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On some paranormed ideal convergent triple sequence spaces via
zweier operator

Mohammad Imran Idrisi®, Nadeem Rao**, Kavita Saini®, Sumaira Aslam?®

?Department of Mathematics, University Institute of Sciences,Chandigarh University, Punjab, India

Abstract. In the present work, we introduce paranormed zweier ideal convergent triple sequence spaces
defined by a compact operator ;Z(7),3 Zé(’f) and 3Z% (7) where g = (g;) is a triple sequence of positive
numbers and we study some algebraic and topological properties of these spaces.

1. Introduction

A double sequence is a function x : N XIN — RorC where, the sets N, R and C have their usual meaning
as the set of natural numbers,real numbers and complex numbers respectively. By the convergence of
a double sequence, we mean the convergence in the Pringsheim’s sense. A double sequence x = (x;))
has a Pringsheim limit L provided that for a given € > 0, there exists an n € IN such that [x;; — L| < ¢,
whenever i, j > n. A triple sequence (x;j) is a generalization of double sequence and defined as a function
x:INXIN XN — RorC. A number of different kinds of studies about triple sequence spaces was initially
formalised by well known authors Sahiner et al.[31, 32], Esi et al.[9, 11], Datta et al.[7], Debnath et al.[8] and
further by many other authors too. Let the class of all triple sequences (x;) to be denoted by 3w and its
domain to be N® where the subscripts i,j and k belong to IN. Throughout the present work, classes 3/, 3¢
and 3cg will represent triple sequence spaces which are bounded, convergent, and convergent to zero in
Pringsheim’s sense respectively, moreover these spaces normed by sup-norm as follows

x|l = sup |x;l, where i, ],k € N.
ijk

In 2007 Sahiner,Gurdal and Duden[31] introduced the notion of convergence of triple sequences.Further,this
concept has been studied by many authors([2, 3, 6, 9, 10, 13, 17, 18]).

Fast[12] and Schoenberg[34] worked independently and carried out the concept of statistical conver-
gence. Later on Kostyrko, Salat and Wilczynski[23] generalized the statistical convergence and as a result the
concept of ideal convergence came into existence. Subsequently, Tripathy, Salat and Ziman[33] and many
other researchers (like Raj et. al. [30], Ayman-Mursaleen and Serra-Capizzano [4], etc) worked on ideal
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convergence as well as statistical convergence. An ideal I is defined to be a family of a non-empty set X
iel C2Xif 0 € Iand If I, I, € I implies that their unionisinlie UL €l,and; € [ L C, = L €L
whereas a filter is a family of sets F C 2X &< (Q0¢F F,F,€eF implies that their intersection is in F i.e
FinF,eFand Fi1 CF, = F, € F. IfI # 0 and X ¢ I then [ is said to be non-trivial, admissible if and only
if {{x} : x € X} € I and maximal if there is no ideal | # I that contains I. For every I to be a non-trivial ideal
there must corresponds a filter F = F(I) = (Y : X - Y € I}.

Maddox [26] introduced the following subspaces of a linear space w.
I(g) :={x € w : ¥ |xx|T < o0},
k
loo(q) := {x € @ : sup |x|% < oo},
k
cg)=xew: liin lxe =% =0, forleC },

@) =xcew: 1ikm |kl =0, },

where q = (gi) denotes a sequence of strictly positive real numbers.

Subsequently, Lascarides ([24, 25], introduced the following subspaces of a linear space w.
lolg) ={x € w: 0 <rs.t sup |xrl%t < oo},

colgf =lxew: I0<rst hkl’];I lxxr|®te =0, },

Ho) = lxew: A0 <rst ¥ [t < col,

k=1
where t; = g ', ¥ for all k.

2. Preliminaries and Definitions

Definition 2.1:[16] A sequence (x;j) € 3w is said to be convergent to a number c in pringsheim’s sense if
for every € > 0 however small, there exists a natunal number m € IN such that

[xjx —c| <€ whenever i>m, j=m, k=m.

Example:[16] Let
jk, i=3
. ik, j=5
i ii, k=7

8, otherwise.
Then (x;j) — 8 in Pringsheim’s sense.
Definition 2.2:[16] A sequence (x;j) € 3w is said to be a Cauchy sequence if for every € > 0 however
small, there exists a natural number m € IN such that
[Xijk — Xpgrl <€ Whenever i>p>m, j>q>m, k>r>m.

Definition 2.3:[16] A sequence (x;jx) € sw is said to be bounded if there exists a number s > 0 such that
Ix,-jkl < sforall i,j,k.
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Definition 2.4:[15] A sequence (x;jx) € sw is said to be ideal or I-convergent to a number y if for every
€ > 0 however small, such that

{6,k eN®: g —yl 2 € e L.
symbolically write as, [ — lim x; = y.
Definition 2.5:[15] A sequence (x;jx) € 3 is said to be I-null if y = 0 and symbolically write as [ —lim x;j = 0.

Definition 2.6:[15] A sequence (x;j) € s is said to be I-Cauchy if for every € > 0 however small, there exists
natural numbers p, g and r depend on € such that

{G,70) € N®: xije — xpprl 2 €} € 1L

Definition 2.7:[15] A sequence (x;jx) € 3w is said to be I-bounded if there exists a number s > 0 such that
{6,k e N®: iyl > s} e L.

Definition 2.8:[15] A triple sequence space S is said to be solid if (&;jxijx) € E whenever (x;i) € S and for all

sequences (a;jx) of scalars with |a;u| < 1, for all 7, j, k € IN.

Definition 2.9:[15] A triple sequence space S is said to be monotone if it contains the canonical pre-images
of all its step spaces.

Definition 2.10:[15] A triple sequence space S is said to be sequence algebra if (x; * yix) € S, when-
ever (x;x) € S and (y;) € S.

Here, recalling a Lemma which will be use later for establishing some results:
Lemma: If ] c 2N and K CIN. If K ¢ I, Then K N IN ¢ I.(see[19-22])

Definition 2.11. A function defined on a linear space, h : X — Riis called a paranorm, if forall x, y € X,
(h(y) = 0if y =6,

(ii) h(-=y) = h(y),

(i) =(x + ) < h(x) + h(y),

(iv) If (a,) is a sequence of scalars with a, — a (n — o) and y,,c € X with y, — ¢ (n — o0) , in the sense
that h(y, —c) = 0 (n — o0), in the sense that h(a,y, —ac) = 0 (n — ).

The notion about the paranorm is closely associated to the linear metric spaces and it is a generaliza-
tion of that of positive value(See[28]).

Definition 2.12 Let X and Y be two normed linear spaces. An operator T defined by
T:X->Y

is said to be a Compact Linear Operator (completely continous linear operator) if T is linear and T maps every
bounded sequence (x;) in X onto a sequence T(x;) in Y which has a convergent subsequence. The set of all
bounded linear operators B(X,Y) is normed linear space normed by

ITll = sup [ITx|
xeX|lx||=1

The set of all compact linear operator C(X,Y) is a closed subspace of B(X,Y) and C(X,Y) is a Banach space if
Y is a Banach space.
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The K-space is a sequence space S with a linear topology which maps each g; — C such that g;(y) = v;
and it is continuous for every i € N. Moreover, if S is complete metric space then a K-space is called Fréchet
coordinate space(FK-space) and if FK-space has a normable topology then it becomes a Banach coordinate
space(BK-space).

Let, for any two sequence spaces S; and S, an infinite matrix A = (c;;) of real or complex numbers c;;
defines a matrix mapping from S; to S, i.e A : S; — Sy, the sequence Ay = {(Ay),)}, is A transform of y in
Sy, for every vy = (yx) € 51

where,

(Ay)n = Y cijyj, (i €N). (1)

]

We denote the class of matrices by B = (51 : 5), thus if A € B if and only if the series given in eq.
(1) converges for alli € N and y € 5;.

Recently, Mursaleen, Altay and Basar[1, 5], Malkowsky[27],Ng and Lee[29] and Wang[36] constructed
a new sequence space by means of matrix domain with particular limitation method

Sengoniil[35] defined y; = px; + (1 — p)xi-1 as Z7 transform of the sequence x = (x;) with 1 < p < o
and x_1 = 0 and Z” = (zj) denotes matrix as

p/ lfll = kr
zig=41—-p, if,i—-1=k (i, keN),
0, for other cases.

Later on, Sengoniil[35] introduced the Zweier sequence spaces Z and Zg
Z=x=()ew: ZFxe A},
where A = cand ¢y
Here, recalling some theorems by Sengoniil[35] which will be use later for establishing some results:
Theorem 2.1. The spaces Z and Zj are the BK-spaces with the norm
Ixllz = lxllz, = 12Px]l..

Theorem 2.2. The spaces Z and Z are linearly isomorphic to ¢ and ¢ respectively, i.e Z = c and Zy = ¢o.
Theorem 2.3. For p # 1 the inclusions Zy C Z strictly holds.

Let p = (px) be the real positive bounded sequence. For any complex number v, whenever v = sup(px) < o,
k

we have [vJ’* < max(1, [v|F). where E = sup(px) we get, |x + yilP* < K(|xglP* + [yilP¥) for K = max(1;2571). [26]
k

Khan and Ebadullah [14] introduced various zweier sequence spaces.

Z'={keN:{x=()€w:I-limZ'x=LforsomeL}} €1,
Zi=lkeN:{fx=() €w:I-limZPx=0}} €1,
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Zl={keN:{x=(x)€w:sup|Zx| < o}} €],
k

Also, denoted by
ml =702 and m, =27, 0 Z),

3. Main Results
Here we define the main results of this article as classes of sequence spaces via an ideal defined over IN°.

3.ZI(T) ={x= (x,-]-k) € sw:{@ij ke N3 : |T(ZPx) — s|Tix > €} € I}
for some s € C;

3Z4(7) = {x = (vij) € sw 2 {(i, k) € N° | T(ZP )k > e} € I;

3ZL(1) = {x = (xij) € 3w : sup |T(ZPx)|%* < oco}.
ijk
Also, denoted by
315 (7) = 3Zeo(1) N 3Z'(7)
and

sy (1) = 3Zeo(1) N 3 Z5(0)

where g = (q;jx), is a positive real triple sequence.

Throughout the article, we will use some representations to reduce elementary calculations as below
T(Z\x) = x,T(Z'y) = y and T(ZFz) = Z forall x, ¥,z € 30.

Theorem 3.1. The spaces 3Z'(1), 5Z(1), sm%(7) and 2mIZU(T) are linear spaces.

Proof. We'll only prove for the space 3 Z/(7).

For the other spaces similar way will be follow.

Let, there exits two triple sequences in the space 3Z/(7) i.e (xijk), (Yijk) € 3Z! (1) and a1, a; be scalars and
epsilon to be greater than 0 i.e € > 0. however small.

we always get,

{(G,j,k) e N°: Ix;.].k — 5Tk > %, forsomes; € C } el
1

(G}, € N* : |y = ol > ——, forsome s, € C | €
2

where
t; = E.max{1, sup ||}
ijk
ty = E.max{1, sup |aa|%%*}
ijk
and
E = max{1,25"!} where F = sup gijx > 0.
ijk
Let

Av =1, K) € N°: [ =il < -, for some's; € C | €
1

Az = (i, k) € N°: ly = 5ol < o, forsome s, € C } €1
2
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be such that A{, AS € I.
Then

Ay ={(,j,k) e N°: I(alx;].k + azy;-]-k) — (151 + a252)|"*) < €}
2 {(G, k) € N ¢ a4, = 51 [ < >y 14 E}
1

N{G, j, k) € N* laa [y = s2|" < g|0éz|q”k-E}
2

Therefore as a result we get, A = A{ N A5 € I. subsequently we get the linear combination (alx;jk +
azzy;.].k) € 3Z!(7). by proving this linearity, we can say that the space 3 Z/(7) is a linear space.
For the other spaces 3Z(7), 3m’Z(T) and zmlzo (7) by following the similar way one can prove that they are
also linear spaces.
Theorem 3.2. q’L‘;et (qijx) € 3le. Then 3mIZ(T) and 3mIZO(T) are paranormed spaces, paranormed by
h(x') = s’u{) lefjkIT] where t = max{ 1,s'g£> Gijk}-

1], L],
Proof. Suppose we take x’ = (x;]-k)/ y = (y;jk) € 3mIZ(q).
(1) then, h(x’) # 0 if and only if x" # 0.
(2) h(x") = h(—x") is obvious.

(3) Since q’—t’k < 1and t > 1,now here we use Minkowski’s inequality then we can write,

/ / qll / M ’ M
sup |xj + Yl T < sup [T+ sup |yl
ijk i jk ik
(4) A to be complex number then we write (A;) s.t Aijx — A, (i, j, k — o0).
Letx), € 3mIZ(T) such that |}, — LI > €.
qiji 9ij 9iji
Therefore, h(x’ — Le) = sgllf Ix;jk - LITjk < s‘qkp lefjlelk + s.qf |L|T]k, where e=(1,1,1.....).
1], 1,], L],
Hence, h((/\ijkxlfjk - AL)) < h((/\ijkxl’.jk)) +h(AL) = Ajjh(x") + Ah(L) as (i, j, k — o0).
Therefore as a result the space, 3mIZ(T) is a paranormed space which was the required proof of the theorem
and for the rest of the results one can follow the same steps.

Theorem 3.3.The space 3m’Z(T) is closed in 3l(7) as a subspace.

Proof. Suppose, we take (x'(.,l(m”))

. I i
i as a cauchy sequence in the space 3mZ(T) s.ta/tmm) syt
We claim that x’ € 3m’Z(T).

Since (x:.](.zm)) € 3mIZ(T), then there is another triple sequence (a;,,) exists s.t

(G k) € N /O — gy, > €} €1

To prove our claim we will only prove that
(1)(ajmn) converges to number a.

QI U ={(i, j,k) e N3 : |} — al < €}, implies that U° € I.

Since (x;;}l(m")) is a Cauchy sequence in 3mIZ(T) then for a given € > 0 however small, there always exists
(io, jo, ko) ce N® s.t

’ € ..
sup g™ = 71 < 3, for all Lmyn),(p,qx) (o, jo, ko)
1],
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For given € > 0 however small we can have,

Blmn,pqr = {(l, j, k) € N3 : |x"('lm”) ’(F"V)l }

ijk 1]k
€
Bugr = (i, j k) € N+ Jx lj,’:f”’ ~ el < 3)
X €
Blmn - (l ],k) € N3 (Imn) - almn| < 5}

Then B¢ B, BS €l

Imn,pgr’ =P’ = Imn

Let B¢ = BIC NBS N Bc , Where
mn,pqr par mn

B ={(i, jk) € N° : |apgr — apnunl < €.

Then B¢ € 1.
We choose (ip, jo, ko) € B then for each (I, m, n), (p,q, 1) = (o, jo, ko), we have

€

(G k) € N < apgr = aunal < €} 2 (GG, j B) € N ™ — gy < 2)
NG, j 1 € N2 ™) =0 < 2

.. ’ €
NG, k) € N7 2 ™ = al < 3}

Then (i) is a Cauchy sequence in C so it will always converges to a number a € C s.t a3, — 4, as
(I, m,n) — oo.

For the other part of our proof let 6 € (0, 1) be given. Then we will only have to show thatif U = {(i, j, k) €
N3 - |x;jk — alfi < 5}, implies U° € I.
Since x’"" — x’, then there exists (po, g0, 70) € IN® such that

P =10,k € NP o) — x| < (2y) 1)

which implies that P° € |
So we can choose a triplet (po, qo, 7o) as with (1), we can obtain

P ; 0
Q= ((i k) € N : g, =l < (35))
stQfel

as, {(i, j, k) € N3 : |x/(Poq0r0) — g, . |9k > 6} € I. Then we can get a subset S of N® s.t S¢ € I, where S is defined
as

5= 10, 0) € N £ 00 g 15 < ()

Let U° = P° N Q° N S, where the set U can be defined as U = {(i, j, k) € N® : |xl’.].k — alfik < 5}.
Therefore, as a result it is always true for each (i, j, k) € U°, we get

(G, k) € N = |y, —al® < 6} 2 {(G, j k) € IN® : [/ 0o070) — xjfic < (3%)t}
[ 7 ’ 17 i 0
NG, j k) € IN? < |00 — a0, < (55))

. _ 0
r]{(Zr ]/ k) € N3 : |ap()qm’g - a|%k < (3_D)t}
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So, we have proved our claim to be true . Moreover the inclusions mIZ(T) C leo(t) and mIZO(T) C l(1) are
strictly follows and so regarding the Theorem 3.3 another result follows.

Theorem 3.4. The spaces 3mlz(r) and 3mlzo(’c) are nowhere dense subsets of 3/ (7).
Theorem 3.5. The spaces 3m’,(7) and 3mIZO(’c) are not separable.

Proof.We’ll only prove for the space 3mIZ(T).
For the other spaces similar way will be follow.
Let S ¢ IN? to be infinite and of increasing natural numbers s.t S € Jand a sequence (gjj) to be defined as
i.e,
) 1, ifGijk)eES,
ik = 2, otherwise.

Let Py = {x’' = (x;.].k) : x;jk =0or1, for (i,jk) €S and xj, = 0,otherwise}.
which is an uncountable set.
Consider, the set defined as B; = {B(x/, %) : X’ € Py}. class of open balls and an open cover C; of 3m1Z(T)
containing Bj.
Here, B, is an uncountable set so the open cover C; can’t be reduced to be countable subcover for the space
3mIZ(T)~
Therefore as a result the space 3mIZ(T) is not separable.

Theorem 3.6. Let, there exits numbers such that i = m{ gijx and G = sup g;jx. Then both the conditions
b ijk

below are equivalent.

(i)G<ooand h > 0.

(i) 3ZH=3Z(7)

Proof. Suppose there exits two numbers such that 1 > 0 and G < oo, then we have the inequalities
min{1,s"} < s%* < max{1,sC}which satisfies for any real s > 0 and for all triplets (i, j, k) € IN®. which enables
us to prove the equivalence of both of the conditions (i) and (ii) above. Hence the results hold.

Theorem 3.7. For any two positive real triple sequences (g;x) and (r;jx) the inclusion holds 3mlzo (1) 2 3mIZO (r)

= ( li{)nE inf Z’—]:: > 0, where, the subset E is in I and its complement E¢ belongs to N3
i,jk)e g

. ¢ Gijk ’ I . Iy i
Proof. Let (i,l]g)réE inf ﬁ > 0, and (xl.].k) € 3mzo(r). Then for any real § > 0 s.t g;jx > Prij, for all triplets
(i, j, k) sufficiently large in E. Since (x;j) € 3mIZO(r) for any given € > 0 however small, we can always have

Fo={(i,jk) € N®: |xjl* > e} €

Let Hy = E° U Fy. Then Hy el
Then for all triplets (7, j, k) sufficiently large in Hy the inclusion holds

(G, k) € N« [xijel® > €} C{(G, j, k) € N : [yl > e} € L.

Therefore (x},) € 3mIZo(T)'
The converse part is obvious hence can be folllow in similar way.

Theorem 3.8.For any two positive real triple sequences (g;jx) and (r;jx) the inclusion holds 3mIZU n2 3mlzo (1)

= (‘llii)nE inf ;‘—ﬁ > 0, where, the subset E is in I and its complement E° belongs to IN®
i,5,k)E 1k
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Proof. This theorem cab be proved by following the steps of previous resut hence omitted.

Theorem 3.9.For any two positive real triple sequences (g;x) and (7;) the inclusion holds

. . il . . ¥ij
amp(r) = smi(t) & lim 1nfz,—f’; >0,and lim inf-Z >0,
1 . 1

(i,jk)eE (i,jk)€E iji

where, the subset E is in IN® and its complement E¢ belongs to I

Proof. This theorem can be proved by combining above results which is obvious hence omitted.
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