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Abstract. In this paper, a new class of convex functions namely refined (a,h — m) — p-convex functions
is introduced. By utilizing this new definition, several refinements of different kinds of convex functions
are derived. Further, Riemann-Liouville fractional integral operator is utilized to establish Hadamard-type

inequalities for this class of convex functions. Furthermore, their connection with already known fractional
Hadamard inequalities is established.

1. Introduction

Study of real analysis is nothing without a function. The properties of a function like continuity and
differentiability have increased its importance in the subjects of mathematical analysis, economics and
differential equations etc. A convex function defined a century ago has fascinating geometric and analytical
properties due to which it is studied frequently in the subjects of analysis and optimization. Its extended
form is the well known Jensen inequality which in particular generates several classical inequalities. In the
development of theory of mathematical inequalities its role is significant. Description of convex function
in different convenient forms motivates the researchers to extend its concept in new directions. Especially,
to extend, generalize and refine the classical inequalities for convex functions, it can be found in literature
that researchers have defined different new types of convex functions.

Nowadays, fractional integral inequalities are extensively studied by using various kinds of integral oper-
ators via different types of convex functions see, for example, [1,7,9, 11,13, 14, 16, 19, 27, 28, 31, 33, 34] and
references therein.

The aim of this paper is to study the refinements of well known Hadamard-type inequalities by intro-
ducing a new class of convex functions namely refined (&, h — m) — p-convex functions and applying with
Riemann-Liouville fractional integral operators. Next, we give preliminary definitions.

Definition 1.1. [24] A function A : [a,b] € R — R is called convex if for all u,v € [a,b] and t € [0, 1], we have
A(tu + (1 — H)v) < tA(u) + (1 — HA(v). 1)
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If the inequality (1) reverses, then A is called concave function.

Definition 1.2. [32] A function A : [0,b] — R is called m-convex if for all u,v € [0,b],t € [0,1] and m € [0, 1], we
have

A(tu +m(1 = )) < tA@w) + m(1 — HA®@). )

Definition 1.3. [18] A function A : [0,b] — R is called (o, m)-convex if for all u,v € [0,b], (a,m) € [0,1]* and
t € [0,1], we have

A(tu + m(1 = H) < *Au) + m(1 = 1)A(v). (3)

Definition 1.4. [9] Let h : | — R is a function with h # 0 and (0,1) C J. A function A is said to be (h — m)-convex,
if A,h > 0 and for each u,v € [0,b] € R, we have

A(tu +m(1 — H)v) < h(t)A(u) + mh(1 — t)A(v), 4)
where m € [0, 1] and t € (0,1).
Definition 1.5. [9] Let | C R be an interval containing (0,1) and let h : ] — R be a non-negative function, h # 0.
A function A : [0,b] — R is said to be (a, h — m)-convex, if A is non-negative and for all u,v € [0,b], (o, m) € [0,1]?,
t € (0,1) we have

A(tu + m(1 — Hv) < h(t*)A(w) + mh(1 — 1)A(v). (5)

Definition 1.6. [15] Let | € R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I € (0, 00) be an interval and p € R\ {0}. A function A : I — R is said to be (a, h — m) — p-convex, if

At + m(1 = HPP))7) < h(t*)A@) + mh(l - t)A(v), ©6)
holds provided (tu” + m(1 — t)v”))% €I fort €[0,1] and (o, m) € [0, 1]%
Fractional integrals are extensively used in the theory of inequalities. In this paper, we establish some
inequalities of Hadamard type using Riemann-Liouville fractional integrals with (a,h — m) — p-convex
function.
Now a days many fractional integrals of different kinds are being used to get new results related to the

inequalities. For references one can see [3, 4,7, 9, 10,17, 19, 21, 26, 28].

Definition 1.7. [12] Let A € L[a,b]. Then left-sided and right-sided Riemann-Liouville fractional integrals of a
function A of order 1) where R(n)) > 0 are defined as follows:

I A(x) = %’7) fx(x —-DTIA@dE, x> a, 7)

b
I Ax) = %n) f (t—x)TA(d,  x <b, ®)

I(n) = f 17 1etdt.
0

k-analogue of above definition is given as follows:

where
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Definition 1.8. [20] Let A € Li[a, b]. Then left-sided and right-sided Riemann-Liouville k-fractional integrals of a
function A of order n where R(n), k > 0 are defined as follows:

K A) = kT:(r]) f x(x —HiAMd, x>a, 9)
b
W A() = ﬁ(n) f (t—x)FIA()dt, x<b, (10)

where

00 fk
Ti(n) = f t1le T dt.
0

The Hadamard inequality has a strong connection with the convexity. It interprets the bounds of the integral
mean of the convex functions. Many researches took the motivation and established new inequalities using
this fact [25, 29, 30]. The well-known Hadamrd inequality is given as follows:

Let A be a convex function on [4, b] with a < b. Then the following inequality holds:

a+b 1 (7 Aa) + A(b)

In this article, a new class of convex functions namely refined (a, h—m)—p-convex functions is introduced.
By utilizing this new definition, several refinements of different kinds of convex functions are derived. Also,
we establish Hadamard-type inequalities for Riemann-Louville fractional integral operator using this new
class of convex functions along with refinements of some already known inequalities.
The rest of the paper is organized in the following manner. In Section 2, we introduce refined (a, h — m) — p-
convex function and prove some fractional integral inequalities of Hadamard-type for refined (&, h —m) — p-
convex functions via (7) and (8). Also, we have given refinements of few fractional versions of Hadamard
inequalities proved in [8, 23, 31]. In Section 3, k-fractional versions of Hadamard inequalities for refined
(a, h — m) — p-convex functions are given.

2. Main Results

We define a new class of convex functions and prove some inequalities for this type of functions using
Riemann-Liouville integral operators.

Definition 2.1. Let | C R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I (0, ) be an interval and p € R\ {0}. A function A : I — R is said to be refined (o, h — m) — p-convex function, if

At + m(1 = HoP))7) < (R — 19) (A() + mA®)), (11)

holds and (tu? + m(1 — t)v”))ll’ € Ifort € [0,1] and (a, m) € [0,1]%. Reverse of inequality (11) defines A as refined
(a, h — m) — p-concave function.

By comparing inequalities (6) and (11), one can find that if 0 < h(t) < 1, then (11) gives the refinement of
(a, h — m) — p-convex function in the form of following inequality:

At + m(1 = HoP)P) < h(t*)(1 — 1) (A(w) + mA(0)) (12)
< h(t)A(u) + mh(1 — t%)A(0).

Likewise, inequality (12) also gives the refinements of different classes of convex function defined in [1, 4—
6,9,15,18, 22,24, 32, 34].
Next, we discuss some special cases of Definition 2.1.
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Case 2.2. For h(t) =t in (11), we get definition for refined (o, m) — p-convex function stated as follows:

Definition 2.3. Let I C (0,00) be an interval and p € R\ {0}. A function A : I — R is said to be refined
(a0, m) — p-convex, if

At +m(1 = HoP)r) < t9(1 — 1) (A(u) + mA(v)) (13)

holds provided (tu” + m(1 — t)v”))% € Iforte[0,1] and (o, m) € [0,1]%.
Case 2.4. For a = 1in (11), we get definition of refined (h — m) — p-convex function stated as follows:

Definition 2.5. Let | C R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I € (0, 00) be an interval and p € R\ {0}. A function A : I — R is said to be refined (h — m) — p-convex, if

A((tu? + m(1 - t)vp))rl’) < h(Hh(1 = t) (A(u) + mA(v)), (14)
holds provided (tu” + m(1 — t)vp))% €l forte[0,1] and m € [0,1].

Case 2.6. For m =1in (11), we get the definition of refined (o, h) — p-convex function stated as follows:

Definition 2.7. Let ] C R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I (0, 00) be an interval and p € R\ {0}. A function A : I — R is said to be refined (a, h) — p-convex, if

At + (1 = HoP))7) < h(E)R( - 17) (A(u) + A(D)), (15)
holds provided (tu? + m(1 — t)o?))? € I for t € [0,1] and a € [0, 1].

Case 2.8. For o = 1 and h(t) = t° in (11), we get definition of refined (s, m) — p-convex function stated as follows:

Definition 2.9. Let | € R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I € (0, 00) be an interval and p € R\ {0}. A function A : I — R is said to be refined (s, m) — p-convex, if

A((tu? +m(1 - t)v”))tl’) <1 - ) (A®u) + mA@)), (16)
holds provided (tu” + m(1 — t)v”))% €lforte[0,1]and m € [0,1].

Case 2.10. For @ = 1 and h(t) = t7° in (11), we get definition of refined (s, m) — p—Godunova-Levin function stated
as follows:

Definition 2.11. Let | C R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I € (0, ) be an interval and p € R\ {0}. A function A : I — R is said to be refined (s, m) — p—Godunova-Levin
convex, if

1

A((tu? + m(1 = HoF))r) < FA—F)

(A(u) + mA(v)), (17)

holds provided (tu” + m(1 — t)v”))% €lforte[0,1]and m € [0,1].

Case 2.12. For p = —1in (11), we get definition of refined (o, h — m) — HA— convex function stated as follows:
Definition 2.13. Let | C R be an interval containing (0,1) and let h : | — R be a non-negative function. Let
I C (0, 00) be an interval and p € R\ {0}. A function A : I — R is said to be refined (o, h — m) — HA— convex, if

uv . 3
A(m) < h(ER(1 = £9) (Au) + mA()), -

holds.
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Remark 2.14. (i) Ifa =1, h(t) = t* and m = 1, p = 1 then Definition 2.1 reduces to the definition of s-tgs-convex
function stated in [2, Definition 3].

(i) Ifa =1, m = 1and h(t) = t=°, p = 1 then Definition 2.1 reduces to the definition of Godunova-Levin-Dragomir
tgs-convex function stated in [2, Definition 4].

(iii) Ifa =1, m = 1 and h(t) = t, p = 1 then Definition 2.1 reduces to the definition of tgs-convex function stated in
[31, Definition 2.1].

(iv)Ifa =1, m =1and h(t) = 1, p = 1 then Definition 2.1 reduces to the definition of p-function stated in [6].
(v)Ifa =1=m,and p = 1 then Definition 2.1 reduces to the definition of refined h—convex function stated in [23,
Definition 7].

Theorem 2.15. Let A : [a,mb] — R be a positive, refined (o, h — m) — p-convex function with 0 < a < mb and
A € Ly[a, mb]. Then, for (o, m) € (0,1]> and p € R — {0}, the following fractional integral inequality holds:

M) raen
W () ~ ot -t

2a

P
AGb)+m A (%)] (19)

1
= [A(”) +2mA®) + mZA(%)] f H(Eh(1 - )61 dt,
0
with n > 0.

Proof. The following inequality holds for refined (a, i — m) — p-convex function

A((M);] < h( ! )h(za _ 1)[A(u) + mA)]. 20)

20 20

. 1
Setting u = (ta” + m(1 - H)bP)r, v = (% 1-v+ b”t)” in (20), we get the following inequality

(5 et om0

+mA [(’%(1 - th);].

Using Definition (2.1) and integrating the resulting inequality over the interval [0, 1] after multiplying with
171, we get

ME=y) |
A=) .
) 20 - o

1 a? 1
+ mf A((—(l —H+ b”t)V)t”‘ldt
0 m

1
< [A(a) + 2mAb) + m2A (%)] f H(EYR(L — %) d,
0
Changing the variable, applying Definition 1.7 and multiplying by n, we get inequality (19). O

The extension of inequality (19) is given in the following result.
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Theorem 2.16. Under the assumptions of Theorem 2.15, further if h(t) < iz, then the following inequality holds:

2 [(ﬂ +zmw);] < h(zla);(z”)A((ap +zmbp);] 2

Z[K
o+ 1) i P n+lq a’
N W Iuw A(mb )+m I(mbf’)*A (E )]

1
<nA@ + 2mA®) + mZA(%)]fO BE(L — )6

< % [A(u) + 2mAD) + mPA (%)] .

. . L
Proof. It is given h(t) < v Therefore, we have

1
1
h(th(1 = )t < —
fo 2n

and

) )2 (=)

By using these inequalities along with (19), we obtain (22) as required. [

Remark 2.17. (i) Ifm=1,a=1,p =1h(t) =t in (19), then we get [31, Theorem 3.1].
()Ifn=1a=1p=1m=1, h(t) =tin (19), then we get [31, Theorem 2.1].

(i) Ifa =1, m=1,p =11in(19), then we get [23, Theorem §].
(iv)Ifa=1,m=1,p=1,1n=1in(19), then we get [23, Theorem 2].

(v) If p = 1in (19), then we get [8, Theorem 1].

(vi) If p = 1 in (22), then we get [8, Theorem 2].

Corollary 2.18. By using h(t) = t in (19), the following fractional integral inequality for refined (o, m) — p-convex
function is obtained.

22 o +mb? \? T(n+1) | . a?
-1/ [( 2 ) ]S Gy —aryila A0+ A (E)] @3)

o
T (n+a)n+20a)

[A(a) + 2mA(b) + mPA (%)] .

Remark 2.19. (i))If m = 1in (23), then the result for refined (o — p)-convex function can be obtained.
(ii)lfm =1,p = 1in (23), then the result for refined a-convex function can be obtained.

Corollary 2.20. By using a = 1 in (19), the following fractional integral inequality for refined (h — m) — p-convex
function is obtained.

hzz%)A[( ar+mb? )p) < Lo+ 1) [ A(mbP) +m77+1127mb1’)* A (f)] (24)

2 = (mbv — ar)n o m

< [A(a) +2mAD) + mzA(%)] f O — D
0
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Corollary 2.21. By using a = 1 in (22), the following fractional integral inequality for refined (h — m) — p-convex
function is obtained.

a? + mb? ’ 1 af + mbP b
ZA[( 5 ) )S hz(%)A [( 5 ) J (25)

T+ [ +177 a
< Gnbr —aryn L A(mb") +m" I(mb,,)_A (Z)]

1
<n [A(a) + 2mA(D) + mzA(%)]fo H(OR(1 — -1 dt

< % [A(a) + 2mAb) + mPA (%)] .

Remark 2.22. (i) If n,m = 1in (25), then we get [8, Corollary 3].
(i)) If n,m = 1,p = 1 in (25), then we get [23, Corollary 1].

Corollary 2.23. By using « = 1 and h(t) = ° in (19), the following fractional integral inequality for refined
(s, m) — p-convex function is obtained.

254 | (4 + mbP ’ In+1) 1, 10 a’
’ A[( ) ]S o L A R e 20)

<1 [A(a) +2mA®b) + mPA (%)] B(1 + 5,5+ 1).

Remark 2.24. (i) If p = 1 in (26), then [8, corollary 4] is obtained.
(ii) If m = 1 = p in (26), then the result for s-tgs convex function can be obtained.

Theorem 2.25. Under the assumption of Theorem 2.15, the following fractional integral inequality holds:

1 af + mb? z
w5 @)
21T (1 + 1)

< —[1” A@mbP) + m" " A (ﬁ]
(mbP —aP)1 [ (=) ()" \'m

< n[A(a)+2mA(b)+A(%)UO

withn > 0.

1

) e

1 1
Proof. Letu = (% + m(%)b”)”, v = (%(%) + H’TV)” in (20), we get the following inequality

) sl ) )

2a 2a

(%35 5] )
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Using Definition (2.1) and integrating the resulting inequality over [0, 1] after multiplying with -, we get
)
i (%) ()
R =
<frramser s ()] [ (S

Making change of variable and using Definition 1.7, we get inequality (27). O

(28)

The extension of inequality (27) is given in the following result.

Theorem 2.26. Along with the assumptions of Theorem 2.25, further if h(t*) < i then the following inequality

holds:
a? + mbP G 1 a’ + mb? ;
(25 Je ) =

2a
2T+ 1) [, a
S ——— A@mb”) +m™ I A(—)]
= by — i Lgiey APV E M g G

sn[A(a) +2mA®b) + mzA(%)] f 1 h(z—a)h(zaz;ata)t’l-ldt
0

< %[A(ﬂ) +2mA®b) + m2A(%)].

Proof. Itis given h(t) < == Therefore we have

1
a oa _ ja 1
h(—)h( )t”‘ldt <—
fo e )"\ " oa 2

s (=) ) ()

2a

and

By using these inequalities along with (27) we will get (29). O

Remark 2.27. Ifp = 1in (27), then we get [8, Theorem 3].
Ifp = 1in (29), then we get [8, Theorem 4].
Ifa=1,n=1m=1,h(t) =tin (27), then we get [31, Theorem 2.1].

Corollary 2.28. By using h(t) = t in (27), the following fractional integral inequality for refined (o, m) — p-convex
function is obtained.

2% @+ mbr 7
(2a—1)A[( 2 ) ] (30)

< 2T+ 1) [,

- (mbp _ up)n (aF’Jrzme’ )

< n2%(n +2a)— (n + a))
22%(n + a)(n + 2a)

1 a
AGE) + 17T g A (5 )

[A(a) +2mA®b) + mzA(%)] .
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Remark 2.29. If m = 1 in (30), then the result for refined (a — p)-convex function can be obtained.
If m = p =11in (30), then the result for refined a-convex function can be obtained.

Corollary 2.30. By using a = 1in (27), the following fractional integral inequality for refined (h — m) — p-convex
function is obtained.

1 a? + mb? 7
) "

2T+ 1) [, i
- 0 p gl ( )]
~ (mbP —ar)n (M)+A(mb ) +m (bl )-A P

2m

< r][A(a)+2mA(b) +m2A(%)U1h(%}z(%)t”‘ldt.
0

Remark 2.31. Ifp = 1in (31), then [8, corollary 8] can be obtained.
If m = p =11in(31), then the result for refined h-convex function can be obtained.

Corollary 2.32. By using a = 1 in (29), we get the following inequality

af + mbP ; 1 a? + mb? b
(=) = e ) <32>

2T +1) [, a
= (mbp — ap)n [ (Lt ye (mb’) +m (gt -\ gy

Sn[A(a) + 2mA) + mzA(%)] fl h (%)h(%)tnfldt
0

< %[A(a) + 2mA®) + mA (%)]

Corollary 2.33. By using « = 1 and h(t) = ° in (27), the following fractional integral inequality for refined
(s, m) — p-convex function is obtained.

1
a’ +mb’\\? _ 2T(n+1)f »
220 < 1 A(mb? n+1 0 A(—)]

(( 2 )) S by — apyil gy SO F T L A 33)

<21y [A(a) + 2mADb) + m?A (%)]IB (s+1n,1+5).

Remark 2.34. If m = 1in (33), then the result for s-tgs convex function can be obtained.

Remark 2.35. From the above theorems, one can also deduce inequalities for refined (h—m)—p, refined (o, h—m)—HA
convex function and refined (s, m)—p-Godunova-Levin function by adjusting parameters as in Definitions (2.7), (2.11),
(2.13).

3. k-fractional versions of Hadamard inequalities for refined (a, h — m) — p-convex function

This section presents the k-fractional versions of the results discussed in Section 2.
Theorem 3.1. Under the assumption of Theorem 2.15, the following k-fractional integral inequality holds:

A ((aerZme )%) .
k(n + k) [ %4. T If
n(z (%) ) (mbp — ar)* lkIZ“A(mbp)Jr ME - ( m )] 64
1
< g[A(a) +2mAD) + mZA(%)] f H(EYh(1 — )R,
0

with n,k > 0.
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Proof. Replacing 11by # and applying Definition (1.8), (19) gives inequality (34). [
Corollary 3.2. By setting h(t) = t in (34), the following k-fractional integral inequality holds:

1
22 A (( 111”+2mb” )?)
r k
< k(17 + k) [kl

n

2v-1)  (mb? — ap)¥

aP + mbP =

1 41 m “_p
A(mbP)+ mx* I A(m)]
kan 24 (8
< m [A(IZ) +2mA(b) + m A(ﬁ)] .
Corollary 3.3. Using a = 1, (34) gives the following k-fractional integral inequality for refined (h — m) — p-convex
function.

1
A ((%)p)
Ti(n+k ’ i
- (n )’TZ {(Igp+A(mbP)+ m%-nqu,hp*A (%)] (35)

m

(1) (mbr—ar)
< g [A(a) +2mA®D) + mzA(%)] fo HOn - B,

Corollary 3.4. Using a = 1 and h(t) = t°, (34) gives the following k-fractional integral inequality for refined
(s, m) — p-convex function.

1

P p\r T +k | p

25 (” o mb ) PRLLULLN FURpNE m%”lkl"bLA(a—)] (36)
2 (mbv —ar)iL ° =" \m

< % [A(a) +2mAD) + mzA(%)]]B(l +5,54 %)

Theorem 3.5. Under the assumption of Theorem 2.25, for k > 0, the following k-fractional integral inequality holds:

1 a"’+mb”%
h(z%)h(Z“-l)A[( ’ )) v

2

~ (mbv —ar)? (e R
1 o a _ .
< g[A(u)+2mA(b)+m2A(%)]fo h(;_a)h(z 2(¥t )t%"ldt,
with n > 0.

Proof. Replacing 1 by 7 and applying Definition (1.8), (27) gives inequality (37). O

Corollary 3.6. By setting h(t) = t in (37), the following k-fractional integral inequality for refined (ar, m) — p-convex
function is obtained.

1

22 a’ + mbP \?

& _1)A[( 5 ) ] (38)
1

2kT(n + k P
< L”)[kl(qap+mbp) A(mbp) + m%JrlI(qaermbp) A (%)]

(mbp _ IZV)E 2 + om )
n (2% (n +2ak)— (n + ak))

22¢ (n + ak) (n + 2ak) [A(a) + 2mA(b) + mZA(%)] '

Remark 3.7. For m =1, (38) gives the result for refined a — p-convex function.
Form =1 = p, (38) gives the result for refined a-convex function.
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Corollary 3.8. Using o = 1 in (37), the following k-fractional integral inequality for refined (h — m) — p-convex
function is obtained.

1 a’ + mb¥ ;
el

n
2xT k

SulLLIV
(mbp _ ap)? (IZ +2”1 >+

< g[A(a)+zmA(b)+m2A(%)Uolh(é)h(%)ﬂ—ldt.

Corollary 3.9. Using o = 1 and h(t) = t° in (37), the following k-fractional integral inequality for refined (s, m) — p-
convex function is obtained.

1 n
p p\P 2xT k P
ZZSA((a + mb )F) < k k(n + )[In A(mb”) + m%ﬂ[ﬂ A(a_):l (40)

- [} P P P P\
2 (mbv — ap)i L (22 (S \m

I P
AGnb) + m1 A(“_)]

PP\
(=) m

I
k
< n

< 2 T [A(a) +2mA®D) + mA (%)][B(s + g, 1+ s).

Remark 3.10. If m =1 = p in (40), then the result for k-fractional s-tgs convex function can be obtained.

Conclusion

In this article, we have established several Hadamard-type inequalities for refined (a, h — m) — p-convex
functions. The obtained results are the refinements of some Hadamard-type inequalities previously known
in the literature. The k-fractional versions of these inequalities are also obtained for refined (a, i — m)—p-
convex functions. The work can be extended and generalized for other classes of convex functions for
example, strongly refined («, i — m) — p-convex function, refined convex functions via strictly monotone
functions etc. Also the work can be generalized for other fractional integral operators for example general-
ized Riemann-Liouville fractional integrals, unified integral operators etc.
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