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Fractional approximation by Bernstein operators
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Abstract. We estimate the fractal approximation rate for approximation by Bernstein operators by using
the Ditzian-Totik type modulus of continuity. Our results improve the previous theorem of Anastassiou. In

the proof, the equivalence between the K-functional and the Ditzian-Totik type modulus, and the absolute
moment estimates with fractal order play important roles.

1. Introduction

The non-integer order calculus, usually known as the fractional calculus, is a classical and important
subject of Analysis. The fractional calculus has been applied in some fields of physics, chemistry, bio-
chemistry and many other disciplines. The literatures [5] and [14] are good references on the theory of
the fractional calculus. As we know, there are many different types of definitions of fractional derivatives.
Recently, Sales Teodoro Tenreiro Machado and de Oliveira give an interesting review of definitions of frac-

tional derivatives ([17]). Here, we recall the definition of the left Caputo fractional derivative and the right
Caputo fractional derivative.

Definition 1.1. Let v > 0, n = [v] ([-] is the ceiling of the number), f € AC" ([a, b]) (space of functions f with

=Y e AC([a,b]), absolutely continuous functions). We define the left Caputo fractional derivative of f as the
function

1 * n—v-1 ¢(n
DL, f (x) Izmj; (=" D) dt, xelab],

where T is the gamma function T (v) = fooo e~ dt,v > 0.
Note that DY, f € Ly ([a, b]) and D, f exists a.e on [a, ] .
We set D%, f (x) = f (x) for any x € [a, b].

Definition 1.2. Let f € AC™([a,b]), m = [a],a > 0. The right Caputo fractional derivative of order « is given by

D¢ f(x):= r(m a)f(t X)L £ (1) dt, x € [a,b].
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We set Dg_f(x) = f (x). Note that Dy f € Ly ([a,b]) and Dy_f exists a.e on [a, b].

In approximation theory, the results involving fractional derivatives are very rare. Some early results
mainly focused on the best approximation of functions by algebraic and trigonometric polynomials (see
[8], [15]). Anastassiou ([1]-[3]) and Pdltinea ([16]) investigated the fractal approximation by linear positive
operators including the well known Bernstein operators and some neural network operators.

For any f (x) € Cjo,1}, the Bernstein operator is defined by

B, (f,x) = if(%)i?m‘ (),

where py; (x) := ('})xi (1-x"",i=0,1,---,n. It is well known that B, (f,x) converges to f uniformly and
preserves the monotonicity and convexity of the approximated function. Bernstein operators have been
used in many branches of mathematics and computer science. The approximation properties of Bernstein
operators have been studied very extensively (see [6],[7],[10]-[13], [18], [19] for reference).

Anastassiou obtained the following approximation rate estimates for the fractal approximation by
Bernstein operators ([Corollary 36, 2]):

Theorem 1.3. Let 0 <a <1, r>0, f € ACjo1}, f* € Loo([0, 11). Then

1

_ 1 1 o - a+1l . m)
IB() = flle < oy (1+ (a”)r)[xse%g]wl (P f 1B - =" 10,0, DI .

1

Xl1Bu(l - =1 xp01(), OIET + sup @y (Df‘x Bl - =217 g ), x>||g?)
x€[0,1] [x1]

X|IBa(l- =" xpe (), 0IET],

where || flle is the usual uniform norm on [0, 1] and w(f, t)j4p) is the modulus of continuity of f on [a, b].

For convenience, we write || f|| to replace ||f]|. By using the moments estimate

1
_ 372 I
Ballt =%, < s,

Anastassiou ([Discussion 39,2]) showed that, for f € C'[0, 1], there are some x1, x, € [0,1] such that

||Bn(f>—fllSC(‘“(D%l-f’ﬁ)[ ]m(Dé’”f’ﬁ)[ ])'
01 0,1

Anastassiou ([2]) also pointed out that the above estimate is essentially better than the usual approximation
rate estimate.

Write g(x) = /x(1 —x), 6,(x) := p(x) + ‘/iﬁ For any continuous function f, the so called Ditzian-Totik
type modulus of continuity of f is defined by

A5 o5

where A € [0, 1] is a given number.

Our purpose in this paper is to improve Theorem 1 by using the Ditzian-Totik type modulus of continuity.
In fact, we have the following pointwise approximation rate estimate described by using the Ditzian-Totik
type modulus.

wpr(f,t) ;== sup  sup

A
O<h5txi hg Z(X)E[O,l]

7
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Theorem 1.4. Let f € AC™([0,1]), f € Lo([0,1]), m =[a],a>0,a ¢ N.
(). If0<a<1, 0< AL, then

61—}\ 51 A

B, - 0] < C. ((’fr)) (o0 (227 222 o 2, 222 . 0

(ii)Ifl<a<2, 0<AL1, then
a-1 _ _
IB.(f, %) - f)| < C. q”\j’ﬁ) (5?) ( o (Dg_ f, 5,11\;£x))+%/‘ (D‘j‘x ,‘iajfx))). 2)
n n n
(iii) Ifa > 2, 0 < A <1, then
(k) )
Bulf,x) - f(x >—Zf O Bt - 21, )
, a-1 Si-A S1-A
O o e s )

Corollary 1.5. Let f € AC™([0,1]), f™ € Loo([0,1]), m =[a],a > 2,a ¢ N. Then

|f(k)(x)|(px) On(x)
B.(f, 0 - )] < Z 2 \/ﬁ)

) (6,0) . 63:\(@) ( . wx)))
+Ca \/ﬁ ( \/ﬁ ) (a)(p/\ (Dxfl \/ﬁ +CL)(P,\ D*x , \/ﬁ .

2. Some Auxiliary Lemmas

The following Lemma 1-4 are established in [2].
Lemma 2.1. Letv>0,v¢ N,n=[v], f € C"!([a,b]) and f(”) € Lo ([a,b]). Then DL, f (a) = 0.
Lemma 2.2. Let f € C""'([a,b]), f™ € Lo ([a,b]) . Then D _f (b) =

Lemma 2.3. Let f € C"' ([a,b]), f™ € Lo ([a,b]), m = [a],a > 0, and

D f(x) = f (= " FO (1)

forall x,xq € [a,b];x 2 x0.Then D%, f (x) is continuous in xy.

*X0

Lemma 2.4. Let f € C" ' ([a,b]), f™ € Lo ([a,b]), m = [a],a > 0, and

f( X) = ( 1) a) f x)m—a—l f(m) (t) dt

forall x,xo € [a,b];x < x0.Then D _ f (x) is continuous in xo.

The following absolute moment estimates of Bernstein operators with fractal order play important roles
in our proof of Theorem 2.
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Lemma 2.5. Let § > 0. Then,

Sl k[ o)\’
kZ:O‘ x- Puk(x) < (W) (4)
n ,5+1 ﬁ
Yle-af pu <o S2) 2 ®)
k=0
for0<p<1,and
|k P00 (5,02
2 o2 (42 ©
forp>1.

Proof. When 0 < <1, by Holder’s inequality, we have
2$
2

n k B n k 2 g n
;]‘ x—;‘ puk(x) < kZ:;‘ x-— - pnk(X)] [;Pnk(x)
Vi)

which proves (4).
By Holder’s inequality again,

2-p

n k p+1 % n 2%/; =
Y-l o < Zx—— x= = pul®)
k=0 k=0 k=0
2-
<P(x))’g [ - = ] ’
— x——|  pul(x)
)12
By using the inequality (3.8) in [7], we have
S k) ()"
Zx—; pnk(x)scy(\/ﬁ) ()

k=0

for all y > 0, we have (4).
Similarly, when § > 1, we have by Holder’s inequality and (7) that

n k B 2 n 2(p-1) 2
;]‘ xX—= ;‘ pu(x) < [kz;‘ X - —’ Pnk(x)] (;‘ X=- Pnk(x)]
(P(x)( - Lk 2D }z
- - - Pn (X)
Vi kZ ‘
@ (Sn(X) (ﬁ_l)
< oo (tm)

which proves (6). O

Obviously, our estimates on the absolute moments of Bernstein operators in Lemma 5 is better than the
well known estimates in (7). We believe that Lemma 5 has its own great value, which may play important
roles in approximation by Bernstein operators.
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3. Proofs of the Results

3.1. Proof of Theorem 2

Proof of (i). Under the assumptions of theorem, by Lemma 1-4, both D%_f and D¢, f are continuous on
[0,1], and D%_f(x) = DS, f(x) = 0. From [5], we have by the left Caputo fractlonal Taylor formula that

®)(x
flx )_Zf (0)( - 0)k+—f(x—t“1D“ f(t)dt (®)

forall xg <x <1.
Also from [1], using the right Caputo fractional Taylor formula, we have

m=1 r(k)
f()—Zf oot + s [ e-0Dg, o ©)

for all 0 < x < xp. Therefore, with m = 1 in the case when 0 < a < 1, by (8) and (9), we deduce that

|Bn(fr x) - f(x)| Z (f(g) - f(x)) pnk(x)
k=0

[nx]

a-1
= >Z( f ("‘;) (Di_ﬂt)—Dfo(x»dt]pnk(x)
k=0

1 n % k a—1
T )3 [ f (;—f) (D% f(8) = DL f(x) >dt]pnk<x>

k=[nx]+1
= L +1I. (10)

Define the K-functional:
JUR _ A i /
Kpi(f 1) := gle% (Ilf gl +tle g'll +t2 g II),

where W), := {f : f € ACpe, 0" f'll < o0, [If'Il < oo}. It is well knwon that (page 25, [6])
K@A(f/t)ww(p/\(f/t), 0<A<1. (1)

By (11), for any fixed n, x and A, there is a g(x) € W, such that

IDSf — gll < Caoy ( féljéx)), 12)
SN )

=o'yl < Cap (D f, \/;), (13)
S\ T L)
( \/E ) ||9 ”Scwq)" (Dx—fr \/ﬁ )r (14)
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By (12) and (4), we have
i sﬁ%gUﬂhﬂHmMmewmwmwm4wmw%m>
< G io ( I (- 7 (o (o2 29 - o) dt] )
< Coop(oes, ‘5;%))[;; e
+C, f:: [j; (t - S)(X—l j;x |g’(u)|dudt] Puk(X)
< c{%gfwwﬁ&ﬂ%3§u+cgj@——)waaMW}w@) (15)

We further estimate I; by considering the following two cases.
Casel. x € [0,% U [1 - %,1]. In this case, we have §,(x) ~ ‘/iﬁ

[nx] k a X , [nx] |6A(u)g (u
kZO(X— E) (f’; |!] (M)ldu)pnk(x) = ;( 7’[) (f 6/\( ) ]pnk(x)

Then (note that §,(x) < C5, (5))

A

, [nx] k o

< llong IIZ( —5) ( G )du]pnk(X)
[nx] k
< 16t - = "
< | ||Z( n) [m) " )]pku
||5 | [nx] k a+1 .X)
= Mmkx_ﬁ [ )
||629’|| [nx] k a+1

< g L) e

(P(x))“ O M)
< Cul—= o, 16
< (\/ﬁ Nz 6,9l (16)

where in the last inequality, (5) is applied. Now, by (13), (14), (16) and the following fact:

ok &, o A
% ||6A ) < C[ "\/E(X) H(PA!]I + n\/ﬁ(x) (%) g/ ]
6},_/\ (x) 1 (6}1_/\ (x))ll/z\ ’
L C[ - H(P 7|+ 7 )!7 ) ’ (17)
we get
[nx] k)ac X (@(X))a ( 61—/\(9())
- = 4 d n = Ca = A Dg— 4 - ' ’
;O(x : U 7w u)vk<X>< v N

Case 2. x € (%, 1- %) In this case, we have 6,(x) ~ ¢(x). For any t € (0,1), we have
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¢
f%du‘ It — x|
« Pt () u(l—u)
‘ A
< - |Hf(%+ 11 )du
X VIi—-u

! z(wz- V[V V)

( A
e
e

IA

IA

< M-« )
|t — x|

< )
ot (x)

Therefore, by (5) and (13), we have

i‘;(x——) ( f 9" (u Idu)Pnk(x)

IA
Slk‘
\_/

n

U & )*(i)(u)| ]p”k(x)

|(PAg,” [nx k a+1
< o ;; x—;) puk(x)
PO )
< Ca( \/ﬁ) 7 le™g'l
PN (e 531”(96))
O for B0). -
Combining (16), (18) and (19), we have
P) o 0t (x))
Il < Cq ( \/ﬁ) Wy (Dxf, Nk (20)
Similarly, we can prove that
P) « 5,11_A(x))
|12| < C ( \/E) w(p’\ (D*x s \/E . (21)

Thus, (1) follows from (10), (20) and (21).
Proof of (ii) and (iii). When a > 1, by using the Caputo fractional Taylor formulas (8) and (9), and the fact
that B,(t — x, x) = 0, we can prove (2) and (3) in a way similar to that of (1). We omit the details here.
3.2. Proof of Corollary 1
It follows from (6) that
P(x) (6 (x)) :
B, (|t — x|/, <C ,j=23,-;x€[0,1].
n(lt = xI/, x) AW ] [0,1]

Consequently, we see that Corollary 1 follows from (iii) in Theorem 2.



D. Yu, P. Zhou / Filomat 38:15 (2024), 5499-5506 5506

References

(1]
[2]
[3]
(4]
(5]

[6]
(71

(8]
[9]

[10]
[11]

[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]

G. A. Anastassiou, On right fractional calculus, Chaos, Solitons and Fractals, 42(2009), 365-376.

G. A. Anastassiou, Fractional Korovkin theory, Chaos, Solitons and Fractals, 42(2009), 2080-2094.

G. A. Anastassiou, Fractional neural network approximation, Comput. Math. Appl., 64(2012), 1655-1676.

J. Dem’janovi&, Approximation by local functions in a space with fractional derivatives. (Lithuanian, English summaries), Differen-
cial'nye Uravnenija i Primenen, Trudy Sem. Processy 103(1975), 35-49.

K. Diethelm, The Analysis of Fractional Differential Equations, Lecture Notes in Mathematics 2004, Springer-Verlag, Berlin, Heidel-
berg, 2010.

Z. Ditzian and V. Totik, Moduli of Smoothness, Springer-Verlag, Berlin/New York, 1987.

B. R. Draganov, Strong estimates of the weighted simultaneous approximation by the Bernstein and Kantorovich operators and their iterated
Boolean sums, J. Approx. Theory, 200(2015), 92-135.

V. K. Dzyadyk, On the best trigonometric approximation in the L metric of some functions. Dokl Akad Nauk SSSR (Russian), 129(1959),
19-22.

R.  Gorenflo, F. Mainardi, Essentials ~ of  fractional ~ calculus.  Maphysto  Center, 2000.  Available
from:http://www.maphysto.dk/oldpages/events/ LevyCAC2000/MainardiNotes/fm2k0a.ps.

V. Gupta, Ravi P. Agarwal, Convergence Estimates in Approximation Theory, Springer International Publishing, 2014.

B. Jiang, D. S. Yu, Approximation by Durrmeyer type Bernstein-Stancu polynomials in movable compact disks, Results Math.,74(2019),
Artical 28.

B.Jiang, D.S. Yu, On approximationby Stancu type Bernstein-Schurer polynomials in compact disks, Results in Math, 72(2017), 1623-1638.
B. Jiang, D. S. Yu, On approximationby Bernstein-Stancu polynomials in movable compact disks, Results in Math., 72(2017),1535-1543.

K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, John Wiley Sons, New York,
1976.

E. G. Nasibov, On the degree of best approximation of functions having a fractional derivative in the Riemann—Liouville sense (Russian—
Azerbaijani summary), Izv Akad Nauk AzerbaidZzan. SSR Ser Fiz-Mat Tehn Nauk, 3(1962), 51-57.

R. Paltdnea, Approximation of fractional derivatives by Bernstein operators, General Math., 22(2014), 91-98.

G. Sales Teodoro, J.A. Tenreiro Machado, E. Capelas de oliveira, A review of definitions of fractional derivatives and other operators, J.
Comput. Physics, 388(2019), 195-208.

E. F. Wang, D. S. Yu, On approximation of Bernstein-Durrmeyer-Type operators in movable interval, Filomat, 35:4 (2021),1191-1203

M. L. Wang, D. S. Yu, P. Zhou, On the approximation by operators of Bernstein-Stancu types, Appl. Math. Comput., 246(2014), 79-87.



