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Abstract. In this paper, we consider the continuity of the inverse in (strongly) paratopological gyrogroups.
The conclusions are established as follows: (1) A compact Hausdorff paratopological gyrogroup G is a
topological gyrogroup. (2) A Hausdorff locally compact strongly paratopological gyrogroup is a strongly
topological gyrogroup. (3) If G is locally compact strongly paratopological gyrocommutative gyrogroup
(without any separation restrictions), then G is a strongly topological gyrocommutative gyrogroup. (4) If
a strongly paratopological gyrogroup G is a dense Gs-set in a regular feebly compact space X, then G is
a strongly topological gyrogroup. (5) If a Hausdorff strongly paratopological gyrogroup G is countablly
compact and topologically periodic, then G is a strongly topological gyrogroup.

1. Introduction

Finding a natural compactness-type condition on a topological semigroup (or paratopological group)
that appear to suggest it is a topological group has many precedents in the literature. According to
Ellis’ theorem in [13], every locally compact Hausdorff semitopological group is a topological group.
Romaguera and Sanchis [24] generalized the famous Numakura’s theorem [20] and showed that every
compact Hausdorff topological semigroup with two-sided cancellation is a topological group. A conclusion
drawn from this result in [24] is that every compact T, paratopological group is a topological group. It
turns out that in the latter situation, the T, constraint can be dropped. Ravsky [22] proved that a compact
paratopological group is a topological group. Ellis [14], Grant [16], Brand [11], Bouziad [10], Bokalo and
Guran [9], Romaguera and Sanchis [24], Kenderov et al.[18], and others have all generalized the latter
fact. Reznichenko investigated automatic continuity in paratopological groups in [23], proving that every
completely regular pseu-docompact paratopological group G is a topological group, i.e., the inversion in G

is continuous. This result was extended to regular pseudocompact paratopological groups by Arhangelskif
and Reznichenko in [1, 2].
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The study of gyrogroups began in the early 1980s with the work of Abraham Albert Ungar [28, 29].
He first developed the concept of gyrovector spaces and then introduced the more general notion of a
gyrogroup, which is a set equipped with a binary operation that combines gyrovector addition and scalar
multiplication [30-32]. A gyrogroup, broadly defined, is a group-like structure where the associative law
does not hold (see Definition 2.1). Since their introduction, gyrogroups have been a topic of interest for
researchers in various areas of mathematics, ranging from group theory and topology to geometry and
physics [5, 6]. The study of gyrogroups has led to the development of new algebraic structures and insights
into the geometry of hyperbolic spaces and special relativity. Other applications of gyrogroups include the
development of control algorithms in engineering and the study of dynamical systems [8].

Atiponrat [3] recently developed the idea of topological gyrogroups as a generalization of topological
groups. A paratopological gyrogroup is a gyrogroup with a topology such that its binary operation is
jointly continuous. If G is a paratopological gyrogroup and the inverse operation of G is continuous, then
G is a topological gyrogroup. Specially, Atiponrat [3] discovered that for a topological gyrogroup, T
and T3 are equivalent. It is worth noting that Cai, Lin and He in [12] proved that every Hausdorff first
countable topological gyrogroup is metrizable. Atiponrat and Maungchang [4] studied some separation
axioms of paratopological gyrogroups. In [17], Jin and Xie proved that every regular (Hausdorff) locally
gyroscopic invariant paratopological gyrogroup G is completely regular (function Hausdorff), and extended
the Pontrjagin conditions of (para)topological groups to (para)topological gyrogroups.

Example 1.1. Suppose that (R, 75) is Sorgenfrey line and (G, 1) is a topological gyrogroup. Then R x G with
product topology is a paratopological gyrogroup and not a topological gyrogroup.

As a generalization of paratopological groups, it is natural to consider the conditions for a partopo-
logical gyrogroup to turn out to be a topological gyrogroup. In this paper, we try to study whether a
paratopological gyrogroup satisfying a natural compactness-type condition and a separation axiom turns
out to be a topological gyrogroup. The paper is organized as follows: In Section 2, we mainly introduce the
related concepts and conclusions which are required in this article. In Section 3, we study the continuity of
the inverse in (strongly) paratopological gyrogroups. The following results are established. (1) A compact
Hausdorff paratopological gyrogroup G is a topological gyrogroup (see Theorem 3.1). (2) If G is a Haus-
dorff locally compact strongly paratopological gyrogroup, then G is a strongly topological gyrogroup(see
Theorem 3.5). (3) Let G be a strongly paratopological gyrogroup, and H be an invariant subgyrogroup of
G. If H and G/H are strongly topological gyrogroups, then so is G(see Theorem 3.6). (4) If G is locally
compact strongly paratopological gyrocommutative gyrogroup (without any separation restrictions), then
G is a strongly topological gyrocommutative gyrogroup(see Theorem 3.8). In Section 4, we consider feebly
compact paratopological gyrogroups. The following results are established. (1) If a strongly paratopolog-
ical gyrogroup G is a dense Gs-set in a regular feebly compact space X, then G is a strongly topological
gyrogroup(see Theorem 4.6). (2) If a strongly paratopological gyrogroup G is Hausdorff countable compact
and topologically periodic, then G is a strongly topological gyrogroup(see Theorem 4.12).

No separation restrictions on the topological spaces considered in this paper are imposed unless we
mention them explicitly.Body of the paper.

2. Definitions and preliminaries

Definition 2.1. ([32]) Let (G, ®) be a nonempty groupoid. We say that (G, @) or just G (when it is clear from
the context) is a gyrogroup if the followings hold:

(G1) There is an identity element 0 € G such that
0dx=x=x®0 forall xeG.
(G2) For each x € G, there exists an inverse element ©x € G such that

eox®x=0=x®(6x).



Y.-Y. Jin et al. / Filomat 38:15 (2024), 54495462 5451
(G3) For any x, y € G, there exists an gyroautomorphism gyr|[x, y] € Aut(G,®) such that
x®(y®z) = (x@y) ®gyrlx, yl(z)

forallz € G;
(G4) For any x,y € G, gyr[x® y, y] = gyr[x, y].

For a gyrogroup G and x1, xy, - - -, x¢ € G, the formula (((x; ® x2) ®x3) @ - - - ® xx—1) @ x will be denoted by
X1 Dx, DD xg.

Definition 2.2. ([32]) A gyrogroup (G, ®) is gyrocommutative if its binary operation obeys the gyrocom-
mutative law
a®b = gyrla, bl(b®a)

foralla,b € G.

Definition 2.3. ([32]) Let (G, ®) be a gyrogroup with gyrogroup operation (or, addition) . The gyrogroup
cooperation (or, coaddition) # is a second binary operation in G given by the equation

(%) amb=a®gyr[a,oblb

for all a,b € G. The groupoid (G, &) is called a cogyrogroup, and is said to be the cogyrogroup associated
with the gyrogroup (G, ®).
Replacing b by ©b in (%), along with () we have the identity

aBb=aogyrfa,blb
for all a,b € G, where we use the obvious notation,a 8 b = a B8 (&b).

Definition 2.4. ([27]) Let (G, ®) be a gyrogroup. A nonempty subset H of G is called a subgyrogroup,
denoted by H < G, if the following statements hold:

(1) The restriction ®|pxp is a binary operation on H, i.e. (H, ®|gxx) is a groupoid;

(2) For any x,y € H, the restriction of gyr[x, y] to H, gyr[x, yllz : H — gyr[x, y](H), is a bijective homo-
morphism; and

(3) (H,®luxn) is a gyrogroup.

Furthermore, a subgyrogroup H of G is said to be an L-subgyrogroup [27], denoted by H < G, if
gyrla,h](H)y=H forallae Gand h € H.

A semigroup is a non-void set S together with a mapping (x, y) — xy of S X S to S such that x(yz) = (xy)z
forallx,y,zin S.

Proposition 2.5. ([26]) A nonempty subset H of G is a subgyrogroup if and only if a € H implies ©a € H and
a,be Himpliesa®b e H.

Proposition 2.6. ([26]) A nonempty subset X of a gyrogroup G is a subgroup if and only if it is a subgyrogroup of
G and the restriction of gyrla, b] to X equals the identity map on X forall a,b € X.

In this paper, gyr[a, b](V) denotes {gyr[a, b](v) : v € V}.

Theorem 2.7. ([32]) Let (G, ®) be a gyrogroup. Then, for any 4,b, c € G we have

(1) @@b)®c=a (b gyr[b,alc); Right Gyroassociative Law
(2) gyrla, b] = gyr[a,b@al; Right Loop Property

B) Ea)d@aeb)="b;

(4) @eb)mb=a;
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(5) @eb)ob=ag;
(6) gyrla,bl(c)=(@®b)® (@® (bDc));

(7) o(a®b) = gyr[a, bl(eb ©a); Gyrosum Inversion

(8) gyrla, bl(ex) = egyr|a, blx;

) gyr[a,b] = gyr[b,a]; Inversive symmetry
(10) e(amb) = (ob) @ (Sn); The Cogyroautomorphic Inverse Theorem
(11) gyr[ea, ob] = gyrla, b]; Even symmetry
(12) gyrla, 0] = gyr[0,b] = I.

Theorem 2.8. ([32]) Let (G, ®) be a gyrocommutative gyrogroup. Then, for any a, b, c € G we have

(1) e(a®b)=©a00b; Gyroautomorphic Inverse Property
(2) amb=bma;
(3) aBb=a® (Ca®b)®a).

Definition 2.9. ([26]) A subgyrogroup N of a gyrogroup G is normal in G, written N < G, if it is the kernel
of a gyrogroup homomorphism of G.

Theorem 2.10. ([26]) Let N be a subgyrogroup of a gyrogroup G. Then N is a normal subgyrogroup in G if and only
ifod(N®b)=@eb)eN=uae&N)®dbforalla,beG.

Since in Topology 'normal’ refers to a separation property of spaces, we will use the term ‘invariant’ to
denote this property of subgyrogroups.

Definition 2.11. ([3]) A triple (G, 7, ®) is called a topological gyrogroup if and only if

(1) (G, ) is a topological space;

(2) (G,®) is a gyrogroup;

(3) The binary operation @ : GXG — G is continuous where G X G is endowed with the product topology
and the operation of taking the inverse ©(-) : G — G, i.e. x — ©x, is continuous.

If a triple (G, 7,®) satisfies the first two conditions and its binary operation is continuous, we call
such triple a paratopological gyrogroup [4]. Sometimes we will just say that G is a topological gyrogroup
(paratopological gyrogroup) if the binary operation and the topology are clear from the context.

Definition 2.12. ([7]) Let (G, 7,®) be a topological gyrogroup. We say that G is a strongly topological
gyrogroup if there exists a neighborhood base U of the identity 0 in G such that, for every U € U,
gyr[x, yl(U) = U for any x,y € G.

Similarly, we called a paratopological gyrogroup (G, t,®) a strongly paratopological gyrogroup if there
exists a neighborhood base U of the identity 0 in G such that, for every U € U, gyr[x, y](U) = U for any
x,y€G.

Proposition 2.13. ([4]) Let G be a paratopological gyrogroup, x,y € Gand A,B C G.

(1) The left translation Ly : G — G, where Ly(y) = x @ y for every y € G, is homeomorphism;
(2) Ais closed if and only if x ® A is closed;
(3) A s open if and only if x ® A and B ® A are open;

Proposition 2.14. Let G be a paratopological gyrogroup, x,y € Gand A, B C G.

(1) gyrlx,y]l: G — G, for every x,y € G, is homeomorphism;
(2) A s closed if and only if gyr[x, y1(A) is closed;
(3) A is open if and only if gyr[x, y](A) is open.
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Proof. By definition, gyr[x, y] is bijective. Moreover, the gyrator identity provides that gyr[x, y] = Lepey) ©
Ly o Ly which is a homeomorphism by Proposition 2.13. So (2) and (3) are true. [J

Proposition 2.15. Let G be a paratopological gyrogroup and U be a neighborhood of the identity 0. Then there is an
open neighborhood V of 0 such that V&V C U.

Proof. For G is a paratopological gyrogroup, then op, : GX G — G defined by opa(x, y) = x® y is continuous.
Because 0 ® 0 = 0, and U is a neighborhood of the identity 0, there exist a neighborhood V of 0 such that

VEBX_/:opz(VxI_/) =op(VX V) Copa(VXV) = VevclU O

Lemma 2.16. Let G be a paratopological gyrogroup and U be the neighborhood base at 0 of G. Then for B = ({U :
U e Uy}, gyrla,bl(B) = B forany a,b € G.

Proof. For a,b € G, suppose f(x) = gyrla, b](x) for any x € G. By Proposition 2.14, f is homeomorphism.
Since f(0) = gyrla, b](0) = 0, for U € U, there exists V € U such that gyr[a, b](V) = f(V) C f(V) C U. It
follows that gyr[a, b](B) C B, for each a,b € G.

It is obvious that f~'(x) = gyr[b,a](x) by Theorem 2.7 (9), which is continuous. Since f71(0) =
gyr[b,al(0) = 0, for U; € U, there exists V; € U such that gyr[b,a](vl) = ffl(ﬁ) c f(vy) ¢ . It
follows that gyr[b,a](B) C B, for each a,b € G. Thus we have B C gyr|[a, bl(B). So we get gyr[a, b](B) = B for
anya,beG. O

Theorem 2.17. ([17]) Let G be a Hausdor{f topological gyrogroup and U an open base at the neutral element 0 of G.
The following conditions hold:

(8) for every U € U and x € G, there exists V € U suchthat VEx Cx®Uandx®V Cxm U;
(9) for every U € U, there exists V € U such that ©V C L.

Proposition 2.18. Let (G, T, ®) be a paratopological gyrogroup, F a compact subset of G, and O an open subset of
G such that F C O. Then there exists an open neighborhood V of the identity element 0 such that F®V C O and
VeFcO.

Proof. Since & : G x G — G is continuous in paratopological gyrogroup G, & '(O) is an open set in G X G
and {0} x F C @ 1(O) for F C O. Note that {0} x F is compact in G X G, there exist open sets V1, W in G such
that {0} X F C Vi x W C @ 1(O). Thus Vi @ F = ®(V; X F) C&(V; X W) C O.

Similarly, one can find an open set V; in G such that F®& V, € O. Take V = V1 N V,. Then we verify that
FeVCcOandVeFCO. O

Lemma 2.19. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Then
wehaveamU Ca®UandaBU Cao U foreacha e G, U € U.

Proof. By Definitions2.3and 2.12, we can getaBU = |J,,cyy aBu = U,y adgyrla, culu = a®,y gyrla, Sulu C
adUandaB U=, yaBu=U,yaogyrlaulu=ae,ygyrla,ulucaol, foreachae GUeU. O

Lemma 2.20. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Then
for each Uy, Up € U we have Uy & Uy € U.

Proof. By Definition 2.12, we have gyr[a, b](U; @ Uy) = gyrla, bl(U) & gyrla, b](U,) = Uy & Uy, for each
a,beG, Uy, Uy €U, whichimplies U1 & U e U. O

Lemma 2.21. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Then
wehave (@@ U)W =a® (US W) foreachaec G,UW e U.

Proof. By Definition 2.12 and Theorem 2.7 (1), we have (@@ U)W = a®(U® U, gyrlu, a]W) Cad (U W)
anda@ (U W) =@eU)eU,ygyrla,ulW Cc @e U)o W, for eacha € G, U W € U. Thus we get the
result. [
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Lemma 2.22. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. If
UoV C W, theneVeolceW,foreach WUV eU.

Proof. By Theorem 2.7 (7), wehave S(U®V) = U, cjpev gyrlu, vl(©vou) C 6W. We can get gyr[u, v](©vou) €
oW for every u € U,v € V. By Theorem 2.7(8)(9), ev © u € gyr[v, u](eW) = ogyr[v, u](W) = ©W. Thus we
geteVelU CceW. OO

Lemma 2.23. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Then
foreach W € U, there exists U € U such that U (U e U) C Wand (@Ue U)o U C eW.

Proof. Since operator & is continuous in G, for each W € U we can find neighbourhoods Uj, V of 0 such
that U; @ V € W. And for V € U there exists an open neighbourhood V; of 0 such that V,; @ V; C V. So
eVellj ceWandeVi;eV; C oV by Lemma222. Let U = U; N V5. Thus we can get U® (U U) € W and
UslU)eUcCeW. O

Lemma 2.24. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. If
VeV C Uuwhere U,V e U, then (V) C U.

Proof. We show that ©V C ©lU. Let x € 6V. Then (x ® V) N (8V) # 0. Therefore there exist v;,v, € V such
thatx@® vy =6 andx =6, BHv, e VBV C OV e V by Lemma 2.19. ForoV eV C eU by Lemma 2.22,
wegetxeoU. O

Let (G, T, ®) be a paratopological gyrogroup and H a L-subgyrogroup of G. It follows from [27, Theorem
20] that G/H = {a® H : a € G} is a partition of G. We denote by 7 the mapping a — a @ H from G onto G/H.
Clearly, for each a € G, we have ™! (7t(a)) = a ® H. Denote by 7(G) the topology of G. In the left cosets G/H
of the gyrogroup G, we define a topology T = ©(G/H) of subsets as follows:

T=1(G/H) ={0C G/H: 1 }(0) € 1(G)}.

A continuous mapping f : X — Y is perfect if f is a closed mapping and all fibers f~!(y) are compact
subsets of X.

Proposition 2.25. Let (G, 7,®) be a paratopological gyrogroup and H a L-subgyrogroup of G. Then the natural
homomorphism T from a paratopological gyrogroup G to its quotient topology on G/H is an open and continuous

mapping.

Proof. The continuity of the map 7t is obvious. If U C G is an open set then " !(n(U)) = U & H and hence
n(U) is open. [

Proposition 2.26. Let (G, T, ®) be a paratopological gyrogroup and H an invariant subgyrogroup of G. If H is a
compact subgyrogroup of G, then the quotient mapping m of G onto the quotient space G/H is perfect.

Proof. Let F be a closed subset of the gyrogroup G. Let x € G/H \ n(F). Consider an arbitrary point
x € w!(x). Then (x®H) N F = 0. By Proposition 2.18 there exists an open neighborhood U of the unit
such that (U (x® H)) NF = 0. Thenx € n(U & x) and (U & x) = n(U) & n(x) = (U) & (n(x) & n(H)) =
(U & (x® H)) N e(F) = 0 thus the map 7t is closed. Furthermore, if y € G/H and 7t(x) = y for some x € G, we
obtain that 7!(y) = x®H is a compact subset of G. Hence, the fibers of 7 are compact. Thus 7t is perfect. []

3. Compact (strongly) paratopological gyrogroups and locally compact (strongly) paratopological gy-
rogroups

We give the first of our non-trivial claims on the inverse mapping’s continuity in paratopological
gyrogroups.
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Theorem 3.1. Y A compact Hausdorff paratopological gyrogroup G is a topological gyrogroup.

Proof. Let 0 be the neutral element of G. Since G is Hausdorff, the set M = {(x,y) e GX G : x® y = 0} is
closed in G X G.

Let F be any closed subset of G, and P = (G X F) N M. Then F and G X F are compact, P closed in G X F,
since M is closed, and, therefore, P is compact. It is true that (x,y) € Pifand onlyif y € Fand x® y = 0,
that is, x = ©y. It follows that the image of P under the natural projection of G X G onto the first factor G
is precisely ©F. Since P is compact and the projection mappings are continuous, we conclude that ©F is
compact, and therefore, closed in G. Thus, the inverse operation in G is continuous. Hence G is a topological

gyrogroup. [

A topological space X is called a locally compact space if for every x € X there exists a neighbourhood U

of the point x such that U is a compact subspace of X.
It is natural to extend Theorem 3.1 to locally compact Hausdorff paratopological gyrogroups, We pose
the following problem.

Problem 3.2. Is a locally compact Hausdorff paratopological gyrogroup G with a countable base a topological gy-
rogroup?

Indeed, Theorem 3.1 can be extended to locally compact Hausdorff strongly paratopological gyrogroups
with a slightly more involved argument.

Lemma 3.3. Let the neighborhood base Uy at 0 of G witness that G is a strongly paratopological gyrogroup and a
family U = {U, : n € w} € Uy, and {x, : n € w} is a sequence of points in G such that x, € U, for each n € w, and
the next conditions are satisfied:

(1) Uys1 ® Uyyq S U, foreach n € w;
(2) the sequence {yy : k € IN}, where yr = (((x1 ® x2) D x3) ® - - - ® X4_1) ® X, has an accumulation point y in G.

Then there exists k € w such that ©xi41 € Up.

Proof. Since y & U; is a neighbourhood of y, there exists k € IN such that yx € y® U;. Put z =
gyr[OVk, Ykr11(©Yk+1 @ Y). FOT Y1 = Yk @ X1, we can get Xgs1 = OYk © Yi+1. Thus

O Xk+1 = S(OYk @ VYk+1)

= gyr[Oyk, Yk+11(©Yi+1 ® yx) by Theorem 2.7 (7)

€ gyr[Oyk, Yk+11(©Yr1 & (y ® Uy))

= gyr[oyk, Yir11((OYk+1 ® y) @ (gyr[Oyk+1, y]U1)) by Definition 2.1

C gyr[ovk, Vi1 ](Oyks1 @ y) ® L) by Definition 2.12
= gyrlOVk, Yi+11(©Yks1 @ y) @ gyr[Syk, Yir11(Un)

= gyr[Oyk, Yk+1]1(©Yir1 ® y) & Uy by Definition 2.12
=z U;.

Since by condition (2) the sequence {y,, : m € IN} has an accumulation point y in G, for k € IN the sequence
{gyrlovk, Yis11(©Yi+1 @ ym) : m € N} has an accumulation point gyr[Syk, Yi+11(Qyik1 ® y) = z in G by
Propositions 2.13 and 2.14.

Foreachm > k+2, Yy = Yks1 D X2 D - - - O Xy

Since the neighborhood base U; at 0 of G witness that G is a strongly paratopological gyrogroup and
the family U C U;, we have

DThrough private communication, it was learned that Piyu Li and others obtained this conclusion independently.
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Ym € (Yre1 ® Ups2) © Upy3) @ - - - @& Uy1) © Uy
= (Yrs1 © Upr2) ® Ups3) @+ - - @ Up—2) & (U1 @ Uyy) by Lemma 2.21
= (Yrs1 © Upr2) ® Upy3) @ - - - @ Upy—3) & (U2 & (U1 @ U,y,)) by Lemmas 2.20, 2.21
= ((Yis1 ® Upr2) @ Ups3) @+ - - @ Upy—3) ® (U2 @& Uy—1) & Uyy) by Lemma 2.21
=Yk @ (U2 ® - - - ® Uppy).

It follows from condition (1) of the lemma that,

OVYk+1 @ Ym € U -+ - © Uy € Upsa.

Therefore, gyr[oyk, Yir11(OVk+1 ® ym) € gyrlOyk, Yis1l(Uks1) € Uir. So we can get z € Uy C Uy, which
implies that
Oxp1 €z Uy C U Up € Up.

This finishes the proof. [J

Lemma 3.4. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Then G
is a strongly topological gyrogroup if and only if the inverse operation is continuous at the identity 0.

Proof. The "only if” part is clear. We just need to prove the “if” part. For G is a strongly paratopological
gyrogroup, by Lemma 2.19, we have that x8 U € x © U. Thus we have that x® U C x 8 U by the the
following operation:

xBUCxoU by Lemma 2.19
=>xE@GU)=xBUCx0U byagb=am(eb)
solUmx)=xa@GU) cxoU by Theorem 2.7 (10)
= Ua@©x) coe(xol)
=Usx=UmB(Gx)co@xol) byaBb =am(Sbh)
=>Ucekxel)dx by Theorem 2.7 (4)
suc| Jewouax by e(xel)ex=| Jexouax)

uell uell
>Uc U gyrlx, oulu by Theorem 2.7 (6)

uel
>xolUC Uxeagyr[x,eu]u

uel

>xoUcxmalU by x Bu = x ® gyr[x, oulu (*)

For each U € U, x € G, it is obvious that (x @ U) © x is a neighborhood of 0. Hence there exists V; € U
such that V; C (x @ U) © x, which is equivalent to

ViExCxo U (+4)

Take any x € G, O € U. By (**), there is U; € U such that U; B (6x) € ©x®O. For Uj, there exists U, € U
such that U, € U;. For Uy, one can find V; € U such that x ® V; € x @ U, by (*). Then we have that
e(xe Vi) ce(xmly)
=olU, & (&x)
C U, B (ex)
CexaO.
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Thus we show that the inverse operation is continuous at any x € G. This finishes the proof. [

Theorem 3.5. If G isa Hausdorff locally compact strongly paratopological gyrogroup, then G is a strongly topological
gyrogroup.

Proof. To prove G is a topological gyrogroup, it is just to show that the inverse operation is continuous at
0 € Gby Lemma 3.4.

Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. We shall
prove that for each U € U one can find V € U such that ©V C U. Assume the contrary, thereisa U € U
such that for each V € U, ©V is not a subset of U. Since G is a Hausdorff locally compact space, so G is
regular. Thus, we can find a Uy € U such that U 2 Uy is compact. G is a paratopological gyrogroup, so
we can define a sequence {U,, : n € w} of U such that U, ® U1 € U, for each nn € w and there is x,, € U,
satisfying ©x, ¢ Uy for each n € IN. Put yx = (((x1 ® x2) ® x3) ® - - - ® x4_1) ® x¢, for each k € IN. Then from
Lemmas 2.19 and 2.21 it easily follows all elements y; are in Up. In fact,

Y= (11 ®x2) ®x3) D+ D xp-1) D Xk
E(((ielh)eUs)®- - ® Uk-1) ® Uy
=x1®U®---® Uy) by Lemmas 2.20, 2.21
Cxiel;
cuyel,

C Up.

Since the closure of Uj is compact, there exists an accumulation point y for the sequence {yx : k € N} in G.
Thus by Lemma 3.3 there is a k € w such that ©x;41 € Up. This is a contradiction with ©x;.1 ¢ Uy. Thus we
have proved that the inverse operation © is continuous at 0. This finishes the proof. [

In the latter case we try to remove the Hausdorff restriction in Theorem 3.5 To demonstrate this, we
need the following theorem, which is inspired by Ravsky’s result [21].

Theorem 3.6. Let G be a strongly paratopological gyrogroup, and H be an invariant subgyrogroup of G. If H and
G/H are strongly topological gyrogroups, then so is G.

Proof. To prove G is a topological gyrogroup, it is just to show that the inverse operation is continuous at
0 € Gby Lemma 3.4.

Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. We
shall prove that for each open neighborhood U € U at 0 in G there exists an open neighborhood V, € U
such that ©V, € U. For each open neighborhood U € U, there exists an open neighborhood U; € U at 0
in G such that U; @ U; € U. For Uy, there exists an open neighborhood V; € U such that V; C Uj, and
(eVieVi)NnH c Uy NH C Uy, for H is a topological gyrogroup. For V7, there exists an open neighborhood
V, € U such that V, € Vi, and 6V, C (Vo @ H) = n Y (en(V,)) € n'(n(Vy)) = V1 @ H, for 7 is an
open mapping of G onto G/H and G/H is a topological gyrogroup. If x € &V, then there exist elements
v € V1,h € Hsuch thatx = v&h. Thenh = cvdx € (6V16V,3)NH C U;. Thereforex € VidU; C UydU; C U.
Thus we have proved that the inverse operation © is continuous. This finishes the proof. [

Proposition 3.7. Let G be a paratopological gyrocommutative gyrogroup and U be the neighborhood base at 0 of G.
If G is locally compact, then B = ({U : U € U} is a closed invariant subgyrogroup of G.

Proof. It is obvious that B is closed. Firstly, we shall prove that B is a subgyrogroup. By Proposition 2.15
we can get B={U& U : U € U}. Clearly, for every U € U, we have that B B C U ® U. Hence it follows
that B® B = B. Since G is locally compact, B is compact. A nonempty subset M of B is called a right ideal
in Bif M@® B € M. Since B is compact, closed and B @ B = B, applying the Kuratowski-Zorn lemma to the
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family of all closed right ideals in B ordered by inverse inclusion, it contains a minimal closed right ideal,
denoted by H. For an arbitrary element x € H, we have that x® H C H @ B C H. Following Lemma 2.16, it
is clear that (x® H)®B = x® (H® ey gyrlh, x]B) = x® (H®B) Cx®H, i.e, x®H is arightideal in B. Since
x® H is closed in B, x ® H C H, and H is a minimal right ideal in B, we conclude that x ® H = H for each
x € H. In particular, x ® (x ® H) = H for any x € H, whence it follows that x ® (x & y) = x for some y € H and
hence 6x = y € H. In its turn, this implies that 0 € H, H = B, and that B is a subgyrogroup of G.

Secondly, we shall prove that B is an invariant subgyrogroup.

Claim 1. 2® B = B®a for eacha € G.

Fora € G, suppose fi(x) = a® (x®a) for any x € G. So, fi = Le, © R, which is continuous by Proposition
2.13. Since f1(0) =ea @ (0@ a) = 0, for U € U, there exists V € U such that fl(V) —cne(Vea) C U It
follows that ea & (B®a) C B, for eacha € G, thatis B®a C a & B.

On the other hand, for a € G, suppose f>(x) = ©a®(@a® (a®x)©a) forany x € G. So, fo = Lg; 0Rgg0L,0L,
which is continuous by Proposition 2.13. Since f,(0) = ca® (@ ® (a® 0) ©4a) = 0, for U; € U, there exists
V1 € U such that £,(V1) = ca®@® (@@ V) ©a) C Uj. It follows that ca @ (a® (a® B) ©a) C B, for eacha € G.
Since G is a gyrocommutative gyrogroup, for each h € B we have

@ohBa=@dh) B (©a)
=eam@dh) by Theorem 2.8
=ca®@®@®h)ea). by Theorem 2.8

Sowecan get @®B)Ba=ca® (@ ® (a®B)oa) C B, which meansa® B C B®a. In conclusion, we get
a®B=B®a.

Claim2. (@®B)®b = (a®b)® B foreacha,b € G.

For a,b € G, suppose f3(x) = S(a® b) & ((a ® x) ® b) for any x € G. So, f3 = Lggen) © Ry o L, which is
continuous by Proposition 2.13. Since f3(0) = (@@ b) & (1 0) & b) = 0, for U, € U, there exists V, € U
such that f3(V,) = 6@ ®b) ® (e ® V2) @ b) € U,. It follows that ©(a & b) ® ((a ® B)® b) C B, for each a,b € G,
thatis(@®B)®b C (a® b) @ B.

Also, fora, b € G, suppose f4(x) = ad(Sb®((b&(adbdx))ob)) forany x € G. So, fs = Lea©RepoLepoLyoLagy
which is continuous by Proposition 2.13. Since G is a gyrocommutative gyrogroup, for each & € B we have

(a®b)oh)Bb=((a®db)®h) B (Sh)
=(©eb)a(aeb)dh) by Theorem 2.8
=obod(bo@ebah)eb). by Theorem 2.8

So f4(0) = ca® (b ((b®(@@b®0))ob)) = cad(((a®b)®0)Bb) = 0, for Uz € U, there exists V3 € U such that
f1(V3) = ea@ ((a@b)®V3)8b) C Us. It follows that ©a ® (e @ b) ® B)Bb) C B, thatis (a®b)®B C (a® B)®b.
for each a,b € G. In conclusion, we get (@ ®B)®b = (a® b) ® B for each a,b € G.

Claim 3. a® (B®b) = (a® b) @ B for each a,b € G.

Fora,b € G, suppose f5(x) = (@ ®b) ® (a ® (b ® x)) = gyrla, b](x) for any x € G. By Lemma 2.16, we can
get gyr[a,b](B) = B, thatis©(@a @ b) ® (a® (b ®B)) = B. Thus, (a®b) ® (a® (B® b)) = B, by Claim 1. In
conclusion, we have (@ ®b)® B =a® (B b).

From Claims 1, 2 and 3 it follows that B is an invariant subgyrogroup of G by Theorem 2.10. Hence we
prove that B is a closed invariant subgyrogroup of G. [

Theorem 3.8. If G is locally compact strongly paratopological gyrocommutative gyrogroup, then G is a strongly
topological gyrocommutative gyrogroup.

Proof. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup. Since
B={U: U € U} is a closed invariant subgyrogroup of G by Proposition 3.7, the quotient paratopological
gyrogroup G/B is a Ti—space. Since B is compact, the quotient homomorphism n : G — G/B is a closed
mapping by Proposition 2.26. So we can get the space G/B is locally compact. We prove that G/B is
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Hausdorff. Suppose for a contradiction that two distinct elements a,b € G/B cannot be separated by open
neighborhoods. Take x,y € G with n(x) = a and n(y) = b. Then (x® B) N (y ® B) = 0. Since G is locally

compact, it exists V € U such that V is compact. By our assumption, for distinct elements a,b € G/B, and
any pair of open sets Uy, V1 € G/B,a € Uy, b € V1, we have U; N V; # 0. So the family

(xel)nyel):UeU UCV)

of closed subsets of the compact space x @ V has the finite intersection property, which in its turn implies
that (x ® B) N (y ® B) # 0. This contradiction proves that G/B is Hausdorff. Since G/B is a locally compact
paratopological gyrogroup, it must be a topological gyrogroup by Theorem 3.5. According to Theorem 3.6,
G is also a topological gyrogroup. [

Problem 3.9. Can the condition 'gyrocommutative’ in Theorem 3.8 be omitted?

4. Pseudocompact strongly paratopological gyrogroups

Theorem 3.5 will be extended to pseudocompact (and regular countably compact) paratopological
gyrogroups in the following section. The following lemmas can be used to derive additional necessary
conditions for a paratopological gyrogroup to be a topological gyrogroup.

Lemma 4.1. Suppose that G is a paratopological gyrogroup, and U is any open neighborhood of the neutral element
0in G. Then M C U & M for each subset M of G.

Proof. If x ¢ U ® M, that is (U & x) N M = 0, which implies there exists an open set U @ x containing x that
has no intersection with M. So, x ¢ M. O

Lemma 4.2. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup and not a
topological gyrogroup. Then there exists an open neighbourhood U of the neutral element 0 in U such that U N (©U)
is nowhere dense in G, that is, the interior of the closure of U N (SU) is empty.

Proof. Since (G, 7, ®) is not a topological gyrogroup, the inverse operation in G is discontinuous. Therefore, it
is discontinuous at 0 by Lemma 3.4, and we can choose an open neighbourhood W of 0 such that 0 ¢ int(©W).
Since operator @ is continuous in G, we can find an open neighbourhood U of 0 such that U@ (U& U) C W.
That is (U © U) © U € ©W by Lemma 2.23. We claim that the set U N (6U) is nowhere dense in G.

Assume the contrary. Then there exists a non-empty open set V in G such that V € U n (el). From
Lemma 4.1 it follows that Vc Un@U)celUd(Un©U) celUsU. ThenVelUc(©Uo U)o U ceW.
Clearly, VN U # 0, and since V is open and the left translation is homeomorphism, the set Vo U = V& (el)
is open in G. Therefore, 0 € V © U C int(6W), a contradiction. O

The next lemma easily follows from Lemma 4.2.

Lemma 4.3. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup such that

0 € int(©U), for each U € U, Then G is a strongly topological gyrogroup.

Lemma 4.4. Suppose that G is a T1-paratopological gyrocommutative gyrogroup which is not a topological gyrogroup.
Then, for each compact subset F of G such that O ¢ F, there exist an open neighborhood O(F) of F and an open
neighborhood O(0) of 0 such that O(F) N (€0(0)) = 0.

Proof. Foreach x € F, we selectan open neighborhood V, of O such thatex ¢ V,®V,. Then (eV,ex)NV, = 0.
We can get V, ® x = 66V, & x) and &(6V, ©x) N (8V,) = 0 by Theorem 2.8 (1). Since y = {V, ®x : x € F}
is a family of open sets in G covering the compact subspace F, there exists a finite subset K of F such that
FcU{Vi®x:x eK). PutO@0) = "{Vy: x € K} and O(F) = U{V@x : x € K}. Then O(0) is an open
neighborhood of 0, O(F) is an open neighborhood of F, and O(F) N (€0(0)) = 0. O
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Theorem 4.5. Suppose that f is a perfect homomorphism of a T1-strongly paratopological gyrocommutative gy-
rogroup G onto a strongly topological gyrogroup H. Then G is also a strongly topological gyrocommutative gyrogroup.

Proof. Assume that G is not a strongly topological gyrogroup. and let the neighborhood base U at 0 of G
witness that G is a strongly paratopological gyrogroup. Then, according to Lemma 4.3, there exists an open
neighborhood U € U such that 0 is not in int(©U). Put F = f~1 £(0) and F; = F\ U. Since F; is compact and 0
isnotin F1, Lemma 4.4 implies that there exist an open neighborhood O(F;) of F; and an open neighborhood
0(0) of 0 such that O(F7) N (80(0)) = 0.

Since W = O(F;) U U is an open neighborhood of F and the mapping f is closed, there exists an open
neighborhood V of £(0) in H such that f~1(V) C W. We can also assume that 8V = V, since H is a topological
gyrogroup. Then 6f (V) = f~1(©V) = f74(V) € W. Finally, put Wy = f~1(V) n O(0) N U. Clearly, W is
an open neighborhood of 0 contained in U. We also have oW, € 6f1(V) € W and 6W, < 60(0). Since
O(F1) N (©0(0)) = 0, it follows that W, C U. Therefore, 0 € W, C int(eU), a contradiction. [

Here, we demonstrate that every pseudocompact paratopological gyrogroup is a topological gyrogroup.
It is well known that a Tychonoff space X is pseudocompact if and only if every locally finite family of
open sets in X is finite. To present results in a broad sense, we recall that a topological space X is
called feebly compact if every locally finite family of open sets in X is finite. Therefore, ‘feebly compact’ is
equivalent to “pseudocompact” for Tychonoff spaces. This result is improved on A. V. Arhangel’skif and E.
A. Reznichenko’s results.

Theorem 4.6. If a strongly paratopological gyrogroup G is a dense Gs-set in a regular feebly compact space X, then
G is a strongly topological gyrogroup.

Proof. Let the open neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup.
Assume the contrary. Then, by Lemma 4.2, there exists an open neighbourhood U of the neutral element
0 in U such that U N (eU) is nowhere dense. Let W be an open neighborhood of 0 such that We W C U.
Put O = W\ Un(eU). Then, clearly, O C W C O and 60 N U = 0. First, we fix a sequence {M,, : n € w} of
open sets in X such that G = (,_, M,,. We are going to define a sequence {U, : n € w} of open subsets of X
and a sequence {x, : n € w} of elements of G such that x,, € U, for each n € w. Put Uy = O, and pick a point
xo € Uy NG.

Assume now that, for some n € w, an open subset U, of X and a point x,, € U, N G are already defined.
Since 0 € W C O, we have x, € x, ® O = x,, ® O. Since U, is an open neighbourhood of x,, it follows that
U, Nx, ® O # 0. We take x,,41 to be any point of U, N x, & O. Note that x,,.1 € G, since x, ® O C G. Using
the regularity of X, we can find an open neighbourhood U,+1 of x,+1 in X such that the closure of U, is
contained in U, N M,,, and U,+1 N G C x,, ® O. The definition of the sets U, and points x,, for each n € w, is
complete. Note that Uu; U; whenever j < i. We also have x,,1 € x, ® O, for eachn € w. Put F = (,, Uu,.
Clearly, F € G, and F # 0 since X is feebly compact. The set F & W is an open neighbourhood of F in G.
Consider the closure P of F® W in X, and let H be the closure of X \ P in X. Then H is a regular closed subset
of X, so that H is feebly compact.

We claim that H N F = (. Indeed, assume the contrary, and fix x € HNF. Since F® W is an open
neighbourhood of F in G, from x € F it follows that there exists an open neighbourhood V of x in X such
that VN G C F® W. Then the density of G in X implies that V C P, while x € V N H implies that V \ P # 0,
which is a contradiction. Thus, HN F = 0.

Since H is feebly compact, our definition of F implies that Uy N H = 0, for some k € w (we use that
u; U; whenever j < 7). Then Uy C P. Since xx € Ux N G, it follows that xy € F&W. However,

FCUoNGCx1 ©O0 Cxjr1 ©W. Hence, x, e FOW C (1 ®W)O W = x40 @ (WO W) C 341 © U, by
the definition of U. Taking into account that x;.1 € x; ® O, we obtain thatxx € (@ O)d U = x, & (O ® U).
Hence, 0 € O® U and O N U # 0, which is again a contradiction. We prove that G is a strongly topological

gyrogroup. [

Naturally, Tychonoff spaces are mentioned in the following two corollaries of Theorem 4.6.
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Corollary 4.7. Every pseudocompact strongly paratopological gyrogroup is a strongly topological gyrogroup.
Corollary 4.8. Every Cech-complete strongly paratopological gyrogroup is a strongly topological gyrogroup.
Because countably compact spaces are feebly compact, Theorem 4.6 implies the following fact.

Corollary 4.9. Every regular countably compact strongly paratopological gyrogroup is a strongly topological gy-
rogroup.

In [26], the authors gave an explicit description of m - a for a gyrogroup G, an elementa € Gand m € Z
as following;:
0O-a=0m-a=a®(m—-1)-a)ym=1,m-a=(-m)-(ea),m<0,

a-0=0a-m=@-m-1))a®am=1,a-m=(6a)-(-m),m<0,

anda-m=m-aforall m e Z.
Theorem 4.10. ([26]) Let a be an element of a gyrogroup. Forallm,k € Z, (m -a) ® (k-a) = (m + k) - a.

Definition 4.11. A paratopological gyrogroup G is called topologically periodic if for each x € G and every
neighborhood U of the identity there exists an integer #n such thatn - x € U.

Theorem 4.12. Ifa strongly paratopological gyrogroup G is Hausdorff countably compact and topologically periodic,
then G is a strongly topological gyrogroup.

Proof. Let the neighborhood base U at 0 of G witness that G is a strongly paratopological gyrogroup, U € U
and {Vj|i € w} a family of neighborhoods of the identity 0 such that V; € U, Vy = U and Vi1 ® Vi C V; for
each i € . By lemma 2.24 we have ©(6V;,1) C V;

We show that F = N{eVj]i € w} C U. Letx € F, x € 6V, for each i € w. Then x € G(GTM) for eachi € w.
Choose n € w such thatn-x € V1, then (n — 1) - (6x) € (6(6Vi11))® - ® (©(6Vis1)) C Vi@ --- @ V; for each

n-1 n-1
i € w. Now choose iy € w such that V;, @ ---® V;, C Vq. Then (n — 1) - (©x) € V1. By Theorem 4.10 we can
| —

n-1
get (n-x)@ ((n—1)-(ex)) = ((-n) - (W) ® ((n = 1) - (&W)) = ((=n) + (n = 1)) - (Sx) = (-1) - (&%) = x. Then
x=m-x)@((n—-1)-(x)) € Vi®V; C U. Therefore F C U. Since G is a countably compact gyrogroup,
there exist iy, ..., i such that m{eV,-j| j=1,...,k} € U. Thus we have proved that the inverse operation © is
continuous at 0. Hence G is a strongly topological gyrogroup by Lemma 3.4. [
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