have

a' =a'aa’ =a'at(aa*a®) = (@0 + 1 —aa)aa*a".

Choose u = a*a* + 1 —aa*. Then by [2, Theorem 1.1.3], one gets
u=aa"+1-(aa"".

Clearly
u™t = (@a*ya@®y +1 - (aa®)".

Hence a* = uaa*a® and uaa* = (a*a* + 1 — aa*)aa* = a*a*.
” < ” By hypothesis, we have a* = uaa*a*, where u € R™! and uaa* = a*a*. Then
a* = (uaa")aa*a® = (@ataa’a® = a*aa®.
Hence a € R" by [2, Theorem 1.4.2]. O

Remark 2.6. In Theorem 2.5, if u is not required to be an invertible element, then we can choose u = a*a* +p(1—aa*),
where p € R.

Example 2.7. Choose R = M(Zs) with the transposition involution +.

Take A = (} 1) Then A* = A* = (i i) and A* = A. Hence A is Hermitian. Then we can choose
3 3 3 2
U-(B 3)+P(2 3),wherePeR.

3. Characterizing Hermitian elements by dual core invertible elements

Lemma 3.1. Leta € R* N R*. Thena € RE if and only if a* = a'aag).

Proof. ” = ” Assume that a € R"". Then, by [2, Theorem 1.4.2], we have a* = a*a*a*. Since a € RE?,
ag = ataa® = a*aad® = a*.

Hence a" = a*a*a®.
” & ” Suppose thata* = a'a’ag. Noting that a®aa# =ag). Thena' = a*aa®. Tt follows that a € REF by [2,

Theorem 1.2.1]. This infers

ag = atad® = a* = d*,

and then a* = a*a*a*. Thus a € RE by [2, Theorem 1.4.2]. [
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Theorem 3.2. Leta € R* N R*. Then a € R™ ifand only if a* = a*a@a*aa#.

Proof. ” = ” Since a € R, g € REP and a = a*, it follows that
a' =a'aa® =a'atana® = a*(ataa")aaa" = a*a@)aa*a# = a*cz@a*aa#.

#

” & 7 Assume that a* = a*a®a*aa#. Then a* = a*a*a because a* = a*a*a. This implies a € REP. Hence

ag = a*aa® = a* and a*aa® = a*aat = a*. Tt follows that

a = a*a®a*aa# =a'd'a,

and
H# »

aat = @) a* = (a*)'a'ata” = a'ar.
One gets a = a?a* = aa®a* = a*aa* = a*aa* = a*. Hencea € RE”. [

Leta € R* NR*. Then it is easy to show thata € R if and only ifa € REP and a* = (a*)*. Hence we have
the following theorem.

Theorem 3.3. Leta € R* N R*. Then a € R1 if and only if (a*)* = a*a®(a*)*(a*)".

Proof. ” = ” Since a € RH*, one hasa* = a'a’ag by Lemma 3.1. Noting that (a*a*a®)+ =a*a®(a*)*(a*)*. Then
(a+)* — a+a2(a#)*(a+)*.
” & 7 Assume that (a*)* = ata?(a*)*(a*)’. Then

aat = @) a" = ata®(@") @ )a" = ata?(@") = ata(@ a?(@")) = atalat.
This infers that a = aa*a = a*ta*a*a = a*a®. Hence a € RE?, this gives
aat = a*a?(a*) = a(a®)".
Then a* = a*a(a®)* = (a*)* = (a*)*. Thusa € RH. O
Leta € R* N R*. Then, clearly,
(a*a*a@)# = (a*a*a®)+ = ata®(a®) (a*)".
By Lemma 3.1, we have the following corollary which contrasts with Theorem 3.3.
Corollary 3.4. Leta € R* N\ R*. Then a € RH if and only if (a*)* = a*a®(a*)*(a™)".
Theorem 3.5. Let a € R* N R*. Then a € RM if and only if a* = a*a#a*a®a.

Proof. ” = ” Since a € R, one has (a*)* = a*a*(a*)*(a*)* by Corollary 3.4. Applying the involution on the

; LA
equality, one gets a" = a*a"a’a*a = a*a"a agA-
=" Ifat = a*a#a*ac@a, then
ag = ataa® = a+a(a+a#a*a@a) = a+a#a*a®a =a".

Hence a € REP. So we have

a =atdfardfa = ata

Hence a € R" by [2, Theorem 1.4.2]. O

fotant = atatat = dtata.

Corollary 3.6. Leta € R* \R*. Then a € RE" if and only if a® = a*a#a*a@a.



A. Li, . Wei / Filomat 38:15 (2024), 5333—-5352 5338

Proof. ” = ” Assume thata € R, Thena € REF and a* = a*a#a*a@)a by Theorem 3.5. Since a?a* = a, we get
a® = oot = (a+u#a*a@u)aa+ = a+a#a*a®a.

71 a® = a*a#a*a@a, then a* = (®aa* = a*a#a*a@aza# = a*a#a*a@a. Hence a € RH" by Theorem
35 0O

*a* = a*a*. Then we get the following corollary.

Noting that aga" = a*aa
Corollary 3.7. Leta € R* \R*. Then a € RE" if and only if a® = a@a#a*a@a.
Remark 3.8. In corollary 3.7. If only agy = a@a#a*a@a, then a need not be Hermitian.

Example 3.9. Choose R = M3(Z,) with involution *, the transposition of a matrix in R.

1 1 1 1 00
Take A=|0 0 O.ThenA#:A,A+:A*:[1 0 0].
0 0O 1 0 0
1 1 1 1 1 IZ(1 1 1)(1 0 0y(1 1 11 1 1
Clearly,A®=A+AA#= 11 1,A@A#A*A®A={1 1 1][0 0 0][1 0 0][1 1 1][0 0 O]
1 1 1 1 1 1J)I0 0 0Ji1 0 0OJi1 1 1J{0 0 O
1 1 1
[1 11 :A®. However A + A*. Hence A is not Hermitian.
1 11

4. Characterizing Hermitian elements by constructing invertible elements

Theorem 4.1. Let a € R* N R*. Then a € R1 if and only if a'a*a® + 1 — aa® € R7! and (a*a*a® + 1 — aa®)™! =
(@) +1 - aa*.

Proof. ” = ” Assume that a € R"". Then a*a*a* = a* by [2, Theorem 1.4.2] and aa* = aa* = a*a. This gives
@aa® +1—-ad") (@) +1-ad") = (@ +1-aa”) (@) +1 - aa®)
=ata+a(1-ad")+(1-ad®)a") +1-ad" =ata+1-ad" = 1.

Similarly, we have
(@) +1—-ad®)a'a*a® +1-aa") = 1.

Hence (a*a*a* + 1 — aa®)™' = (a*)* + 1 — aa”.
” & ” From the assumption, we have (a*a*a* + 1 — aa®)((a*)* + 1 — aa®) = 1, this gives
aaat (@) +aaa’ (1 —ad®) + (1 —aa™@") +1-aa" =1,
e.g.,
aaa*(a*) = aa®.
Multiplying the equality on the left by a*a, one yields aa* = a*a. Hence a € REP. This induces
(@") = @) ad® = @) aaa* (@) = aataa’ (@) = a'a’ (@)

and

aat = (g"')*a* = g*g#(g"')*a* =a‘dtaat = a*a”.

It follows from [2, Theorem 1.4.1] thata € R7". O

Corollary 4.2. Let a € R* N R*. Then a € R™ if and only if a*a*a* + 1 — aa* € R™' and (a*a*a® + 1 —aa*)™! =
@)y +1-aa*.



A. Li, . Wei / Filomat 38:15 (2024), 5333—-5352 5339

Proof. ” = ” It follows from Theorem 4.1 because aa* = aa™.
” & ” From the assumption, one has

1=@aa"+1-aa")((@") +1-aa*) =a'a'a* (@) +a'aa® 1 —aa*) +1 - aa”,

e.g.,
aat = a*a*a’ (@) + a*a*a* (1 — aa™).

Multiplying the equality on the left by a*a, one has aa* = a*a?a*. Hence a € RE and so aa* = aa*. Now we

have (a*a*a® + 1 — aa")™! = (a*)* + 1 — aa®. Thus a € R by Theorem 4.1. [

Corollary 4.3. Let a € R* N R*. Then a € RE if and only if a*a*a® + 1 —a*a € R and (@*a*a® + 1 —a*a)™! =
@ty +1-at*a

Proof. ” = ” It follows from Theorem 4.1 because aa® = a*a.
” & ” From the assumption, one yields

1=@aa"+1-a"a)(@) +1-a"a)=aad® @) + (1 -ata)a")y +1-a"a,
e.g.,
ata+ata@) =a'a'a’ (@) + (a*)".

Multiplying the equality on the left by a*a, one gets (a*)* = a*a(a*)*. Applying the involution on the equality,
onehasa® = atata. Hencea € RF” and so aa* = a*a. Now we have (a*a*a* +1—-aa*)™' = (a*)* +1—aa*. Thus
a € RH by Corollary 4.2. O

Lemma 4.4. Leta € R*NR*. Thena'a*a® +1 —a*ta € R and (@'a*a® +1 —a*a)™! = a*aPa* (@) (@*) +1-a*a.
Proof. Since
@aa® +1—-ata)a a®a™ @) @) +1-a%a) =ata+a'aa®(1 —ata)+
(1-ata)a*aa* @@y +1-ata=ata+1-ata=1
and
(@ a®a* @) (@) +1—a*a)@a'a® +1—-a"a)
=atalat (@) (@) aad® +1-ata=ata+1-ata=1.
Hence a*a*a* + 1 —ata € R™' and (a*a*a® + 1 —a*a)™ = a*dla*(@*)'(@a*) +1-a*a. O
Theorem 4.5. Let a € R* N R*. Then the following conditions are equivalent:
(1) a € RHer;
(2) (a*) = a*talat(a*) (@)

(3)a*t =atataa*tarata = i a®aata,

Proof. It is an immediate result of Corollary 4.3 and Lemma 4.4. [

5. Solutions to related equations in a given set.

In this section, we characterize Hermitian elements by the form of solutions to related equations.
However, we need the following lemma.

Lemma 5.1. Leta € R* N R*. Then a € RE® if and only if a*(a*)* = aa*(a®)*(a*)".
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Proof. ” = ” Assume that a € RH". Then a* = a* and (a*)* = a*a’a*(a*)*(a*)* by Theorem 4.5. This gives
at(@ty = a*(a*) = a'atalat (a") (@) = aat(a®) (@)
” < ” Suppose that a*(a*)* = aa*(a*)*(a*)*. Then
& =t (@*ya' = aat (@) @) a = aa* (@)

and
ata* = aa*(@*)a* = aa*.
This infers that a*a*a = aa*a = a. Hence a € R by [2, Theorem 1.4.2]. O

Observing Lemma 5.1, we can construct the following equation.
x(a*) = ax(a®) @) (5.1)
Theorem 5.2. Let a € R* N R*. Then a € R if and only if Eq.(5.1) has at least one solution in x, =:
{a,a*,a*,a°, (a*)", (a*)").

Proof. ” = ” Assume thata € R, Then a € REF and (a*)* = (a*)". It follows from Lemma 5.1 that x = a* is
a solution.
7 <" (1) If x = a, then a(a™)* = aa(a")*(a*)*. Multiplying the equality on the right by aa*, one has

a(@*)aa® = a(a™)".
Multiplying the last equality on the left by a*, one obtains
(@ )aa* = (a*)".
This induces aa*a* = a*. Hence a € RE”. Tt follows that
@y = (@) = aa* (@) = a*a@) = d'aa(@) @y = a@"y @)

Applying the involution on the equality, one has a* = a*a*a*. Hence a € RH*" by [2, Theorem 1.4.2].

(2) If x = a*, then a*(a*)* = aa*(a*)*(a*)". Multiplying the equality on the left by 4%, one has a(a*)* =
aa(a*)*(a*)*. Hence a € RH by (1).

(3) If x = a*, then a*(a*)* = aa*(a*)*(a*)*. Multiplying the equality on the left by aa™, one has

aatat (@) = a*(a*)".
Multiplying the last equality on the right by a*, one gets

aatat =a”.
Hence a € REP. This infers x = a*™ = a*. Hence a € R by (2).
(4) If x = a*, then a*(a*)* = aa*(a*)"(a")". Applying the involution on the equality, one obtains a*a =
a*a*aa* = a*a*. Hence a € RH by [2, Theorem 1.4.2].
(5) If x = (a*)", then (a*)*(a*)* = a(a®)*(a*)*(a*)*. Applying the involution on the equality, one yields

ata® = dtatatar.

Multiplying the equality on the left by a, one has a* = a*a*a*. Hence a € RH* by [2, Theorem 1.4.2].
(6) If x = (a*)*, then (a*)(a*)* = a(a*)*(a*)"(a*)*. Applying the involution on the equality, one obtains

atat =atatata.
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Multiplying the equality on the left by a*a, one has

atatata = d*afatar.

Multiplying the last equality on the right by (a%)*a®, one gets

ata =a'a.

Hence a € REP. This infers x = (a*)* = (a*)*. Thusa € RF by (5). O
Multiplying Eq.(5.1) on the right by a*, one gets
xaa® = ax(a®)". (5.2)
Now we construct the following two equations:
xaa® +a* = ax(a") +a*. (5.3)
and
xa*ta = ax(a®)". (5.4)
Theorem 5.3. Leta € R* N\ R*. Then a € R if and only if Eq.(5.3) has at least one solution in x,.

Proof. ” = ” Assume that a € R, Then a* = 4 and a™ = (a")" = (a*)* = (a*)*. It follows that x = ais a
solution.

” & ” Multiplying Eq.(5.3) on the right by aa*, one has a*aa* = a*. Hence a € RE". This infers a* = a*.
Now we have x, = {a,a*,a*,(a*)*} and Eq.(5.3) is equivalent to Eq.(5.2).

(1) If x = a, then aaa™ = aa(a*)*. Multiplying the equality on the left by a*a*, one gets a* = (a*)". It follows
that (a*)* = a*. Hence a € R,

(2) If x = a*, then a*aa* = aa*(a")*. Multiplying the equality on the left by 4?, one has aaa* = aa(a*)".
Hence a € RH" by (1).

(3) If x = a*, then a*aa™ = aa*(a*)", e.g., a* = aa*(a*)". Noting that a € RE’. Then

a=aata=aa (a") =aa’ (@) =a"
Hence a € R,
(4) If x = (a*)", then (a*)aa* = a(a*)*(a*)*. Since a* = a*, one gets

({1#)* — ({1+)* — (ua+a+)>e — (a*)*aa* — a(qu)*(a#)*‘

Applying the involution on the equality, one obtains a* = a*a*a*, e.g., a* = a*a*a*. Hence a € R by [2,
Theorem 1.4.2]. O

Theorem 5.4. Let a € R* N R*. Then a € R if and only if Eq.(5.4) has at least one solution in x,.

Proof. ” = ” Assume thata € RH. Then a* = a* and aa* = a*a. Hence the Eq.(5.4) has the same solution as
Eq.(5.3). Then by Theorem 5.3, we are done.

7 <" (1) If x = a, then a = aa(a")*. Applying the involution on the equality, one yields a* = a*a*a*. Hence
a € RH by [2, Theorem 1.4.2].

(2) If x = a*, then a* = aa*(a*)*. Multiplying the equality on the left by a2, one gets a = a*(a*)*. Thus
a € RHE” by (1).

(3)If x = a*, then a*a*a = aa*(a")*. Multiplying the equality on the right by a*, one has a*a* = aa*. Hence
a € RH® by the proof of Lemma 5.1.

(4) If x = a*, then a*a*a = aa*(a")*. Applying the involution on the equality, one yields

a*aa = ataa’.
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Multiplying the last equality on the left by a, one has
aa = aa’.

Hence a € R by [2, Theorem 1.4.1].
(5) If x = (a*)", then (a*)'a*a = a(a*)*(a")". Applying the involution on the equality, one gets

atad® = a*a*a.
Multiplying the last equality on the left by 4, one obtains aa* = a*a*. Hence a € RH* by [2, Theorem 1.4.2].
(6) If x = (a*), then (a*)*a*a = a(a*)*(a*)*. Applying the involution on the equality, one yieldsa* = a*a*a".
Hence a € RP by [2, Theorem 1.4.2]. O
Multiplying Eq.(5.4) on the right by a*, one has xa* = ax(aa")*. We revised it as follows:
xa* = axaa®. (5.5)
The following theorem gives a new characterization of Hermitian element which proof is routine.

Theorem 5.5. Let a € R* N\ R*. Then a € R if and only if Eq.(5.5) has at least one solution in x,.

Now we change Eq.(5.5) as follows:

xa* = aa’xa. (5.6)

Theorem 5.6. Let a € R* N R*. Then a € R™" if and only if Eq.(5.6) has at least one solution in x,.

01 2 1

1 6 1 2\ (1 6 (1 0\ (1 O 1 0
at =a* = (O 1). Hence x, = {(O 1),(0 1),(2 1)’(6 1)} Clearly, aa® = (0 1). Hence Eq.(5.6) changes

X (1 0) =X (1 2), that is x (0 6) = 0. Clearly, this equation has not a solution in x,. Hence, by Theorem 5.6, a

Example 5.7. Choose R = My(Zg) and + be the transposition of a matrix. Take a = (l 2). Then a* = (1 0),

21 01 20

. L 1 2 1 0 .
is not Hermitian. In fact, a = (0 1) * (2 1) =a.

6. Solutions to constructed bivariate equations
Change Eq.(5.2) as follows:
xaa® = ax(a®)". (6.1)
This infers the following equation:
xya® = yx(a®)". 6.2)
Theorem 6.1. Let a € R* N R*. Then a € RH if and only if aa*a® = a and Eq.(6.2) has at least one solution in
X =Gy 1y € Xl

Proof. ” = ” Since a € RH, then a* = (a*)". It follows that (x, y) = (a,4) is a solution.
” < ” From the assumption, there exists (xo, o) € x2 such that xoyoa® = yoxo(a*)*.
Noting that

ata, xg € {a,a, (@*)) = 1,

xgaa#xoz . e .
aa”, xg € {a*,a", (@)} =y,
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Then in the case of xj € 7,, one gets
a*tayod® = (xtaa*xo)yoa® = xJaa"yoxo(a®)”
= (xJaa"yoxo(a*))aa* = a*ayoa*aa*.
This infers yia*ayoa® = ylatayoa*aa*.
In the case of x( € y,, one has
aa*yoa" = (x5 aa*xo)yoa" = x5 aa*yoxo(a®)*

= (xjaa*yoxo(a*))aa* = aa*yoa*aa*.

This induces yjaa*yoa* = ylaa*yoa*aa*.
Since
ata, yo €1,

faatyy = ylatay, = .
Yo4a Yo = Yoa aYo {(ﬂﬂ#)*,yOGyu

Then we have
(a) if xo € 74, Yo € 14, then we get

a* = a'ad® = yiatayed® = yiatayoataat = ataa*.

(b) if xo € T4, Yo € Y4, then we get
(aa*y'a* = (yha*ayo)a® = yiaTayea*aat = (aa)'a’aa*,

and then

# #

a* = aata® #

= aa*(aa")'a" = aa* (aa"Ya*aa® = a*aa*.

(c) if xo € Y4, Yo € T4, then we get

# # #

a" = a'aa" = yhaa*yoa® = yhaayoataat = a*aa*.

(d) if xo € V4, Yo € Y4, then we get
(aa*)'a* = (yiaa* yo)a* = yiaa* yoa*aa* = (aa*)'a*aa*,

and then
a* = aa*(aa*y'a® = aa* (aa*yaaat = aaa*.

To sum up, we have a* = a*aa* in any case. Thus a € RE’. Now we have x, = {a,4",a*, (a*)"}.

(1) If yo = a, then we have xpaa® = axy(a*)*, which has the same solution as Eq.(5.4). By Theorem 5.4, we
have a € RHer,

(2) If yo = a*, then xpa*a* = a*xq(a®)".

@ If xp = a, then a* = aa*a® = a*a(a*)* = a’a(a*)* = (a*)* = (@*)*. Hence a € RH*",

@ If xy = a*, then a*a*a* = a*a®(a*)*. It follows that

ﬂ# — a2(a#)3 — HZﬂ#ﬂ#(ﬂ#)* — ll&l#(a"—)* — (a+)>f — (ﬂ#)*.

Hence a € R,
® If xg = a*, then a*a’a® = a*a*(a*)* = a*(aa")* = a* = a*. Hence a € RH” by [2, Theorem 1.4.2].
@ If xo = (a*)", then (a*)* = (a*)*a*a*a® = a*(a*)*(a")*a>. Multiplying the equality on the left by aa*, one
gets
a=aa"a" (@) (a")a® = a(a) (a")a?,
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and then
a'a = a*a(@*) (a*)a® = (a*)"(@*)a’.
This gives
a* =a'aa” = a‘aa® = a* (@) (@*)a?) = (@*)a®
and

a=aaa® = a(a®)aa" = a@a®)a.

Soa* =a* =a*aat = a*(a(a*)'a)a* = (a*)*. Hence a € R,

(3) If yo = a*, then we have xoa*a® = a*xy(a*)".

® If xo = a, then a = aa*a* = a*a(a*)* and

a® = aa*a(a®)" = aa*a*a* (") = a®(a")".
This implies
ﬂ# — (a#)S 2 _ (a#)3a3(a#)* — ﬁ#ﬂ(ﬂ#)* — a+a(a#)>f — (ﬂ#)*.

Hence a € R,

® If xy = a*, then a*a*a” = a*a*(a*)". It follows that

a‘a* = ataa’a® = a*aa‘a® = a(a*a*(@*)) = (aa*a*)(a")* = a(a®y,
and then
a® = a(aa*a®) = a*(a"a*) = a*(@a")".

Hence a € R" by .

@ If xy = a*, then a*a*a® = a*a*(a*)* = a*. It follows from [2, Theorem 1.4.2] that a € R’

® If xo = (a*)’, then a* = (a*)'a*a* = a*(a*)*(a*)* = (a*)". Hence a € RH".

(4) If yo = (a*)", then xo(a™)a* = (a*)"xo(a")".

@ If xy = a, then a(a*)*a® = (a*)*a(a*)*. This infers

aa(@ya® = a* @ ) a@®) = ata? (@) = a(@®)
and
aa(@ya® = at(aa'a®a?(@*)a* = atab(a*)a* = a*@a*) "

Hence a?(a*)*a* = a(a*)*. It follows that

a@*ya" = a*(@*@*)a") = a'a(a") = ata(a") = (@)

and
(@*)a® = (@*a@))a" = a*(a*).
Then
a* =aata® = atad" = a*(@)a" = a'a® (@)
and

ad® = aa*a® (@*) = a(a®)".
Finally, we have a* = a*aa* = a*a(a*)* = (a*)". Hence a € RH®".
O If xg = a*, then a*(a*)*a* = (a*)a*(a*)*. This gives
a(@*)a* = (aa*a®)(a*)a" = aa* (@) a* (")) = aa® ("),
and then
(a+)x-a# — a#a(a+)*a# — a#(aa#(a#)*) — a#(a#)x-‘

Thus a € R by the proof of ©@.
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O If xo = a*, then a* = a*aa® = a*(a*)*a* = (a*)'a*(@")* = aa* (@*)" = a*a(@®)* = (a*)*. Hence a € RH®",
QIf xg = (a*)", then (a*)*(a*)*a® = (a*)*(a*)"(a*)". Multiplying the equality on the left by a*, one has
ata@)a® = ata@@®) (a%).
Noting that a*a = aa*. Then (a*)*a* = (a*)*(a*)*. This infers that
a* =atad® = a*(a*)a" = a* (@) (@) = aTa(@") = (")
Hencea € R"", [

Noting that aa*a” = a if and only if a*a® = a*a if and only if a*a®a* = a*. Hence we obtain the following
corollaries.

Corollary 6.2. Leta € R* N\ R*. Then a € RE® if and only if a*a* = a*a and Eq.(6.2) has at least one solution in x2.

Corollary 6.3. Leta € R* "\ R*. Thena € R1 ifand only if a*a*a* = a* and Eq.(6.2) has at least one solution in x2.

7. The influence of the form of the general solution to related equation on Hermitian elements
Now we generalize Eq.(5.6) as follows:
xa* = aa#ya. (7.1)
Theorem 7.1. Let a € R* N R*. Then the general solution of Eq.(7.1) is given by

oo ot)* +
x=aa'pa*(a*) +u—uaa o
,where p,u,v € R satisfying pa™ = pata*a. 7.2
{y e — P fying pa” =p (7.2)

Proof. First, we claim that the formula (7.2) is the solution of Eq.(7.1). In fact,
(aa*pa*(a*)* +u — ua*a)a* = aa*pa*
= aa"pa*tata = aa*(pa*at + v — atavaa®)a.
X =

X
Next, let { * be any solution of Eq.(7.1). Then
0

Xod" = aa#yoa.
Choose p = a*axoa*a, u = xo — aa*pa*(a*)*, v = yo. Then we have
pat = a*axpa‘aat = ataxoa’ = a*a(aa®yoa) = a*a(aa*yoa)ata = patata,
ua*a = (xo —aa'pa*(@*))a*a = xoata — aa* (pa*)(a*) =
xoata — aa® (aTaxoa’)(at)* = xoata — aa®xoa*(at)* =
xoa*ta — aa*(aa*yoa)(a®)* = xoa*a — aa®yoa(at)* = xpata — xpa* (@) = 0.
This induces that
xo = aa’pa*(@*)" + (xo — aa’pa*(a*)")
= aa’pa*(@*) +u = aa’pa*(a*)* +u —uata
and
a*avaa* = a*ayoaa*t = a*a(aa*yoa)a®
=a*axoa’a® = (@ axea'a)atat = pata”’.
It follows that
yo =patat +yo—atavaat = patat + v —atavaa®.

Hence the general solution of Eq.(7.1) is given by the formula (7.2). O
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Theorem 7.2. Leta € R* N R*. Then a € RM" if and only if the general solution of Eq.(7.1) is given by

+ _# + +\* +
x=daadpa (@) +u—uata
{ pa(a”) ,where p,u,v € R. (7.3)

y=patat +v—atavaa*
Proof. ” = ” Assume thata € RH”. Then a € RE' and a = a7, this gives pata*ta = pa*a*a = pa* = pa*. Hence
the formula (7.3) is the same as the formula (7.2). By Theorem 7.1, we are done.

” & ” From the assumption, we have
(@a*pat(a*) + u —ua*a)a’ = aa*(pata® +v—a*avaat)a,
e.g., for each p € R, we have
a‘a*pat = aapatata.
Choose p = a2, one gets
a =a*atata = aa*(a®a*ata) = aa*a".

2

This implies a = a%a*, it follows that a* = a®a*a*a = aa*a = a. Hencea € RE”. [

Consider the general solution of which equation is given by the formula (7.3). For this we construct the
following equation:

xat = a*a#ya(aa#)*. (7.4)
Theorem 7.3. Let a € R* N R*. Then the general solution of Eq.(7.4) is given by the formula (7.3).
Proof. First, we claim that the formula (7.3) is the solution of Eq.(7.4). In fact,
(@a*pa*(@*)" +u—uata)a* = a‘a’pa* = a*a’pa*(aa*)* =
a‘a'patata(aa®) = a'a*(pata* + v - a*avaa*t)a(aa®) .

X =

X
Next, let { * be any solution of Eq.(7.4). Then
0

Xoa" = a*a#yoa(aa#)*.
Choose p = a*a?(a*)xoaa, u = xg — a*a*pa* (@), v = yo. Then
uata = (xo — a‘a’pat(a*))ata = xpata — a*a*(a*a*@*) xoa’a)a* (@t)* =
xoata —a*a*a(a®) xoa*(a*)" = xoata — a‘a*a(a*) (@*a* yoa(aa®))(at) =

xoa*a — a*a*yoa(aa®) (a*)* = xpata — xoa*(@*) = 0

and
pata®t = ata*(@a*) xoataatat = a*a*(@@*) xoa'a*
=a*a*(@a*) (a'a"yoa(aa®))a* = a*a*aata*yoaat = atayoaa® = atavaa®.
It follows that
xo = a‘a’pa*(@*)" + (xo — a*a*pat(a*)’)
=a'a"pa*(@*) +u =aa’pat(@*) +u —uata
and

Yo=pata® +yo—atavaat = pata* +v—atavaa®.
Hence the general solution of Eq.(7.4) is given by the formula (7.3). O
Theorem 7.4. Let a € R* N R*. Then a € R if and only if Eq.(7.1) has the same solution as Eq.(7.4).

Proof. ” = ” Since a € R, by Theorem 7.2, the general solution of Eq.(7.1) is given by the formula (7.3) .
Hence Eq.(7.1) has the same solution as Eq.(7.4) by Theorem 7.3.

” & ” Assume that Eq.(7.1) has the same solution as Eq.(7.4). Then the general solution of Eq.(7.1) is
given by the formula (7.3) by Theorem 7.3. Hence a € R" by Theorem 7.2. [J
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8. Generalized inverse representation of elements with parameter

Theorem 8.1. Let a € R* N R*. Then
(1) (xa*)* = (a*)*(aa*)x", for each x € x,.
(2) (xa*)* = (a*)*(aa®)'x*, for each x € 1,.
(3) (xa*)* = (aa™)*(a*)x", for each x € y,.

Proof. (1) Noting that
an*, x € 1, {u+a, X €T,

x(aa®)'xt = { xtx =

ata,x€vy,’ aa*,x €y,

and (xa*)((a*)*(aa®y'x*) = xa*a(aa®y'xt = x(aa®yx*.
Then we have
((xa")((@*) (aa*y'x*))" = (x(aa"y'x*)" = x(aa")'x* = (xa")(@*) (aa*)'x™),
(xa") (@) (aa®)"x*)(xa") = x(aa®)"x* xa* = x(aa®)'a" = xa*,
(((@*) (@aa®y x*)(xa"))" = ((@*) (aa®)'a")" = aa* = ((@*)'(aa")'x*)(xa")

and
(@) (aa*) ) ) (@) (aa*) ) = aa* (@) (aa") x* = (@) (aa) x"

Hence (xa*)* = (a*)*(aa*)*x* for each x € x,.
(2) It is an immediate result of (1) in case of x € 7,.
(3) Noting that xa*ax* = (aa")* = x*x and (aa*)*x = x. Then

(xa")((aa") (a*)'x") = xa*ax* = (aa")",
(xa*)((aa#)*(aJr)*x#)(xa*) — (ﬂﬂ#)*xﬂ* — xa*,
((aa*y @*)'x*)(xa") = (aa*)'(a*)"(aa")'a" = (aa®)’

and
((11{1#)*({1+)*x#)xa*((aa#)*(aJ')*x#) — (aa#)*(ﬂa#)*(a*—)*x# — (aa#)%(a+)>ex#‘

Thus (xa*)* = (aa*)*(a*)*x* for each x € y,. O

Corollary 8.2. Leta € R* N\ R*. Then
(1) xa* € RE? for each x € 1,
(2) a € REP if and only if xa* € REP for some x € y,.

Proof. (1) It follows from (1) and (2) of Theorem 8.1.
(2) 7 = ” Since x € y,, (xa")* = (aa®)*(a*)*x* by (3) of Theorem 8.1. Noting that a € REP. Then

(@) @) = an"@) = @) = @Y aa" = @) (@a")
by [2, Theorem 1.1.3]. This gives (xa*)* = (a*)*(aa®)*x*. Since
@) =a= @ =@,
@) = @) =@ = @)

and

(@) = (@) = (@)) =a" = (@) = (@),

5347

one yields x* = x* for any x € y,. Hence (xa")* = (a*)*(aa*)"x* = (xa*)" for each x € y, by Theorem 8.1.

Therefore xa* € RE? for each x € ,.
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” & ” Since xa* € RE? for some x € y,, one has (xa*)* = (xa*)*. By Theorem 8.1, we have
(aa®y (@ )'x* = (a*) (aa®y x*
Multiplying the equality on the left by aa”, one has
(@a®y (@)% = aa* (aa®y (@)%t
e.g.,
(@*yatax* = aa® (@")atax®.

Then
(ﬂ#) _ (ﬂ#) (ﬂﬂ ) ( #)*a a(aa#)* — (a#)*a+ax#x

= aa®(@*yatax*x = aa® (@*)ata(aa®) = aa®(@").
Hence a € REP by [2, Theorem 1.1.3]. O

Theorem 8.3. Leta € R* N R*. Then
(1) a € R if and only if (xa*)™ = a*x* for some x € x,.
(2) a € R if and only if (xa*)* = a*x* for some x € y,.

Proof. (1)” = ” Since a € RH*, a* = 4* and (a*)* = a*. Hence, by Theorem 8.1,
(xa")™ = (@) (aa®)'xt = @") (aa®yx" = (@*)'x" = a'xt = atxt

for each x € x,.
& ” From the assumption and Theorem 8.1, there exists some x € x,, such that

atxt = (@) (aa®)'x" = aat (@*) 2t

Noting that

. ata, x € 1,
r=4 )
aa*, x € y,

Then when x € 7, we have
atata =atx"x = aat (a") xtx

=aa*(@*yata = (@) =aa" (@) = aa’aTa"a.

Multiplying the equality on the right by (aa*)*, one gets a* = aa*a*. Hence a € REF, it follows that
a* =a* =a*ata = (@*)* = (a*)*. Thusa € RH*".
When x € y,, we have

at =ataat = atx"x = aa* (a")'x*x = aa* (a") aa" = aa* (a%)’,

and then a*a* = aa*(a*)*a* = aa™. Hence a € R1 by [2, Theorem 1.4.1].

Q7"=" Assume thata € RH” Then (xa*)* = (aa*)*(a*)x* = (a*)*a*ax* for each x € y, by Theorem 8.1.
Since (a*)* = a*, then (xa*")* = a*a*ax* = a*x* for each x € y,.

7 <" By the hypothesis and Theorem 8.1, we have a*x* = (aa*)*(a*)*x* for some x € y,. It follows that

a*(aa®)* = a*x*x = (aa®) (@) x*x = (aa®) (") (aa®).
This gives aa®(a*)* = aa*a*aa* = a*. Hence a € RE? by [2, Theorem 1.1.3]. Now we obtain
a* = a*aa" = a*(aa")" = (aa") (a*)*(aa")* = aa®(a*) aa® = (@) = (@)

Thusa € REer. O
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Theorem 8.4. Let a € R* N R*. Then
(1) (aa*xa)* = a*x*a*a’a* for each x € x,.
(2) (aa*xa)* = aa*a*x*a*a for each x € x,.

Proof. (1) Noting that

4

aa®, xer,

xaatx* = xfatax = o .
(aa™)", x € v,

Then
(aa*xa) (@ x*a*a’a®) = aa*ata’at = aa*,
(aa*xa)(a* x*a*a?a*)(aa*xa) = aa*aa*xa = aa®xa,
(a*x*ata*a")(aa*xa) = a*x*ataxa = a*a
and
(a*x*ata*a)(aa" xa) (@ ¥ ata?at) = ata(@ ¥ ata?at) = atx*ataa”
Hence (aa*xa)*t = a*x*a*a’a* for each x € yx,.
(2) Since
(aa*xa)(aa*a*x*a*a) = aa*xaa* x*a*a = ad*a*a = ad®,
(aa*xa)(aaa*x*a* a)(aa*xa) = aa*aa*xa = aa*xa,
(aa*a*x*a*a)(aa"xa) = aa*a*x*ataxa = aa*ata = aa®
and
(aa*a* x*a*a)(aa*xa)(aa*a* x*a*a) = aa*ad*atx*ata = aatatxPata.

Thus (aa*xa)* = aa*a*x*a*a foreachx € x,. O

Theorem 8.5. Let a € R N R*. Then
(1) a € RY" if and only if (aa*xa)* = a*x*ata®(a*)" for some x € x,.
(2) a € R if and only if (aa*xa)* = (a*)*x*a*a for some x € x,.
Proof. (1)” = ” Assume that a € R, Then we get (a*)* = (a")" =a* and

atxtata®(at) = atxtatalat.

It follows from Theorem 8.4 that (aa*xa)* = a*x*a*a?(a*)* for each x € yx,.

” < ” By the hypothesis and Theorem 8.4, we have a*x*a*a?a* = a*x*a*a?(a*)" for some x € x,.

When x € 7,, we have

aat = aa'ataat = (vaatxMatatat = (xa)(atx*atata™)

= (xa)atx*ata?(at) = (xaatxMata?(at) = aatata’(at) = a(a®)".

Hence a € RHe",
When x € y,, we have

ata’at = (aa")atata = (xaa*x*)ata?at = (xa)@ x*ataat)

= (xa)atxtata(at) = (vaatxMata(@t)’ = (aa*yata(at) = atat(at)

This gives
aat = aatata’at = adatat (@) = a(at).

Hence g € RHer,

5349

(2) 7 = ” Assume that a € RF. Then aa*a* = (aa*)'a* = a* = (a°)* = (a*)* = (@*)". It follows from

Theorem 8.4 that (aa*xa)* = (a*)*x*a*a for each x € x,.
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” & ” From the assumption and Theorem 8.4, we get aa*a*x*a*a = (a*)*x*a*a for some x € x,.

When x € 7,, we have
a* = aa*ataad® = ad’at (Fatax) = @*yxfatax = (@) ad®.
Hence a € R,
When x € y,, we have
ad*at = aa*at(aa®)’ = aaat (xPatax)
= (@*yx*atax = (%) (aa®) = (@)
This gives
a* = aa*a*aa® = (a*)aa®.
Hencea € RF. O
By Theorem 5.6, Theorem 8.1 and Theorem 8.4, we have

Theorem 8.6. Let a € R* N R*. Then the followings are equavilent:
(1) a € RHer;
(2) (a*) (aa®)y'x* = a*x*a*ta’a”™ for some x € x,;
(3) (a*) (aa®)'x* = aa*a*x*a*a for some x € 1,;
(4) (aa*y (a*)'x* = aa*a*x*a*a for some x € y,.

9. Deformed Desouza-Bhattacharyya equation
Observing Eq.(7.1), we can construct the following equation.
xa* —aaya = a*.
Theorem 9.1. Let a € R* N R*. Then the general solution of Eq.(9.1) is given by
{; z Z+£”;2;;Z+—+u;:;wzzfuwa(a+)* , where u,v,w € R with wa = wa’a®.
Proof. First, we show that the formula (9.2) is exactly the solution of Eq.(9.1). In fact,
(@ (@) +u—uata+atawa(@))a* — aa® (v — aTavaa® + atawaat)a

=a* + dtawa’a® - aawa = a* + d*awa — a’awa = a”.
X =

X
Next, let { ? be any solution of Eq.(9.1). Then
0

xXod" — aa#yoa =a".
Choose w = aa*yoaa*, u = xo — a*(a*)*, v = yo. Then
wa*a® = aa*yoa*a® = (aa*yoa)aat = (xoa* —a*)aa® = xoa* —a* = aa*yoa = wa,
ua*a = (xo —a*(@*))ata = xoata —a*(@*)" = xpa*(@*)’ —a*(@*)* = aa*yoa(a*)’

= aa"yoaa*a(a*)" = aa*(aa"yoaa)a(a*)* = aa*wa(a*)’

and
atavaat = a*ayoaa® = a*a(aa’yoa)at = a*a(wa)a® = atawaa*.
It follows that
xo=a @) +xp—at@) =a"@) +u=at(@a") +u—uata+aawaa)
and

Yo = Yo —a*ayoaa” + atayoaat = v —atavaa* + a*awaa”.

Hence the general solution of Eq.(9.1) is given by the formula (9.2). O

5350
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9.2)
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Theorem 9.2. Let a € R* N R*. Then a € R™" if and only if the general solution of Eq.(9.1) is given by

x = (a*)(a*) +u—uata+a*awa(a®)
,where u,v,w € R. (9.3)

y=v—a‘avaa” +a*awaa®
Proof. ” = ” Sincea € R1, a* = (a*)* and a € R, it follows that wa?a* = wa. Hence the formula (9.3) is the

same as the formula (9.2). By Theorem 9.1, we are finished.
” & ” From the assumption, we have

(@) (@) +u—uata + a’awa(a))a* — aa® (v — atavaat + aTawaa)a = a”,

e.g.,

2 #

(@*Yaa* + a*awa*a® — aa*wa = a*, forallw € R.

Especially, choose w = aa*, we obtain
(a*)aa* +a*a" —a=a".
Multiplying the equality on the right by aa*, we get a = aa*. Hence a € R, it follows that
at =@ aa" +a*at —a=(a*)aat = @) ad® = @)
Thusa € R, O
Now, we construct the following equation
xa* —a'aya’at = (a*)aa*. 9.4)
Lemma 9.3. Let a € R* N\ R*. Then the general solution of Eq.(9.4) is given by the formula (9.3).
Proof. It is routine. [
Theorem 9.4. Let a € R* N R*. Then a € R if and only if Eq.(9.1) has the same solution as Eq.(9.4).
Proof. It follows from Theorem 9.1, Theorem 9.2 and Lemma 9.3. O
Also, we can establish the following equation.
xa‘aa® — a*aya = (a*)". (9.5)
Theorem 9.5. Let a € R* N R*. Then the general solution of Eq.(9.5) is given by the formula (9.3).
Proof. First, we show that the formula (9.3) is exactly the solution of Eq.(9.5). In fact,
(@) @) +u —ua*a + a*awa(a*))a'aa® — a*a(v — a*avaa* + atawaa)a

# #

= (@) + a*awa — a*ava + a*ava — a*awa = (a*)*.
X =Xo .
Next, let {y y be any solution of Eq.(9.5). Then
=Yo

xoa‘aa" — a*ayoa = (a*)".
Choose u = x, v = Yo, w = a*ayoaa®. Then

a*awa(a®)" = a*a(@*ayoaa)a(at) = a'ayoa(at)* = (xoa*aa® - (@*)*)(@a*)

*

— X()ll+ll _ (a+)*(a+)* — ua+a _ (a+)x-(a+)x-
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and
atawaa* = a*aa*ayoaat = atayoaa® = atavaa®.
It follows that
xo = @) (@) +xo—uata+ (wata— @a*) (@)
=@ @) +u—uata+atawa@t)
and

Yo = Yo —aavaa® + atavaa® = v —a*avaa* + a*awaa”*.
Hence the general solution of Eq.(9.5) is given by the formula (9.3). O

Theorem 9.6. Let a € R* N R*. Then a € R if and only if Eq.(9.1) has the same solution as Eq.(9.5).
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