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Abstract. In this study, we introduce a new concept of O-parametric metric space as a generalization of
metric and parametric metric space. We also prove some fixed point theorems for self-mappings defined
in the context of such spaces. The utility of our findings is further demonstrated by some examples and

some illustrated remarks. The findings presented extend and generalise several existing findings in the
literature.

1. Introduction and Preliminaries

Fixed point theory is one of the increasingly prominent fields of nonlinear functional analysis research.
It has various applications in a variety of disciplines, including computer sciences (see e.g. [1, 2, 22, 23, 25]),
economics, and game theory, among many others. In the setting of numerous abstract metric spaces, the
revolutionary Banach contraction principle has been developed, generalized, and refined, and it constitutes
an important step in the theoretical progression of metric fixed point theory. (see [5-9, 12-21, 24, 26].

In 2014, Hussain et al. [11] established various fixed point results and defined the idea of parametric
metric as an intuitive generalization of metric.

Definition 1.1. [11] Let X be a nonempty set and let P : X X X X (0, +00) — [0, +00) be a mapping. We say that P
is a parametric metric on X if

(i): P(x,y,3) =0forall 3 > 0ifand only if x = y forall x,y € X,
(ii): P(x,y,3) =Py, x,3) forall I >0,
(ii)): P(x,y,3) < P(x,z, )+ P(z,y,3) forall x,y € Xand all I > 0.

and one says the pair (X, P) is a parametric space.
Example 1.2. [11] Let X denote the set of all functions f : (0, +00) — R. Define P : X x X X (0, +o0) — [0, +00) by

P(f,9,9) = 1f(3) ~ g
forall f,g € Xandall 3 > 0. Then (X, P) is a parametric metric space.
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In order to provide a characterisation of well-known fixed point theorems as the Banach and Caristi
types, Khojasteh et al. [10] developed a novel generalization of metric spaces known as 0-metric spaces in
2013, by altering out the triangular inequality with a broader inequality based on the notion of B-actions.

Definition 1.3. [10] Let O : [0, +00) X [0, +00) — [0, +00) be a continuous mapping with respect to both variables.
Let Im(0) ={6(C,9) : C > 0,9 > 0}. The mapping O is called an B-action if and only the following hold :

(B1) 0(0,0) = 0and O(C,9) = O(3, ) forall {, 9 > 0,

(B2)

either C<u,d<0v
or C<u,d<u,

6(C,9) < B(u,v) = {
(B3) for each r € Im(0) and for each C € [0, r], there exists 9 € [0, r] such that 6(9,C) =,
(B4) 6(C,0) < CforallC>0.
The set of all B-actions is denoted by Y.

Example 1.4. [10] The following functions are examples of B-action :

61(C,9) =9+ C+9¢,
02(C,9) = sz,
05(C, 9) = k(S + C+ 3C) where k € (0,1],

04(C,9) = 9% +

Definition 1.5. [10] A mapping Eg : X X X — [0, +00) is called a O-metric on a nonempty set X with respect to
B-action O € Y if dg satisfies the following:

L=

(1) Eolx,y)=0ifandonlyifx =y forallx,y € X,
2) &o(x,y) =Eo(y,x)forallx,y € X,
B) Eo(x,y) < O0(Eo(x,2),E0(z,y) forall x,y,z € X.

The pair (X, Eg) is called a O-metric space.
It is proved in [10] that, in a O-metric space (X, Eg) every open ball is an open set and each O-metric dg on X generates
a Hausdorff first countable topology te, on X where the set {Bg,(x, 1) : n € N} is a local base at x.

2. O-parametric metric space

First, we introduce the concept of O-parametric metric space and study some of its properties needed in
the following section.

Definition 2.1. Let X be a non-empty set. A mapping Dy : X X X X (0, +00) — [0, +00) is called O-parametric
metric space on X if

(Dol) Do(x,y,3)=0forall 3 > 0ifand only if x = y forall x,y € X,
(Do2) Do(x,y,3) = Do(y,x,I) forall I >0,
(De3) Do(x,y,T) < 0(Do(x,z,3), Do(z,y,I)) forall x,y € Xand all I > 0.

Then the pair (X, Dp) is called a O-parametric metric space.

Remark 2.2. We mention that every parametric metric space is effectively a O-parametric metric space with 6(u,v) =
u + v, But the converse is not true. We provide the following example to support this claim.
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Example 2.3. Let X = {x,y,z}. Define 0 : [0, +o0) X [0, +00) — [0, +00) and Dy : X X X X (0, +00) — [0, +00) as
O(u,v) = u+v+ Vuv
Do(x,x,3) = Doy, y, ) = Do(z,2,3) =0,

1 3 4 2
D@(xry' S) = g ’ DQ(X,Z, S‘) = g ’ D@(Z, yls) = +S\/_

Do(x,y,3)=Do(y,x,3) , Dolx,z,3)=De(z,x,3) , Dolz,y,3)=Dely,z J) .
The pair (X, Dg) is O-parametric metric space.

Note that, Dy(x, y, I)+Do(x,z, I) < Do(z, y, J), thus condition (iii) fails and Dy does not define a parametric
metric.

Remark 2.4. Every O-parametric metric space (X, Dg) with respect to O(u,v) = k(u + v), k € (0, 1], is a parametric
metric space.

The converse, howevet, is false in general, for O(u,v) = k(u + v), k € (0, 1), there exits parametric metric space (X, D)
which is not O-parametric metric space. To see this, let X = {1,2,3} and D : X X X X (0, +00) — [0, +00) defined by

D1,1,3)=D2,2,3)=D3,3,3)=0

,9),D(1,3,3)), that is, D

D(1,2,9) =33, DA,3,3) =35, D2,3,5) =63, k=

It is easy to see that D is a parametric metric space. Note that D(2,3,3) > 6(D(2,
is not a O-parametric metric space.

—_ Q=

Definition 2.5. Let (X, Dg) be a O-parametric metric space. The open ball By, (x, r) with center x € X and r €Im(0)
is defined as follows :
Bo,(x, 1) ={y € X : Do(x,y,3) <t} forall I >0

Definition 2.6. Let (X, Dg) be a O-parametric metric space. A sequence {x,} in X is said to be convergent to
x € X, if for every i > O there exists ng € N such that Dg(x,,x,TI) < T for all n > ny and all 3 > 0. that is,
1imn~>+oo D@(xn/ X, S) =0.

Definition 2.7. Let (X, Dg) be O-parametric metric space and let {x,} be a sequence in X :

(1) A sequence {x,} is called a Cauchy sequence if, limy, y—+00 Do (X, Xm, I) = 0 for all t > 0.
(2) A O-parametric metric space (X, Dg) is said to be complete if every Cauchy sequence {x,} in X converges to
xeX.

Proposition 2.8. Let (X, Dg) be a O-parametric metric space, If the sequence {xi} in X converges to a point x. Then
X is unique.

Proof. Suppose that {x;} converges to x and y. Then, there exists A > 0 such that Dg(x,x,J) <  and

Dy(xk,y,J) < 1 foreachk € N, all I > 0.
By the third condition of 8-parametric metric, we have

11
0< De(x/ Y, S) < 6(Z)Q(Xk/ X, S;)/ .Z)Q(Xk, Yy, 5)) < Q(EI E)

Taking limit as k — +co in the above inequality and using the continuity of 6 with respect to each variable,
we have that 6(3, 1) — 0 and so Dy(x,y, I) = 0, which implies that x = y. [
Lemma 2.9. Let (X, Dg) be a O-parametric metric space, then the function Dg is continuous in its two arguments.
In other words, if there exist sequences {xi} and {yi} such that limy_,,c xx = x and limy_, o yx = y, Then

klim Do(xk, Yi, 3) = Do(x, y, T) forall 3 > 0.

—+00

Definition 2.10. Let (X, Dg) be a O-parametric metric space and let G : X — X be a self-mapping. G is said to be
a continuous mapping at x € X, if for any sequence {x,} in X such that x, — x as n — +00, Gx, — Gx asn — +oo.
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3. Some Fixed Point Results

In this section, we initiate several fixed point results in the setting of O-parametric metric space. First,
we establish the Banach contraction principle in such settings.

Theorem 3.1. Let (X, Do) be a complete O-parametric metric space and G : X — X a mapping that satisfies
D@(gx/gy/ S) S7(-De(xry/ S‘)/ (1)
forall x,y € X, with K € [0,1). Then G has a unique fixed point u € X.

Proof. Let xg € X be arbitrary and define an iterative sequence {x,} in X by letting x,,1 = Gx, for all
n > 0. Trivially, we note that whenever there exists an index m such that x,, = x,,41, then the equalities
Xm = Xm+1 = GXn leads to the occurrence that x,, is a fixed point of G. Therefore, to continue our proof we
assume That x,,,1 # x,, foralln € N.
We will show that lim,,_, ;00 Dg(x11, x4, I) = 0.

It follows from (1) that

Do(Xn+1, Xn, S) = Do(Gxn, GXn-1, S)
< WDG(xn/ Xn—-1, i‘:‘)

foralln € N and all 3 > 0. Therefore

z)9(-7571-%—1/ Xn, S) < (](-Z)é’(xn/ Xn-1, S)
< sz)e(xn—lr Xn-2, 8)

<K"Dg(x1,%9,3) — 0 as (n —> +o0).
Hence,
Do(xps1, %0, 3) — 0 as (n — +o0). @)

Now, we will show that the sequence {x,} is bounded. By contradiction, assume that the sequence {x,} is
unbounded. That is, there exists subsequence {n(i)} with n(1) = 1 and for all i € N, n(i + 1) is the lowest
index for which

Do(Xn(is1), XnGiy, I) > 1, 3)
is not fulfilled, and

Do(Xm(py, Xn(y, I) < 1, (4)
is satisfied for all m € {n(i), n(i) + 1,...,n(i + 1) — 1}. Now, Using the triangular inequality, we obtain

1 < Do(Xn(is1), Xngiy, I)

< (Do (Xnii+1), Xn(i+1)-1, 3), Do(Xn(is1)-1, Xn;, T))
< O(Do(Xn(i+1y, Xn(ix1)-1, 3), 1).
Taking the limit as i — +oco and using (82), we get lim;_, 10 Do(Xy(i+1), Xn(i), I) = 17. And, also
1 < Do (xn(is1), Xngiy, I)
< Do(Xn(is1)-1, Xn(i)-1, I)
< (Do (Xn(i+1), Xn(iyy I), Do(Xniy, Xniiy-1, I))
< 01, Do (xniiy, Xn(iy-1, 3))-
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Consequently, lim;_, 100 Do(Xn(i+1)-1, Xn(i)-1, I) = 17. Taking into account that D (X (i+1), Xn(i), I) < KDo(Xu(i+1)-1, Xni-1, I),
we arrive to the contradiction 1 < K1. Hence, the sequence {x,} is bounded. Next, wi will show that {x,} is
a Cauchy sequence. Let n,/ € N with [ > n, we have

D@(xl/ Xn, S) < 7<‘Z)Q(QXI—l/gxnfl/ S)
< (](De(gxl—ZI gxn—er)

< K"Do(GX1-n, GX0, T).

As {x,} is bounded, then lim,, j_,+co Do(x;, x,, I) = 0, which means that {x,} is a Cauchy sequence. Therefore,
there exists x € X such that x, — x, we have

D@(xn+lrgxnr 8) < 7(-De(xl’lrxr 8) — 0 as (7’1 — +OO),

Thus, x,;1 > Gxand Gx =x. O

Now, we prove Boyd-Wang type theorem in the frame of O-parametric metric space. First denote by W
the set of all functions 1 : [0, +00) — [0, +00) with the following properties

(Y1) : ¢ is upper semi-continuous from the right i.e. for all sequence {J,} in [0, +o0) such that I, — t as
n — +co, we have lim,_, ;o sup Y(J,) < P(J);
¥2): ¥(J) < I foreach J > 0.

Theorem 3.2. Let (X, Dg) be a complete O-parametric metric space and G : X — X a mapping that satisfies

Do(Gx, Gy, 3) < P(Do(x,y, ) )

where 3 > 0 and ¢ € V. Assume that there exists an element x € X such that Do(x, Gx, 3) < co. Then G has a
unique fixed point u € X. Moreover, for each x € X, lim,, 1.0 G"x = u.

Proof. Define the sequence 6,(J) = Do(G"x, G"'x, J) for an element x € X. We shall prove that 6,(J3) — 0
asn — 0. We have,
64(3) = Do(G"x, G""'x, B) = Do(GG"'x, GG"'x, )

< w(ﬂﬂ(gn_lxr gnx’ sj))

< Dy(G"x,G"x, T) = 6,_1(9).
That is, {Dy(G"x, G"'x, J)} is a decreasing sequence of nonnegative reals. Therefore, there exist n(J) > 0
such that lim,—+0 Dg(G"x, G 'x, J) = n(t) for all I > 0. we show that (J) = 0 for all I > 0. Indeed,
we assume that there exists 3y > 0 such that n(Jo) > 0. Using 6,(J) < ¢(6,-1(J)) together with the upper
semicontinuity from the right of ¢, and letting n — +o0, we obtain

N(80) < lim sup (64-1(30))
< P((30))-

This contradicts the assumption (i)2) on ¢. Hence, we obtain

lim Dy(G"x,G"x,J) =0forall J > 0. (6)

n—+oo
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Now, we shall prove that {G"x} is a Cauchy sequence. Reasoning by contradiction, we assume that {G"x} is
not Cauchy sequence. Then there exist /i > 0, 3y > 0 and for each n € IN there is m = m(n) > n such that

Z)e(gnx’gmx’ i30) = h. (7)
Where m(n) is chosen as the smallest integer such that (7) is satisfied, which means
Do(G"x,G"'x,Bg) < . 8)

On account of (7), (8) and the triangular inequality, we derive that
I < De(G"x,G"x, Jo)
< 0(De(G"x, G"'x, 30), Do(G" "%, G"x, B))
< 0(h, De(G" ' x, G"x, Dy)).
Taking the limit as m — +o0 in the previous inequality and applying (6) and (84) , we get
h< lim De(G"x,G"x, o) < 6(,0) < h.

m—+co
Consequently,
lim Dy(G"x, G"x, Jo) = I ©)
Again, by using the triangular inequality and (5), we also derive that
h < Do(G"x,G"x, 30)
< 0(Go(G"x, G"'x, B0), Do(G"'x, G"x, T))
< 0(Do(G"x,G" %, To), 0(Do(G"'x, G"*'x, Bo), Do(G" ' x, G™x, I))
< 0(De(G"x,G""'x, 30), 0Y(00(G"x, G"x, 0)), Do(G"* ' 1,6 mx, I))).

Then, letting n — 400, and using (6) and ($4), we derive that
< 6(0,6( im_sup y(Do(G"x,G"x, I0)),0)
< 0( lim sup Y(De(G"x,G"x, 30)),0) (10)
< lim sup Y(Dp(G"x, G"x, 30)).
As 1) is continuous, we get
h< Tim $(De(G"x,G"x, 30) < Y. ()
A contradiction with the assumption (y2). Hence, {G"x} is Cauchy sequence. Owing to the fact that (X, Dy)
is a complete, there exists u € X such that

lim G"x = u. (12)

n—+oo

Since G is continuous, we derive that

Gu=g(lim G"x) = lim GG"x= lim G lx=u

n—+00

That is, G has a fixed point.
Now we show that u is a unique fixed point of G. The proof of this claim is obtained by contradiction,
let v be another fixed point of G. Hence,

Do(u,v,3) = Dy(Gu, Gv, I) < P(Do(u, v, J)) < Dg(u,v, ).

Which is a contradiction. Thus, u =v. O
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Theorem 3.3. Let (X, Dyg) be a complete O-parametric metric space and let G : X — X be a continuous self-mapping
satisfying

Do(Gx, Gy, t) < alo(x,y, T) (13)
where

Do(x, Gx, Doy, Gy, 3
Ae(x/ Y, S) = maX{De(xr Y, 3)/ D@(x/ gxr 3)/ DS(}// Q]/r 8)/ Q(x ng;Q(JZ yegy) gy )}

forallx,y € X, x # yand all 3 > 0, with a € [0, 1[. Then G has a unique fixed point.

Proof. Let xg € X be arbitrary and define an iterative sequence {x,} in X by letting x,,1 = Gx, for all
n > 0. Trivially, we note that whenever there exists an index m such that x,, = x,,41, then the equalities

Xm = Xm+1 = GXn leads to the occurrence that x,, is a fixed point of G. Therefore, to continue our proof we
assume That x,,,1 # x,, foralln € N.

We will show that limy,_, 400 Dg(x41, %, I) =0
It follows from (13) that
D@(xn+lr Xn, S) = D@(gxnrgxnflr g)
< CYAQ(XH, Xn-1, S)

Where

No(xn, Xn-1, 3) = (Do (xn, Xn-1,1), Do (xn, Gxn, ), Do(xn-1, GXn-1, J),
Do (xn, Gxn, 3)Do(xn-1, Gxn-1,3) \
Do(xn, Xu-1,3)
= max{Do(x,, Xn_1, S)/ Do(Xn, Xns1, S), Do(xp-1, Xn, S)/
Do(xn, Xn41, 3)Do(xXn-1, X, J) |
Do(xn, Xn-1,J)
= max{Dg(xy, Xn-1, T), Do(xn, Xns1, I)}.

Thus, we get two cases :

maX{DQ(xn/ Xn-1, S)r De(xn/ Xn+1s S)} = De(xn/ Xn+1s 8)/
or

max{@@(xnr Xn-1, 5)/ DG(xnl Xn+1, S)} = DG(xnl Xn-1, t)‘

Now if max{Dg(xp, Xn-1, ), Do(xXn, Xn+1, 3)} = Do(xn, Xn41, J), the consequence of the above inequality, also
rewritable as

Do(xn+1,%n, I) < aDo(xy, Xn+1, I) < Do(xn, Xu+1, J).
This leads to a contradiction. Hence

Do(xn+1,%n, I) < aDo(xn, Xp-1, J),
foralln € N and all J > 0. Therefore

Do(xn+1,Xn, I) < aDo(xn, Xp-1, J)

S 0(21)6(3511—1/ xn—ZI ﬁ)

(14)

< a"Dg(x1,x0,3) — 0 as (n — +oo).
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Thus we have
Do(xn+1,%1, I) — 0 as (n — +oo). (15)

Now, we claim that {x,} is a Cauchy sequence. Reasoning by contradiction, we assume that is not a
Cauchy sequence. Then there exists Iy > 0 and 7 > 0 and two subsequences {x,,} and {x,,} such that n; is
the smallest index for which

n>m;>i and  Do(xy,, xn, Io) = H (16)
and
Do(Xm;, Xn—1,Jo) <Th (17)

Now, Using (14) and the triangular inequality, we derive that

h< Dg(xmir Xnir 30)
< Q(De(xmu X1, f:‘0)/ De(xni—lf Xnis SO))
< Q(G(DG(Xm,-/ Xmi—1, 50)/ D@(xmi—lr Xni-1, sO))/ De(x”z‘—lf Xinis SO))

Taking the limit as i — +o0 and then using (13) and ($4), we get

i < lim Dg(xXm-1, Xn-1, Jo). (18)

1—+00

We also have

Do(Xm-1, Xn,-1, T0) < O(Do(Xm;—1, Xm;, F0), Do(Xm;, Xn—1, Jo))
< G(De(xmi—ll Xm; s S;0)/ h)

Taking the limit as i — +o0 on both sides of the above inequality and then using (13) and ($4), we get
lim D@(Xmi_l, xni_l, 80) < h (19)

i—+00
Therefore, from (16) and (17), we deduce
lim D@(xmi—lr Xni—1, fjO) =h (20)

i—+00

Applying the condition (9), we obtain

D@(xm,‘/xni/ Sj0) = D@(gxm,—ll gxn,‘—l/ 50)
< (XAQ(xm,-—l, Xni—1, 5‘0) (21)

Where

No(Xm—1, Xn-1, B0) = max{Dg (X, -1, Xn,-1, J0), Do(Xm-1, GXm—1, Do),
Do (xXn-1, GXni-1, Jo),
DG(xnzj—lr gxm,-—l; S;0)-2)6(3‘711,'—1r gxn,‘—lr SO)
Do(Xm—1, Xn—1, Jo)
= max{Dg(Xm;,-1, Xn-1, T0), Do (Xim,-1, Xm;, Jo),
Do (xXn-1, Xn;, J0),
Do(Xmi-1, Xm;r 30)Do(Xn-1, X, o)
Do (Xm;-1, Xn-1, o)

}
(22)

}
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Letting i — 400 and applying (13) and (18), we obtain

im Ag(xXm-1,Xn,-1, J0) =1 (23)

i—+00

Now, taking limit as i — +o0 in (19), using (14)and (21), we obtain

h < lim Dg(xp,, X, Jo) < ahi < k.

i—+00

Which is a contradiction. Thus {x,} is a Cauchy sequence.
Since (X, Dp) is a complete O-parametric metric space, there exists u € X such that x, — v asn — +oo. By
the continuity of G, we have
u= lim x,41 = ,11131 Gx, = Gu
1—+00

1>+

So we can conclude that u is a fixed point of G. Finally, we prove by contradiction the uniqueness of the
fixed of G. Suppose that G has another fixed point z # u. It follows from (9) that

De(u,z,3) = Do(Gu, Gz, J)
< alg(u,z, J)

Where

Ao(u,z,8) = max{Dg(u,z,J), De(u, Gu, ), Do(z, Gz, J),
Do(u, Gu, 3)Dy(z, Gz, )
Do(u,z,3) }
= max{Dy(u,z,3),0,0,0}
= Do(u,z, J).

Which implies that
Do(u,z,3) < aDo(u,z,3) < Do(u,z,3), (24)
having in this way a contradiction, completing therefore the proof. [

Corollary 3.4. Let (X, Dg) be a complete O-parametric metric space and let G : X — X be a continuous a mapping
such that satisfies the following :

DH(gxl gy/ S) < AmaX{DQ(x/ gx/ S)/ PQ(y/ Q]// 3)} (25)

foreach x,y € X and all 3 > 0, where A € [0, 1[. Then G has a unique fixed point.

Application

As an application, we will prove that a continuous mapping G : X — X in a complete O-parametric
metric space (X, Dyp) and satisfying the following inequality

D9(-%/ gx/ 5)96(3// gyr S)

Do(Gx, Gy, 1) <1 Do(x,y, J)

+0Do(x,y,T) (26)

forallx,y € X with x # yand all 3 > 0, where 1,0 > 0, with n + 6 < 1. Then G has a unique fixed point.
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Proof. Applying (26), forall x, y € X with x # y, I > 0, we get that

De(xrgxr 5)@9(%g% 5)
D@(xr }// i;)
Do(x,Gx, 3)Do(y, Gy, I)

Z)@(x,y, S) rDQ(x/y/ S)}
< (n+0) max{Dy(x, y, I), Do(x,Gx, 3), De(y, Gy, J),

DQ(X, gx/ S)De(y/ gy/ S)}
Do(x,y,T) '

Do(Gx, Gy, J) <1 +0Dp(x,y, )

< (n + 0) max{

Thus, all conditions of Theorem 3.3 are satisfied and G has unique fixed point. [

Conclusion

In this study, we introduced a new metric space, namely the concept of O-parametric metric space as a
generalization of metric and parametric metric spaces. Then, we investigated the existence and uniqueness
of fixed point for various contraction principles. Since a O-parametric metric space is a parametric space
when 6(u,v) = u + v, our results can be considered as generalization of several comparable results. The
approach we propose may pave the way for new developments in generalized metrical structures and
fixed point theory. The results obtained can be further used to investigate coincidence, common, and
relation-theoretic fixed point results.
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