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The eigenvalues and Moore-Penrose inverse of reduced biquaternion
matrices

Yuzhe Cao?, Shifang Yuan®*

*School of Mathematics and Computational Science, Wuyi University, Jiangmen, Guangdong 529020, P.R. China

Abstract. The reduced biquaternions is a commutative algebra, which can be thought of as a two-
dimension space over complex field. From this point of view, there are two complex representations of
reduced biquaternion matrix A. We obtain the relationships among these sets of eigenvalues of A and
its two complex representations. Our results show that each reduced biquaternion matrix A has infinite
eigenvalues and different eigenvalues of A may have the same eigenvector. We also introduce the concepts
of determinant and the Moore-Penrose inverse of reduced biquaternion matrices and obtain some properties
of them. As applications, we solve some reduced biquaternion linear equations. Some algorithms with
experimental examples are provided to support our theoretical results.

1. Introduction

Let R and C be the field of real and complex numbers, respectively. As we all know the eigen-problem
and the linear equations are fundamental problems in matrix algebra. Let A = (a;;) € C"™". The determinant
of A is defined by

det(A) = Z (=1)"ayy,azp, -+ - anp,,
p1p2-Pn

where 7 is the inversion number of the permutation p1p; - - - p,. It is well known that complex matrix A has
exactly n complex eigenvalues, counted with multiplicity, and the eigenvectors of different eigenvalues are
linearly independent.

Let A € C™",b € C". The linear equation of

Ax=b

can be solved by Cramer’s rule when n = m and det(A) # 0. In the case of n # m or det(A) = 0, such an
equation can be solved by using of the Moore-Penrose inverse [3].
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There have been many attempts to find the analogues in some quaternionic algebras. The algebras of
quaternions H and split quaternions H; were introduced by Hamilton and Cockle [6, 13] in 1843 and 1849,
respectively. Both quaternions and split quaternions are noncommutative algebras.

In quaternion algebra, the study of left eigenvalues stemmed from the Lee and Cohn’s question [8, 23]
whether left eigenvalue always exists. By using of topological method, Wood [29] confirmed that the left
eigenvalue always exists. Zhang [30] has given a brief survey on quaternions and matrix of quaternions.
Huang and So [14] reduced the computation of the left eigenvalues of quaternion matrix of order 2 to solve
a quaternionic quadratic equation [15]. The concepts of determinant and the Moore-Penrose inverse are
also generalized to quaternions [2, 7, 21].

Unlike the quaternion, the split quaternion algebra is a nondivision algebra. There are several attempts
to understand properties of split quaternions and the eigenvalues of a matrix A over H; [1, 9, 10, 16, 20, 22].

After the discovery of quaternions by Hamilton, Segre proposed modified quaternions so that commu-
tative property in multiplication is possible [28]. Hans-Dieter Schutte and Jorg Wenzel [27] called such
an algebra as reduced biquaternions and used it in digital signal processing. From then on, the reduced
biquaternion has been extensively used in image processing and physical field [5, 11, 12, 24-26].

Kosal and Tosun investigated some algebraic properties of commutative quaternion matrices and con-
sider some linear equations in [17-19]. We will go on the research in this direction.

In this paper we mainly focus on the eigenvalues and eigenvectors, determinant and Moore-Penrose
inverse of reduced biquaternion matrices.

We firstly recall some basic notations in [17] . The reduced biquaternions are elements of a 4-dimensional
associative and commutative algebra which can be represented as

HT’ = {q = 170 +lhi+l12]' +Q3k/q:’ € R/l = 0/1/2/3}/

where 1,1, j, k are basis of H, with the following multiplication rules:

1 i j k
111 i j k
ili -1 k -
il k 1 i
k| k 4 i -1

We can view R = span{1} and C = span{l,i}. According to the multiplication rules, a reduced biquater-
nion can be written as

g=@o+qi)+(p+gi)j=a+cj=c-1+cjc,ceC. (@)

Besides 1, j, there are also two very important elements in reduced biquaternions, which are

3 1+j _ 1-j 5
e = 2 , € = 5 . ( )
Note that
ey :e’l“‘1 =---=e¢, € :eg‘1 =--=e,e10=0,61+e =1, (3)
eg = (c1 + c2)er, e2q = (c1 — c2)ez 4)
and
q = (c1 +c2j)(er +e2) = (c1 + c2)er + (€1 — 2)ea, Vg = 1 + 2j. ()

By (1) and (5), H, can be thought of as a linear space over C with two bases {1, j} and {e1, e}, respectively. It
is obvious that

1
2

(e1,€2) = (1,]')(

NN |—

) ap=ee( ] 4) ©

1
2
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This implies that
H, = Ce; + Ce, = C +Gj. @)
There exist three kinds of conjugate of g = qo + 11 + 42j + g3k
q=qo+qi—qj—qs3k,
q = qo — Qi+ 72 — g3k,
4= 0~ i — @2 + 3k
The norm of g is defined by
gt = -3 4" 9 = ((q0 +42)* + (@1 + 7)) (G0 — 72)* + (91 = 3)°).
Let
N(q) =99 = 47 = G = 4 = 42 + 45 + 2(qom — 3243)1
If N(g) = 0, then
fo =i =4+ 45 =0, o1 — G243 = 0. 8)

For g = qo + qui + q2j + g3k, if N(q) # 0, then p = %q) is the inverse of 4. That is

PR
7T Ny

Unlike the Hamilton quaternion algebra, the reduced biquaternions contain nontrivial zero divisors. The
set of nontrivial zero divisors is

Z(H;) = {g € H, : N(q) = 0}. ©)
The zero divisors can be represented as follows.
Proposition 1.1. ([4, Proposition 2.4])

ZMH,) = {geH,:q=c1tc1j,c1€C}
= {geH,:g=yei orq=ye,Vy € H,}
= {geH,:qg=ye orq=ye,VyecChL

The main obstacles in the study of reduced biquaternion matrices, as expected come from the existance
of nontrivial zero divisors. The effective approaches of studying reduced biquaternion matrices may be the
methods of converting reduced biquaternion matrices into a pair of complex matrices. It follows from (5)
that any matrix A € H>" can be decomposed by

A=A+ A2j = Qlel + Q2e2, where A;, Qi S Cnxm,i =1,2 (10)
with
Qi =A1+A3,Qr =A1 - A, (11)

For A € H™", Kosal and Pei et al [17, 25, 26] introduced the following two representations of reduced
biquaternion matrices:

A] - ( ﬁ; ﬁi ) c CZnXZm
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and

AE :( Qol (g )E CZnXZm.
2

Let 0(A)), (AF) and 0,(A) be the set of eigenvalues of A/, AF and A, respectively.

We will obtain the relationships among o(A’), 6(AF) and ¢,(A). Our results show that each reduced bi-
quaternion matrix A has infinite eigenvalues and different eigenvalues of A may have the same eigenvector.

Since the reduced biquaternion H, is an associative and commutative algebra, we can define its deter-
minant as in the complex case. We will consider the determinant of matrices in IH*" and introduce the
Moore-Penrose inverse of matrices in IH*" to solve some linear equations in H,.

The paper is organized as follows. In Section 2, we introduce two complex representations of reduced
biquaternion matrices. We also obtain some properties of them. In Section 3, we find the the relationship
between the eigenvalues of 6,(A), 0(AF) and 6(A’). In Section 4, we will introduce the concept of determinant
of reduced biquaternion matrices and obtain the Cramer’s rule of linear equation Ax = b. In Section 5, we
introduce the concept of the Moore-Penrose inverse in reduced biquaternions and solve the linear equation
AXB = C. Some algorithms with experimental examples are provided to support our theoretical results in
Sections 3 to 5.

2. Two complex representations

In this section, we will introduce two complex representations of reduced biquaternion matrices. We
recall that the scalar multiplication is defined as

gA = (qaij) = Aq, Vg € H,, A = (a;;) € HP™.
Obviously, we have the following proposition.

Proposition 2.1. Let A;, Q; € C™™,i=1,2. Then
(1) A1+ Ayj=0ifand onlyif Ay =0,A2 =0;
(2) Qier+Quer =0ifandonly if Q1 =0,Q2 = 0.

Let I, be the identity matrix of order n and A € H*™. Then A can be represented as
. S A
A=A+ A= (In,In])( A ) (12)
and
_ _ Q1
A =Qier + Qaer = (Iner, Inez) 0, | (13)

By Proposition 2.1, the set H*" can be thought of as a linear space over C"™" with bases {I,,I,j} and
{I.e1,I,e5}. Let

L, 1
P :( I: —7;1 ) (14)
Then
1(1 I 1
-1 _ 2 n n _ =
P _2(In _In)—zP. (15)

It is obvious that P is the transformation matrix from {I,e;, I,e>} to {I,,, I,j} . Thatis

. P
(In/ In]) = (Inelr InEZ)P/ (Inelz Ine2) = (Inr In])E (16)
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Let A = Ay + Asj € H" B =By + Byj € H" and 4 = ( ! ) Then

A
A
AB = (A1 + AZi)(Bl + Bz]) = (A1B1 + Asz) + (A2B1 + A1B2)]

Hence
-3 _ A1B1 + AyB; _ A A By
AB_(A2B1+A132)_(A2 Ay )( B> ) (17)
The above formula induces an isomorphism form H"™" to C*™*?" as follows:
A A
J_ 41 A2 21x2m
A—(A2 Al)eC . (18)

Similarly, the following formula

AB = (Qie1 + Qre2)(Rie1 + Roez) = Q1Rie1 + QaRoer

induces an isomorphism form H>" to C*™*2™ as follows:

0 Q

The following two propositions can be verified directly.

AE — ( Ql 0 ) c C2n><2m' (19)

Proposition 2.2. Let A, B € H>",C € H!”. Then the two complex representation matrices of reduced biquaternion
matrices have the following properties:

(A+BY =Al + B/, (AC)Y = AICJ; (20)

(A + B)E = A* + BE, (AC)F = AECE. (21)
Proposition 2.3. Let A € H>". Then

PA/P~! = P1AJP = AE. (22)

3. Eigenvalues of A and its two complex representations

In this section, we will consider the relationship among the eigenvalues of A and its complex represen-
tations AF and A/. To make the problem more precise, we give the following definitions.

Definition 3.1. Let A € H" and A € H,. If A holds the equation
Ax=Ax, 0 £xecH],
then A is called an eigenvalue of A. The set of distinct eigenvalues is called the spectrum of A, denoted
0(A)={AeH, : Ax = Ax,x # O}.

Let
Vi(A)r = {x e H : Ax = Ax}.

The subscript "r” means we consider the eigen-problem in reduced biquaternions. It is obvious that the
nonzero vector of V,(A), is an eigenvector corresponding to A. For any «, § € V,(A),, we have

pha + paf € V(A Y, o € Hy. (23)

This shows that V,(A), is an eigenvector space of A.
In the complex field C, we follow the conventional definition.
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Definition 3.2. Let A € C"™", A € C. If A holds the equation
Ax=Ax, 0 xe (",
then A is called an eigenvalue of A. The set of distinct eigenvalues is called the spectrum of A, denoted
0(A)={AeC:Ax=Ax, x #0}.

Accordingly, we denote
V(A)) ={xeC": Ax = Ax}.

Note that H, is commutative quaternion algebra. Due to the restriction of dimension, we remark that
Ax = Ax should be viewed as Ax = (Al,)x or Ax = xA when someone applies Proposition 2.2.
By Propositions 2.1 and 2.2, we have the following lemma.

Lemma 3.1. Let A = A1 + Azj = Qier + Qoep € HP, x = x1 + x0j € HY, A = Ay + Ayj € H,. Then the following
statements are equivalent:

Ax = xA. (24)
Alxl =¥ (25)
AExE = xEAE, (26)
Aqxq + Arxy = Axq + Aaxo,
{Aixi + Aixj = Aixl + /\ixj 27)
{(Al + A2)(x1 + x2) = (A + A2) (1 + x2), (28)
(A1 — A2)(x1 — x2) = (A1 — A2)(x1 — x2).
The following theorem describes how to obtain ,(A) from o(Af) = 6(Q1) U 0(Q2).
Theorem 3.1. Let A = Qie1 + Qrex € HP.
(1) If Ay € 0(Q1), A2 € 0(Q2) with y1 € V(Q1)r,, Y2 € V(Q2)a,, then
Arer + Azep € 0,(A) (29)
and
yier +y2e2 € Vi(A)re 4200, (30)
(2) If A1 € 0(Qn) with y1 € V(Q1)y,, then for any u € C,
Ater + ey € 0,(A) (31)
with
y1e1 € Vi(A)rie +pe,- (32)
(3) If Ay € 0(Qn) with y, € V(Q2),,, then for any u € C,
uey + Arep € 0,(A) (33)

and

1] € Vr(A)yel+Azez- (34)
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Proof. Note that
e1 = e%, e = e%, e1ex = 0.

If A1 € 0(Q1), A2 € 0(Q2) with y1 € V(Q1)a,, 72 € V(Q2)a,, then
Q1y1 = y1A1, Qay2 = y240.

Thus we have
(Qier + Q2e2)(y1e1 + y2e2) = (Y1€1 + y2e2)(Aier + Azen).
This proves (1). We mention that (1) is just restatement of [17, Theorem 3.7] and [26, Section II].
If A1 € 0(Qq) with y1 € V(Q1)y,, then
Quy1 =1, Quyier = yidier.
Hence
(Q1e1 + Qaez)y1e1 = yre1dier = yrer(Arer + ues), Y € C.
By Definition 3.1, we have Aje; + pe; € 0,(A) and y1e1 € Vi(A)a,e,+pe,- This proves (2).
If Ay € 0(Qy) with v, € V(Q2),,, then
Q22 = y2d2, Qay2e2 = y2hzen.
Hence
(Q1e1 + Qae2)v2es = YaerAzer = yaea(uer + Azer), Yu € C.
By Definition 3.1, we have ue; + Aze; € 0,(A) and y2ez € Vi (A)ye +1,¢,- This proves (3). [

Remark 3.1. We remark that for any eigenvalue A = Aie; + Azex € 0,(A) with eigenvector x = y1e1 + V€2 €
Vi (A)Ayey+0e,, We can obtain them by combining Theorem 3.1 (2) and (3). In fact, it follows from

(Qie1 + Qoer)(y1e1 + v2e2) = (y1e1 + y2e2)(Aier + Azey)
that
Qi1 =1t Qay2 = 240,
Applying Theorem 3.1 (2) with p = Ay, we have
(Q1e1 + Qae2)y1e1 = yre1(Aier + Azen). (35)

Applying Theorem 3.1 (3) with p = Ay, we have
(Q1e1 + Qoer)yrer = yaea(Arer + Azen). (36)

Therefore both y1e1 and yae; belong to V. (A)p ey +10e,- Hence yie1 + yaep belong to Vi(A)rye,+1se,- This implies that
we can reconstruct any eigenvalues of A, as well as the corresponding eigenvectors by Theorem 3.1 (2) and (3).

It is well known that A € C™" has exactly n complex eigenvalues, counted with multiplicity and if
A, u € o(A) with A # p, then V(A), N V(A), = {0}. In contrast to complex matrices, Theorem 3.1 implies that
any matrix A € IH*" has infinite eigenvalues an different eigenvalues may have the same eigenvector.

By Theorem 3.1, we have the following relationship of 6(A) and 0,(A) when A € C™" is thought of as a
reduced biquaternion matrix.

Corollary 3.1. Let A € C™" c H". Then we have the following properties:
(1) If Ay € 6(A), A2 € 0(A) with y1 € V(A)r,, V2 € V(A),,, then

/\16‘1 + /\262 € Ur(A) (37)
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and
yie1 +y2e2 € Vi(A) 14700,
(2) If A1 € 0(A) with y1 € V(A),,, then for any u € C,
Ater + uep € 0,(A)
with
y1e1 € Vi(A)rer+pe,-
(3) If Ay € 0(A) with y, € V(A),,, then for any u € C,
per + Azer € 0,(A)
and
V262 € Vi(A) e, 4120, -
For two sets M and N, the difference set M — N is defined as
M—-N={xeMandx ¢ N}.

0

Lemma 3.2. Let A = Qie; + Qe € HP" and AF = ( Qol Qs

(1) If A € 6(Q1) — 0(Qy), then A € o(AF) and

vm%=(”%”y=«%)wwewgu}

(2) If A € 6(Qy) — 0(Qn), then A € o(AE) and
v(Ab), =( Vo, );: {( yoz ) Ny e V(QZ)A}.
(3)If A € o(Q1) N 9(Qy), then A € o(AE) and

an=(§%ﬁ):“;;yvnewgnneV@m}

Proof. Note that if y = ( 7)2 ) € V(AF),, then

Quy1 = Ay, Qaya = Aya.

The above observation concludes the proof. [

Based on the above observation, we can refine Theorem 3.1 as follows.

Theorem 3.2. Let A = Qie1 + Qrex € HP". Then we have
(1) IfA € a(Q1) Na(Qy) C o(AF) with y = ( ))2 ) € V(AFE),, then

A€ Gr(A), yie1 + a6 € Vr(A)A

) . Then we have the following properties:

5376

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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(2) If A € (0(Q1) — 0(Q2)) C o(AE) with y = ( 7)2 ) € V(AF),, then
Aey + uex € 0,(A), yie1 € Vi(A)ey+pe,, Y € C.
3)If € (0(Qs) — 0(Qu)) < o(AF) with p = ( gi ) € V(AE),, then

Aer + uex € Or(A), ﬁzez € Vr(A)/\eﬁyez/ YA eC.

5377

(47)

(48)

@ If A € (0(Q1) — 0(Q2) C o(AE) with y = ( . ) € V(AD), and p € (0(Q2) - o(Q1) C a(AF) with

B= ( E; )e V(AF),, then

Aey + ues € 0,(A), yie1 + faez € Vi(A)rer+pe,-

The following theorem describes how to get 6(Q1), 0(Q>) from o,(A).

(49)

Theorem 3.3. Let A = Qqe1 + Qoex € H" having eigenvalue A = Aeq + Aqep with eigenvector y = y1e1 + Y26z.

Then
(1) Ay € 6(Q1) provided y1 # 0.
(2) Ay € 0(Q2) provided y, # 0.

Proof. It follows from
(Q1e1 + Qaez)(y1e1 + y2e2) = (y1e1 + y2e2)(Are1 + Azer)

that
(Qie1 + Qoen)er(yier + yaer)er = (yie1 + yae)er(Aier + Azer)er.

That is
Quiyier = yihiey,

which implies that
Q1y1 = Y1

Similarly, we have
Q2y2 = 7242

|
The following theorem describes how to obtain g,(A) from o(A/).
Theorem 3.4. Let A = Ay + Axj € H>". Then we have
(1) IfA € 0(A1 + A2) No(Ar1 — Az) Cc o(A) with y = ( 772 ) € V(A)),, then
A€ 0r(A), (y1+y2)er+ (Y1 —y2)ez € V(A
(2 If A € (0(A1 + Ap) — 0(A1 — A2)) C o(A)) with y = ( 7;1 ) € V(A)),, then
2
Aey + uex € 0,(A), (y1+72)e1 € Vi(A)rey+per, Y € C.
1
B2

(3) If u € (6(A1 — A2) — 0(A1 — Ap)) C o(A)) with f = ( B ) € V(A)),, then

Aey + uex € 0,(A), (B1 = P2)ez € Vi(A)ey+pe,, YA € C.

(50)

(51)

(52)
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(4)IfA € (0(A1+A2)—0(A1—Ap)) C o(A) withy = ( Q ) € V(A and 1 € (0(A1-A2)—0(A1—A)) C o(A))

with B = ( g; ) € V(A)),, then

Aey + pey € 0,(A), (Y1 +y2)er + (B1— Pa)ez € Vi(A)rey+ue,- (53)

Proof. By Proposition 2.3, we have

PlAEP = AJ, P = L ) (54)
L, -I,

Hence
a(Al) = 6(AD).

If A € o(A)) with y = ( Q ) € V(A)),, then

AEP( ;1 ):p( ;l )/\. (55)
2 2
That is
w7 )o(me s
Y1—7Y2 Y1—72

Applying Theorem 3.2 gets this result. [
Based on Theorem 3.2, we provide an algorithm to find the eigenvalues of a given A € H*" as follows.
Algorithm 3.1. Find the eigenvalues of a given A € H>".
step 1: Find the matrix Q1 and Q, and complex representation matrix AE = diag(Q1, Q2).

step 2: Find all the different eigenvalues of Q1 and Q. Suppose that
0(Q1) —0(Q2) = {A1, -+, A}, 0(Q2) = 0(Q1) = {ur, -+, s}

and

0(Q1) Na(Q2) =161, , Ok}, o(AF) = 0(Q1) Ua(Q).

step 3: Find the eigenvalues of A and corresponding eigenvectors of A:

(1) For any 6; € 0(Q1) N 0(Qz) with y = ( )72 ) € V(AE)g,, we have 0; € 6,(A), y1e1 + y2e2 € V(Ao
(2) For any A; € (0(Q1) — 0(Q2)) with y = ( Zl ) € V(AE),, we have Aiey + pey € a,(A), y1e1 €
Vr(A)/\iel+[,ng, VH e C.

(3) For any p; € (0(Q2) — 0(Qu)) with B = ( '[g; ) € V(AE),, we have Aey + e, € 0,(A), prer €
VY(A)/\el+yiezl YA eC.

(4) For any A; € (6(Q1) — 0(Qy)) with y = ( 772 ) € V(AF),, and pj € (0(Q2) — o(Qv)) with B = ( g; ) €
V(AF) ujy we have Aey + ues € 0,(A), y1e1 + faea € Vi(A)rer e
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Example 3.1. For
A= 7 +4i+4j + 6k -6 — 6k
"\ 8+7i+7j+8k -5-3i-3j-6k |’

By Algorithm 3.1, we have
([ 11+10i -6-6i | [ 3-2i -6+6i e [ Q1
Ql‘(15+15i —8—9i)’Q2_( 1-i —2+3i)’A ‘( Qz)'
a(Qi) =2 +1,1}, 0(Q2) = {i, 1}, o(A®) = {i,2 +1, 1.
V(AF)4i = {kiy1h, y1 = (2,3,0,0)7, Yk € C; V(AE): = {kyyal, v2 = (0,0,2,1)7, Yk, € C;
V(AE), = tksys + kayal, v3 = (3,5,0,0)7, 74 = (0,0,3,1)7, Vks, ks € C.

(1) Since 1 € o(Q1) N 0(Q2) with multiplicity 2 with eigenvectors y3,ys € V(AE),, we have 1 € 0,(A) and
k3(3,5)Ter + ks(3,1) ez € V,(A)1, Yks, ks € C.

(2) Since 2 +1i € 0(Q1) — 0(Qa) with (2,3,0,0)T € V(AL)p.i, we have (2 + i)er + pes € 0,(A) and k1(2,3)Te; €
Vr(A)2+i, Vk1 eC.

(3) Since i € 0(Qa2)—0a(Q1) with (0,0,2,1)T € V(AE);, we have ey +ie; € a,(A) and ky(2,1)Tes € V,(A);, Ykz € C.
(4) Since 2 +i € (0(Q1) — 0(Qy)) with (2,3,0,0)T € V(AE)pw; and i € 0(Qy) — (Qv) with (0,0,2,1)T € V(AE);,
we have (2 +i)e; +ie; € 0,(A), k1(2,3)Ter + ka(2, 1) ez € V,(A)@+iyer +ier, Yh1, k2 € C.
4. The determinant and Cramer’s rule

Since the reduced biquaternions IH, is an associative and commutative algebra, we can define its
determinant as follows.

Definition 4.1. Let A = (a;j) € H}*". The determinant of A is defined by
det(A) = Z (=1)"ayy,azp, -+ - anp,,
Pip2:Pn
where T is the inversion number of the permutation p1py - - - pu.

Definition 4.2. For A = (a;;) € H>", the minor M;; of a;; is the determinant of the matrix obtained by deleting both
the i-th row and the j-th column of A. The cofactor A;; of a;j is defined by

Aij = (1) Mj;. (57)
The adjoint of A is defined to be the transpose of the cofactor matrix (A;j). That is
adj(A) = (Aji). (58)

Theorem 4.1. Let A = (a;;) € H™". Then

n

det(A) = Zai]-Ai]-, i=1,2,---,n (59)
=1

and

=

det(A) = Y a;jAi, j=1,2,--- ,n. (60)
i=1
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Corollary 4.1. Let A = (a;;) € H". Then

apnAp +apAp +-+apAp =0,i# (61)
and

a1;A1j + apiAgj + -+ + ayiAyj = 0,1 # j. (62)
Theorem 4.2. Let A € H". Then

Aadj(A) = adj(A)A = det(A)L,. (63)
Proposition 4.1. ([17, Theorem 3.2.]) Let A,B € H>". If AB = I,,, then BA = I,.

Definition 4.3. Let A € IH™". If there exists a matrix B € H>" such that AB = 1,,, then A is invertible and B is the
inverse of A.

Proposition 4.2. Let A = Qqe1 + Qaep € HP>" with Q; € C™,i =1,2. Then
det(A) = det(Q1)e; + det(Qz)ex. (64)
Proof. Let Q1 = (q}].) and Q, = (qu). Note that

elze%:m:e’l“, ezzegz---:eg, e1e=0,e1+e=1

and a;y, = ajpe1 + ajp,e2. Then

_ 41 _ 2
Aipi€1 = Gy, 1, Aip;€2 = {3, €2-

Hence
det(A) = Z (=D)'aip,azp, - -+ aup, = Z (=1)"(aip,e1 + aip,e2) -~ (anp, €1 + ayp,€2)
p1ip2-Pn P1p2-Pn
= ), D) @pe@pe) - @pe) + Y| (<1 (@r,e)@p,e) - @n,e2)
pip2-Pn P1P2Pn
= Y U, ahe Y (DR, g, ae
pip2-Pn Pip2-Pn
= det(Q1)€1+det(Q2)82.
[

By Theorem 4.2, we obtain the following result.

Theorem 4.3. A = (a;) € H>" is invertible if and only if det(A) € H, — Z(IH,). In this case,
A7l = det(A)adj(A).

Therefore we have the following corollary.

Corollary 4.2. (cf.[26, Section II]) A = Qie1 + Qaey is invertible if and only if Q1 and Q, are invertible. If A is
invertible, then

AT =Qile1 + Qe
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Proof. By Theorem 4.3, if A = Q161 + Qze; is invertible, then det(A) = det(Q1)e1 + det(Qz)e, € H, — Z(H,).
This implies that det(Q;) # 0, det(Q,) # 0 and
det(A)™! = det(Q;) le; + det(Qz) Les.
It follows from Definition 4.1 that
adj(Qier + Qz¢2) = adj(Qn)er + adj(Q2)es.

Therefore
A" = det(A)adj(A) = (det(Q1)er + det(Q2)"ea)(adj(Qu)er + adj(Qa)ea)-

This implies that A™! = Qflel + leez. 0
As a by-production, we have the following corollary.

A A

I =
Corollary 4.3. A —( A Al

) € C22m is invertible if and only if Q1 = Ay + Az and Qp = Ay — Ay is invertible.

In this case, we have
-1
Ay A\ 1007+ Qo -Q!
Az Al 2 Ql—l _ Q2—1 Qzl + le .
Proof. By Proposition 2.2, we have
by = (A7 = AATY.

-1
Hence (A/)™! = (A™")/. By Corollary 4.2, we have A™' = Q;'e; + Q;'e;. Thus (A™)F = ( Qé Q0_1 ) By
2

Proposition 2.3, we have

Sy _peahEp-l L[ QN+ QE Q- Q7
@Y = PATY P = 2| g gl Qi‘1+Q§‘1)'
|

Theorem 4.4. Let A, B € H>". Then
det(AB) = det(A) det(B).

Proof. Let A = Q1e1 + Qze2 and B = P1e; + Pae; with Q;, P € C™'. Then we have
AB = Q1P1e1 + QaPaes.
Note that for complex matrices, we have
det(Q;P;) = det(Q;) det(P;), i = 1,2.
By Proposition 4.2, we have
det(AB) = det(QiP1)er + det(QaPy)e; = (det(Qu)er + det(Qy)ex )( det(Pr)er + det(Pa)ez) = det(A) det(B).
U

Let A(i — b) be the matrix obtained by replacing the i-th column of A with b.

Theorem 4.5 (Cramer’s Rule). Let A = Qqe1 + Qrex € HP", b = byey + bye; € HY. The equation Ax = b has a
unique solution if and only if det(A) € H, — Z(H,). In this case, the solution x = (x1,x2,- -+ , Xx,) can be expressed as

xi =det(A)'D;,i=1,2,---,n,
where D; = det(A(i — b)). Moreover, we have

= det@i( - b)) - det(Qai — bo)
T det(Q) det(Qy)
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Proof. Let A = (a;j) = (a1,a2,- - ,a,) and e; be the i-th column of I,. Note that
AIYL = A(ell e /ei—llei/ ei+1/ e /el’l) = (ﬂl, e /ai—llai/ ﬂi+1, e /an)' (65)

If Ax = b and det(A) € H, — Z(HH,), then A is invertible and we have a unique solution x = A~!b. Replacing
the i-th column with Ax and b in (65), we have

Aler, -+ ,ei-1,X, €1, ,eq) = (@1, ,4i-1,b,8i41, -+, 4n)-
Therefore
det (A(Ell"' ,€i-1,%,8i41," " ,€n)) = det ((111,"' i1, b, a1, ,ﬂn))-
By Theorem 4.1, we have
det ((e1,~- ,€i1,X,8ix1, " ,en)) = Xj.

Applying Theorem 4.4, we have

det(A) det ((elr e /ei—lrx/ ei+1/ e /en)) = det ((all e /ui—l/ b/ ai+1/ e /an))/

that is
x; = det(A)'D;,i=1,2,--- ,n.
Hence
5 1 1 . .
xi = det(A)"'D;=( )+ 3 Qz)ez)(det(Ql(z = by))er + det(Qa(i — b2))e2)
det(Q1(i — b1)) det(Q>(i — by)
det@) 7T der@) (66)
O

Based on Theorem 4.5, we provide an algorithm to find the solution of linear equation Ax = b as follows.
Algorithm 4.1. Solve the equation Ax = b by Crame’s rule.
step 1: Input A € H™",b € H} . Find the matrix Qq and Q; and by, bs.

step 2: Calculate
_ det(Qii = by))  det(Qa(i — by)

X det( Q) e+ det(Oy) ei=1,---,n.
step 3: Output the result x = (o1, x2)T.
Example 4.1. For
A=(7+4i+4j+6k -6 - 6k ) =( 3+i+2j )
8+7i+7j+8k -5-3i-3j—-6k |’ 4+5i+3k |’

By Algorithm 4.1, we have
(114100 -6-6i )\ . (3-2i —-6+6i by = 5+i b, = 1+i
Q={15+150 —8-9 'L 11 2431 |07 avsi )27 442 )
det(Qq1) =2 +1i, det(Q2) = i;
det(Q:1(1 — b1)) = =55 + 191, det(Q2(1 — by)) = 33 — 11i;
det(Q1(2 — b1)) = =96 + 38i, det(Q(2 — by)) = 14 — 2i.
x1 = (182 + 18.6i)e; + (=11 — 31i)ey, xp = (=30.8 + 34.4i)e; + (-2 — 14i)e,.

Therefore the solution is

x = ((-18.2+18.6i)e; + (=11 — 31i)ey, (—30.8 + 34.4i)e; + (=2 — 14i)er)”
= (-14.6 — 6.2i — 3.6j + 24.8k, —16.4 + 10.2i — 14.4j + 24.2k)".
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5. The Moore-Penrose inverse

We recall that the Moore-Penrose inverse [3] of A € C"™™ is the unique complex matrix X satisfying the
following equations:
AXA = A, XAX = X, (AX)" = AX,(XA)" = XA,

where * is the conjugate transpose of a matrix. We denote the Moore-Penrose inverse of A by A'.
For g = qo + q1i + q2j + g3k = c1 + 2j, we call

g =qo — Qi+ 2 —gsk = c1 + &3] (67)
the complex conjugate of . Then we have
q'9=99" = g5+ 31 + 93 + 45 + 2902 + 0143)] = les + leal? + (12 + e20)j.

For A = (a;;) € H*™, let A* be the complex conjugate transpose of A. The following proposition can be
verified directly.

Proposition 5.1.

e =e1, € =e; (68)
(pq) =qp" =p'q, Yp,q € Hy; (69)
(AB)' = B'A", YA € H™", B ¢ H™. (70)

Cao and Tang have given the following definition of reduced biquaternions.

Definition 5.1. ([4, Definition 2.6]) The Moore-Penrose inverse of a = ¢ + ¢2j € H, is defined to be

0,7 if a=0;
a+: I\%’ ZfCl'L'CZS":O,'
ﬁ, ifci+ca=00rci—cy=0.

Note that fora = c; + c1j = 2c1e1 # 0,

1
+
a=—e
2C1 !
and fora = ¢y —c1j = 2c1e2 # 0,
at = ie
B 2cq =

As in the complex case, we have the following theorem.

Theorem 5.1. Let A = Qqe1 + Qoep € H!™™. Then there exists a unique X € H™" satisfying the following equation:
AXA = A, XAX = X, (AX)" = AX, (XA) = XA. (71)
Proof. Let Q{ and Q‘ZL be the Moore-Penrose inverses of Q1 and Q,, respectively. Let
X = Qle; + Qlea. (72)
Then we have
AXA = (Qier + Qae2)(Qler + Qlex)(Qrer + Qaer) = Q1QTQuer + QQIQrer = A
and AX = Q1Q%e1 + Q;Qfe>. Hence

(AX)" = (QiQler + QQler) = AX.
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Similarly, we have XAX = X, (XA)" = XA.
If there exists a Y € H™" such that

AYA = A, YAY =Y, (AY) = AY, (YA)" = YA. (73)
Then
Y = YAY =Y(AXA)Y = Y(AX)(AY) = Y(AX)"(AY)*
= Y(AYAX) = Y(AX)" = Y(AX) = YAXAX = (YA)'(XA)'X
= (XAYA)X = (XA)'X =XAX =X
[

Based on the above theorem, we introduce the Moore-Penrose inverse in reduced biquaternion matrices.
Definition 5.2. For A = Qie1 + Qxex € H™™ , the Moore-Penrose inverse of A is defined to be
A" = Qler + Qle,. (74)

We remark that in the case of A being a reduced biquaternion, the above definition is the same as
Definition 5.1. Also, when we restrict our Definition 5.2 in complex case, it is identical to the Moore-Penrose
inverse of complex matrices.

Theorem 5.2. Let A € HP™",b € H!. The linear equation Ax = b is solvable if and only if

AA'b = b. (75)
In this case, the general solution can be expressed as

x=Ab+ (I, - ATA)z, Vz e H". (76)

Proof. 1f the linear equation Ax = b has a solution y, then b = Ay. Therefore AATb = AATAy = Ay = b. Also,
if AA'D = b, then x = A'b is a solution of Ax = b.

By the definition of the Moore-Penrose inverse, each x given by (76) is a solution of Ax = b. For any
solution x of the equation Ax = b, it is obvious that x = A™b + (I, — A'A)x. That is any solution can be
expressed as the form of (76). This concludes the proof. [

We remark that for A = Qie; + Qz¢, the condition AATh = b is equivalent to the condition

Qi1Q1b1 = b1, QQ3b2 = by. (77)
Theorem 5.3. Let A € H™",B € H*,C € H™!. The matrix equation AXB = C is solvable if and only if

AATCB'B=C. (78)
In this case, the general solution can be expressed as

X=A'CB"+Y-AYAYBB', VY € H™. (79)
Proof. If the linear equation AXB = C has a solution Y, then C = AYB. Therefore

AA'CB'B = AAY(AYB)B'B = AA'AYBB'B = AYB = C. (80)

On the other hand, if AA'CB'B = C, then X = ATCB?" is a solution of AXB = C.
By the definition of the Moore-Penrose inverse, for each X given by (79) , we have

AXB = A(A'CB" + Y - AYAYBB")B = AA'CB'B + AYB — AATAYBB'B = C.

That is X is a solution of AXB + C for each specific Y. For any solution X of the equation AXB = C, it is
obvious that
X = A'CB" + X - A"TAXBB".

That is any solution can be expressed as the form of (79). This concludes the proof. O
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Based on Theorem 5.2 and Definition 5.2, we provide an algorithm to solve equation Ax = b by using of
the Moore Penrose inverse of A € H*™ as follows.

Algorithm 5.1. Solve the equation Ax = b by using of Moore-Penrose inverse.
step 1: Input A € H>",b € H!. Find the matrices Q1 and Q and by, bs.
step 2: Calculate the Moore Penrose inverse of complex matrices Q1 and Q,, and obtain At = QI€1 + Q;ez.
step 3: If the condition AATb = b is satisfied, then go to step 4; otherwise the equation Ax = b is unsolvable.
step 4: Calculate ATb and I, — ATA, output the result x = A'b + (I,, — AtA)z.

Example 5.1. For

A= 1+i+k 1+2i—j 34+2i+2k b= 6+14i-5-k
"\ 2+3i-j+k 4+i-j-k 1+3i—-j+2k )/ | 6+26i-10j -9k

By Algorithm 5.1, we have
(1420 20 3+4i) . 1 2+2i 3 oo 113} (114150

Q=144 3 51 2=\ 342 5421 2+i )=\ cav17i 2= 16435 |

—0.0285 + 0.0039i  0.0350 — 0.0868i

Q’{ =| —-0.1127 - 0.17491  0.1606 + 0.0751i
0.1269 — 0.0764i  —0.0557 — 0.0272i

7

—0.0633 +0.1551i  0.0981 — 0.1171i
Q) =| —0.0601 —0.1361i  0.1329 + 0.0253i
0.3038 +0.0791i  —0.1044 — 0.0665i

We can verified that
Q1Q1b1 = b1, QQlbs = by
1.2565 + 0.5751i 2.6456 + 2.3165i
Q'by =| 0.2409 +0.7902i |, Qib, =| 2.6203 + 2.6582i
1.8057 + 0.7358i 2.8101 + 0.7089i
0.6541 —0.0972 +0.3174i —0.3329 — 0.0725i
I -QfQ: =| -0.0972 - 0.3174i 0.1684 0.0142 + 0.1723i
—-0.3329 +0.07251  0.0142 — 0.1723i 0.1775
0.5348 —0.2880 + 0.2057i —0.1234 — 0.3291i
- QiQ.=| —0.2880 - 0.2057i 0.2342 —0.0601 + 0.2247i
—-0.1234 + 0.3291i —0.0601 — 0.2247i 0.2310

Thus the solutions x can be expressed as
x = Qb1 + (I - QTQu)z)er + (Qhba + (I — QiQ2)w)er, Vz,w € C°.
Particularly, if we take z = (1,1,2 +1i)T and w = (1 + 1,3 + 4i,4)" in the above formula, then
1 1+i 1+3i-3k
X = i le+| 3+4i |eo=| 2+3i-3j-3k
2+i 4 3+3i-j+3k

is a solution of Ax = b.
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