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Commutative comultiplications on the localizations of a wedge sum of
spheres and Moore spaces
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Jeonju-si, Jeollabuk-do 54896, Republic of Korea

Abstract. Let P be a collection of prime numbers and let M(G, ) be the Moore space of type (G, 1), where
G is a finitely generated abelian group and 7 is a positive integer. This paper focuses on the homotopy
commutative comultiplication structures on the localization Xp of a wedge X := $" V M(G, n) of the m-
spheres and Moore spaces for 2 < m < n. A list of examples is provided for examination of the phenomena
of commutative comultiplications on Xp up to homotopy.

1. Introduction

1.1. Co-Hopf spaces and Moore spaces

A co-Hopf space [2] with a homotopy comultiplication and a Hopf space with a homotopy multiplication
are the pivotal object classes in the pointed homotopy category and they are Eckmann-Hilton duals [11, 29]
with one another in classical homotopy theory. In general terms, a co-Hopf space is composed of many
distinctive homotopy comultiplications as well as a number of different properties. In addition, calculation
of the cardinality of the set of homotopy (or algebraic) comultiplications is complicated, involving a complex
process; see [4-6, 22] and [26] regarding the wedge sum of spheres.

Studies on homotopy comultiplications and same n-types based on various co-Hopf spaces with stan-
dard homotopy comultiplications have been reported by several authors to date; see [2] regarding co-Hopf
spaces, [18-21] regarding the same n-types of suspension spaces, [14] regarding the local cohomology spec-
tral sequence from the theoretical equivariant homotopy point of view, and [8-10, 24, 27] for digital Hopf
spaces and digital Pontryagin algebras.

In classical homotopy theory, a Moore space M(G, n) is the homology analogue of the Eilenberg-MacLane
space K(G, nn), where G is an abelian group and # is a positive integer. In general, calculation of the cardinal
number of the set (or group) C(X) of homotopy classes of all homotopy comultiplications on a co-Hopf
space X is not easy. Pertaining to a special case, as demonstrated in [3], a set-theoretic bijection exists
between the set (or group) of homotopy comultiplications C(M(G, 2)) and the group Ext(G, G ® G), and if
n > 3, then C(M(G, n)) is the set consisting of a single class of homotopy as the standard comultiplication
up to homotopy; see also [12] regarding a wedge sum of two Moore spaces.
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1.2. Localizations

The localization of a space or a topological (equivariant) spectrum at a collection of prime numbers
is similar to the localization of a commutative ring or a module at a collection of prime numbers. The
fact that any nilpotent CW-complex could be localized at a collection of prime numbers up to homotopy
as a topological counterpart of the localization of algebraic objects is well known. In algebraic topology,
according to the localization of a nilpotent CW-space, introduced by D. Sullivan [30], any nilpotent CW-
space could be localized up to homotopy at a prime number; see [7] and [16] for the relevant and standard
references.

1.3. Goal and organization

The aim of our research is to develop the homotopy comultiplications and commutative comultiplica-
tions of the localization at a collection ¥ of prime numbers of a wedge of the spheres and Moore spaces. In
particular, we focus on development and examination of the set of all homotopy commutative comultipli-
cations on the localization Xp of the wedge sum X := §" vV M(G, n) of the spheres and Moore spaces, where
2 <m < n,and G is a finitely generated abelian group.

A description of the fundamental concepts of homotopy comultiplications, Milnor’s formula, and
the Hopf-Whitney classification is provided in Section 2. A description of the localization counterparts
of the Hilton-Milnor formulas along with development of the pivotal concepts regarding the forms of
comultiplications on the localization Xp of the wedge product X := 5" V M(G, n) of spheres and Moore
spaces of type (G, nn) up to homotopy is provided in Section 3. The homotopy commutative comultiplications,
as well as a method for calculating the number of possible homotopy commutative comultiplications on
the localizations of the wedge sum of the CW-spaces are investigated in Section 4. Examples for use in
examining the phenomena of homotopy commutative comultiplications on Xp for a collection # of prime
numbers are provided in Section 5.

1.4. Convention

Most of the spaces described in this paper are subject to the object classes in the homotopy category of
pointed connected spaces and homotopy classes of continuous maps that preserves the base point. The
notations ‘=’ and ‘~’ for a group isomorphism and a pointed homotopy relation, respectively, will mainly
be utilized. For our notational convenience, the homotopy class {f) of a homotopy set (or group or abelian
group) [(X, x), (Y, y)] consisting of homotopy classes of base point preserving continuous maps from (X, x)
to (Y, y) is replaced primarily by f : (X, x) — (Y, y).

2. Milnor-Hopf-Whitney theorems

A co-Hopf space is a pair (X, ) consisting of a pointed space X := (X, xo) and a base point preserving
continuous map ¢ : (X, x9) = (X, x0) V (X, xp) such that

Xx— % . XxvXx

and
([7
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are homotopy commutative diagrams; that is,
Mop=lx=nfog,
where
e X is the base point of X;

e 1x is the identity map of X; and

e 7!, 712 : X vV X — X are the first and second projections, respectively.
The base point preserving continuous map ¢ : X — XV X is said to be a homotopy comultiplication (or simply
comultiplication) on X.

Definition 2.1. A homotopy comultiplication ¢ : X — X V X on X is said to be homotopy commutative if the
triangle

Xx— % . XxvXx

.

commutes up to homotopy, where S : X V X — X V X is the switching map sending (x, x¢) to (xp, x) and
(%o, x) to (x,xp) for all x € X, where xy is the base point of X.

Note that a commutative comultiplication on a co-Hopf space can be regarded as an Eckmann-Hilton
dual notion of a commutative multiplication on a Hopf space, which is a counterpart of homotopy and a
generalization of the commutative law of a group in group theory.

We refer to the original result reported by P. J. Hilton [15] with respect to the basic Whitehead products
and their heights; see [5] and [6] for additional details. Furthermore, a generalization of Hilton’s work was
developed by J. W. Milnor [28] as follows.

Theorem 2.2. Let A and B be connected CW-complexes. Then, there exists a homotopy equivalence

QX(AV B) = QXA x Qx( \/ AN A B), 1)

i>0

where AN = ANA A -+ A Ais the i-fold smash product.
| S—

i—times
Proof. See [28] for additional details. [

We end this section with a description of the Hopf-Whitney classification theorem as follows.

Theorem 2.3. Let X be an n-dimensional CW-complex and Y an (n — 1)-connected n-simple space. Then there is a
one-to-one correspondence

[X, Y] = H*(X; ma(Y))

as sets.

Proof. See [32, page 244] for additional details. O
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3. Localized homotopy comultiplications

Let P be a collection of prime numbers, or the empty collection which is denoted by ¢ in this case; that
is, P = ¢. A group G is called a P-local group if the self-map p : G — G defined by

p@)=g=g*-*g
N— ——
p—times

is a one-to-one correspondence between G and itself for all p € ¢, the complement of #, where * is the
binary operation of G. From the topological point of view, a nilpotent CW-space X is called a P-local space
if the nth homotopy group 7,(X, xo) is P-local for all n > 1; see [7] and [30] regarding the localization of a
nilpotent CW-space.

Development of the structure of all homotopy comultiplications of the localization Xp of the wedge sum
X := 5" vV M(G, n) of the m-spheres and Moore spaces up to homotopy is described in this section, where
2 <m < n,and G is a finitely generated abelian group.

3.1. Localizations of Hilton-Milnor formulas

Examination of the localized counterparts of the Hilton-Milnor formulas described in Section 2 is as
follows.

Proposition 3.1. Let Xp be the localized wedge sum of spheres X := §" v§™ V... V& with2 <m;,i=1,2,...,k
at a collection P of prime numbers. Then, there is an isomorphism

m,(Xp) = D ma(S,") @

j=1

of homotopy groups, where hy, is the height of the basic (generalized) Whitehead product w; for all j > 1. In general,
if M is a nilpotent CW-complex with a suspension structure, then there is an isomorphism

M, Xp] = DIV, S, ©)

j=1
of abelian groups.

Proof. See [23, Theorem 2] regarding the formulas (2) and (3), and [1] regarding generalized Whitehead
products. O

3.2. Comultiplications on the localizations

Note that a finitely generated abelian group G can be decomposed as a free Z-module of finite rank r
and a torsion subgroup T of G; that is,

G2ZOLD LS Ly ®Zp» @ D Zps; 4)
N——

r—times

a finite subgroup T of G

see [17, page 78] for additional details, where p; is a prime number and s; is a positive integer fori = 1,2,.. ., k.
Notation. The following notations will be used throughout this report.

e Gis a finitely generated abelian group decomposed as in (4).
o X:=5"VM(G,n)with2 <m < n.

e o : 5" — Xis the first inclusion map.
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B : M(G,n) — X is the second inclusion map.
e j1,j*:8" — §" v §" are the first and second inclusion maps, respectively.

e !1,12: X - XV X are the first and second inclusion maps, respectively.

n!, 7% : X V X — X are the first and second projection maps, respectively.

P is a collection of prime numbers.

Xgp is the topological localization of a nilpotent CW-space X at #.

fp : Xp — Yp is the P-localization of a map f : X — Y between connected nilpotent CW-spaces X and
Y.

e 5:XVX — XV Xisthe switching map sending (x, xo) to (xo, x) and (xg, x) to (x, xo) for all x € X, where
X is the base point of X, or its P-localization.

C(X) € [X; X Vv X] is the set of all homotopy classes of homotopy commutative comultiplications on
X := 8" Vv M(G, n), or its localizations.

Development of the homotopy classes for consideration of all homotopy comultiplications on the $-
localization Xy := 5 V M(G, n)p of X at a collection # of prime numbers is as follows.

Theorem 3.2. Let Xp be the P-localization of X := §" v M(G, n) with 2 < m < n, where G is a finitely generated
abelian group decomposed as in (4). Then, each comultiplication

p=@qg:Xp — XpV Xp

can be expressed as follows:

R

poap 1 © ap + 1, © p, )
pofp = 1,0Pp+ig0Pp+Q.

Here,

o The additions originate from the homotopy additions in 1w, (Xp V Xp) and [M(G, n)p, Xp V Xp], respectively;

b Q: (QllQZ""/Qtl"'IQTIQT) :M(G,W)P - XPVXP;

o Qi =(apVap)y(Xilswjov)) fort=1,2,...,r, where wjis the jth generalized Whitehead product consisting
of at least one homotopy element of the first inclusion jy, : Sy — Sp v S and at least one homotopy element of
the second inclusion ]2P : 55 — 53V S as a factor, localized at P, and vj is any homotopy class in the homotopy

o,
group [M(Z, n)p, Spf]for j=3,4,5..;and
o Qr is the homotopy class in the homotopy group [M(Tp, n), Xp V Xp] indicated by (ap V ozp)ﬁ(Z}?ia wjox;),s0

hw' . . . . .
that x; is any homotopy element in [M(Tp, n), SP "l for j =3,4,5,..., where Tp is the localization of the torsion
subgroup T of G at the collection P of prime numbers.

Proof. See [25, Theorem 3.10] for additional details. []

Definition 3.3. The homotopy class(Q) = {((Q1,Q2,..., Q% ..., Q:r Qr)) of the homotopy group [M(G, n)p, XpV
Xp]in (5) is called a homotopy perturbation of the comultiplication ¢ : Xp — Xp V Xp.
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Examination of the homotopy perturbations is required in order to determine the pivotal properties
of homotopy comultiplications on a wedge sum of localizations of CW-spaces. Examples of homotopy
comultiplications with various homotopy perturbations on the localization Xp = §7 V M(G,n)p of a 1-
connected CW-space as a wedge sum of spheres and Moore spaces are provided in Section 4.

According to Theorem 3.2, if a prime number p € P is not equal to any of the p;’s fori = 1,2,...,k, then
the homotopy perturbation (Q) of the homotopy comultiplication

(pZ(pQ:Xp—>X7>\/X7>

concludes with the homotopy class (Q) = ((Q1,Q2,..., Qs ..., Q) of [M(G,n)p, Xp V Xp] because, in this
particular case, Ty is a trivial group.

4. Homotopy commutative comultiplications

This section includes an examination of the formulations of all possible homotopy commutative comul-
tiplications on the topological localization Xp of the wedge sum X := §" V M(G, n), 2 < m < n ata collection
P of prime numbers.

We examine the conditions for making the homotopy comultiplication ¢ : Xp — Xp V Xp homotopy
commutative as follows.

Theorem 4.1. Let ¢ : Xp — Xp V Xp be the homotopy comultiplication in Theorem 3.2. Then, @ is homotopy
commutative if and only if

50Q=Q,
where Q : M(G,n)p — Xp V Xp is a homotopy perturbation, and S : Xp V Xp — Xp V Xp is the switching map.

Proof. According to the fundamental decomposition properties of the wedge sum on the homotopy groups,
the homotopy comultiplication ¢ : Xp — Xp V Xp is homotopy commutative if and only if

Sogpoap=~poap (6)
and
Sopopfp=qopp, )

where ap : 5 — Xp is the P-localization of the first inclusion map a : §" — X sending x to (x, o), and
Bp : M(G,n)p — Xp is the P-localization of the second inclusion map sending y to (xo, ) for all x € " and
y € M(G, n), where xy and yy are base points of $" and M(G, n), respectively. Since [Sg, Xp V Xp] is abelian
for 2 < m < n, we have

9]

~ (1 2
Sopoap =5(i,0ap + 15,0 ap)

P

17,0 ap + 1, 0 ap
lp © Ap + 1, 0 ap
¢ oap

which provides the proof of (6). In a similar manner, we also obtain
SO(pO‘Bg) ZS(lngOﬁy)-i'L;)Oﬁy)-f'Q)

1L 0Pp+1,0Pp+S0Q (8)
=i, 0Pp+in0pp+S0Q

1

1R

AL

1R

in the homotopy group [M(G, n)p, Xp V Xp], which is also abelian. Therefore, (7) holds if and only if the
formula (8) is equal to

Qo pp =ipoPfp+ip0pp+Q,

as required. [
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We now provide examples of homotopy comultiplications on the localization Xp = 57 V M(G, n)p of a
1-connected CW-space as a wedge sum of the m-spheres and Moore spaces for 2 < m < n as follows.

Example 4.2. Let Gbe a finitely generated abelian group decomposed as in (4), and let k1 : M(G, n)p — S3"!
be the homotopy class of a continuous map that preserves the base point. An element Q; of [M(G, n)p, Xp V
Xp] is defined as the composition

', e apVap

2m—1
Séﬂ S$V5$—>-Xp\/X7>

K1

M(G, n)p

of base point preserving continuous maps; that is,
Q1= (ap Vap)ol[j', lpoxi.
It can be demonstrated that the map ¢g, : Xp — Xp V Xp indicated by
{(poago > 1, 0ap + 13,0 ap,
pofp =ipoPp+izofp+Q
is a homotopy comultiplication with a homotopy perturbation Q. Indeed, we can observe that
mp o Q1 =y, = Mp0 Q1

where ¢, : M(G, n)p — Xp is a constant map at xg in Xp.

Lemma 4.3. Let @g, : Xp — Xp V Xp be the homotopy comultiplication in Example 4.2. Then, ¢q, is a homotopy
commutative comultiplication if and only if (1) m is even or (2) m is odd and 11 =~ (=1)x;.

Proof. It can be observed that
Q1 = (ap V ap) o [, Plp o k1 = [ 0 ap, & 0 ap] 0 Ky

and

(5, 0 ap, 1 0 ap] 0 k1
2
P

S0Qi =Sl oap, 3 oap] oK
~ [,2

= (-1)"[1} 0 ap, 2 0 apl oKy

according to the anticommutative property of the Whitehead products, where Sy : [M(G, n)p, Xp V Xp] —
[M(G,n)p, Xp V Xp] is a homomorphism between homotopy groups induced by the switching map S :
Xp V Xp — Xp V Xp. If m is even, then we have

SoQ1=0Q1.

If m is odd, we obtain
SoQi =(-1)"[y,0ap,0ap] oK
= (=[ip 0 ap, 1, 0 ap]) 0 1
[}, 0 ap, 13, 0 ap](=1) 0 k1.

2

Because [, 0 ap, 13,

and only if

o ap] is a basic Whitehead product, ¢g, is a homotopy commutative comultiplication if

K1 = (_1)K11

as required. [
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Example 4.4. Let Gbe a finitely generated abelian group decomposed as in (4), and let x, : M(G, n)p — S?D'”’Z
be the homotopy class of a continuous map that preserves the base point. A homotopy element Q, of
[M(G, n)p, Xp V Xp] is defined as the composition

i Ut Ale apVap

M(G,n)p ——s§yr2 L gy gn T XV Xp

of base point preserving continuous maps; that is,
Q2 = (ap Vap) 0[], [j', Fllp © 2.
It can be demonstrated that the map ¢g, : Xp — Xp V Xp indicated by

{(poa¢> ~ 13,0 (p + 13, 0 tp,

pofp  =ipofptizofp+Qn
is a homotopy comultiplication with a homotopy perturbation Q,. Indeed, we can observe that
N;OQz’—“CxO =71§)°Q2,
where ¢y, : M(G, n)p — Xp is a constant map at xq in Xp.

Lemma 4.5. Let ¢q, : Xp — Xp V Xp be the homotopy comultiplication in Example 4.4. Then, @@, is a homotopy
commutative comultiplication if and only if iz = cs,, where c, is the constant map at sy in 8",

Proof. It should be noted that
Q2 = (ap Vap) o [j', [, Fllp o k2 = [1, 0 ap, [1pr 0 ap, 13 0 ap]] 0 k2

and . ) )
S50Q, = 5;12[L¢> o Oép,z[tg; ° ap ip © ap]] o 12
= ["p o ap, [Lp o ap, "p o a@]] O K2
2
= [i3 0 ap, (-1)" [h 0 ap, 2 0 apll o

according to the anticommutative property of the Whitehead products, where Sy : [M(G, n)p, Xp V Xp] —
[M(G, n)p, Xp V Xp] is a homomorphism between homotopy groups induced by the switching map S :
Xp V Xp — Xp V Xp. If m is even, then we have

SoQy =[i}0ap,[yp0ap, i 0ap]] oKy,

and thus

Q—-S500Q;

[ 0 ap, [1 0 ap, i 0 apl] o k2 =[5 0 ap, [th 0 ap, & 0 apll 0 s,

where ¢y, : M(G,n)p — Xp V Xp is the constant map at (xo, xo) in Xp V Xp. Because all of the Whitehead

products are basic Whitehead products, we can see that the homotopy class «, : M(G, n)p — S;j”’z can be
regarded as inessential, and similarly for the case of an odd number, as required. [

Cxy

R

Example 4.6. Let G be a finitely generated abelian group decomposed as in (4), and let k3 : M(G, n)p — 5"~
be the homotopy class of a continuous map that preserves the base point. An element Qs of [M(G, n)p, Xp V
Xp] is defined as the composition

72 1 Plle apVap

M(G, n)p = Sn2 ——Tognygn — 7 = XV Xp

of base point preserving continuous maps; that is,

Qs = (ap Vap) o [, [, llp o Ks.
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It can be demonstrated that the map ¢, : Xp — Xp V Xp indicated by

{(poap > 1, 0 ap + 13,0 ap,

poPp =ip0Pp+inofp+Qs
is a homotopy comultiplication with a homotopy perturbation Q3. Indeed, we can see that in this case
Ty 0 Q3 = Cyy = T 0 Qs,
where c,, : M(G, n)p — Xp is a constant map at xp in Xep.

Lemma 4.7. Let @g, : Xp — Xp V Xp be the homotopy comultiplication in Example 4.6. Then, ¢q, is a homotopy
commutative comultiplication if and only if k3 = cs,, where cy, is the constant map at sy in Sg)m—z'

Proof. It should be noted that

Qs = (ap Vap) o [ [j', Pllp o k3 = [13, 0 ap, [1 0 ap, 1, 0 ap]] 0 k3
and
SoQs; =Syli5, 0ap, 1,0 ap, iz, 0 apl] o ks
= [t} 0 ap, I3 0 ap, th 0 apl] 0 k3
= [ip 0 ap, (-1)"[ij, 0 ap, i, 0 apll o ks,
where Sy : [M(G,n)p, Xp V Xp] — [M(G,n)p, Xp V Xp] is a homomorphism between homotopy groups

induced by the switching map S : Xp V Xp — Xp V Xp. If m is even, then the homotopy comultiplication
@Q, : Xp — Xp V Xp is homotopy commutative if and only if

(5 0 ap, [1p 0 ap, 13 0 apl] 0 k3 = 1, 0 ap, [1 © ap, 1, 0 apl] 0 ks;

that is,
[, 0 ap, [1p 0 ap, 13 0 apl] 0 k3 — [1pp 0 ap, 1 © ap, 15, 0 ap]] 0 K3 =y,

where ¢y, : M(G,n)p — Xp V Xp is the constant map at (xg, xp) in Xp V Xp. Because all of the Whitehead
products are basic Whitehead products, we can see that the homotopy class 3 : M(G, n)p — S;j"’z can be
regarded as inessential.

If m is an odd number, then the homotopy comultiplication ¢g, : Xp — Xp V Xp is homotopy commu-
tative if and only if

[li oap, [l;o o ap, sz oap]]oxs = (_[Lglo °ap, [l;» oap, Lé o apl]) o x3;
that is,
(5 0 ap, [1p 0 ap, 13 0 apl] 0 k3 + [1p 0 ap, [1 © ap, 15, 0 apl] 0 k3 = c,, )

where ¢y, : M(G,n)p — Xp V Xp is the constant map at (xo, xg) in Xp V Xp. Because all of the Whitehead
products in (9) are basic Whitehead products, we see that the homotopy class «3 : M(G, n)p — )"~ can be
regarded as inessential, as required. [

To assess the number of possible homotopy commutative comultiplications on the localization Xp of a
wedge X := 5" vV M(G, n) of the m-sphere and Moore space with 2 < m < n, a homotopy perturbation Q of
a homotopy comultiplication ¢g : Xp — Xp V Xp on Xp can be constructed as follows.

Example 4.8. Let
o Q1= (apVap)olf, flpoxi;

e Q) = (ap Vap)o[j',[j!, llp o k2; and
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* Qs =(ap Vap)o [ [ llpoxs

be the homotopy classes in Examples 4.2, 4.4, and 4.6, respectively. A homotopy class ¢g : Xp — Xp V Xp
is defined by

poap =i,0ap+iy0ap,
{qOOﬁP =ipopptinofp+Q,
where
Q=Qi1+Q+Qs.

It can be demonstrated that ¢g : Xp — Xp V Xp is a homotopy comultiplication with a homotopy pertur-
bation Q =~ Q; + Q, + Qs; that is,

Q =lyoap,oaplox+iyoapliy,0ap, i3 0apllok,

10
+[ig, 0 ap, 13, 0 ap, 13, 0 ap]] 0 k3 (10)

in an abelian group [M(G, n)p, Xp V Xp].

Theorem 4.9. Let ¢g : Xp — Xp V Xp be the homotopy comultiplication in Example 4.8. Then, @q is a homotopy
commutative comultiplication if and only if (1) m is an even number, and x, = k3 or (2) m is odd, k1 = (=1)xy, and
Kp = —K3.

Proof. Let Sy : [M(G,n)p,Xp V Xp] — [M(G,n)p,Xp V Xp| be the homomorphism between homotopy
groups induced by the switching map S : Xp V Xp — Xp V Xp. It should be noted that the homotopy group
[M(G, n), Xp V Xp] is abelian, and that all of the Whitehead products from Q1, Q2, Q3, $4(Q1), S3(Q2), and
S4(Qs3) in Lemmas 4.3, 4.5, and 4.7 are basic Whitehead products. We can also see that ¢ : Xp — Xp V Xp
is a homotopy comultiplication with a homotopy perturbation

Q =lyoap,oaplox+iy,oap,liy,0ap, i3 0apllok,

11
+[ig, 0 ap, 13, 0 ap, 13, 0 ap]] 0 k3 ()

in an abelian group [M(G, n)p, Xp V Xp]. We now have

SOQ :Sﬂ<[téoa¢> L;OOZP]OKl

+tg 0 ap, [t 0 avp, p oap]] o k2
+[2 0 ap, [}, 0 ap, 2, 0 ap]] 0 k)

> [iZ, 0 ap, Poaw]om
+[L;) oap, 13,0 ap, 1, o apl] 0 k7 (12)
+tp 0 ap, [1, 0 ap, 1, 0 ap]] 0 k3

= (-1)" [}, 0 ap, Poasv]om
+[2 0 ap, (1) 1], 0 ap, 2 0 apll o k2
+[L510 o ap, (—1)"’Z[L51[, o ap, 1z, 0 apl] o k3.

1
p
1
P

It should be noted that the homotopy comultiplication ¢g : Xp — Xp V Xp is homotopy commutative if
and only if

Q—-5S0Q=cy : M(G,n)p = Xp V Xp
in the homotopy group [M(G, n)p, Xp V Xp], which is abelian, where ¢y, : M(G, n)p — Xp V Xp is the constant
map at (xg, xp) in Xp V Xp. According to (11) and (12), we obtain

Q-S0Q =[ioapLoaplok
+[L;)0(X73,[L51000(¢>, (2

P
+i3, 0 ap, [1g 0 ap, 15,
~((-1)"[1} 0 ap, 2 0 ap] 0k
2
+[i3, 0 ap, (1) [t 0 ap, 1, 0 ap]] 0 K

2
+ligy 0 ap, (1) [t 0 ap, 2, 0 apll 0 ks).

oap]] oKz
oapl]oxs
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If m is even, then
Q-50Q =[yooapoaplox
+[i, 0 ap, [1, 0 ap, 17, 0 apl] 0 K
+[i, 0 ap, [1, 0 ap, 15, 0 apl] 0 k3
—[t 0 ap, 1, 0 ap] 0 1y
—[L% o ap, [L% °ap, L% oap]] oz
—[ipoap, [y 0 ap, 1, 0 apl] o k3.
Because the homotopy group [M(G, n)p, Xp V Xp] is abelian, we observe that the homotopy comultiplication

Qo : Xp = Xp V Xp is homotopy commutative if and only if

Q-50Q =[yoap,[y,oap, i oaplloK

P
+[17, 0 ap, [1, 0 ap, 17, 0 ap]] 0 k3
—[i3 0 ap, [1, 0 ap, 1z, 0 apll 0 1y
—[tp 0 ap, [1g 0 ap, 13, 0 ap]] 0 i3 (13)
~ [t 0 ap, [1, 0 ap, 1, 0 ap]] © (k2 = K3)
+[i3, 0 ap, [1g, 0 ap, 13, 0 apl] © (i3 — K2)

~

(e}

Xo
so that
K2 = K3

because all of the Whitehead products in (13) are basic Whitehead products.
If m is an odd number, then @g : Xp — Xp V Xp is homotopy commutative if and only if

Q-50Q =2[foap,oaplox

+[1, 0 ap, [t 0 ap, 2,0 apl] 0 (1 + 3) 1
+[ig, 0 ap, [1, 0 ap, 13, 0 ap]] © (i3 + K2)
& Cy,
so that
K1 = (=Dxy
and
Kz = —K3

because all of the Whitehead products in (14) are basic Whitehead products, as required. [J

Let C(Y) be the set of all homotopy classes of homotopy commutative comultiplications on a co-Hopf
space Y, and let |C(Y)| be the cardinality of C(Y).

Corollary 4.10. Let Xp be the localization of the wedge sum X := 5" vV M(G,n), 2 < m < n < 4m — 4 at a collection
P of prime numbers, and let ¢q : Xp — Xp V Xp be the homotopy comultiplication in Example 4.8. If m is an even

number, then
CEP) - = MG, myp, S5 11 X [IM(G, e, S5 211

If m is odd, then
ICXP) = Ixr € [M(G,m)p, S 1] | 11 = (=1)xall XIIM(G, m)p, S35

Proof. The proof follows from Theorem 4.9 and the range hypothesis. Indeed, if n is even, then the homotopy
comultiplication

Q' Xp > Xp V Xp
is homotopy commutative for any homotopy class x; in homotopy group [M(G, n)p,$3" '], and x; = «3 in
[M(G, n)p, 5" 2]. If n is odd, then

Qg : Xp — Xp V Xp
is homotopy commutative for any homotopy class «; satisfying k1 =~ (=1)x; in [M(G,n)p, Sé,’"‘l], and
Ky ~ —k3 in [M(G, n)p, S;m‘z], as required. [
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5. Examples

A list of examples is provided for use in evaluation of the structure of homotopy commutative comulti-
plications on the topological localization Xp, or the rationalization Xq, of a wedge X := §" V M(G, n), where
2<m<n.

In Tables:

e C(Xp) is the set or the group consisting of all homotopy commutative comultiplications on the
topological localization X of X at a collection # of prime numbers.

The set C(X¢p) is in one-to-one correspondence with each group, as shown in the last columns in Tables
1,2,3,4,5,and 6.

{e} is the trivial group.

Z, is the group of integers modulo 7.

Zgp is the P-localization of the ring of integers.

e ¢ is the empty set, and C(Xp) = C(Xg) in this case.

m @ n P C(Xp)
2 Z, 7,0 7Zs 3 {3,7) {e}
2 Z,0Z:0Zs 3 {5,7} {e}
2 2,073 7Zs 3 {7,11} {e}

Table 1: The finite group cases for m = 2

m G n P C(Xp)
3 Zo® 25727 4 {2,5,13} Z,

3 Z:®2Z7;®0 711 4 {2,5,7} Z;

3 2y @2y ® 1y 4 {2,5,7,13} Zr® 72,

Table 2: The finite group cases for m = 3
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m G n P C(Xp)
4 Z,®7Zs5® 725 6 {2,5,7,17} Z,®7Zs® s
4 Zy®2Zs5® 2y 6 {2,3,11,17} Z, 72y ® 7211
4 Zy ® 21y ® Zs3 6 {2,5,13,17} Zy &7, ®7Zs
m>2 all finite groups n>m ¢ {e}
Table 3: The finite group cases for the others
m G P C(Xp)
2 707,07, {3,5} Zp35)
2 Z0Z,07Zs {3,7} Zpy
2 Z07,07Zs {5,7} {e}
Table 4: The infinite group cases for n = 2
m @ n P C(Xp)
3 7202075972y 4 {5,7} {e}

3 720676 7Zs0Z; 5 {3,11} Zi31 @ Ly
3 207 6Z;® 7 5 {5,13} Zi513 @ L5
Table 5: The infinite group cases for m = 3

m G P C(Xp)
4 &2y ®7Zs® 7213 {2,13} Zy ® 713
4 VAV AV ATREVAL 2,17} Z,®7Z,
4 Z&Z &7y 0] {e}

5 28707y & Zo b QoQ

Table 6: The infinite group cases for the others

5427
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Proof. We first provide the proof of the case of a finite group with m = 3: Let X = $° vV M(G, 4), where

G=2,87Z5®7Z;and P = {2,5,13}. Then, according to Corollary 4.10, the Hopf-Whitney theorem, and the
universal coefficient theorem for cohomology, we have

IC(Xp)| =|{x1 € [M(G,4)p, S;)] | 21 = g} | X | [M(A, 4)p, S;]H | by Corollary 4.10
= |{k1 € HS(M(Z, & Z5,4); n5(S;,)) | 2/ =0} x 1 by Hopf-Whitney theorem
= {1 € HH(M(Z> ® Z5,4); Zp) | 2% = 0}]
=|{k, € Ext(Hy(M(Z, @ Z5,4); 7)), Zp) | 2%, = 0} ] by UCT for cohomology
= |{k1 € Ext(Z, ® Z5,Zp) | 2f1 = 0}|
=12,|.

Here,

* ¢, : M(G,4)p — 8, is the constant map at sy in the homotopy group [M(G, 4)p, $},] consisting of the
P-localizations of the homotopy classes in the cohomotopy group 7°(M(G, 4));

e R is the element of cohomology, extension products, and torsion groups corresponding to the homo-
topy element x; € [M(G, 4)p,$;,]; and

e 0is the trivial element of cohomology, extension products, and torsion groups.

Secondly, we provide the proof of the case of a finitely generated infinite abelian group with m = 4: Let
X = §* v M(G, 6), where
C=Z0Z,®Z5d Z3

and P = {2,13}. We then obtain
IC(Xp)l = [IM(G, 6)p,S,]I X [IM(G, 6)p, S by Corollary 4.10
= [IM(G, 6)p, SL1I x 1
= [M(Zp © Z5 & Z13,6), SL I
= [M(Zyp, 6) vV M(Z>,6) V M(Z13,6),S, |
= [[M(Zp, 6), 5,1 @ [M(Zs, 6), 5] & [M(Z13,6), L
= |{e} ® H (M(Z», 6); 17(S},)) ® H” (M(Z3, 6); 717(5},))| by Hopf-Whitney theorem
= | Ext(Hs(M(Z>, 6); Z), Zp) ® Ext(He(M(Z13,6); Z), Zp)| by UCT for cohomology
= |Z, ® Zs3l,
where {e} is the trivial group as the homotopy group [M(Zp, 6),5},] consisting of the $-localizations of the
homotopy classes in the cohomotopy group 7/ (M(G, 6)).
The remaining parts can be proven in a similar manner using the previously described results included
in Section 4 and the pivotal theorems in algebraic topology, including the cohomotopy group, the cellular

approximation theorem, the universal coefficient theorem in cohomology, the Hopf-Whitney classification
theorem, obstruction theory [13, Lemma 17.19], and the homotopy group of spheres [31]. O
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6. Conclusions

The investigation of studies on homotopy comultiplications and homotopy multiplications on co-Hopf
spaces and Hopf spaces, respectively, has been explored by several authors to date. Indeed, it is well known
that a co-Hopf space with a homotopy comultiplication and a Hopf space with a homotopy multiplication
are the pivotal object classes in the pointed homotopy category and they are Eckmann-Hilton duals with
each other in classical homotopy theory.

In general terms, there exist many distinctive homotopy comultiplications on a co-Hopf space along
with a lot of different properties. It is well known that any nilpotent CW-complex could be localized at a
collection of prime numbers up to homotopy as a topological (or homotopy) counterpart of the localization
of algebraic objects.

In this article, we have described the localization counterparts of the Hilton-Milnor formulas along
with the development of the pivotal concepts of the forms of comultiplications on the localizations of
CW-spaces. In particular, we have developed the homotopy comultiplications and homotopy commutative
comultiplications of the localization of a wedge X := §" vV M(G, n) of the m-spheres and Moore spaces at a
collection P of prime numbers, where 2 < m < n, and G is a finitely generated abelian group. Finally, we
have provided the lists of examples for the homotopy commutative comultiplications on Xep.

In a subsequent paper, we explore the homotopy associative and commutative comultiplication struc-
tures on nilpotent CW-spaces, more general CW-spaces, and their localizations, which are not simply
connected spaces at all.
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