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A note on approximation of nonlinear Baskakov operators based on
g-integers
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*Department of Mathematics and Science Education, Faculty of Education, Harran University, Sanlrfa, Turkey

Abstract. In this study, we give a specific family of g-integer-based max-product type approximation
operators having the property of pseudo-linearity, a weaker term than classical linearity. We propose a
further improvement in max-product type operators which is based on g-integers. Firstly, we construct a
new kind of nonlinear Baskakov operators. For construction we use the linear g-Baskakov polynomials

and also the max-product algebra. Then we give an error estimation for the g-Baskakov operators of
max-product kind. Also, an approximate statistical theorem is presented.

1. Introduction

In this section, it is emphasized some general notations about the max-product kind operators. Over the
set of real positive numbers, R, we deal with the operations \/ (maximum) and - (product). Consequently,
(R4, V, -) has a semiring structure and it is called as Max-Product algebra. Take the interval [E ¢ R which
is a bounded or unbounded, and describe the space of the function / as follows

CB.(E) = {h : E —» R;; h continuous and bounded on [E}.

An approximate operator of the discrete max-product type L, : CB.(E) — CB.(E), has a general form
n
Ly (1) () = \/ K, %3) - (1),

i=0
or

L (1) () = \/ K, ) - I (x)
i=0

where n € N, h € CB.(E),K,(,x;) € CB.(E) and x; € E, forall i = {0,1,2,---}. These are positive nonlinear
operators which satisfy a pseudo-linearity condition of the type

Lya- hvp- g)x)=a- Ly(h)(x)V B Li(g)(x),YVa,p € Ry, h,g: E— R,.

In order to give some properties of the operators L,, we present the following auxiliary Lemma.
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Lemma 1.1. ([4]) Let [E C IR be a bounded or unbounded interval,
CB.(E) = {h: [E —> R, : h continuous and bounded on IE}

and L, : CB4+(E) — CB.(E), n € IN be a sequence of positive homogenous operators satisfying, in addition, the
following properties:

i. (Monotoncity) if h, g € CB.(E) satisfy h < g, then L,(h) < L,(g) for alln € IN;
ii. (Sublinearity) L,(h + g) < L,(h) + L,(g) for all f, g € CB,(E).

Then for all i, g € CB.(E), n € N and x € E we have

|Ln(h)(x) - Ln(g)(x)l < Ln(lh - gl)(x)

Corollary 1.2. ([4]) Let L, : CB4(E) — CB.(E), n € IN be a sequence of operators satisfying the requirements
(i)-(ii) in Lemma 1.1 and also be a positive homogenous operator. Then we get

h(x) = Lu(h)(x)| < [%Ln(%)(X) + Ln(€o)(X)] w(h;6) + h(x) - |La(eo)(x) — 1|, Yh € CB.(E), n € N, x € E,
where 0 > 0, ep(t) = 1 forall t € IE, px(t) = |t — x| for all t, x € E. Also,

w(h; 6) = max [f(x) — f(y)l
x,y€E

lx—y|<6

is the first modulus of continuity. If IE is unbounded then we assume that there exists L,(@x)(x) € Ry [J{+00}, for
any x € E,n € IN.

Corollary 1.3. ([4]) Assume, in addition to the qualifications in Corollary 1.2, the sequence (L), satisfies L,(eo) = e,
forall n € IN. Then for all h € CB.(E), n € N and x € IE we get

1) = LD < [14+ S Lo )] s ).

The approximation of a continuous function by a sequence of linear positive operators is fundamental
topic in the Korovkin-type approximation theory (see [1], [13]). In the paper [6], nonlinear positive operators
in place of linear positive operators has been introduced by Bede et al. They discovered that the nonlinear
operators exhibit a similar approximation behavior to the linear operators, despite the fact that the Korovkin
theorem fails for these nonlinear operators. In recent years, g-calculus has played an important role in the
approximation of functions by a linear positive operator.

Also,the results of convergence are better for g-analogues of approximation operators than for clas-
sical ones. Lupas [15] presented g-Bernstein operators and investigated their approximation and shape-
preserving properties. In the paper [18], Phillips established the use of g-integers to generalize Bernstein
polynomials. Several researchers defined and researched several unique generalizations of linear positive

operators based on g and (p, g)-integers ([7], [9], [11], [12], [15]-[18]).

2. Construction of the operators

In [2], Baskakov introduced the positive and linear operators, which are typically associated to functions
that are bounded and uniformly continuous to f € C[0, +o0) and specified by

v@=aen Y[

k=0

)xk(l + x)kf(g), V¥n e N.



E. Acar / Filomat 38:16 (2024), 5795-5806 5797

It is known that the following pointwise approximation result exists as:

| Vi (f) () = f(%) 1< Co§ (f; V(1 +x)/n), x €[0,00),n € N,

where p(x) = 4/x(1 + x) and I = [0, o). In this case, I;, = [h*/(1 — h)?,+c0), h < 6 < 1. Moreover, the function
f on [0, +c0) is preserved monotonically and convexly by V, (f) (see [14]).
The truncated Baskakov operators are identified by

i =+ Y (" e (£),

k=0

for f € C[O, 1].
Truncated Baskakov operator of max product kind f : [0, 1] — IR are described by (see [3])

Vi bux()f (£)
\/Z:O bn,k(x)

where b, (x) = (”+£_1)xk(1 +x)7"* n>1,x€[0,1].

In the paper [5], it was showed that the order of uniform approximation in the whole class C.([0, 1])
of positive continuous functions on [0, 1] cannot be improved, in the sense that there exists a function
f € C4([0,1]), for which the approximation order by the truncated max-product Baskakov operator is
Cawi(f, 1/ V/n). The fundamentally better order of approximation w (f, 1/n) was attained for some functional
subclasses, such as the nondecreasing concave functions. Finally, some shape preserving properties were
proved.

In this section, we modify the Truncated Baskakov operator of max product kind presented in (1) by
using g-analysis. For the construction, we mainly use some properties of g- calculus given below:

UM () = ,x€[0,1neN, n>1, (1)

Some properties of g- calculus
For the parameter g > 0 and n € IN, the g-integers of the number 7 is defined by

Rl Y 1
e 0], = 0.
o, ={ T S

For n € N, the g-factorial [n],! is defined as follows
[n],! = [1]4[2];...[n]; and [0],! = 1,

and for integers 0 < k < n, g-binomial coefficient is introduced as

[7’1] _ [n]q!
k g B (k14! — kl,!

Finally, let g-binomial coefficient and 1 < j < n — 1, one get g-Pascal Rules as follows

fI A R R R R F R

Let us also note the following identity:
. -1 1
Z[nJFI; ]xk:.—,|x|<1,
k=0 q (5 D

where (x;¢), = (1 —x)(1 —gx)--- (1 — ¢ 'x)
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Lemma 2.1. ([5]) Let an arbitrary function f - [0,1] — Ry, U (f)(x) is positive, continuous on [0, 1] and provides
UM(£)©0) = £(0) foralln € N,n > 2.

Also, ULM) (f)(x) satisfies all the conditions given in Lemma 1.1.
Now, we identify our operators as follows:

" k
Vi=o buik(x; ) f (%)
V=0 bui(x; )
wheren € N, f € C,[0,1], x € [0,1], g € (0,1) and b, x(x; q) is given by

n+k-1 Mkwk s—1.4—1
bu(x;q) = X g7 x H(l +q7x)7.
q

s=1

UM (f;x;q) =

In this case, we consider the empty product to be one. The operators uM( f;x;q) reduce to the operators
u™ f;x) given by (1), when g — 1~. Also, uM( f;x;q) is well-defined.

According the definition of the operator, we get f < g = U,SM)( fixq) < U;M)(g,‘ x;q), for f,9 € C,[0,1].
With regard to f € C.[0,1], u( f;x;q) is increasing. In addition, we have u™( f+gxq) < u™( fixq)+
U;M)(g; x;q), for any f,g € C4[0,1]. So the operators UEIM)(f; x;q) are not linear over C. [0, 1].

Let w(f,6), 6 > 0 indicate the modulus of continuity of f € C,[0,1], indicated by w(f, ) = maxj—y<s |
f@)=fy1.

3. An error estimation

Firstly,we need some notations and lemmas to estimate U,(qM)((px;x; q) with @.(t) =| t —x |. We will
primarily utilize a method similar to [5] in this part, however we must modify every item to the g-calculus.

In determining all estimates, it is sufficient to take into account x € (0, 1] since U,EM) (f;0;9)— f(0) = 0 for any
feC40,1].

ForeachneN, n>2,ke{0,1,2,---,n},j€{0,1,2,--- ,n—-2}and x € [[n[fli’]q, [[1114:11]]1]’ let identify

[k,
Mign,j(x; q) = i (2 q) | T | 2)
q
which
by i(x;
o 530) = A0 ®)

for x € (0,1], mo,,0(0;9) = 1 and my,0(0;q) =0 forallk € {0,1,2,--- ,n}.
In this case, (2) and (3) imply respectively that if k > j + 2 then

[kl
M j(x; q) = My j(X; q) Tl x 4)

and if k < j then

Ld
Mk,n,j(X; q) = mk/,,,j(x; q) (X - ﬁ)
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[n-1]47 [n—-1];

Now,foreachne]N,n22,k€{0,1,2,‘-',n},je{0,1,2,-'-,n—2}withk2j+3andxe[ Ly U+1]"],

let identify
W 50) = 1, 356) | o — 1 (©)
o, j\X; ) = Mg, ji\X; g [n— 1]q
and also foreachn e N,n >2,k€{0,1,2,--- ,n},j€{0,1,2,--- ,n -2} withk<j—Tland x € [%,%],
let identify
Pl 358) = i ) [ - ?)
ko, j\X; ) = M, ji\X; g [n— 1]q

Lemma3.1. Letg€(0,1),neN,n>2andx € [%, [[r]ltlll];] . Then we obtain the following inequalities:

i. Forallke{0,1,2,---,n},j€1{0,1,2,--- ,n =2} with k > j + 3, we obtain
— 1
My j(x;q) < Mip,j(x;9) < (1 + W)Mk'"'j(x; q)
ii. Forallke€{0,1,2,---,n},j€{0,1,2,--- ,n =2} withk < j — 1, we obtain

— 1\ ~
My, j(x;9) < My j(x;9) < (1 + qn__l)Mk,n,j(x} q)

Proof. (i) From the equations (4) and (6), we get the inequality My, ;(x; ) < I\_/Ik,n,]-(x,' q). Moreover, using the
equality [n + 1], = [n]; + 4" we obtain

— [k] [k] [j+1] .

My j(q)  fog — X - EE _ (1), (IKl; = [ + 11,) 14 "

My () % —x % - [Wl]f’ Kyl =10y = [+ glnly Ky = [+ 1y — gt
1lg 1l n=1lg

By using the facts that k > j + 3 and j < n we obtain
[k]q _ [] + 1]17 _qn—l > []+3]q _ []+ 1]q _ qn—l > qj+2 +qj+1 > qn+2 + qn+1.

Hence, we get the proof of (i)

A_/Ik,n,j(x}Q) <14 1
Min,j(x;9) = g+ gt

(ii) We can simply estimate Z\’/\Ik,n,]-(x; q) < Mgy, j(x;q) using (5) and (7). Additionally, using again the
equality [n + 1], = [n]; + 4", we have

[kl [j1 [k] . .
Min,j(x; ) _ = ﬁ ["—i]]q B ﬁ _ [71;.[n]; — [kly[n — 1], < [71; — [kl; + qn_l
MinjO50) %= 5o oor - ool [l (L, - K1,) [y — [l
ql’l—l 1

R R i 1

Since k < j—1and j < n, we obtain [j], — [k], > [jl, - [ - 1]; = g/~ > ¢"~'. Hence, we obtain
My i(x;
—,\k' 5 0) < (1 + %)
Mk,n,j(x/' q) q
which completes the proof. 0O
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Lemma 3.2. Let g € (0,1), n € IN,n > 2. Then for all k € {0,1,2,---,n}, j € {0,1,2,--- ,n -2} and x €

[j1 [j+1]
[_[n—;]q , —[n_”:] , we have

M, j(;q) < 1.

Proof. Let us notice that for x = 0 we necessarily have j = 0 which implies 19, 0(x; ) = 1 and my,, 0(x;q) = 0
forallk € {1,2,--- ,n}. Now, assume that x > 0 when clearly m, ;(x; ) > 0. We have two possible cases: 1)
k>jand2)k <j.

Ul L+l
[n-1];7 [n-1],

n+k
Case 1) Let k > j. Since the function h(x) = WTX is nonincreasing on [

] it follows

k Ui+l

i) Tkt 1y 1+g™  [k+1), 1 0 Tk, =10+ g+
M) 4k, T x n+kl, T [ Tk, [+ 1],
n=1lg

o [k+1]q " [n—l]q+q”+k[j+1]q
G+, k+1],

By using [k + 1], > [j + 1];, we obtain

Minj(Gq) =1+ g™ [ +1l;  1—g"+ g1 - g*!) .

Mis1n,j(6Gq) [k+1], - 1—gk+t

Then we have the conclusion that

1 =mjnj(x;q) 2 Mjr10,j(Xq) = Mjr2u,j(6q) 2 -+ 2 My i(x;q),

Therefore, the proof is completed for the case (1).

[l [+l
["_Hq 4 [”_Hq

Case 2) Let k < j. Since h(x) = m is nonincreasing on [ ] , it follows

[j1
M) ntk=1ly o x  In+k-1], =

k-1 (=1
ria Ty 2 7 »
M) K Lgmtte ™ K 1+ g1
k-1 [, . 1 - gmkt 1
- [k]q [n— 1]q + qufl[j]q 1= qnfl + qn+k71(1 _ qj) -

Then we easily get

1=mjpi(x;q9) 2 mj10,j(X;9) = Mj2,i(X;q) 2 2 Mo, (x;q).

Therefore, the proof is completed [

[jl;  [j+1]
Lemma3.3. Letge (0,1),neN,n>2and x € I:[n—ll]q’ n_lﬂ]. Then we have

i Ifkef{j+3,j+4,---,n—1}issuch that [k + 1], — Jq*[k + 1], > [j + 1],, then

M j(%:.9) = Mis,1(x; 9).-

i. Ifke{1,2,---,j—2}issuch that [k], — \/q*"'[k]; < [fl;, then Mk,n,j(x; q) = Azk_l,n,j(x; q).
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Proof. (i) Letke{j+3,j+4,---,n—1}and [k + 1], — /g*[k + 1], > [j + 1], . We observe that

Miyj(q) Tkt 1],  1+q™x [kl —x[n - 1],
Mg j(x;q)  [n+ k]qq x [k +1];-x[n-1],

Since h(x) = 1+qx 3 [k[f]f];fz;]f] is nonincreasing on the interval [[n 'i’] , [[r]ﬂ]]”] we get
_ ik L+, [ji+1],
Moo k1), 1+0 05 M- -1,
= > q* T . T
My j(x;q) [+ Kl o k1l - gapin -1l
ok [n—1], + g [k+ 1], [k+1], [kl,—[j+1],
=1 [+ K, [+ 1, k+ 10, - [ + 1,

L+ 1]y (Kl = [+ 1]
G+, k+1l,—[+1],

By taking into account the fact that [k + 1], — , [q¥[k + 1]; = [j + 1];, we have

[k +1], \/[k+1]2 [klglk + 1], > [j + 11,
By simple calculations we get

_]Wk,n,j(x; Q) >

Mys1,,j(x; q)

which proves (i).
(ii) Letk € {1,2,--- , j — 2} is such that [k]; — \/¢*"![K]; < [f];- Then we have that

—~ [k]

Mk,n,j(x/' q) _ [n+k- 1]q -1 X X - [nff]q

o e\ k 1 + gntk-1y [k-1], ©

Miy-1,,j(x; q) [kl q X x— [n—llql,

Since f(x) = ot [ﬂ[n1 ]1]x x[k[k]{]] is nondecreasing on the interval [[ n[i']lﬂ]q ) [[ij]ﬁ] , we obtain

. Ljlq .

Minj(xiq) [n+k-1l [-11, [, = [kl

Mgy kg 1+ gkt B []]’ []]q [k—1],

k=1 D mq [K],
=10+ gl K [l - k=1

(k=10 Ul U=, Gl oy Ul-[,
o, ek, K, - k=1, K, Gl -k-1,

which proves (ii). O

Lemma3.4. Letge (0,1),neN,n>2and j€{0,1,2,--- ,n—2}. Forall x € [[n[]]i’] , [,]:i]”] we have

\/ Buxl;9) = by, j(x;9).
k=0



E. Acar / Filomat 38:16 (2024), 5795-5806 5802

Proof. Firstly, we demonstrate that for fixedn € N, n >2and 0 <k <k+1 < n we get

[k +1],
0 <bur1(x;q) <bui(x;q) © x € (0, ——|. 8)
[n-1],
By the definition, we get
0 <buir1(x;q) < bui(x;q)
nt+k| e g, Eas 1405101 < n+k—=11 e T 140511
2 2
o0 < K+l g7 x .H(+q X)) < k q .x.H( + 47 %)
q s=1 q s=1
n+k n+k-1 n+k-1
&0 <x. (qk. ] - q””‘.[ ] ] < ] .
k+1 . k g k g
Then we obtain
[k +1],

< . < . <x<
0 < buia(x;q) S bup(x:g) © 0<x < [n—1],

which corrects the claim (8). Therefore, by taking k = 0,1,2,--- ,n — 1, we obtain that

bui(x;q) < buo(x;q) €0 <x <

[n - 1]q’
bu2(x;9) < by1(x;q) ©0 < x < ly ,
’ ’ [n-1],
so on,
[k + 1],

0<bup1(x9) <bi(x;9) ©0<x <

and so on until finally

0 < buu-1(x;9) Sbynoa(xq) ©0<x<1,
0<bpu(x;q) <byp-1(x;9) ©0<x < 1.

Using the above inequalities, for allk = 0,1,2,--- ,n, we easily get that

1 -
[T’l — 1][]_ :bn,k(xr ‘7) < bn,O(xr ‘7)

1 (2], |
[[n =11y [n = 1]y ]

(2], 3]y ] ' '
BT =buj(x; ) < bup(x;9)

x € |0,
x€ =b,x(;q) < bui(x;9)

X €

[ Ul [+1lg]
[[n—1]," [n—1], ]

Using these last implications with the ”if and only if” equivalences mentioned above and writing

n j-1 n
\/ bui(x;9) = max {V bk ), \/ bl q)}
k=0 k=0 k=0

the lemma is obvious. O

x€ =buk(x;9) < by,j(x;q)
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Theorem 3.5. Let f € C,[0,1], x € [0,1] and n € IN, then we obtain

M)( £ 2y — 1
| Uy (f;%;9) f(X)|24w(f/ m] ©)

Proof. Firstly we give an estimation for u™ (@x; x; q) with @y (t) =| t — x | . By the definition we get

Viobu(G0) | o - x|

\/k:() nk (x, q)

Eu(x;q) == UM (9w %:9) =

K, [k+1],

Assume that x € [[ NATEH

] where j € {0,1,2,- — 2} is fixed. By Lemma 3.4, we get

[ kl;  [k+ 1],7]
[n—11," [n-1], |

Therefore, obtaining an upper estimate for each My, j(x; q) is remained when j € {1,2,--- ,n — 2} is fixed,
c [ [k1q [k”]"]andk= 0,1---,n}.

[n_llq / [”_1]17
For the proof, we take the following cases: 1)k e {j,j+1,j+2},2)k > j+33)k < j—

Ex() = max {M,50)}, x

Case 1) If k = j then My, j(x; ) =| ¢, ﬂ -x|=x- ﬂ .Since x € [[n[k]f] , U:ri]”] It is obvious thatM]n](x q) <

1
1[;],1; [n] Ifk = j+1then Mji1,,i(x;q) = Mjs1,,i(x; q) | ][;—]Jq —x | . From Lemma 3.2, we have m1 . j(x; q) < 1.
Since x € [%, [U::ﬂ ], it easily follows that M1 ,,i(x;q) < i < ﬁ If k = j+2 then Mj,p,(x;q) =

[kl;  [k+1],

[j+2]
Mij2,n,i(X; q) (u - x) For the interval x € [[ T bl

] we obtain M, ,,i(x; 9) < [n]q

Case2) Subcase a) Suppose first [k + 1], — /g¢[k + 1], < [ + 1],;. Then we get

k], ) [kl [7lg

n-1, ) -1, -1,

My, n, j(x;q) = my, n, j(x;9). (

By the hypothesis, since q[jl, > qlkl, = /q*[k + 1];, we obtain

W, K- Jdtke1l, ek ) 5
_ = < .
[ -1, o= 11, (-1, Jmell

Subcaseb) Suppose now that [k+1],— /g*[k + 1], > [j+1],. In this case, the function g(k) = [k+1],— {/q¢[k + 1],

is nondecreasing, there exists ke {0,1,2,--- ,n}, of maximum value, such that

[k+1], - w/qE[E +1], < [j + 1,

Let ki = k + 1. Then for all k > ki, we obtain [k + 1], — /g[k + 11, > [j + 1],

Mkr n, ](xr LI) <

— [ le+1, [k + 1], k+11, [l
Mg, (6:4) =i, q)'[[n -1, ] RN TES TR VS R T

<[E+1]y7 [k+1],—q/ - \/ Mk +1], q]+\/qk(k]q+q) 3v2+ V3

“n-1] [n - - [n—1], N
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Also it is easy to check that k; > j + 3, since g is nondecreasing function, then we get g(j + 2) < [jl;. By
Lemma 3.3 (i) it follows that

1\_4,;,,1,]-(36; q) = Z\_/I§ +2’n,j(x; q) = ...M,m,]»(x; q)-

Hence, we get Z\_/Ik,,,,j(x; q) < 3\f2_++f forany k € {E +1,k+2,---, n} . By Lemma 3.1 (i) we obtain
n+dlg

VI
- 3V2+ V3
- I+,

Case 3) Subcase a) Suppose first that [k], + /¢ [k]; > [f];- Then we get

My,j(x; q)

(klq ) VR R L s g [k,
m-1],) " [n-1l; -1, " [n-1], [-1],

7 I =1+ 1) _ i
[n_l]q w/[?’l—l]q

Subcase b) Suppose now that [k], + /g*"![k]; < [jl,. Let k €1{0,1,2,---,n} be the minimum value such
that [k], + /4¥1[k]; = [j];- Then k; = k — 1 satisfies [k2]; + /g [k2]; < [fl;- Then

M e k-11,)  [j+1, k-1, [l+qg [k-1],
My, (x;q) = my_y ,, i(X;q) (x e 1]qJ < Do, s T < =) oo R

Since [I}]q + w/q’z‘l[fc]q > [j]; we get

_ Kly+q/ + UK, k—1), 9/ +47"+ g 1k]
Wiy, () < q 7 k=1l _ 1 V2+2

[n_l]q [n_llq B [n_l]q a \/[1’1—1]4'

Moreover the inequality k, < j — 1 is obvious from the case j > 1. Using Lemma 3.3 (ii), we have

M, /(6 9) =g, (X ) (x -

Mfc—l,n,j(X; q) = M}?—z,n,j(X; q) = "‘A’/\IO,n,j(x? q)-

So, we get Azk_l,n,j(x; q) < ‘/i—f] for any k, < j— 1. In both subcases, by Lemma 3.1 (ii) we get My, j(x; q) <
g

W=

2¥3(V212) Therefore, collect all estimations in the previous cases and subcases we easily complete the

Vintl,

proof. [

4. A-statistical approximation

We will find an approximation theorem for the operators u® f;x;9). But in order to obtain such an
approximation, we must substitute a suitable sequence (g,) whose terms are in the interval (0, 1) for a given
g € (0,1) described in the preceding sections. Phillips [18] used this concept for the g-Bernstein polynomials
first.

Now let (g,) is a real sequence satisfying the following conditions:

0<gy, <lforeverynelN, (10)



E. Acar / Filomat 38:16 (2024), 5795-5806 5805
sty — li}Iin gn =1, (11)

and
stg —limg, = 1. (12)

The notations given in (11) and (12) denote the A-statistical limit of (g,), where A = [a;,] (j,n € IN) is an
infinite nonnegative regular summability matrix, i.e., a;, > 0 for every jn € IN and lim; Yo AjnXy = L
whenever lim, x, = L provided that the series ), a jnXn is convergent for each j € IN.

We claim that a particular sequence (x,) is A-statistically convergent to a number L if, for every € >
0,lim; ¥, —1ze @n = 0 (see [10]). We should note that Fast [8] first presented the idea of statistical
convergence, and this method of convergence generalizes both of these ideas.

Lemma 4.1. Let A = [a},] nonnegative regular summability matrix. If lim; max, {aj,,} = 0 then A-statistical
convergence stronger than classical convergence.

Theorem 4.2. Let (q,) be a sequence satisfying (10)- (12), and let A = [a},] be a nonnegative regular summability
matrix . Then for every f € C.[0,1] we have

stg —lim<{ sup | UEZM)(f;x;q,,) - f(x)|;=0. (13)
T | xe[0,1]

Proof. Let f € C.[0,1]. By replacing q with (g,), taking supremum over x € [0,1], and also utilizing the
monotonicity of the modulus of continuity, we get from Theorem 3.5 that

E,:= sup | UM(f;x;9,) - (%) |< 24w [f; ;] neN. (14)
[n+1],

x€[0,1]
Then it is enough to prove st4 — lim, E,, = 0. The hypotheses (10)-(12) imply that

stA—lim; =0

N ST

Also, we can write that

sty — 11511@(15 %) = 0. (15)

n+1],

So, the proof follows from (10)-(15) immediately. [J
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