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A study on impulsive evolution equation in Banach space

Hai-De Gou?

“Department of Mathematics, Northwest Normal University,
Lanzhou, 730070, People’s Republic of China

Abstract. The goal of this paper is to consider abstract impulsive evolution systems with delay in the
framework of ordered Banach spaces. Firstly, we discuss the existence and uniqueness of positive mild
solutions for the abstract impulsive evolution systems with delay under order conditions and growth con-
ditions. Secondly, based on monotone iterative technique coupled with fixed point theorem, the existence of
minimal positive mild solution is discussed without assuming the existence of upper and lower solutions.
At the end, applications to partial differential equations are given.

1. Introduction

In this paper, we are concernded with the existence of positive mild solutions for impulsive evolution
equation with delay in an ordered Banach space E

u'(t) + Au(t) = f(t, u(t),ur), t € ] =[0,+00), t #t,
Autliey, = L(u(ty)), k=1,2,..., 1.1)
u(t) = (P(t)/ te [_rr 0]1

where A : D(A) C E — E is a linear operator and —A generates a Cp-semigroup T(f)(f > 0) on E, the history
uy : [-1,0] — E defined by u;(s) = u(t + s) for s € [-r,0], belongs to some abstract phase space 8 defined
axiomatically, ¢ € B and ¢(0) € D(A), r > 0is a constant, f : R* x Ex B — E, Iy : E — E are appropriated
functions, 0 < t; < tp < --+, Auli=, denote the jump of u(t) at t = t;, i.e., Auly=y, = u(t;) — u(t,), where u(t;)
and u(t) represent the right and left limits of u(t) at t = t;, respectively.

The dynamics of many evolving processes undergo mutations that involve short-term disturbances,
and their duration can be negligible compared to the entire evolution of continuous stationary dynamics.
The model involving this disturbance is called the “impulses” phenomenon. The theory of impulses
evolution equations is a new and important branch of differential equation theory, which has a wide
range of application backgrounds in physics, ecology, chemistry, population dynamics, biological systems,
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and engineering. Therefore, the study of pulse evolution equations has aroused great enthusiasm among
scholars and has yielded many important theories, see [4, 14, 16, 17, 19, 21, 24, 29-32, 35].

Researchers focus on the field of evolutionary equations from different perspectives, as such equations
can reveal the future or past states of models. As is well known, considering that in addition to the current
state, the past state of the model can also make it more realistic. The simplest case of ordinary differential
equations (ODE) with constant delays was first proposed, but the author always considers state dependent
delays in potential real-world processes, see[10, 11, 25, 27].

More importantly, in many specific system applications, sometimes only positive solutions have signif-
icant significance. The research on positive solutions to evolution equation is indeed very active, as seen
in [19, 20, 22, 23]. Li (1996) [18] discussed the properties of positive operator semigroups and introduced
upper and lower solution methods into bilinear evolution equations in ordered spaces. Shu et al. (2015)
[26] studied the existence and uniqueness of positive S- asymptotic w- periodic mild solutions for a class
of bilinear neutral fractional evolution equations with time delays on a positive cone. In [5], Chen et al.
(2015) studied the existence and uniqueness of positive temperature solutions for semi linear evolution
equations with non local initial conditions on infinite intervals using monotonic iterative methods, rather
than assuming upper and lower solutions. In [18,19], Lietal. (2017, 2021) studied the positive S- asymptotic
w-periodic mild solutions of abstract fractional evolution equations on infinite intervals.

The highlights and advantages of this paper are presented as follows:

(1) We discuss the existence of positive mild solutions of initial value problem (1.1) on infinite interval in
the framework of ordered Banach spaces.

ithout assuming the existence of upper and lower solutions, we directly obtain the existence o

2) Without ing the exist f upp d 1l luti directly obtain th t £
positive mild solutions by using monotone iterative technique in the sense of compact and noncompact
semigroups, respectively.

(38) We deal with the existence of positive mild solutions of impulsive evolution equation with delay
on infinite intervals by introducing the generalized Arzela-Ascoli theorem and Kuratowski mea-
sure of noncompactness, which has better significance and application value than the usual spatial
continuation methods.

(4) The topological method that some authors have chosen to study existence of positive solutions
is the theory of fixed points, which has been a very powerful and important tool to the study
of nonlinear phenomena. Specifically, authors have used contraction mapping principle, Leray-
Schauder alternative theorem, Schauder theorem and Krasnoselkii’s theorem. However, monotone
iterative method in the presence of the lower and upper solutions is the first time that it has been
used to study our concerned problem in ordered Banach space. Therefore, our results are novel and
meaningful.

The paper is organized as follows. In Section 2 we briefly recall some basic results and some lemmas.
Section 3 discusses the existence theorems for the problem (1.1). And in the last section, an example is given
to illustrate our abstract results.

2. Preliminaries

Let (E,|| - |) be an ordered Banach space with partial order “<” induced by the positive normal cone
P ={u € E: u > 0} with normal constant N.

We denote by PC([-7, +o0), E) the space of piecewise continuous functions u : [-#, +00) — E such that
u(t) is continuous at t # ti, left continuous at t = t, and u(t;) exists, k=1,2,---}.

Leth e C(R+, [1, +00)) is a nondecreasing function and t1i1+n h(t) = +oo. In the sequel, PCy(E) and PCy,(E)

are the spaces defined by
PCy(E) = {u € PC(R",E) : tlim lu(t)Il = 0},
—+00
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PCy(E) = {u € PC(R",E) : lim Il _ 0} 2.1)

+oo h(l’)

. _ — llu@l
endowed with the norms |[[ullpc = sup,, [[u(t)l and [full, = st1>1(1):> NOR
In this space 8 is consided as a Banach space of piecewise continuous functions ¢ : [-7,0] — E with the

norm Ipllg = sup [Ip(s)ll-
s€[-1,0]

Evidently, PC([—7, +0), E) and 8 are also order Banach spaces with partial “<” reduced by the positive
function cones Kpc = {1 € PC([-1, +0),E) : u(t) > 0,t € [-1,+00)} and Kg = {¢p € B : ¢(5) = 0, s € [-r,0]}(0
is the zero element of E) respectively.

Also, we have the following compactness criterion.

Lemma 2.1([15]). A set B € PCy(E) is relatively compact if and only if
(a) B is equicontinuous;
(b) B(t) = {u(t) : u € B} is relatively compact in E for every t € [0, +00);

(c) t1—1>1-’+20 % = 0, uniformly for u € B.
Let A : D(A) C E — E be a linear operator and —A generate a Cyp-semigroup T(t)(t > 0) on E. By the

exponential boundedness of Co-semigroup T(¢)(t > 0), there exist constants M > 1 and v € R, such that
IT®| < Me”, t > 0. (2.2)

In particular, ||T(#)|] < M implies that Co-semigroup T(¢)(t > 0) is uniformly bounded.
Let T(t)(t > 0) be a Cp-semigroup on E, the infimum of v satisfying (2.2) is the growth exponent of
T(t)(t = 0) which means

vo = inf{v € R| there exists M > 1 such that ||T(t)|| < Me"!, t > 0}. (2.3)
Moreover, if vy < 0, then Cy-semigroup T(¢)(t > 0) is said to be exponentially stable.
Definition 2.2([20]). If foreach x > 6,x € Eand t > 0, T(t)x = 0, then Cy-semigroup T(t)(t > 0) on E is positive.

Definition 2.3([20]). If for every t > 0, T(t) is a compact operator in E, then Cy-semigroup T(t)(t = 0) on E is
compact.

Now, if the cone P is a regeneration cone, then by the properties of positive senigroups [20] , it follows
that for sufficiently large Ao > —inf{ReA : A € 6(A)}, Aol + A has posotive inverse opertor (Aol + A)~!. Since
o(A) # 0, the spectral radius

1
Al +A) = ————— > 0.
NI+ A7) = e a0 )
Then, by the famous Krein-Rutman theorem (see [9, 12] ), the operator A has the first eigenvalue A; > 0,
which corresponding positive eigenfunction ¢; and

A1 = inflReA : A € o(A)}.

It’s easy to see that the exponentially stable Cy-semigroup T(f)(t > 0) is uniformly bounded. If T(t)(t > 0)
is continuous under the uniform operator topology in E for each ¢ > 0, then vy can also be expressed by the
spectral set 0(A) of A, i.e,,

vy = —inf{ReA : A € 0(A)}. (2.4)

Thus, it is obvious from (2.4) that vg = —A;.
In fact, we have known from [33] that if Co-semigroup T(t)(t > 0) is compact, then it is continuous under
the uniform operator topology for t > 0.
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Definition 2.4. A function u € PC([—r, +00), E) is the mild solution of problen (1.1) if u(t) = ¢(t) for t € [—-r,0] and

t
u(t) = T(H(t) +](; T(t —s)f(s, u(s), us)ds + Z T(t — t)(u(ty)), t = 0. (2.5)

O<t<t
Moreover, if u(t) > O for all t € [—r, +00), then it is said to be a positive mild solution of problen (1.1).

Lemma 2.5 ([13]). Let E be a Banach space, B = {u,}>" ; € C([0,a], E) be a bounded and countable set. Then a(B(t))
is Lebesgue integrable on [0, a], and

o f; ,(B)dtin € N}) < 2 f; a(B(t))dt.

Lemma 2.6 ([26]). Let E be a Banach space, B C C([0,a], E) be bounded and equicontinuous. Then a(B(t)) is
continuous on [0,a], and a(B) = {r}gx] a(B(t)).
€l0,a

Finally, denote by a;(-) the Kuratowski measure of noncompactness of the bounded sets on C;,(E)(more
details see [3, 6]). Then, we have the following key lemma on ay,(-):

Lemma 2.7([34]). Let D c PCy(E) be a bounded set. If

(i) D is a family of locally equicontinuous function, i.e, for any constant a > 0, the functions in D are equicontinuous
in [0,a];

(ii) lim w1l = O uniformly for any u € D,

then ay,(D) = s::ga a(%t))).

3. Main results

Now, let ¢ € Kg, $(0) € Kg N D(A), for a given ¢ € Kg and u € PCy(E), we define uy(t) : [-r, +o0) — Eby

x(t), te[0,+c0),
ug(t) = (3.1)

o(t), te[-r0].
A closed subspace of PCy(E) is defined by
PC¢(E) = {u € PC([~1,+0)) : u(t) = ¢(t),t € [-1,0], uljo,+o0) € PCH(E) N PCo(E)}
with the norm ||u||h,¢ = max{|lully, llPlls}.

For v, w € PC([-7, +00), E) with v < w, we use [v, w] to denote the order interval {u € PC([-r, +0), E)lv <
u < w}, and [v(t), w(t)] to denote the order interval {u € E : v(t) < u(t) < w(t),t € [0, +00)}.

Theorem 3.1. Let E be an ordered Banach space,whose positive cone P C E is normal, A : D(A) C E — E be a closed
linear operator and —A generate a positive, compact and exponentially stable Cy-semigroup T(t)(t > 0) on E, whose
growth exponent vy < 0. If f € CIR* X EXB,E), Iy € C(E,E)k=1,2,---) and ¢ € Kg, p(0) € Kg N D(A) and the
following conditions are established:

(H1) There exist constants 0 < a < _ﬁ"(’, b,c > 0, and constants ay > 0, by > 0, such that
lf(t, h(t)x, h(t)P)I| < allx|| + bliglls +¢, t e RT, x € E, ¢ € B,
Ik (h(t)o)ll < agllvll + by, t € R*, v € PC(R",E),
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with
a+b+ o;,:itak(_w) < (_AZO) ; (3.2)
(H2) For any x1,x2 € E and ¢1, p2 € Bwith x, > x1, P2 = P,
ft,x2,¢2) = f(t,x1,¢1), t €RY;
(H3) For any y1, y2 € PC(R*, E) with y, > y1,
L(y2) = L(yr).

Then the problem (1.1) has a minimal positive mild solution u € PC([—-r, +0), P).
Proof. Define an operator Q on PCj,(E) by

Qu(t) = T(t)¢(0) + fot T(t —s)f(s, u(s), us)ds + Z T(t — t)L(u(ty)), t € [0, +00). (3.3)

O<tr<t

Due to T(t)(t > 0) is a compact and exponentially stable Cyp-semigroup, we known that Q : PC;,(E) —
PCy,4(E) is well defined. We note that for any u € PC;, ,(E) and t > 0, we get that

lu(®)llpc < h(Ollulln < h(E)lulln,e
and

lluellg = sup [fu(t + s)ll = max{ sup [[u@®)l, [[u(®)llpc}
se[-r,0] te[-r,0]

< max{||pllg, h(E)|ulln} < Ay
Then, from (3.3), for any ¢ € R*, it follows that

¢
IQuet)I < ITEPO) +| f T(t = 9)f(s,u(s), s + | Y, Tt = bt
0 0<te<t (3.4)
=L+ +I;.
In view of the boundness of Cy-semigroup T(t)(t > 0), we have

L = IT(H$O)Il < Mliglls. (3.5)
And by (H1) and (H2), we get

I, = ” f: T(t —s)f(s, u(s), us)ds”

s IO sl 26
SMfOe (a 70 +bh(s) +c)ds (3.6)

M
< —((a+Db)|u +c),
i@ Dl + c)

B=|| Y T - k)|

O<t<t

<M Z (ﬂkm + bk) (37)

O<t<t

<MY (@l + o).

O<ty<t
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Thus, by (3.4)-(3.7), we have

1Qu(®I < Mlills + (M

—10) ((a + )l + C) +M Z (@clleellng + br)

0<ty<t (3.8)
=+ Bllullng,

where

Mc
=M +—+M by,
y=Miglls + Z 5+ M ) b

O<te<t

a+b
‘3 =M + [25%
((—Vo) 0;; )
are positive with § < 1. So, we have tlim ﬁllQu(t)ll =0as tlim h(t) = 400, i.e. (Qu) € PCy(E). In addition,
—+00 —+0c0
we know that (Qu)(0) = ¢(0) from (3.3). Therefore, Q : PCy,»(E) — PCj,4(E) is well defined.
Now, we prove that Q : PCy,,(E) — PCj,4(E) is continuous. Let {um} c PCy,»(E) be a sequence such that

u™ — 1 in PCy,4(E) as n — co, then, u®™(t) — u(t) in E and u" — u; in B for every t € R* as n — co.
For t € R*, by the continuity of f and I, we get

FuD @), u) = ftul),u), L") — L), n— .

Hence, by Lebesgue dominated convergence theorem, we have

t
1Qu™(t) — Qu(p) < fo IT(E = )l - 11f (s, u™(s), ul™) = f(s, u(s), us)llds
)T = Il " (1)) = ()

O<ty<t

t
<M f | f(s, u®(s), ul) = £(s, u(s), us)llds
0

+M Z e (1)) — Le(u(te))ll

O<t<t

< %Ilf(s, u®(s), 1) = f(s, u(s), us)|

# MY " (1)) = Iu(E)l

O<ty<t
Thus, we get that

10U — Qully = sup ——[IQu(t) — Qu(Bll — 0 (1 — oo),

te[0,+00) h(t)
by (3.3), which indicates that [|Qu™ — Qullne — 0 (n — o0), hence, Q : PCy,4(E) — PCy,(E) is continuous.
By Definition 2.4 and (3.1), we can deduced that the fixed point of Q on PC;, 4(E) is equivalent to a mild
solution of the problem (1.1).

Next, we show that the operator Q has a positive fixed point on PC;, 4(E) by means of the monotone
iterative technique. Let u, v € PCy, N P with 0 < u < v, we see that 0 < u(t) < v(t) and 0 < u; < v; for
t €e R*. Then, from (HO) — (H3) and the positivity of T(t)(t > 0), for all t € R*, we have

0 < Qu(t) < Qu(®),



H.-D. Gou / Filomat 38:15 (2024), 5285-5298 5291

which implies that Q is a monotonically increasing operator in PCy, 4 N P.
Let o° = 0 € PCj, N P and establish a sequence {v"} by

o™ = Qo Y, n=1,2,---. 3.9
By the monotonicity of Q and (3.8), one can see {v"} C PCj, NP and
0=00 <oV <...<p®<.... (3.10)

0™ lg <y + Bl Dllng- (3.11)

Since [[v@]};,, = 0, by (3.11), we have

=

1

1ol <y +yB+yp 4 +yp" D =y f_ﬁ

B

Y
<1 g (3.12)

Therefore, the sequence {v™} is uniformly bounded.
Besides, we need to verify that {v™} is uniformly convergent.

Step 1. {v™} c PCy,, N P is equicontinuous in R*.

For any u € (v and 0 < t1 < t5, by (3.3), we have

53
1Qu)t2) = @t = [TEg0) + [0 =556 )
+ ) Tt~ t)lu(t) - T(h)P(O)

O<tr<ty

- j; T(t1 — s)f(s, u(s), us)ds — Z T(t — tk)Ik(u(fk))”

O<tr<ty

< IT(t2)p(0) = T(t)PpO)I
1 B 3 B , " d
+ f(; (T(tz s)—T(t s))f(s u(s), us) s“

o [ e - s 0,00
| Y (1o - 10 - Ttr - ket

O<tr<ty
| Y T - omw)|
i <tx<ty

=hth+B+at s

Then, we can get that

IQu(tz) = Qut)I < Ji+ 2+ J3+ s+ J5. (3.13)

Now, we verify that J; — 0(i = 1,2,3,4,5) independently of u € {v™} as t, — t; — 0. Since the strong
continuity of T(t)(t > 0), obviously,

Ji <NIT(t2) = T(E)N - lIpllg — 0, as t2 — 1 — 0.
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For a sufficiently small constant ¢ — 0%, we have

1
I < f T2 = 8) = Tt — )1 - 1£(s, u(s), u)llds
0
t —¢
< f IT(t2 = 5) = T(t1 — 9| - 1G5, u(s), 1)l
0
t
. f T2 —5) = Tt — )l - (s, u(s), us)lds
ti—¢

t—¢€
SIT(2 -t +€) — T(e)llf0 IT(tr — s = &)l - Il f (s, u(s), us)llds

* fti (ITG2 = )l + T2 = ) - 1Lf s, us), us) s

<(allullg + Bllg + Y(IT(t2 — 1 + ) = Tl —

o) + 2M8)

—>0, as i’z —i’l - 0.

Jo < Z [[(T(t2 = t) = Tty — te)T(ut)||

O<tr<ty

< ) Tt -t + Tt -t — ) - Tt — = &)T()|| - Mt
O<tr<ty

< YTt = b=l IT( = £+ &) = TN - Mut)l

O<ty<ty
il 0, ast) — 1 - 0.

Hence, from the conditions (H1), we have

o< [ T = )1 - (s, u(s), us)lds

IA

Mallulln,g + bllPll + cl)(t2 — t1)
— 0,asth—t; =0,

Jso < ), ITC = Lt <M Y (allullp + bi)

b <t <ty b <t <ty

— 0,astp—t1 >0,

5292

Accordingly, [|Qu(t2) — Qu(t1)ll — 0 doesn’t depend on u € {v™} as t, — t; — 0, which easily implies that

{v™} is equicontinuous in R*.

Step 2. {0 (t)} is precompact on E for t € R*.
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Let t > 0 be given, for any € € (0, t), define an operator

t—€
Qo™ (t) = T(HP(O) + fo T(t - 5)(f(5,07(s), 0))ds + Y T(t = (0™ (k)

O<ty<t—e

f—€
= T(H$(0) + T(e) fo T(t - e = 5)(f(5,0(3),0"))ds + T(e) Y T(t— e~ tl(o™ (k).

O<tr<t—e

By the compactness of T(t)(t > 0), the set {QEU(”)(t)} is precompact on E. Moreover, for any t € (0, +o0), by
(H1), we have

1Qu™ (t) — Qo™ (#)ll

”f: T(t—s)(f(s,v(”)(s),vén)))ds”+ Z IT(t = t)L@™ )]

t—e<ty<t

IA

M(allo® Il + bligll +c)-e+M Y @loll + bi)

t—e<ty<t
.
— 0,ase—>0".

It is obvious that {Qv(”)(t)} is precompact on E for t € R*. Thus, {v(t)} is precompact on E for every
t € [0, +00).

Step 3. tlir;n ﬁllQu(t)ll = 0, uniformly for u € {o™)}.
Combined (3.8) with (3.12), for any u € {v/”}, we can obtain that

1
h(t)

1 V4 1
IQul < @(V + Bllullng) < -5 7 (3.14)

There is no doubt that tlim ﬁllQu(t)ll = 0 uniformly for u € {v™}.
—+00

So, according to Lemma 2.1, one can conclude that (v} is relatively compact in PCW N P. Combing the
normality of cone P with the monotonicity of {v™}, it is clear that {v(")} itself is uniformly convergent, i.e.,
there exist u € PCy 4 N P, such that u = lim; e oM, By (3.9), we have u = Qu. Therefore, u € PCp,y N Pis a
fixed point of Q, which means that u defined by (3.1) is a positive mild solution of the problme (1.1).

Finally, we show that u is the minimal positive mild solution of the problme (1.1). Let i, be another
positive solution the problme (1.1), correspondingly, we have di(f) = Qil(f) for any t € R*. Clearly, i(f) >
v© = 0. By the monotonicity of Q, we have

a(t) = (Qa)() = (Qv)(t) = o),

hence, 11 > v, Analogously, we have il > v o n=1,2---. Taking limit as n — oo, we get that i1 > u, which
means u € PC(R", P) is the minimal positive mild solution of the problme (1.1). O

Next, we replace the compactness of T(t)(t > 0), by using the noncompact measure conditions and
establish a result of the existence of positive solutions.

Theorem 3.2. Let E be an ordered Banach space,whose positive cone P C E is normal, A : D(A) C E — E be a closed
linear operator and —A generate a positive, equicontinuous and exponentially stable Cy-semigroup T(t)(t = 0) on E,
whose growth exponent vy < 0. If f € C(R* X EX B,E), Iy € C(E,E)(k=1,2,---) and ¢ € Kg, $(0) € Kg N D(A)
and the following conditions are established:
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(H4) Forany t € R, x3 > x1, |lxill < Rand ¢a > ¢, llpills <R,

ft,x2,¢2) = f(t,x1,P1);
(H5) For any v1, v; € C(R*,E) with v, > vy, |lvill < R,

Ii(v2) = Ir(v1);
(H6) There exist constants L¢, L > 0, such that for any t € R* and the monotone increasing sequence {u™} c B(6,R),

a(tf(t, u™(®),u}) < Le(a(tu® @) + sup of (W 6)1)),

a( ™ ®)}) < Lia(tu®™ ©)}),
Then the problem (1.1) has a minimal positive mild solution u € PC([—r, +o0), P).

Proof. For R > 0, and given ¢ € Kg, [|¢llg < R, define
5R = {M € PCh,qb(E) NP: ||u(t)|| <R, te ]R+},

and the operator Q on Qr by (3.3). From hypothesises (H4), (H5) and the positivity of T(t)(t > 0), it follows
that Q : Qr — E is well defined. Hence, if u is a fixed point of Q on Qg, then u, is undoubtedly a mild
solution of the problem (1.1). Let

Rp= ~ max _[[f(t,u(t)u)ll; Rp= ﬂ,}&ﬁ”l"(”)”’ teRY,

le(t)llpe Murllz<R
Step 1. There exists Ry > 0 such that Q : Qr, — Qg,, and for any u € Qg,,
lim - lQu(b) = 0
= I(E) -

In fact, if this property is false, then for any R > 0, there is always u € Qg such that [|Qull;, > R. Then, we
get sup %IIQu(t)ll > R. For u € (g, t € [0, +00), by (3.4), we can deduce that
>0

IQut)l < MIglls + _ﬂVORg MY R (3.15)

O<ty<t

Therefore, from h(t) > 1, it follows that

1
R <sup —

M
up 7 IQUO < IQuE < Miglls + 2Ry +M Y Ry

O<t<t

Dividing both sides by R and taking the lower limit as R — oo, we get the contradiction of 1 < 0. Thus,
combined with ||Qu(0)|| = [|¢llg < R, we conclude that there is a constant Ry > 0, such that Q(Qg,) C Qg,.
Further, we can see from (3.15) and tlir+n h(t) = +oo that for any u € Qg,,

. 1
Jim 2 IQul =0.

Step 2. Q(Qg,) is locally equicontinuous.
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For any u € 5RD, leta € (0,+00) and 0 < t; < t; < a, by (3.13), we just prove that J; — 0 = 1,2,3,4,5)
independently of u € 6RO as tp —t; — 0. Obviously,

Ji = IT(£2)$(0) = T(t:1)p(O)l — 0, as t, =t — 0.

Combining conditions (H4) with (H5), for a sufficiently small constant ¢ — 0%, one has

t
L o< fo T2 — ) = T(t1 — ) - (s, 1(s), u)llds

IA

Rp-(IT(t =t + &) = T(e)ll Y

= 2Ms)

il O, aStz—t1—>0,

Jo < Y T =) = T(h = b - Ikt
O<tr<t
< R YT = b=l IT( — b +€) = T

0<ty<ty
— 0,astr—t; = 0.

For J3 and [5, we have

Js < ftIIT(fz—S)II-IIf(S,M(S),us)IIdS

IN

MRy - |t - 1|

— 0,ast,—t; =0,

o< Y T = ol ko)l
h<t<tr
< Ri- Y T -t
L <t <tr

- O, astz—t1—>0.

As aresult, [|Qu(ty) — Qu(t1)ll = 0 independently of u € ﬁRO as tp —t; — 0, which easily implies that Q(ﬁRO)
is equicontinuous in [0, a]. Hence, Q : Qg, — g, is locally equicontinuous.

Step 3. We show that the operator Q has a positive fixed point on Qg,.

From (H4), (H5) and the proof of Theorem 3.1, we know that Q is a monotonically increasing operator
in 5120 .

Let v° = 0 € Qg, and establish a sequence {v™} by (3.9), Then by the monotonicity of Q, we can see
that {0} ¢ Qg, and (3.10) is valid. Let B = {v™|n € N} and By = {0 "V|n € N}. Owing to the boundness
of By C 51{0, by (3.3), it is easily to find that B = QB is bounded and locally equicontinuous. In view of
Lemma 2.7 and By = B U {09} that a(By(t)) = a(B(t)) is continuous in [0, +co).

Denote ay,(-) the Kuratowski measure of noncompactness of the bounded sets in Cy, 4 (E). For t € [0, +c0),
we have

sup a({o?(s)) = sup a(fv™(t +s))) < a((v™ (). (3.16)
se[-r,0] s€[-r,0]
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According to the step 1, 2 and by Lemma 2.6, 2.7, the condition (H6) and (3.16), for ¢ € [0, 1), we get that

B(t) QBo(t)
“(W) = a( h((;) )

ane(B(t)) = an(B(t)) =

- <{h(t T(tPO) + = ) f T(t - 5)f(s,0"(s), 0/ V)ds))

IN

t
af{ % fo T(t - )f(s,0"(s), 0"~ ))ds))

IA

t
% fo IT(t =)l - a({(f(s, " (), v )))ds

IA

t

aML, f (o )i
" ((BO)

4MLy f ({h(s)})d

t
4MLy ‘fo an,o(B(s))ds.

From the Gronwall lemma, for ¢ € [0, t1), we have ay, 4 (B(t)) = 0. Also ay,¢(B(t1)) = 0 which implies that B(t;)
and By(t1) are precompact, then ay, ,(I1(B(t1))) = 0. For ¢ € [t;, ), we obtain

B(t) QBy(t)
o(20) - o210

IA

IN

ans(B(t) = an(B(t)) =

- ({hzt) f T(t - 5)f(5,0"7(5), o )ds}))

IN

% fo t IT(E =)l - a({(f(s, 0" (s), 08~ ")))ds
' B
amity [ of{73es

t
< 4MLff0(h,¢(B(S))dS.
0

IA

And by Gronwall lemma, for ¢ € [t1, t2), ang(B(t)) = 0, then a;,4(B(t2)) = 0, which yields that aj, (I (B(tz))) =
0. Continuing such a process interval by interval, we can prove that a, 4(B(t)) = 0inR*. Hence, a;,4(B(t)) =
in R*, which shows that {v(t)} is precompact on Qg, for any t € R*. Combing the monotomc:lty and
continuity of Q with the normahty of the cone P, obviously, {v™} itself is convergent, i.e., there exists
ue 5120, such that

" S yue ERO/ n — oo.

Taking limit of both ends of (3.9), we can get u = Qu, which implies that u € Qg, is a positive fixed point of
Q. Therefore, u defined by (3.1) is a positive mild solution of IVP(1.1). From the proof of Theorem 3.1, it’s
follows that u € PC([-7, +00), P) is the minimal positive mild solution of the problem (1.1). m|
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4. Applications

Let QO ¢ RY(N > 1) be a bounded domain with a sufficiently smooth boundary 9Q, | = [-r, +),

O<ti<ty<---,9: 5><]><]R><]R — Rand ¢ : R = R(k =1,2,---) be continuous. Consider the impulsive
evolution equation initial value problem

duu(x, t) — Au(x, t) = g(x, t,u(x, t),u(x, t +s)), x€Q, t >0, t # t,s € [-r,0]
Aulle=y, = @r(x, ulx, t)), x€Q, k=1,2,---,

M(', t)IBQ =0,t=>0,

u(x, t) = P(x,t), x€Q, t € [-r,0].

4.1)

Theorem 4.1. Let Ay > 0 is the first eigenvalue of Laplace operator —A with boundary condition ulsq = 0.
geCOX]XRXRR)withg >0, ¢ : R = R(k =1,2,--- ,m) are continuous with @, > 0. If the following
conditions are hold:

(i) There exist constants 0 < a < %, b,c > 0, and constants a; > 0, by > 0, such that

lg(x, £, u(x, 1), ulx, t +s))I| < allull + bllusllg + ¢, t € RY, x € E, uy € B,s € [-1,0],

llpr(h(H)o)ll < agllvll + by, t € RY, v € PC(R", E),

(ii) There exist constant M > 1, such that
A
a+b+ Ay Z ax < Ml

O<ty<t

Then the problem (4.1) has a minimal positive mild solution u.

Proof. Let E = L*(Q), P = {u € L*(Q) : u(x) > 0, a.e. x € Q} is a normal cone in L?(Q)), then P is a regular cone
of E. Note 8 := C(Q X [-r,0], E) with the normal cone Pg = {1 € B: u(x,t) € P,t € [-1,0], a.e. x € Q}. And
define the operator A in E as follows:

D(A) = {u € HH(Q) N Hy(Q) : ulpo =0}, Au=—Au,

from [26] which implies that —A generates a positive, exponentially stable and analytic Cy-semigroup
T(t)(t = 0) with growth index vo = —A;. According to analyticity of T(t) and compactness of resolvent of A,
we can obtain that T(t) is also a compact semigroup in E, thus the problem (4.1) can be transformed into
problem (1.1). Let () = ¢(-, 1), u(t) = u(:, t), us(s) = u(-, t+s) and define nonlinear mapping f : [XEX8B — E
and impulsive functions I : E — E:

f(t/ M(t), ut) = !7(/ £ M(', t)/ M(',t + S))/ Ik(u) = (Pk(u('))/

then f : [X EX 8B — Eis continuous in v and partial derivatives f;(t, u, v), f;(t, u, v)is bounded, Iy : E — E are
continuous and differentiable. It’s obvious that f and I satisfy the conditions (H1), (H2) and (H3). From
Theorem 3.1, we can obtain that the problem (1.1) has minimal positive mild solution u € PC(J,E). O
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