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Abstract. We estimate the fractal approximation rate for approximation by Bernstein operators by using
the Ditzian-Totik type modulus of continuity. Our results improve the previous theorem of Anastassiou. In
the proof, the equivalence between the K-functional and the Ditzian-Totik type modulus, and the absolute
moment estimates with fractal order play important roles.

1. Introduction

The non-integer order calculus, usually known as the fractional calculus, is a classical and important
subject of Analysis. The fractional calculus has been applied in some fields of physics, chemistry, bio-
chemistry and many other disciplines. The literatures [5] and [14] are good references on the theory of
the fractional calculus. As we know, there are many different types of definitions of fractional derivatives.
Recently, Sales Teodoro Tenreiro Machado and de Oliveira give an interesting review of definitions of frac-
tional derivatives ([17]). Here, we recall the definition of the left Caputo fractional derivative and the right
Caputo fractional derivative.

Definition 1.1. Let ν ≥ 0, n = ⌈ν⌉ (⌈·⌉ is the ceiling of the number), f ∈ ACn ([a, b]) (space of functions f with
f (n−1)

∈ AC ([a, b]) , absolutely continuous functions). We define the left Caputo fractional derivative of f as the
function

Dν∗a f (x) :=
1

Γ (n − ν)

∫ x

a
(x − t)n−ν−1 f (n) (t) dt, x ∈ [a, b] ,

where Γ is the gamma function Γ (ν) =
∫
∞

0 e−ttν−1dt, ν > 0.
Note that Dν∗a f ∈ L1 ([a, b]) and Dν∗a f exists a.e on [a, b] .
We set D0

∗a f (x) = f (x) for any x ∈ [a, b] .

Definition 1.2. Let f ∈ ACm ([a, b]) , m = ⌈α⌉ , α > 0. The right Caputo fractional derivative of order α is given by

Dαb− f (x) :=
(−1)m

Γ (m − α)

∫ b

x
(t − x)m−α−1 f (m) (t) dt, x ∈ [a, b] .
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We set D0
b− f (x) = f (x) . Note that Dαb− f ∈ L1 ([a, b]) and Dαb− f exists a.e on [a, b] .

In approximation theory, the results involving fractional derivatives are very rare. Some early results
mainly focused on the best approximation of functions by algebraic and trigonometric polynomials (see
[8], [15]). Anastassiou ([1]-[3]) and Pǎltǎnea ([16]) investigated the fractal approximation by linear positive
operators including the well known Bernstein operators and some neural network operators.

For any f (x) ∈ C[0,1], the Bernstein operator is defined by

Bn
(

f , x
)

:=
n∑

i=0

f
( i

n

)
pni (x) ,

where pni (x) :=
(n

i
)
xi (1 − x)n−i , i = 0, 1, · · · ,n. It is well known that Bn

(
f , x

)
converges to f uniformly and

preserves the monotonicity and convexity of the approximated function. Bernstein operators have been
used in many branches of mathematics and computer science. The approximation properties of Bernstein
operators have been studied very extensively (see [6],[7],[10]-[13], [18], [19] for reference).

Anastassiou obtained the following approximation rate estimates for the fractal approximation by
Bernstein operators ([Corollary 36, 2]):

Theorem 1.3. Let 0 < α < 1, r > 0, f ∈ AC[0,1], f ′ ∈ L∞([0, 1]). Then

∥Bn( f ) − f ∥∞ ≤
1

Γ(α + 1)

(
1 +

1
(α + 1)r

) [
sup

x∈[0,1]
ω1

(
Dαx− f , r∥Bn(| · −x|α+1χ[0,x](·), x)∥

1
α+1
∞

)
[0,x]

×∥Bn(| · −x|α+1χ[0,x](·), x)∥
α
α+1
∞ + sup

x∈[0,1]
ω1

(
Dα∗x f , r∥Bn(| · −x|α+1χ[x,1](·), x)∥

1
α+1
∞

)
[x,1]

×∥Bn(| · −x|α+1χ[x,1](·), x)∥
α
α+1
∞

]
,

where ∥ f ∥∞ is the usual uniform norm on [0, 1] and ω( f , t)[a,b] is the modulus of continuity of f on [a, b].

For convenience, we write ∥ f ∥ to replace ∥ f ∥∞. By using the moments estimate

Bn(|t − x|3/2, x) ≤
1

(4n)3/4
,

Anastassiou ([Discussion 39,2]) showed that, for f ∈ C1[0, 1], there are some x1, x2 ∈ [0, 1] such that

∥Bn( f ) − f ∥ ≤ C

ω (
D

1
2
x1−

f ,
1

3
√

n

)
[0,1]

+ ω

(
D

1
2
∗x2

f ,
1

3
√

n

)
[0,1]

 .
Anastassiou ([2]) also pointed out that the above estimate is essentially better than the usual approximation
rate estimate.

Write φ(x) =
√

x(1 − x), δn(x) := φ(x) + 1
√

n
. For any continuous function f , the so called Ditzian-Totik

type modulus of continuity of f is defined by

ωφλ ( f , t) := sup
0<h≤t

sup
x± hφλ (x)

2 ∈[0,1]

∣∣∣∣∣∣ f
(
x +

hφλ(x)
2

)
− f

(
x −

hφλ(x)
2

)∣∣∣∣∣∣ ,
where λ ∈ [0, 1] is a given number.

Our purpose in this paper is to improve Theorem 1 by using the Ditzian-Totik type modulus of continuity.
In fact, we have the following pointwise approximation rate estimate described by using the Ditzian-Totik
type modulus.
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Theorem 1.4. Let f ∈ ACm([0, 1]), f (m)
∈ L∞([0, 1]), m = ⌈α⌉ , α > 0, α <N.

(i). If 0 < α < 1, 0 ≤ λ ≤ 1, then

∣∣∣Bn( f , x) − f (x)
∣∣∣ ≤ Cα

(
φ(x)
√

n

)α (
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ ωφλ

(
Dα∗x f ,

δ1−λ
n (x)
√

n

))
. (1)

(ii) If 1 < α < 2, 0 ≤ λ ≤ 1, then

∣∣∣Bn( f , x) − f (x)
∣∣∣ ≤ Cα

φ(x)
√

n

(
δn(x)
√

n

)α−1 (
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ ωφλ

(
Dα∗x f ,

δ1−λ
n (x)
√

n

))
. (2)

(iii) If α > 2, 0 ≤ λ ≤ 1, then∣∣∣∣∣∣∣∣Bn( f , x) − f (x) −
m−1∑
j=2

f (k)(x)
k!

Bn(|t − x| j, x)

∣∣∣∣∣∣∣∣
≤ Cα

φ(x)
√

n

(
δn(x)
√

n

)α−1 (
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ ωφλ

(
Dα∗x f ,

δ1−λ
n (x)
√

n

))
. (3)

Corollary 1.5. Let f ∈ ACm([0, 1]), f (m)
∈ L∞([0, 1]), m = ⌈α⌉ , α > 2, α <N. Then

∣∣∣Bn( f , x) − f (x)
∣∣∣ ≤ C

m−1∑
j=2

| f (k)(x)|
k!

φ(x)
√

n

(
δn(x)
√

n

) j−1

+Cα
φ(x)
√

n

(
δn(x)
√

n

)α−1 (
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ ωφλ

(
Dα∗x f ,

δ1−λ
n (x)
√

n

))
.

2. Some Auxiliary Lemmas

The following Lemma 1-4 are established in [2].

Lemma 2.1. Let ν > 0, ν <N,n = ⌈ν⌉ , f ∈ Cn−1 ([a, b]) and f (n)
∈ L∞ ([a, b]) . Then Dν∗a f (a) = 0.

Lemma 2.2. Let f ∈ Cm−1 ([a, b]) , f (m)
∈ L∞ ([a, b]) . Then Dαb− f (b) = 0.

Lemma 2.3. Let f ∈ Cm−1 ([a, b]) , f (m)
∈ L∞ ([a, b]) , m = ⌈α⌉ , α > 0, and

Dα∗x0
f (x) =

1
Γ (m − α)

∫ x

x0

(x − t)m−α−1 f (m) (t) dt

for all x, x0 ∈ [a, b] ; x ≥ x0.Then Dα∗x0
f (x) is continuous in x0.

Lemma 2.4. Let f ∈ Cm−1 ([a, b]) , f (m)
∈ L∞ ([a, b]) , m = ⌈α⌉ , α > 0, and

Dαx0−
f (x) =

(−1)m

Γ (m − α)

∫ x0

x
(t − x)m−α−1 f (m) (t) dt

for all x, x0 ∈ [a, b] ; x ≤ x0.Then Dαx0−
f (x) is continuous in x0.

The following absolute moment estimates of Bernstein operators with fractal order play important roles
in our proof of Theorem 2.
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Lemma 2.5. Let β > 0. Then,
n∑

k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤
(
φ(x)
√

n

)β
(4)

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β+1

pnk(x) ≤ Cβ

(
φ(x)
√

n

)β
δn(x)
√

n
(5)

for 0 < β ≤ 1, and
n∑

k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤ Cβ
φ(x)
√

n

(
δn(x)
√

n

)β−1

(6)

for β > 1.

Proof. When 0 < β ≤ 1, by Hölder’s inequality, we have

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤

 n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣2 pnk(x)


β
2
 n∑

k=0

pnk(x)


2−β

2

=

(
φ(x)
√

n

)β
,

which proves (4).
By Hölder’s inequality again,

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β+1

pnk(x) ≤

 n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣2 pnk(x)


β
2
 n∑

k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣ 2
2−β

pnk(x)


2−β

2

=

(
φ(x)
√

n

)β  n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣ 2
2−β

pnk(x)


2−β

2

.

By using the inequality (3.8) in [7], we have
n∑

k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣γ pnk(x) ≤ Cγ

(
δn(x)
√

n

)γ
(7)

for all γ > 0, we have (4).
Similarly, when β > 1, we have by Hölder’s inequality and (7) that

n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣β pnk(x) ≤

 n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣2 pnk(x)


1
2
 n∑

k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣2(β−1)

pnk(x)


1
2

=
φ(x)
√

n

 n∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣2(β−1)

pnk(x)


1
2

≤ Cβ
φ(x)
√

n

(
δn(x)
√

n

)(β−1)

,

which proves (6).

Obviously, our estimates on the absolute moments of Bernstein operators in Lemma 5 is better than the
well known estimates in (7). We believe that Lemma 5 has its own great value, which may play important
roles in approximation by Bernstein operators.
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3. Proofs of the Results

3.1. Proof of Theorem 2

Proof of (i). Under the assumptions of theorem, by Lemma 1-4, both Dαx− f and Dα∗x f are continuous on
[0, 1], and Dαx− f (x) = Dα∗x f (x) = 0. From [5], we have by the left Caputo fractional Taylor formula that

f (x) =
m−1∑
k=0

f (k)(x0)
k!

(x − x0)k +
1
Γ(α)

∫ x

x0

(x − t)α−1Dα∗x0
f (t)dt (8)

for all x0 < x ≤ 1.
Also from [1], using the right Caputo fractional Taylor formula, we have

f (x) =
m−1∑
k=0

f (k)(x0)
k!

(x − x0)k +
1
Γ(α)

∫ x0

x
(t − x)α−1Dαx0−

f (t)dt (9)

for all 0 ≤ x < x0. Therefore, with m = 1 in the case when 0 < α < 1, by (8) and (9), we deduce that

|Bn( f , x) − f (x)| =
n∑

k=0

(
f
(

k
n

)
− f (x)

)
pnk(x)

=
1
Γ(α)

[nx]∑
k=0

∫ x

k
n

(
t −

k
n

)α−1

(Dαx− f (t) −Dαx− f (x))dt

 pnk(x)

+
1
Γ(α)

n∑
k=[nx]+1

∫ k
n

x

(
k
n
− t

)α−1

(Dα∗x f (t) −Dα∗x f (x))dt

 pnk(x)

=: I1 + I2. (10)

Define the K-functional:

Kφλ ( f , t) := inf
1∈Wλ

(
∥ f − 1∥ + t∥φλ1′∥ + t

1
1− λ2 ∥1′∥

)
,

where Wλ := { f : f ∈ ACloc, ∥φλ f ′∥ < ∞, ∥ f ′∥ < ∞}. It is well knwon that (page 25, [6])

Kφλ ( f , t) ∼ ωφλ ( f , t), 0 ≤ λ ≤ 1. (11)

By (11), for any fixed n, x and λ, there is a 1(x) ∈Wλ such that

∥Dαx− f − 1∥ ≤ Cωφλ
(
Dαx− f ,

δ1−λ
n (x)
√

n

)
, (12)

δ1−λ
n (x)
√

n
∥φλ1′∥ ≤ Cωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
, (13)

(
δ1−λ

n (x)
√

n

) 1
1− λ2
∥1′∥ ≤ Cωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
, (14)
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By (12) and (4), we have

|I1| ≤
1
Γ(α)

[nx]∑
k=0

∫ x

k
n

(
t −

k
n

)α−1

|Dαx− f (t) − 1(t) + 1(t) − 1(x) + 1(x) −Dαx− f (x)|dt

 pnk(x)

≤ Cα
[nx]∑
k=0

∫ x

k
n

(
t −

k
n

)α−1 (
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ |1(t) − 1(x)|

)
dt

 pnk(x)

≤ Cαωφλ
(
Dαx− f ,

δ1−λ
n (x)
√

n

) [nx]∑
k=0

∣∣∣∣∣x − k
n

∣∣∣∣∣α pnk(x)

+Cα
[nx]∑
k=0

∫ x

k
n

(
t −

k
n

)α−1 ∫ x

t
|1′(u)|dudt

 pnk(x)

≤ Cα

(
φ(x)
√

n

)α
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
+ Cα

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|1′(u)|du

 pnk(x). (15)

We further estimate I1 by considering the following two cases.
Case 1. x ∈

[
0, 1

n

]
∪

[
1 − 1

n , 1
]
. In this case, we have δn(x) ∼ 1

√
n

. Then (note that δn(x) ≤ Cδn

(
k
n

)
)

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|1′(u)|du

 pnk(x) ≤

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|δλn(u)1′(u)|

δλn(u)
du

 pnk(x)

≤ ∥δλn1
′
∥

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

1
δλn(u)

du

 pnk(x)

≤ ∥δλn1
′
∥

[nx]∑
k=0

(
x −

k
n

)α+1
 1
δλn(x)

+
1

δn

(
k
n

)  pnk(x)

≤
∥δλn1

′
∥

δλn(x)

[nx]∑
k=0

(
x −

k
n

)α+1
1 +

δλn(x)

δn

(
k
n

)  pnk(x)

≤ C
∥δλn1

′
∥

δλn(x)

[nx]∑
k=0

(
x −

k
n

)α+1

pnk(x)

≤ Cα

(
φ(x)
√

n

)α
δ1−λ

n (x)
√

n
∥δλn1

′
∥, (16)

where in the last inequality, (5) is applied. Now, by (13), (14), (16) and the following fact:

δ1−λ
n (x)
√

n

∥∥∥δλn1′∥∥∥ ≤ C

δ1−λ
n (x)
√

n

∥∥∥φλ1′∥∥∥ + δ1−λ
n (x)
√

n

(
1
√

n

)λ ∥∥∥1′∥∥∥
≤ C

δ1−λ
n (x)
√

n

∥∥∥φλ1′∥∥∥ + (
δ1−λ

n (x)
√

n

) 1
1− λ2

∥∥∥1′∥∥∥ , (17)

we get

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|1′(u)|du

 pnk(x) ≤ Cα

(
φ(x)
√

n

)α
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
. (18)

Case 2. x ∈
(

1
n , 1 −

1
n

)
. In this case, we have δn(x) ∼ φ(x). For any t ∈ (0, 1) ,we have
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∫ t

x

1
φλ (u)

du

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣
∫ t

x

1√
u (1 − u)

du

∣∣∣∣∣∣∣
λ

|t − x|1−λ

≤ |t − x|1−λ
∣∣∣∣∣∣
∫ t

x

(
1
√

u
+

1
√

1 − u

)
du

∣∣∣∣∣∣λ
≤ |t − x|1−λ

(
2
(∣∣∣√t −

√
x
∣∣∣ + ∣∣∣∣√1 − t −

√

1 − x
∣∣∣∣))λ

≤ 2λ |t − x|
(

1
√

t +
√

x
+

1
√

1 − t +
√

1 − x

)λ
≤ 2λ |t − x|

(
1
√

x
+

1
√

1 − x

)λ
≤ C

|t − x|
φλ (x)

.

Therefore, by (5) and (13), we have

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|1′(u)|du

 pnk(x) ≤

[nx]∑
k=0

(
x −

k
n

)α ∫ x

k
n

|φλ(u)1′(u)|
φλ(u)

du

 pnk(x)

≤ C
∥φλ1′∥

φλ(x)

[nx]∑
k=0

(
x −

k
n

)α+1

pnk(x)

≤ Cα

(
φ(x)
√

n

)α
δ1−λ

n (x)
√

n
∥φλ1′∥

≤ Cα

(
φ(x)
√

n

)α
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
. (19)

Combining (16), (18) and (19), we have

|I1| ≤ Cα

(
φ(x)
√

n

)α
ωφλ

(
Dαx− f ,

δ1−λ
n (x)
√

n

)
. (20)

Similarly, we can prove that

|I2| ≤ Cα

(
φ(x)
√

n

)α
ωφλ

(
Dα∗x f ,

δ1−λ
n (x)
√

n

)
. (21)

Thus, (1) follows from (10), (20) and (21).
Proof of (ii) and (iii). When α > 1, by using the Caputo fractional Taylor formulas (8) and (9), and the fact

that Bn(t − x, x) ≡ 0, we can prove (2) and (3) in a way similar to that of (1). We omit the details here.

3.2. Proof of Corollary 1

It follows from (6) that

Bn(|t − x| j, x) ≤ C
φ(x)
√

n

(
δn(x)
√

n

) j−1

, j = 2, 3, · · · ; x ∈ [0, 1].

Consequently, we see that Corollary 1 follows from (iii) in Theorem 2.
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