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Abstract. In this paper, we shall consider a new constant MSs(X) which is used to study the Massera-
Schiffer inequality related to Birkhoff orthogonality. We use this constant to characterize the Hilbert space
and also discuss its relations with some geometric properties of Banach spaces, including uniform non-
squareness, uniform convexity and uniform smoothness. Furthermore, we provide a study of MSg(X) in
Radon planes. The equivalent form of this constant in Radon planes is established and used to calculate
the value of MSg(l, — ;) (1 <p,q < 0, % + % =1).

1. Introduction

Throughout the paper, let X be a real Banach space with dimX > 2. The unit ball and the unit sphere of
X are denoted by Bx and Sx, respectively.

In 1964, Dunkl and Williams [7] proved that, for any Banach space X, the following norm inequality

i_lH< 4k -yl
el ™ Tl = el + Tyl

1)
holds for all nonzero elements x and y. Actually, the Dunkl-Williams inequality (1) gives the upper bound
for the angular distance

-2
Il Myl

between two nonzero elements x and y. The concept of angular distance was first introduced by Clarkson
[6]. Further, in [7], Dunkl and Williams also found that if X is a Hilbert space, then the Dunkl-Williams
inequality can be improved to the following inequality

alx,y] ==

i‘l”< 21k -
el ™ Tyl = T+ Tl

)
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which holds for all nonzero elements x and y. Soon after, in the same year that the Dunkl-Williams inequality
came out, Kirk and Smiley [12] proved that the inequality (2) in fact characterizes the Hilbert space.
According to the above results, Jiménez-Melado et al. [10] pointed out that the smallest number which
can replace 4 in Dunkl-Williams inequality actually measures the closeness between this Banach space and
Hilbert space. Thus, Jiménez-Melado et al. [10] considered the Dunkl-Williams constant as following:

111D{IIXII + Iyl

PW) = sup\ Ty

M_MH x,y € X\{0}, xiy}

and also obtained some conclusions about DW(X):

(1) 2 < DW(X) < 4 holds for any Banach space X.

(2) DW(X) = 2 if and only if X is a Hilbert space.

(3) DW(X) < 4 if and only if X is uniformly non-square, that is, there exists 6 > 0 such that for any
X,y € Sx we have min(|lx — yl|, |lx + y||) <2 - 6.

4 IUDWX)<(3+2 \/E)% +(3-2 \/f)%, then X has normal structure, that is, for every bounded closed
convex subset K of X that contains more than one element, there exists a xg € K such that

supfllxo — yll : v € K} < diam(K) := sup{llx —yll : x,y € K}.

For more results about the Dunkl-Williams constant DW(X), we refer the reader to [16-20].

The above results on DW(X) make us think of using other estimates concerning the upper bound of
angular distance to define some constants, and then using them to determine what kind of geometric
properties a Banach space X has, just like DW(X). Based on this idea and the Massera-Schéffer inequality
which was proved by Massera and Schaffer [14], that is,

___H -yl

lxll Tyl = maxixll, [Ty} (©)

holds for all nonzero elements x and y, Al-Rashed [3] introduced the following parameter

up{nflax{IIXII,II]/II}

PeolX) = eyl

M_MH x, y € X\{0}, x;ty}

However, Baronti and Papini [5] proved that W (X) = 2 holds for any Banach space X (see [5], Page 177),
in other words, the Massera-Schiffer inequality is always sharp in any Banach space X, which means that
we can’t judge what kind of geometric properties a Banach space X has by the value of W (X). This is not
what we expected. After careful consideration of the definition of W (X), it is not difficult to find that the
reason why W (X) = 2 holds for any Banach space X is that there are too many x and y considered in the
definition of W, (X). Therefore, one way to achieve our goal is to place some restrictions on the x and y
considered in the definition of W (X).

Let x, y be two elements in a Banach space X. Then x is said to be Birkhoff orthogonal to iy and denoted
by x Lp y, if |lx + Ayll = |lx|]| holds for any A € R. The Birkhoff orthogonality coincides with the usual
orthogonality in Hilbert spaces. Obviously, according to the definition of Birkhoff orthogonality, one can
easily know that it is homogeneous, that is, x Lg y implies ax Lp By for any «, f € R. More studies about
the Birkhoff orthogonality can be found in [1, 2, 8, 9].

Now, it is time to introduce the following constant

sup {max{IIXII, lIyll}

MSp(X) = =l

m—”—y”H ,yEX\{}xJ-By}

which can be regard as discussing the Massera-Schiffer inequality related to Birkhoff orthogonality. Obvi-
ously, the constant MSp(X) is the constant W, (X) placed the restriction of Birkhoff orthogonality. In this
paper, we will show that the value of MSp(X) is no longer a fixed value for all Banach spaces, and also
connect it with some geometric properties of Banach spaces.
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The paper is arranged as follows:

In Section 2, the fact that MSgp(X) is no longer a fixed value for all Banach spaces is shown by some
examples. In Section 3, we give a characterization of the Hilbert space in terms of MSg(X), and also discuss
the relations between MSp(X) and some geometric properties of Banach spaces, including uniform non-
squareness, uniform convexity and uniform smoothness. In Section 4, we study MSg(X) in Radon planes.
An equivalent form of MSgp(X) in Radon planes is given and used to calculate the value of MSg(l, — ;)
(I<pg<oo, ’1—7 + % = 1). Finally, in Section 5, we summarize the results obtained in this paper.

2. The Massera-Schiffer inequality related to Birkhoff orthogonality

Proposition 2.1. Let X be a Banach space. Then V2 < MSp(X) < 2.

Proof. First, notice that there exist x,y € Sx such that x Lg y and ||x + y|| > V2 (see [2], Page 141). Let
Yn = —%y. Then, we get x Lp y, and

max{iidl, vl
llx = yall

S
llxll -yl

R p———,

MSp(X) = >
b+ 5

S -
e+ 3yl

Let n — oo, it follows that MSp(X) > V2.
On the other hand, due to the Massera-Schiffer inequality (3), it is clear that MSp(X) < 2 holds. This
completes the proof. [

The following examples show that the bounds given in the above proposition are sharp.
Example 2.2. Let X be a Hilbert space. Then MSp(X) = V2.

Proof. According to Proposition 2.1, it is sufficient to show that MSp(X) < V2. Notice that the Birkhoff
orthogonality is now the usual orthogonality in Hilbert space X, thus, for any x, y € X\{0} with x Lp y, we

have
max{llx[l, [lyll}

-yl

leII Iyl

H max(llcl Iyl > _ max{lil iyl
llxc = wli [l + [[yI?

which implies MSz(X) < V2. O
Example 2.3. Let X be the space lo, — 1, (1 < p < 00), that is, the space R* with the norm defined by

llCx1, 22)llee  (x1%2 > 0),
'W“”m:{nuiém,<£ésoy

Then MSp(X) =

Proof. According to Proposition 2.1, it is enough to prove that MSg(X) > 2. Take x = (1,1), ¥ = (0,-1), it is
clearly thatx, y € Sx and x Lp y. Now, let x,, = %x. Then we have x,, Lp y and

2
[£x -y

max{|[xx|l, [lyll}

MSs(X) 2 = =

o ww ywh‘ﬂ=

Let n — oo, we obtain MSg(X) >2. O

Example 2.4. Let X be the spacel, — 1 (1 < p < co), that is, the space R? with the norm defined by

G, N, (x1x2 2 0),
”mﬂm‘{MmmM (12 < 0).

Then MSp(X) =
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Proof. Put x = (-1,0), y = (0,—1), obviously, x,y € Sx and x Lp y. Now, let x,, = %x. Then we getx, Lp y
and
max{llxll, [y}

[l = vl

MSp(X) >

|xn|| ||y||H 1y yll” = Hlx ol

Let n — oo, it follows that MSg(X) > 2. Further, by Proposition 2.1, we obtain MSg(X) =2. O

From above examples, we can find that MSp(X) is no longer a fixed value for all Banach spaces. This
confirms what we said in the previous section. Aslong as we put some restrictions on the x and y considered
in the definition of W (X), it will no longer be a fixed value for all Banach spaces. In addition, Example 2.3
and Example 2.4 also indicate that the restriction we put on W (X) is not too strong, since the upper bound
of MSp(X) is still the same as that of W, (X), both of which are 2.

3. Some geometric properties related to MSp(X)

This section focuses on the relations between MSp(X) and some geometric properties of Banach spaces.

First, we will show that the property MSp(X) = V2 actually characterizes the Hilbert space. The proof
requires the following result.

Lemma 3.1 ([1], Page 166). Let X be a Banach space. Then the following statements are equivalent.
(1) X is a Hilbert space.

(2)u,veSx, ulpv=|lu+o]| < V2

Theorem 3.2. Let X be a Banach space. Then X is a Hilbert space if and only if MSp(X) = V2.

Proof. According to Example 2.2, we only need to prove that if MSp(X) = V2, then X is a Hilbert space.
Now, for any x,y € Sx withx Lp y, letx, = %x. Then, we have x,, L —y and

max{[[x,|l, I = yll}

V2= MS(X) > T

Feall =yl H = hes yH e+ v

Let n — oo, we obtain ||x + y” < V2. This implies that X is a Hilbert space by Lemma 3.1. O

In the preceding result, we find that, similar to DW(X), the lower bound of MSp(X) can be used to
characterize the Hilbert space. Therefore, we will naturally ask whether the upper bound of MSp(X) can
also be used to characterize the uniform non-squareness as the upper bound of DW(X). Unfortunately, the
answer is no, we assert that MSp(X) < 2 is a sufficient but not necessary condition for X to be uniformly
non-square. To obtain this result, we need to establish the connection between MSp(X) and the rectangular
constant y(X) first.

Recall that the rectangular constant u(X) was introduced by Joly [11] and defined as

Il + Dyl

x,y € X\{0}, x L .
llx + yll y € X\{0} By}

w(X) = sup{

For more results about 1(X) can be found [21].
The following proposition relates MSp(X) and the rectangular constant p(X).

Proposition 3.3. Let X be a Banach space. Then

u(X) <1+ MSp(X).
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Proof. First, since the Birkhoff orthogonality is homogeneous, one can easily deduce that

L) = {wwww'

T T x,y € X\{0}, x Lp y}.

Now, for any x, y € X\{0} with x Lp y, we shall consider the following two cases:

Case 1: max{||x[|, [[yll} = [|x]l.

Notice that “” i “y”” > 1, since x Lp y. Thus, we obtain

Hm+WH<MWWW

il

Ilx =yl llx — yll
_ i L‘_le i__H
lloc =yl el Tyl e =yl il Tl
nw‘ |M|’ I
< = - + MSp(X
TR W”|u yll 5(X)
_ it ( |m H .
+11- — + MSp(X
= | g Y|~ v+ M50
IM% (mn ) ) )
< - — -1 X — + MSp(X
TR LA i Iyl | lx = yll 5(X)
Iyl )
_”m(u— H+GFH—QHH)u—yH1+hBAX>
Iyl )
s”m0|—|H($H—Qw—m0m—mw+mwam
=1+ MSp(X).
Case 2: max{llx|l, [lyll} = llyll.
Similarly, we also have
[l lyll _ldl + il | x _H
M—MI_IM—MIIMIIMI
_ i ___H|w i__H
lloe =yl el Tyl e =yl Dl Tl
< x—%% b= yi™ + MSs(X)

llx = ylI™! + MSp(X)

Jpte-oefo- 20,

(||I|;|I|| - ”+(1_ H)“x”)||x—yll‘1 + MS5(X)

Jxd DBV e

(||y|| =l + ( ||y||)||x y”)llx ylI™t + MSp(X)
=1+ MSp(X).

Consequently, by (4), we conclude that u(X) <1+ MSg(X) as desired. [

Corollary 3.4. Let X be a Banach space. If MSp(X) < 2, then X is uniformly non-square. The converse is not true.

Proof. This result immediately follows from Proposition 3.3 and the fact that u(X) < 3 if and only if X is

uniformly non-square (see [4], Theorem 3.1).
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The converse is not true. Example 2.3 and Example 2.4 are both counterexamples, since lo,—1, (1 < p < )
and [, — I; (1 < p < o) are both uniformly non-square. In fact, if not, it means that their unit spheres must
be parallelograms, which is obviously impossible. [J

Now, a natural and interesting question arises. What conditions must the space X have to ensure
MSg(X) < 2. Actually, if X is uniformly convex, then MSp(X) < 2 holds. Recall that the space X is uniformly
convex if 6x(e) > 0 whenever 0 < € < 2, where 0x : [0,2] — [0, 1] is given by

, 1
5X(€):mf{1—§||x+y|| . %,y €S, Il -yl Ze}.

Next, we will prove the above assertion whose proof is based on the following lemma.

Lemma 3.5. ([15], Proposition 5.2.8) Let X be a Banach space. Then the following statements are equivalent.
(1) X is uniformly convex.
(2) If Xu, Yn € Sx and ||xy + yull = 2, then |lx, = yull = 0.

Theorem 3.6. Let X be a Banach space. If X is uniformly convex, then MSp(X) < 2.
Proof. Suppose conversely that MSg(X) = 2. Then, there exist x,,, y, € X\{0} with x,, Lp y, such that

max{ x|, v}
I = yull

Xn ]/n

lloeall Nyl

- 2.

Let A = {n € N : max{|lx,ll, [lyall} = llx.ll}. Now, we discuss the following two cases respectively.

Case 1: A is an infinite set.

Since A is an infinite set, without loss generality, we can assume that max{||x,||, [ly.ll} = |lx|| holds for
any n € N, otherwise, we can take suitable subsequences of {x,} and {y,} respectively. Hence, we have

X x
” n” n__ ]/n 0 (5)
1w = yall WHlxall  Myall
Let u, = ”’;—’n’u and v, = Hz—:‘” It is clear that u, € Sx, v, € Bx and u,, Lp v,. Further, from (5), we obtain
Un
u —_— —
H n anH” 59
[t — all

Since u, € Sx, v, € Bx and u,, Lp v,, we have |[v,|| € [0,1] and |[u,, — v,|| € [1,2]. Hence, it may be assumed
that
[onll = a € [0,1], |luy, —vnll = b € [1,2].

Then
UPZ UVI
s = wall _ o= ot oo =gl -t
“un - Un“ h “”n - vn“ ”un - Z)n” “un - Un“ -
Let n — oo, it follows that
1-a=b0, ||u, - On_1l 5 2p,
([0l
The equality 1 —a = b implies that b = 1, since a € [0,1], b € [1,2]. Thus, ||u, — ”Zﬁ — 2. However, due to

Un

ol = 0. This leads to a contradiction

U, Lp v,, we obtain ||u, + =2|| > |[u,|| = 1, which implies that ||u, +
[loull p
with Lemma 3.5.
Case 2: A is a finite set.
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Since A is a finite set, we can assume that max{||x,l, [[yx|l} = llyx|| holds for any n € IN, otherwise, we can
take suitable subsequences of {x,} and {y,} respectively. Hence, we have

lyall |l xa Yn )
X = yall Hlxall Iyl
Letz, = Hy 0 and w, = ”y i Obviously, we have z,, € Bx, w, € Sx and z, Lp w,. Moreover, it follows from
(6) that
”Hznn |
”Zn Wyl

Since z, € Bx, w, € Sx and z, Lp wy,, we have ||z,|| € [0,1] and ||z, — w,|| € [0,2]. Thus, it may be assumed
that

lzull = ¢ € [0,1], llzn — wyull — d € [0,2].
Actually, d € (0,2]. If not, by z,, Lp wy, then we have

Zn Zn
~wil| iy
” flzall ~ W Eall 1

lzw — wall — llzn — wall B Iz — wall’

il

which means — o0 # 2. Moreover, similar to Case 1, we also have

[lzn—wnl|
Z Z,
I —well _ll@n =zl pew o _ 1=t _,
||Zn _wn“ B “Zn _wn” “Zn _wn” “Zn _wn” -
Let n — oo, we obtain
l-c= —wy|| — 2d. (7)

Now, there are two subcases we need to consider respectively.
Subcase 2.1: ¢ = 0.
Then, by applying (7), wehaved = 1 and || =

ZH
Zull

=1, which leads to ” A wn” — 0. This contradicts Lemma 3.5.
Subcase 2.2: ¢ #0
Now, we have

w,,” — 2.Inaddition, by z, Lp w,, therefore ||ﬁ + w,,” >

“ [=A]

z W, — 2 z Wy — 2
- — _1’_ c—— +d——"= _”Zn"'wn_zn”"‘”wn”_l‘
|l — z,l| llewy — z,ll
Wy — 2
< T lz, + w, — zall| + 0
Izull — llwy = znll
z Wy — 2
< le= = z|| + [[d——" — (wn — z0)
[1Z]| [y, — zall
=l = |lznlll + 1d = llwn = zalll.
Let n — oo, it follows that
ETPL Ut Y
Izull ~ llwwy = znl|

Further, by applying (7) and d # 0, it is straightforward to obtain that ¢,d € (0,1) and c + d = 1, thus we get

Zn Wy — Zy

— - 2.
llzall e = zall
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Analogously, according to z, Lp w,, we have

Zn Wy — Zn
lzall  llwn — zall

Zn Zn

Z Z
_ lzall llzall o 4
llzall [l = zall

S llzall  lleon = zall T

which also leads to a contradiction with Lemma 3.5. This completes the proof. [J

Actually, in addition to the uniform convexity, the uniform smoothness also can imply MSp(X) < 2; see
px(t)
t

the following result. Recall that the space X is uniformly smooth if lim;_,o+
[0, +00) is defined by the formula

=0, where px : (0, +00) —

1
px(®) = sup {3 b+ yll + e = tyl) =1+ %y € 5x}.
Theorem 3.7. Let X be a Banach space. If X is uniformly smooth, then MSg(X) < 2.
Proof. Suppose conversely that MSg(X) = 2. Then, there exist x,,, y, € X\{0} with x,, Lp y, such that

max{[lxa|l, [y}
Il — }/n”

Xn _ y”
llxall - Nyl

- 2.

Let A = {n € IN : max{|lx,l|, llyall} = llx,ll}. Similar to Theorem 3.6, we also consider the following two cases:

Case 1: A is an infinite set.

Since A is an infinite set, without loss generality, we can assume that max{||x,||, [ly.ll} = |lx.|| holds for
any n € IN, otherwise, we can take suitable subsequences of {x,} and {y,} respectively. Now, let u,, = ﬁ
a}rlld Uy = HZ_:H It is clear that u, € Sx, v, € Bx and u,, Lp v,. Further, by the proof of Theorem 3.6, it follows
that

Up

I - 2. (8)

lloll

Thus, for any ¢ > 0, it follows from u,, Lp v, that

prt®) _ e+ gyl + s — ] -2
T 2t
el + [|etn — 2] - 2

- 2t
= gl -1
B 2t
() | - eyl -1
- = .

Let n — oo, by (8), we obtain

Case 2: A is a finite set.
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Since A is a finite set, we can assume that max{||x,ll, [y} = lly.ll holds for any n € N, otherwise, we can

take suitable subsequences of {x,} and {y,} respectively. Let z, = ”y i and w, = IIZ :”. Obviously, we have
zy € Bx, w, € Sx and z, Lp w,. Then, from the proof of Theorem 3.6, we have
Zn Wy — Zp
—w 20r ||— + ———|| — 2. 9
I o+ w2l ©)

Thus, we consider the following two subcases:
Subase 2.1: If || =i wn“ — 2 holds.
Analogously, for any t > 0, it follows from z, Lg w, that

Px(f) ||||z,1|| + || + [| 25 Tl ~ fuw, | - 2
t 2t
”n?n’u 2~ tw]| -2
2t

g -t -1

- 2t

)|y - o] -1

a 2t

Let n — oo, from (9), we obtain

>—— =
t 2t
holds for any t > 0. This also leads to the contradiction
t
0=1 PX_() > 1
t-0+ 2

Subase 2.2: If ” H?II E{j’::i:u — 2 holds.

Now, for any ¢ > 0, it follows from z,, L w, that

Zn Wn—2Zn Wn—2Zn _
px(®) ”nznu + 1~ foll =2
t = 2t
wn_zn Zn
”nznn Toa—zal Il ¥ | =1t el = 2
2t
Zn Wn—Zn 1 )
”nznu el t <||an + Tz ) Il -
2t
|| Zn_ Wn—Zn +1-=2
”Zn” Iwn_zn”
2t
Wn—Zn —
(1 + t) ” 1+t ||z,1\| 1+t [lw, =zl ”
2t

Let n — oo, by (9), we obtain

t 2t 2
holds for any t > 0. Obviously, this leads to the same contradiction as in the preceding two cases. This
completes the proof. [

We close this section with the following result, which shows that the number 2 in the two results above
cannot be replaced by a smaller number.
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Proposition 3.8. For any € > 0, there exists a Banach space X which is uniformly convex and uniformly smooth,
such that MSp(X) > 2 — ¢.

Proof. Letp,q € (1, +00) with %} + % = 1. Now, we consider the space I, — I;, which is the space R? with the
norm defined by

I(x1, )Ml (r1x2 > 0),

||(x1/x2)||q (x1x2 < O) ’

llCx1, x2)Il = {

Then, put x = (-1,0), y = (0, 1), obviously, x, y € Si,-1, and x L y. Now, let x,, = %x. Then we getx, Lp v
and
max{||x,l|, [lyl}

MSg(l, —1;) = oo — 4l

||xn|| ||y||” Ly yll|| 4= ||x vl

Letn — oo, it follows that MSp(l,~1,;) > 21, Further, letqg — 17, by Proposition 2.1, we obtain lim,,1+ MSg(l,—
l;) = 2. Thus, for any ¢ > 0, there exists a g sufficiently close to 1, such that MSp(X) > 2 — ¢. Moreover, it is
clear that [, — I, is uniformly convex and uniformly smooth, so we obtain the desired result. [J

4. MSp(X) in Radon planes

The usual orthogonality in Hilbert spaces is always symmetric, that is, x L y implies y L x. However,
the Birkhoff orthogonality in Banach spaces is not always symmetric in general, since, in [8], James gave
the following conclusion.

Theorem 4.1. [8] A Banach space X whose dimension is at least three is a Hilbert space if and only if Birkhoff
orthogonality is symmetric in X.

The assumption of the dimension of the space X in the above theorem cannot be omitted. James [8]
provided an example of two-dimensional space in which the Birkhoff orthogonality is symmetric, that is,
the space I, — I, is defined for 1 < p,q < oo as the space R? with the norm defined by

I(x1, 22l (r1x2 2 0),
G, 22l (x12x2 < 0),

llCe1, x2)Il = {

where 1 v + =1.

Definition 4.2. [13] A two-dimensional Banach space in which the Birkhoff orthogonality is symmetric is called
Radon plane.

Actually, besides the symmetry of Birkhoff orthogonality, Radon planes have many remarkable proper-
ties. For example, the radial projection on the Radon plane X is non-expansive, that is, the map R : X — X,
defined by

such that
IR(x) = RWII < llx = yll, x,y € X.

However, in higher dimensions only Hilbert space has this property. For a survey on Radon planes,
including further results, can be found in [13].

In this section, we will focus on calculating the value of MSg(l, — ;) (1 < p,q < oo, ;17 + % =1). Our
main idea is to first establish the equivalent form of MSp(X) in Radon planes, by the symmetry of Birkhoff
orthogonality, and then use this equivalent form to calculate the value of MSp(l, —1;) (1 < p,q < o, % + % =1).
Next, we give the equivalent form of MSp(X) in Radon planes, one can see that it’s much simpler than the
original definition. The proof requires the following characterization of the Birkhoff orthogonality obtain
by James [9].
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Lemma 4.3. [9] Let X be a Banach space. For x,y € X, x Lp yifand only if there exists f € Sx- such that f(x) = ||x]|
and f(y) =

Theorem 4.4. Let X be a Radon plane. Then the following statements hold.
(1) MSp(X) = supfllx = yll : x,y € Sx, x Lp y}.
(2) If X is polyhedral space, that is, a space with finitely many extreme points, then

MSp(X) =sup{llx = yll : x,y € ext(Bx), x Lp y}.

Proof. (1) Notice that the Birkhoff orthogonality is symmetric in X, thus, for any x, y € X\{0} with x L v,
we have y Lp x. Then
maxiidl, lyllh

=yl
Further,
max{ll, Iyl H H
- L — — || < sup]|lx - : X, €Sx, x Lg y},
st i~ Tl = i~ i <SPt — il € S x
which follows that

MSp(X) <supillx—yll : x,y € Sx, x Lp y}.
One the other hand, for any x, y € Sx withx Lz y, letx,, = lx. Then we obtain x, Lp y and

-

max{[|x,|l, [lyll}

Il = vl

MSp(X) >

] ||y||H Ly— y””

, which leads to
MSp(X) 2 sup{llx—yll : x,y € Sx, x Lp y}.
(2) From (1) it is easy to see that
MSgp(X) = sup{llx —yll : x,y € ext(Bx), x Lg y}.

So, we only need to show the converse inequality. Suppose that x, y € Sx with x Lp y. Clearly, we can write
x =tx1+(1—-t)xp and y = Ay; + (1 — A)y,, for some x1, X2, y1, Y2 € ext(Bx) and 0 < t, A < 1. Since X is a Radon
plane and x Lp y, one can easily know that x; 1p yj, forall i, j € {1,2}, by using Lemma 4.3. Now,
e = yll = llx = Ays = A = D2l
=[[Ax+ (1 -A)x— Ay — (1 = D)yl
< Al = yall + (1 = Dllx = ol
< max{llx = yill, llx = y2ll}.

Using similar technique, we can deduce that

[Ix = yall < max{llxr = yall, [lx2 = yall}
and
Ilx = yall < max{|lx1 — v, [lx2 — yall}.

This shows that
llx — yll < max{llx; — yjll = x; Lpyj, i,j€{1,2}}

This clearly implies that

MSp(X) = supfllx —yll : x,y € Sx, x Lp y} <supfllx—yll : x,y € ext(Bx), x Lp y}.
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The above conclusion actually provides us with a new way to calculate the value of MSg(X) for Radon
planes. Next, we will use it to calculate the value of MSg(l, —1;) (1 <p,q < oo, % + [11 = 1). Firstly, according
to Theorem 4.4 (1), we need to find the elements x, y € S;p,lq such that x 1 y. Now, assuming x € Slp,lq, our
goal is to find the elements y € 5 _; such thatx Lp y. Notice that the space [, — I, is a smooth Banach space,
from the geometric meaning of the supporting hyperplane, it can be seen that the supporting hyperplane
of B;,;, at point x is actually the tangent of B,;, at point x. So based on the knowledge of calculus, we can
obtain the equation for the tangent at point x. Furthermore, since the kernel of the functional corresponding
to this supporting hyperplane is actually the straight line passing through the origin and parallel to the
tangent. So, from Lemma 4.3, we know that the elements y € Slp_lq with x Lp y is actually the intersection
points of S, _; and the straight line passing through the origin and parallel to the tangent. Obviously,
finding the intersection points only requires some basic calculations, so we just give the following results
and omit the calculation details. It should be noted that the reason why the following lemma only gives
the results when the abscess of x is between 0 and 1 is that it is enough for us to calculate the value of
MSg(l, — 1;) (see Theorem 4.6).

Lemma 4.5. Let 1 <p < q < oo such that ; + % =1land

Bix):={y : ye Si,-1,, X Lp Y, x € St,-1,-

Then the following statements hold.
W Ifx=@b),0<a<, b=(1-a), then B(x) = (= (~b7,ar)}.
@ Ifx=(cd), 0<c<1,d=—~(1~-c), then B(x) = {((~d)7 ¢t )}.

Now;, all the preparations are ready, it is time to calculate the value of MSg(l, — I;).

Theorem 4.6. Let 1 < p,q < oo such that ;17 + % = 1. Then the following statements hold.
(1) Ifp < q, then

MSg(l, — 1) = sup {”(a +1-a’)i,(1-a) — a%’)

: OSaSl}.
IP_lfl

(2) Ifp > g, then

MSg(l, — ;) = sup {“(a +(1- a‘i)%,(l - g‘i)% - a%)

: OSasl}.
l’I_IF'

Proof. (1) For convenience, we still let
B(x) := {y T ye Slp—lq/ X 1lp y}, X € Sl,,—lq‘
First, due to Theorem 4.4 (1) and the homogeneity of Birkhoff orthogonality, one can easily know that

MSg(l, —1;) = supfllx = yll : x,y €S1,-1,, x Lp y}
= sup(ll—yll : x=(@b) €S, yeBE), -1<a<1)
=supllx—yll : x=(a,b) €S-, y€Bx), 0<a<1}. (10)

Now, take an arbitrary x = (a,b) € Slp,lq with 0 < a < 1. Then following Lemma 4.5, we can obtain the
coordinates of y € B(x). Now, putting the value of x and y into (10), we can obtain the desired result by a
straightforward computation.

(2) It is evident that the mapping (a,b) — (=b,a) is an isometric isomorphism from I, — I, onto [, — I,
thus, by (1), we have

MSg(l, = 1;) = MSg(l; — 1,) = sup {H(a + (1 —af)r,(1—at)i - a!ﬂ”) e 0<a< 1}.
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Remark 4.7. For the case of p = o0, q = 1, the value of MSg(le — 1) is given by Example 2.3 and Example 2.4, that
is, MSp(leo — I1) = 2. Moreover, the value of MSp(l1 — I is also equal to 2, since the mapping (a,b) — (=b,a) is an
isometric isomorphism from le, — Iy onto I — lo, then MSp(li = loo) = MSp(leo — 1) = 2.

|

5. Conclusions

In this paper, we consider a new constants MSg(X) which is used to study the Massera-Schéffer inequality
related to Birkhoff orthogonality. Itis of interest to characterize the Hilbert space in terms of it and investigate
its relationships with some geometric properties, such as uniform non-squareness, uniform convexity and
uniform smoothness. Moreover, we provide a study of MSg(X) in Radon planes. The symmetry of Birkhoff
orthogonality in the Radon planes allows us to establish an equivalent form of MSp(X) for Radon planes.
This equivalent form is used to calculate the value of MSg(l, —1;) (1 <p,q < o, ’1—7 + % = 1). However, there

are still many interesting issues to be discussed. Is this constant related to other geometric properties? How
to calculate the values of this constant for some other classical Banach spaces? Therefore, the research on
MSg(X) needs to be continued in the future so that we can further understand MSg(X).
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