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A characterization of h-strongly porous subsets of R
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Abstract. In this paper, notion of h-porosity of the subsets of real numbers at zero is investigated. Then, a
characterization for h-strongly porous subsets of real numbers is given.

1. Introduction

In real number system, the concept of porosity can be considered as the distribution of numbers within
the set. A set is said to be porous if it contains “holes” or “gaps” in itself. More specifically, for a porous
set, there exist intervals or neighborhoods that don’t contain any elements of the set. First studies about set
porosity was given by Denjoy in [5], [6] and Khintchine in [9]. Then, porosity arose a paper about cluster
sets [7]. A lot of basic properties of porosity can be found in [10]. By the help of a special function the
definition of upper porosity for a subset of real numbers at a point, redefined for the subsets of natural
numbers at infinity [1]. Then, porosity convergence of real valued sequences defined by the authors in [2].
Some properties of porosity convergence was defined and studied in [3], [4]. Also, Dovgoshey and Bilet
characterized the notion of strongly right upper porosity of a subset of R at a point [8]. They define a new
class of subsets of R* which are strongly porous at zero. It has many nontrivial modifications of the notion
of porosity.

In this study, we deal with the problem considered in [8] by using h-porosity notion instead of right
upper porosity notion.

Let /i : [0, +00) — R be a nonnegative, continuous and increasing function on [0, +o0) such that
h(0) =0, h(x)>0forallx>0
holds.

Definition 1.1. The right upper h-porosity of M C R at zero is defined as

_ o (M, 0, 6)
p,M) = llrérligp o) 1)

where A(M, 0, 6) denotes the length of the largest open subinterval of (0, 0) that contains no point of M, and
(M, 0,0) := h(A(M, 0, 6)).
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The right lower h-porosity for M C IR* at zero can defined similarly, replaced lim inf instead of lim sup.

In this paper, we will take account only the right upper h-porosity of subsets of R* and we will use
following terminology:

A set M C IR* is called:

(i) h-porous at zero if p, (M) > 0;

(ii) h-strongly (denoted by h-str) porous at zero if p,(M) = 1;

(iii) h-nonporous at zero if p, (M) = 0.

Let M; be the set of all decreasing sequences fi = {u,} with y, € M for all n € IN such that 1}1_130 tn =0
holds.

Remark 1.2. Let’s point out that M; = 0 < 0 ¢ M’ (M’ denotes the set of all accumulation points of M).

Let Iy be the set of all open interval sequences {(k,, [,)} € R* such that following conditions hold:
(i) k, > 0 for each n € IN..

(i) (ky, I,) is the interior of a connected component of extM (exterior of M) foralln € N, i.e., (k,, [,)NM = 0
but for every (ky, [,) C (a,b) we have

(a,b) # (kn,1n) = (a,b) N M # 0.

(iii) The limit relations limh(k,) = 0 and lim % =1 hold.
n—oo n—oo n
Let us note that if 0 ¢ M’, then we put Iy = 0.
//E//

Now, let us define an equivalence relation, “<” on the set of sequences of R* by following way: Let

/
% = {x,} and 7 = {y.}, n € N. We write ¥ < 77 if there are constants c., c* > 0 such that

CSi(xn) < h(yn) < €h(xn) (2)

holds, for all n € N. Equivalently, we can say & 2 7if

0 < liminf 20 _ i sup i)

n—oo h(yn) = » h(y,,) < 00 (3)

holds.

Definition 1.3. Let M C R* be a set and & € M, be a sequence. If there is an interval sequence {(k,, [,)} of
Iy such that

k 4)

(=

a

where k = {k,}, then the set M is called h-d-str porous at zero.
The set M is completely h-str porous at zero if M is h-@-str porous at zero for every & € M.

Remark 1.4. If 0 ¢ M’, then from Remark 1.2 the set M is completely h-str porous at zero.
Let us denote the set of all completely h-str porous at zero subsets of R* with CSP,(0). Namely,
CSPy(0) := {M C R* : M is completely h -str porous at zero}

2. A characterization of CSPy(0)

In this section, we will focus on to characterizing of the sets of CSP,(0). At first, we shall start to serve
some Lemmas for to achieve our aim.
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Lemma 2.1. Let M C R* be a set, & = {a,}nen, B = {Prlken € My be arbitrary sequences. If M is h-@-str porous at
zero and there is n = n(k) for every natural number k with

c.h(an) < h(Br) < c"h(an), ®)
hold where c.,c* € (0,00) be any constants. Then M is also h-B-str porous at zero.

Proof. Let M C R* be h-@-str porous at zero set. Then, the inequality (5) and the definition of h-d-str porous
at zero gives that M is h-B-str porous at zero. [

Example 2.2. Let us consider a sequence 1 = {m,} = {%}%N and h(x) = x? for x € R*. Define a set M ¢ R*
asM := {0} U {m, : n € N}

=}
A
W =
SIS
=

Figure 1: The set M is pointed here

Obviously {(+1, My)lnen € I and M is x2-1i-str porous at zero. Also, every sequence E € M, have the
condition of Lemma 2.1 when we take @ = 7, c. = ¢* = 1.
So, M is x2-B-str porous at zero for every § € M. Hence, M € CSP;(0) holds.

Example 2.3. Let 171 be the sequence defined in Example 2.2 and h(x) = In(1 + x) for x € [0, o). Define the
set N as follows:

N = {0} U {[m,,2m,] : n € N}.

It is clear that 2m,4; < m, for all n > 1. Basic Mathematical calculations gives that the sequence
{(2M1444+1, M14n)} belongs to Iy. Write 2771 = {2m,,}. Then, N is h-21i1-str porous at zero for h(x) = In(1 + x). Let

B = {Bx} € Ny. For every k € IN there exists n € IN such that
In(1 + m,) <In(1 + Br) < In(1 + 2m,,). (6)
holds. From same reason as in Example 2.2, the inequality (6) gives that N € CSP,(0).

Lemma 2.4. Let M c R*, & € My and {(k,, 1)} € Ip. Then, following expressions are equivalent:

(i) & = kwhere k = (k).
(ii) Following inequalities

.. h(kn) ) h(k,)
1 < liminf and limsu < o
e a) el h(aty)
hold.
(iii)
lim sup h(k")) <oo and h(ay,) < hk,)

n—oo h(an

hold for sufficiently large n.
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Proof. 1t is easy to see that (if) implies that (/). Let us assume that (iii) is true. Since h(a,) < h(k,), then
1< Z((Z")) is true for all n € IN. This implies that 1 < liminf, %’;; holds. Hence, (ii) is proved.

Z((';)) < o0 is obtained by considering the

Now, let’s prove that (i) gives (iii). The inequality limsup,

N
assumption & = k. Also, we have

. h(ly)
ey = (7)
because of {(ks, [4)} € Im. The condition (i) implies that the sequence (Z((‘;:)) ) is bounded from below and

upper. So, if we consider (7), then we can say that there exists 19 € IN such that
ha) _ hih)
h(kn) = h(kn)
holds for all n > ny. Then, we have
h(ay) < h(l,) 8)

for all n > ny. From (8) it can be obtained by considering the properties of h that a;, < I, holds for all

n = np. In this situation, k, < a, may be satisfied for all n > ny. But this is not possible because a,, € M and
(kn, I;) "M = 0. So, a, < k, must be hold. Hence, the proof is completed. O

Remark 2.5. Let M C R* is h-d-str porous at zero for & = {a,} € M. Then there is an interval sequence
{(kn, In)}new in Iy such that the conditions (if) and (iii) of Lemma 2.4 are equivalent with the situation of
h-a-str porous at zero of M.

By the help of Remark 2.5 we can easily establish a set W C R* such that W is h-str porous at zero but
W ¢ CSP,(0)

Example 2.6. Let 171 = {%} be the sequence in Example 2.2 and h(x) = x? for x € R*. Let us establish the set
W as follows:

1 1
WZ{O}U{[W,M}HEN}

1 1 1 1 1
0 (2n+1)! (2n)! 5! 4 3! 2!

-

Figure 2: The set W is bold here

1 2
((2n+1)!)

The sequence {((2#2),, m)} belongs to Iy and lim = 00. So, W is x%-str porous at zero. Now, let

n—oo (a2

us take account the sequence 7j = {n,} with 1, = \ma,1to, = | /m ﬁ It is clear that 7j belongs to Wj.

Let {(ks, 1,)} € Iw be an arbitrary interval sequence and 1, < k, for all n € IN. Since, 1, € [m, ﬁ] c W,
then we have 7, < ﬁ < kn. If W € CSPy(0), then W is fj-str porous at zero. Thus, by Remark 2.5, we can

take {(ky, 1)} such that n,, < k,, for n € IN. So,

_1 12
n—oo h(nn) n—oo ]’l(nn) n—oo [(2n+1)! m]

Hence, we obtain from Remark 2.5 that A is not fj-str porous at zero, contrary to the assumption. So,
W ¢ CSPy(0).
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If a subset M C IR* is h-B-str porous at zero for § € M, then the set M is h-str porous at zero.
Also, we have following proposition.

Proposition 2.7. Let M C R* be a set and 0 € M. If M is h-str porous at zero, then there exists B € My such that
M is h-B-str porous at zero.

Remark 2.8. If 0 ¢ M’, then M is h-str porous at zero but from Remark 1.2 there isn’t any § € M.

Definition 2.9. The set M € R* is uniformly h-str porous at zero if there is a constant ¢ > 0, such that for
every € M, there exists {(k,, l)} € Im such that

L hky) h(k,)
1 < liminf <limsup ——= <c¢
n—0oo h(ﬁn) n—)oop h(ﬁn)

holds, for all sufficiently large 7.

©)

Remark 2.10. If 0 ¢ M’, then from Remark 1.2 the set M is uniformly h-str porous at zero.

Every uniformly h-str porous at zero set belongs to CSPy,(0). Moreover, the converse of this fact is also
true and we will show this at the end of the paper.
A set Iyi(B) C Iy for B € M, define by the following rule:

{(ky, L)} € IM(‘E) & {(ky, 1)} € Iy and B, < ky, for sufficiently large n € IN.

Let

and C(h(M)) := sup (C((B))). (10)

EEMd

. . . h(kn))
C(h = inf lim su
() [(k,z,zmeIM(ﬁ)( n—>oop h(B.)

Remark 2.11. Let M C R* and 0 ¢ M’. M is h-str porous at zero < Iy () # 0 for every § € M,.
M is completely h-str porous at zero < C(h(f)) < oo for every € M.
M is uniformly h-str porous at zero & C(h(M)) < co.

Lemma 2.12. Let M C R* be a set. If B = (B} € My and {(ky, L,)}nen € v is a sequence satisfying k Q B, then
k:={k,} and | := {l,,} are decreasing sequences.

Proof. 1t is sufficient to prove that one of the sequence k and [ is decreasing. Let us assume that k isn't
decreasing. Then, there is a set E C IN, it has infinitely many elements, with

kn+1 > kn (11)

holds for all n € E. Since (ky,1,) " M = 0, then (11) implies that h(k,+1) = h(l,) > h(k,). By Lemma 2.4,
h(B) < h(k,) holds for all sufficiently large 1. Also, for this 1, we can assume that i(8,+1) < h(8,) because
is decreasing. So, we obtain

h(kn+1) = h(ly) > h(kn) = h(Bn) > h(Br+1) (12)
for sufficiently large n € E. From (12) we have

1) _ k)

hkn) = h(Bus1)”

Thus following inequality contradicts to Lemma 2.4

hln) _ h(ky+1) h(ky+1)

oo = lim limsup ———— < limsup —=

5‘55 h(k”) h nekE h(,Bn+l) - n—>ololp h(ﬁn+l)'

n—oco
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Proposition 2.13. Let M C R*, § € My, and (D 1)) (D 1D} € I Ifk! U B and k2 L f, then there exists
No € N such that

(k(z) Z(Z)) — (k(l) 1(1)) (13)
for every n > Ny where k' := (k),i=1,2.

Proof. Letk! 2 f and K2 2 f hold. Then, from Lemma 2.12, we obtain k' are decreasing for i = 1,2. We also

have f L and f % k2. Also, this implies k! ijcz holds. From Lemma 2.4 there exists Ny € IN such that
kY < k® and k? < k@ for n > Ny. Hence, k) = k@ for every n > Ny and (13) holds for such n. O

Let’s define a set I, C Iy by the following rule:
{(kn, 1)} € 110\14 & {(kn, 1)} and {k,} is decreasing.
Remark 2.14. If {(k,, 1,)} € I4, for M C R* then there are & = {a,,} and f = {8,} € M; sucht that

Ch@) . hBY
) T ) T .

holds.

Definition 2.15. ([8]) Let K := {(ky, [,)}, E := {(an, by)} € I1,. We say K < E if there are n; = n1(K,E) e Nand a
function f : N,, —» IN, where N, := {ny,n; + 1, ...}, such that

kn = () (15)
satisfied for every n € IN,,,.

It is called that E € I4, is universal if K < E for every K € I4,.
If K is a subsequence of E, then K < E holds.
Let us show that the converse is not true, in general:

Example 2.16. Let {m,} be a strictly decreasing sequence with lim M) — () and let M = {0} U {m, : n € N}.
n—

oo hlmy) T
Let us take into account a sequence E = {(e, fo} with (ex, fi) = (Mp41, my) © n? <k < (n+1)%. From Example
2.2, X = {(my41,m,)} € Iy. By Lemma 2.1 we have E € Iy;. So, Definition 2.15 implies that £ < X. It is clear
that E ¢ X.

Definition 2.15 can be reformulated by the following way:

Proposition 2.17. Let K = {(ky, 1)}, E = {(an, bn)} € I%,. Then, K < E if and only if there are ny = ny(K, E) and
f Ny, — IN such that

Ly := b
holds for all n € IN,,,.

Proposition 2.18. Let M C IR be a h-str porous set at zero and 0 ¢ M’. The relation " < " is a quasi-ordering (binary
relation with reflexive and transitive) on the set I%,.

Proof. Tt is clear that < is reflexive. So, we must prove that < is transitive. Let K < Eand E < T
for K = {(kn, L)}, E = {(an, b))}, T = {(tu, pn)} € I;’\ZA. From Definition 2.15 there exist f; : N,, — N and
f2 : IN,, — N increasing functions such that

ky =apm holdsfor n>n; and a, =tp, holdsand n>n,.
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Take mp := max{n € IN : fi(n) < np}. Then, my < oo because fi is increasing and unbounded. Let
nz := max{mog,n1}. If {n € IN : f1(n) < np} = 0, then nz = ny. So, nz < co holds. From construction f;(n) > n,
for every n € N,,. So, we have

kn = agm = th(hm)
for such n. Hence, K < E A E < T holds and it implies K < T. O

If we use standard procedure we may obtain an equivalence relation “ = ” on the set 110\1/1 as follows:

R=ToK=<TandT <K (16)

Let U = {(uy, v,)} € 14, be universal for M € R*. Define following quantity

M) := limsup ——— i)

n—oo h( n+1) (17)

Let 115\71 be the set of all {(k,, [,,)} € 1?’4 with {k,} is strictly decreasing sequence.

Lemma 2.19. If T = {(t,, pn)} € I, is universal for M C RY, then T have a subsequence T" such that T' = {t,,, p,}
is also universal and T’ € IIS\‘,’I.

Proof. In construction of such subsequence we use mathematical induction. Since {t,} is decreasing, then
there is n; € IN such that £,,.1 < t, for n > ny. Also, from lim,,_, t, = 0 we have, t,, < t,41 for all n > ny.
Now, let us set

Ne1 ;= min{n € N, : ¢, <t,}, for k=1,2,.. (18)
For every n > n; there is a unique k € IN such that

N <1 < Hgy1, (19)
holds. Moreover, if n satisfies (19), then the decrease of {t,}, n € IN,, implies that

ty, = to. (20)

Now, let us define f N,, - N with f(n) =k where k is the unique index satistying (19). By the above
steps we have T < T’. Proposition 2.18 gives that “ < ” is transitive. Also, we have L < T for every L € Id
because T is universal. Then, L < T’ for every Le Id So, T" is also universal. From (18) we have t,, >t
for every k € N. So, {t,,} is strictly decreasing, i.e., T’ € IIS\Z O

M1

Lemma 2.20. Let M € CSP(0). If T = {(t,, pn)} € IIS\Z is universal, then

M(T) = C(h(M)) 21)
where C(h(M)) and M(T) are defined by (10) and (17), respectively.
Proof. Let T € I} be universal. Firstly, we shall prove

M(T) = C(h(M)). (22)
Equation (22) holds if and only if

M(T) = C(h(p)) (23)
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for every f € M, and C(h(f)) was defined in (10). Now, let f € M,. By the hypothesis, M € CSPx(0). So,
there exists {(ky, [,,)} € Iy so that E ,Q k. By Lemma 2.4 we have

. h(kn)
limsu < 00. 24
P B @)
Also, for sufficiently large n
h(By) < h(ky) (25)

holds. Proposition 2.13 and the definition of C(h(f)) imply
h(kn)

C(h(B)) = limsu ) 26
) = e eP e 20

So, to prove (23) we must show that

- . h(k,)
M(T) = limsu . 27
(0=l oep 6, @)
By Lemma 2.12 we have

E:={(kn 1)} €14, (28)

(28) implies that E < T holds because T is universal. Hence, there are n; € IN and an increasing function
f :IN,, = N such that

k, > kysp and k, = tf(n) (29)

for every n > ny. Since T = {(t,, pn)} € IIS\Z, let us assume that f = {t,} is strictly decreasing. Replacing f by a
suitable subsequence we may assume that @ and f3 are also strictly decreasing, f is strictly increasing, and

p1 <ty lim M =lims @)
n

S B T BBy

hold. The intervals [py+1,ts], for n = 1,2, ..., together with the interval [p;,0) are a cover of the set
My = M\{0}, i.e.,

(30)

My C [p1,00) U (ngN[Pnﬂ,tn])-

This cover has pairwise disjoint elements and /(1) < h(t), n € IN. So, there is unique s(n) € IN with

B € [Psmy+1, tsimy - (31)
We claim that the equality

s(n) = f(n) (32)
holds for all sufficiently large n. By using (25), (29) and (31) we obtain

Pn < try and B = psryr- (33)
Hence, (33) and following inequality

h(psmy+1) > h(tspy+1) > h(tspy+2) > h(tsp+3) > ..
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imply that

fln) < s(n) (34)
holds. Let us assume that (34) is strict for n € E C IN, such that E is an infinite set. i.e.,

f(n) <s(n) -1 (35)
for n € E. Since d £ ,g and a,, = tg(,), there is a constant ¢* € (0, 1) such that

Chltson) < hBr) < it ) (36)
holds for all sufficiently large n. From (31), (34) and (36), it follows that

Ch(tfmy) < h(Bu) < hltsmy) < hltfwy)- (37)

Since f = {t,} is strictly increasing, then (t;, p;) N (t;,pj) = 0 if i # j and (35) implies that

h(tsmy) < h(psy) < hltsmy-1) < h(trm) < hpsm))-
Together (37) and this inequality

C*h(ff(n)) < h(ﬁn) < h(ts(n)) < h(ps(n)) < h(tS(H)—l) < h(tf("))
for n € E. So, we have

h(t e h(ws
1—lim (f()) > limsu (pscn)

c* n—o00 C*h(tf(n)) - nz)Eoo h(ts(ﬂ))

contrary to the limit relation

)
M Ty =

Thus, the set of n € IN has the condition f(n) < s(n) is finite. So, (32) holds.
Now we can prove (27) easily. By (29) ad (32) we have

n = tfn) = tsu)-
Equation (32) implies that h(B,) > h(ls(n)+1). Consequently

han) _ Dltsn)
h(Bn) = h(psemy1)”

So,
: h(a,) _ .. h(tsw) . h(ty,) .
lim su <limsu <lims = M(T).
TP B = P i) < P Ry D)
(27) follows, so (22) is proved.
For to prove
M(T) < C((M) (38)

let us take a sequence § = {8,} € M such that (31) holds for s(n) = n and

) _
ARG

(39)
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f can be constructed as in the proof of Proposition 2.7. The set M is ff-str porous at zero because M € CSPy(0).

So, there is i i ﬁ such that {(a,, b,)} € If/[. The sequence 7 is decreasing from Lemma 2.12.
Since S, € [pn+1,tn], then by using (32) we have

an = Pn

for all sufficiently large n. From (26) and (39), we have also

- h(a,
Ch() = limsup hgg;
= limsu iltn) M)
B —>ooph(pn+1) h(ﬁl’l)
n h n+
= fmeup h(;f,ﬁ)l) i sup %(zfﬁn;)
= limsup hitn) = M(T). (40)

n—o0 h(pn+1)

Since C(h(M)) > C(h(B)), then (38) follows. [
From (40) we have following result.
Corollary 2.21. Let M € CSPy(0) for M C R*. If T = {(tu, pu)} € L4 is universal, then M(T) < co.

Remark 2.22. From Lemma 2.20 M(T) = C(h(M)) holds for every universal T € Ij&.
Assume that T € I is universal but T ¢ I34. Describe a set E C N by the rule

ne E one N and (tn+1/pn+1) = (tn/pn)-

Let T’ € I3 be the universal element of I4, built from T as in Lemma 2.19. If we use the definition of the set
E we have

T _ ( n+1) . ( n+1) . h(tn+1)
MT) = hm sup ) llr’f’l—)SOlolp o) \Y lnyz _N:s\%lp o o)
= limsup Z(( )) vMT)=0v MT) = MT).

nek
So,if T,L € I, are universal, then M(T) = M(L).
Now, we are ready to give final theorem.
Theorem 2.23. Let M C IR* be h-str porous set at zero and 0 € M’. Then, following conditions are equivalent.
(i) M € CSPy(0).
(ii) I9, has a universal element L = {(1,, m,)} € I3 with
M(L) < oo. (41)

(iii) M is uniformly h-str porous at zero.

Let us recall that from Remark 2.22 (ii) of Theorem 2.23 can be reformulated by the following way: The
set of universal elements T € I4, is nonempty and M(T) < co holds for every universal T.
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Proof. Let M € CSPy(0). Firstly, we shall prove that there is a sequence @ = {w,} € M, such that for every

B = {Bx} € My we can find a function f : N — IN which is increasing and satisfy following:

{Pr} L {w}- (42)
Let us define {M}en as follows:
M; =M nN[h(1), ),
M, = Mn :h(%),h(l)),

womwo (23]

[ 1 1 .

There is the unique subsequence {M;,}, n € N of the sequence {M;}, j € N such that

M\{0} = ngINMj" and M;, # 0

for every n € IN. For simplicity, let us take E, := M;,, n € IN. Let {w,} be a sequence such that w, € E, for
every n € N. Clearly, {w,} € M. For every 8 = {f} € My, let f : N — IN defined as follows:

flk)=n o pr€E,.

M\{0} = ngNEn andE;NE; =0ifi#j

imply that f is well-defined. Also, (43) gives that

fl=2=h (%)h(ﬁk) < h(wg) < h2)h(B)

In addition, since f and @ are decreasing and lirﬂr\} Bn = 0, the function f is increasing and the set {k € IN :
ne

f(k) = 1} is finite. So, we can find constants c,, ¢* > 0 such that

c*h(Bx) < h(wf(k)) < ¢.h(Bx)

for all k € IN. So, (42) holds.
Let® = {w,} € ZV{d be the sequence constructed above. Since M € CSPy(0), then M is h-t-str porous at
zero. Thus, there is K := {(a,, b,)} € Iy such that

(=

i = . (44)

holds. Hence, Lemma 2.12 gives that 4 is decreasing. Namely, K € I4,. We claim that K is universal. Indeed,

as we shown for every € M, there is f : N — N such that (42) holds. The relation {w,} 2 {a.} gives that

{wrw! £ {arm}- (45)

(afm), bsny) is the interior of a connected component of ExtM and lim f(n) = co. Then, we have
n—00

{@s), b))} € Lu- (46)
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Also, since f is increasing and K = {(a,, b))} € I]dw (46) implies

{@pw, brw)) € L. (47)
(42) and (45) gives that
(B = laso). (48)

If we use (47), (48) and Remark 2.14, we can show that T < K for every T € I, as required.

By Lemma 2.19 we can find a universal element T € I1. According to Corollary 2.21 we have M(T) < co.
So, we have (i) = (ii) holds.

(iii) = (i) is obvious. Also, if we use Lemma 2.20, we can easily see that (i)A(ii)=(iii) is true. So, to
complete the proof we must show that (ii)=(i). Let us assume that f = {,} € M, and let T = {(t, px)} € I§3
be universal. Like in the proof of Lemma 2.20 we can assume that {f,} is strictly decreasing and that
h(B1) < h(t1). Then, there is a unique k(1) € IN, n € IN such that

h(prm1) < B(Bn) < h(txm) (49)
(see (31)). (49) implies

hty)

h(te
(tx(n)) < limsup .
k+1

< — < = M(T) < 0.
n—oo h(ﬁn) 1:14)00 h(Pk(n)+1) n—oo ( ) Oo

Since {(tk), Proy)} € 11'{/1' then M is h--str porous at zero from Lemma 2.4. So, (i) holds. [
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